Journal of Combinatorial Theory, Series A 91, 369-385 (2000) ®
doi:10.1006/jcta.2000.3102, available online at http://www.idealibrary.com on 1DE ):I

Left-Modular Elements of Lattices
Shu-Chung Liu

Institute of Mathematics, Academia Sinica, Nankang, Taipei,
Taiwan, People’s Republic of China
E-mail: liularry@math.sinica.edu.tw

and

Bruce E. Sagan

Department of Mathematics, Michigan State University, East Lansing, Michigan 48824
E-mail: sagan@math.msu.edu

Communicated by the Managing Editors

Received January 10, 2000

DEDICATED TO THE MEMORY OF GIAN-CARLO ROTA

Left-modularity is a concept that generalizes the notion of modularity in lattice
theory. In this paper, we give a characterization of left-modular elements and derive
two formulae for the characteristic polynomial, y, of a lattice with such an element,
one of which generalizes Stanley’s theorem [6] about the partial factorization of y
in a geometric lattice. Both formulae provide us with inductive proofs for Blass and
Sagan’s theorem [2] about the total factorization of y in LL lattices. The charac-
teristic polynomials and the Mdbius functions of non-crossing partition lattices and
shuffle posets are computed as examples.  © 2000 Academic Press
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1. LEFT-MODULAR ELEMENTS

Throughout this paper L is a finite lattice where 0 =0, and 1=1, are
the minimal and maximal elements, respectively. We say that x is covered
by y, and write x<y, if x<y and there is no element ze L such that
x<z<y.
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370 LIU AND SAGAN

We use A for the meet (greatest lower bound) and v for the join (least
upper bound) in L. Given any x, y, z€ L with z < y, the modular inequality

zv((xXAY)S(zvX)AY (1)

is always true and equality holds whenever y or z is comparable to x. We
say that x and y form a modular pair (x, y) if (1) is an equality for any
z < y. Note that this relation is not symmetric, in general. Two kinds of
elements are associated to a modular pair:

DermNiTION 1.1, (1) An element x is called a left-modular element if
(x, y) is a modular pair for every ye L.

(2) An element x is called a modular element if both (x, y) and (y, x)
are modular pairs for every ye L.

In a semimodular lattice with rank function p, the pair (x, y) is modular
if and only if p(x A ¥)+p(x v y)=p(x)+ p(y) [1, p. 83]; so in this case
the relation of being a modular pair is symmetric, and there is no difference
between modularity and left-modularity. However, there are examples such
as the non-crossing partition lattices (see Section 3) and the Tamari lattices
where the two concepts do not coincide.

Let L be a graded lattice of rank »n with rank function p. Then the
characteristic polynomial of L is defined by

(L, t)= 3 plx) "=,
xelL
where ¢ isA an indeterminate, u: L x L — Z is the Mobius function of L, and
w(x)=u(0, x). There are two important factorization theorems for y given
by R. Stanley:

THEOREM 1.2 (Partial Factorization Theorem [6]). Let L be an atomic,
semimodular lattice (i.e., a geometric lattice) of rank n. If x is a modular
element of L, then

AL =70, x],0) Y u(b)n—r—r®),

b:bAx=0

THEOREM 1.3 (Total Factorization Theorem [7] ). Let(L,A)bea super-
solvable, semimodular lattice of rank n with 4:0=x,<x;< --- <x,=1.
Then

WL, )= (t—a))(t—as)--- (1 —a,), (2)

where a; is the number of atoms of L that are below x; but not below x;_,.
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Note that all elements in the maximal chain 4 of a supersolvable lattice
are left-modular (see [6]). So the hypotheses of Theorem 1.3 imply that
they are modular. In recent work [2], A. Blass and B. Sagan generalized
the Total Factorization Theorem to LL lattices, where the first “L” stands
for the fact that the lattice has a maximal chain all of whose elements are
all left-modular. The purpose of this paper is to generalize the Partial
Factorization Theorem by replacing the modular element with a left-modular
one and relaxing the hypotheses requiring that the lattice be atomic and
semimodular. To do so, we will derive a general characterization of left-
modular elements in this section. In the next section, we introduce a
generalized rank function for a lattice which might not be graded in the
usual sense, and then develop a general formula for the characteristic poly-
nomial of a lattice with a left-modular element in Theorem 2.3. Under an
extra rank-preserving hypothesis we obtain our generalization of the
Partial Factorization Theorem (Theorem 2.6). In Sections 3 and 4, we
calculate the characteristic polynomials and the Mo&bius functions of the
non-crossing partition lattices and the shuffle posets by using these two
formulae, respectively. The last section contains two inductive proofs for
Blass and Sagan’s Total Factorization Theorem for LL lattices using our
two main theorems. Consequently, our factorization theorem generalizes
the three others.

We say that y is a complement of x if x A y=0 and x v y =1. Stanley
[6] showed that, in an atomic and semimodular lattice, x is modular if and
only if no two complements of x are comparable. The next theorem
provides an analog for left-modular elements.

THEOREM 1.4. Let x be an element of a finite lattice L. The following
Statements are equivalent:

(1) The element x is left-modular.

(1) For any y, ze L with z<y, we have X Nz#X ANy OF X V zF#
XV oy

(i) Foranyy,ze L withz<y,wehave x Nz=XANyorxvz=xvy
but not both.

(iv) For every interval [a, b] containing x, no two complements of x
with respect to the sublattice [a, b] are comparable.

Proof. We will prove the implications (i) = (ii) = (iii) = (i). The proof
of (il) < (iv) is immediate.

First we make some preliminary observations. Suppose z < y. We claim
that x v y=x v z if and only if y=(z v x) A y. The forward direction is
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trivial since (x v y) A y=y. For the reverse, note that y=(z v x) Ay
implies y<x v z. Now z< y<x v z, and joining all sides with x gives
xvy=xvz Dually x Ay=xazifand only if z=z v (x A ).

For any z < y the inequalities

z<zv(xAy)S<(zvx)ay<y (3)

are true by the modular inequality (1). Since z # y, at least one of the <’s
in (3) should be <. Therefore (i) = (ii). If z<y, then exactly two of the
<’s should be = and the remaining one must be <. Thus (ii) = (iii).

To show (iii) = (i), let us consider the contrapositive: assume that there
are u, ve L with u<v such that u v (x A v) <(u v x) A v. Given any y, z€
[uv (xAv), (uv x)Av] with z<y, we have y<(u v x) A v<v. This
implies u v (x Ay)<uv (x Av)<z so that x A y<z It follows that
X Az=x A y. Similarly, we can get x vz=xvy. |

The existence of a left-modular element in L implies that such elements
are also present in certain sublattices, as the next proposition shows.

ProrosiTION 1.5.  Let x be a left-modular element in a finite lattice L.
Then for any ye L

(1) the meet x A y is a left-modular element in [0, y], and
(2) the join x v y is a left-modular element in [ y, 1].

Proof. Let a, be[0, y] with b <a. By left-modularity of x, we have

bv((xay)ra)=bv(xa(yra)=0bvx)ar(yAra)
=((bvx)ay)rna=(0bv(xAry))Aa.

So x A yis a left-modular element in [0, y]. The proof for join is similar. |

2. THE CHARACTERISTIC POLYNOMIAL
We begin with a general lemma.

LemMa 2.1. Let L be a finite lattice with an arbitrary function r: L - R
and let ne R. If xe L is a left-modular element, then

Youy) =% ub) Y b, y) "

yeL bAax=0 yel[b,bvx]
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Proof.  We will mimic Stanley’s proofin [ 6 ]. By Crapo’s Complementation
Theorem [ 3], for any given ae€ [0, y]

wy)= Y w0 a)id, a")pa, y),

a,a"

where ¢’ and «” are complements of « in [0, y], and ¢ is the zeta function
defined by {(u,v)=1 if u<v and {(u, v)=0 otherwise. Let us choose
a=x A y. The element a is left-modular in [0, y] by Proposition 1.5. But
no two complements of @ in [0, y] are comparable by Theorem 1.4. Thus

w(y) =3 w0, b) u(b, ), (4)

where the sum is over all complements b of a in [0, y], ie., over all b
satisfying 5< y, b A (x A y)=0and b v (x A y) = y. Since x is left-modular,
it is equivalent to say that the sum in (4) is over all b € L satisfying b A x =0
and ye[b, b v x]. Thus we have

ouy)m=% Y w0, b)u(b, y) "

yelL yelL bAx=0
ye[b,bvx]

= 3 ub)y Y o oub oy |

bAx=0 yel[b,bv x]

Obviously, the previous lemma is true for the ordinary rank function if
L is graded. To apply this result to more general lattices we make the
following definition.

DErFINITION 2.2. A generalized rank function of a finite lattice L is a
function p: {(x, y)e Lx L | x< y} — R such that for any a<b<c

pla, ¢)=pla, b)+ p(b, c).
In this case, we say L is generalized graded by p.

p: L—> R such that p(0)=0, then we can easily construct a generalized
rank function, namely p(x, y) = p(y)— p(x). So the ordinary rank function
is a special case.

If L is generalized graded by p, we now define a generalized characteristic
polynomial of L by

For short we write p(x) =p(6, x). Conversely, if we take any function

X(Ly [): Z ,u(x) Zp(x’I)z z ’u(x) [P(T)—P(X)' (5)

xelL xelL
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Note that y will depend on which generalized rank function we pick. Since
the restriction of a generalized rank function to an interval [a, b] still
satisfies Definition 2.2 with L =[a, b], the characteristic polynomial of the
interval is defined in the same manner.

The following theorem, which follows easily from Lemma 2.1, is one of
our main results. In it, the support of u is defined by

H(L)={xeL | u(x)#0}.

THEOREM 2.3. Let L be generalized graded by p. If xeL is a left-
modular element, then

AWL,ty="Y  ub) tr®=rEYDy([b, b v x],1). (6)
beH(Ll
bAax=0

In the sum (6), the term y([ b, b v x], t) depends on b. To get a factoriza-
tion formula, we will remove the dependency by applying certain restrictions
so that y([b, b v x],t)=x([0, x], 7) for all b in the sum.

First, we will obtain a general condition under which two lattices have
the same characteristic polynomial. In the following discussion, let L and
L' be finite lattices and let 7: L — L’ be any map. For convenience, we also
denote 0=0,, 0'=0,, and similarly for 1, 1’, x, i, etc.

We say 7 is a join-preserving map if

(u v v)y=r1(u) v 7(v)

for any u, ve L. Note that from this definition 7 is also order-preserving
since

x<y=y=xvy=ty)=txvy)=tx)viy)=1x)<t(y).

If 7 is join-preserving, then given any x’' € t(L), we claim that the subset
77Y(x’) has a unique maximal element in L. Suppose that (u)=t(v) = x’
for some u, ve L. We have t(u v v)=1(u) v 1(v) =x". Thus u v vet 1(x')
and the claim follows.

If, in addition, 7 is surjective then we can define a map o: L' — L by

o(x') = the maximal element of 7 ~1(x"). (7)

The map ¢ must also be order preserving. To see this, suppose x’' <)’ in
L’ and consider x=0d(x"), y=0()'). Then

xvy)=tx)ve(y)=x"vy =y.
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So x v yet~Y(y'), which forces x v y < y by definition of ¢. Thus x < y,
as desired.

LeEmmA 2.4. Using the previous notation, suppose that t is surjective and
Jjoin-preserving and that o satisfies o(0')=0. Then for any x' € L' we have

W=y uy).

yerl(x)

Proof. This is trivial when x' =0'. Let x = ¢(x'). From the assumptions
on 7 and o it is easy to see that

[0.x1= b < 'O (8)
¥ el0,x]
Now, by surjectivity of 7 and induction, we get

HxX)=—= Y fO)== Y wy= %Y w0 1
y<x yer~l(y) yer I(x")
Yy <X
Let L and L' be generalized graded by p and p’, respectively. We say
an order-preserving map t: L —» L' is rank-preserving on a subset S< L if
p(x, y)=p'(z(x), 7(p)) for any x, ye S, x < y. So 7 will be rank-preserving
if p(y)=p'(z(y)) for all ye S.

LemMA 2.5. If; in addition to the hypotheses of Lemma 2.4, the map 7 is
rank-preserving on H(L) L {1} then

AL, 1) = (L', 1).

Proof. From (8) in the proof of Lemma 24, we know L=
ez 7' (x). Then by Lemma 2.4 and the rank-preserving nature of t,
we have

AL =3 () e

x'el’

Y% ayeed

x' el yer—l(x)

Y Y u(y) 7))

x' el yer {x')nH(L)

Y alyye?

yeH(L)

=x(L,17). 1
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It is easy to generalize the previous lemma to arbitrary posets as long as
the map o is well defined. However, we know of no application of the result
in this level of generality.

Returning to our factorization theorem, we still need one more tool. For
any given a, b in a lattice, we define

o4 [b,avb]—->[anb,a] by o,(u)=u A a,

T, [anb,al—>[b,avb] by t,(v)=v Vv b.

The map 7, is the one we need to achieve y([b, b v x1, 1) =x([0, x], ¢). In
the following, we write H(x, y) for H([x, y]), which is the support of u
defined on the sublattice [ x, y]. We can now prove our second main result.

THEOREM 2.6. Let L be generalized graded by p anﬁi let xe L be a left-
modular element. If the map t, is rank-preserving on H(0, x) U {x} for every
be H(L) satisfying b A x=0. Then

AL ) =x([0,x1.0) Y p(b) rrD—r=e®), )

beH(LZ

bAax=0

Proof. First, we will show that x([b, b v x], 1)=x([0, x],¢) for any
be H(L) with b A x =0 by verifying the hypotheses of Lemma 2.5. By left-
modularity of x, we have

0 (y)=bv(xAny)=(bvx)ry=y (10)

for any ye[b, b v x]. So 7, is surjective. And it is easy to check that 7, is
join-preserving. As for o,., we must check that it satisfies the definition (7).
Given zet, '(y) we have y =1,(z) =z v b. So by the modular inequality
(1) we get

o (y)=yAax=(zvb)rxzzv(bArx)=z

Since this is true for any such z, we have o,(y)>max 7, '(y). But Eq. (10)
implies o .(y) eI;I(y), so we have equality. Finally, (A)[b,bvx] =b so
o.(b)=b A x=0, as desired.

Now we need only worry about the exponent on ¢ in Theorem 2.3. But
since 7, is rank-preserving on H(0, x) U {x}, we get

p(b v x)=p(0,b)+ p(b, b v x)=p(0, b) + p(0, x) = p(b) + p(x). 1
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Here we state a corollary which relaxes the hypothesis in Stanley’s Partial
Factorization Theorem.

COROLLARY 2.7. Equation (9) holds when L is a semimodular lattice
(graded by the ordinary rank function) with a modular element x.

Proof. To apply Theorem 2.6, it suffices to show that p(@, z)=
p(b,z v b) for every ze[0,x] whenever b A x=0. Since (b, x) is a
modular pair, we have (zvb)Ax=zv (bAx)=zv 0=z By Proposi-
tion 1.5, z=(z v b) A x is left-modular in [0, z v 5], so (z, b) is a modular
pair in this lattice. Thus p(z A b)+p(z v b)=p(z)+ p(b), because
[0,z v b] is a semimodular lattice. Since z A b=0 we are done. ||

We take the lattice of divisors of n, D,,, as an example. It is semimodular,
but not atomic in general, so Stanley’s theorem does not apply. However,
Corollary 2.7 can be used for any x € D, since all elements are modular.

We will now present a couple of applications of the previous results in
the following two sections.

3. NON-CROSSING PARTITION LATTICES

The non-crossing partition lattice was first studied by Kreweras [5],
who showed that its Mobius function is related to the Catalan numbers. By
using NBB sets (see Section 5 for the definition), Blass and Sagan [2]
combinatorially explained this fact. In this section we will calculate the
characteristic polynomial for a non-crossing partition lattice and then offer
another explanation for the value of its Mobius function.

If it causes no confusion, we will not explicitly write out any blocks of
a partition that are singletons. Let n>1 and let [n] = {1, 2, .., n}. We say
that a partition n of [n] is non-crossing if there do not exist two distinct
blocks B, C of n with i, ke B and j, /e C such that i< j<k <[ Otherwise
7 1S crossing.

Another way to view non-crossing partitions will be useful. Let G =
(V, E) be a graph with vertex set V'=[n] and edge set E. We say that G
is non-crossing if, when the vertices are arranged in their natural order
clockwise around a circle and the edges are drawn as straight line
segments, no two edges of G cross geometrically. Given a partition 7= we
can form a graph G, by representing each block B= {i; <i,< --- <i,} by
a cycle with edges i,i,, ii3, ..., i;i;. (If |B| =1 or 2 then B is represented by
an isolated vertex or edge, respectively.) Then it is easy to see that x is
non-crossing as a partition if and only if G, is non-crossing as a graph.

The set of non-crossing partitions of [n], denoted by NC,, forms a
meet-sublattice of partition lattice 77, with the same rank function.
However unlike I7,, the non-crossing partition lattice is not semimodular
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in general, since if 7 =13 and 6 =24 then 7 A 6=0 and 7 v o =1234. So
we have

p(n)+plc)=2<3=p(n Ana)+pnvo)

The 11,-join © v o = 13/24 also explains why NC,, is not a sublattice of 17,,.

Let n=2 and 7=12..-(n—1). It is well known [7] that z is modular
in 77, and so left-modular there. Given any a, f € NC, with « < f and both
incomparable to 7, it is clear that a v = v z=1 in II, as well as in
NC,,. By Theorem 1.4 we get « A 7 <f§ A min I1,. Since NC,, is a meet-sub-
lattice of I7,, this inequality for the two meets still holds in NC,,. This fact
implies that 7 is left-modular in NC,,. In general, n is not modular in NC,,.
If n=4, let 0=2n and ¢=1(n—1)/23..-(n—2). Clearly ¢<n, m A o=
¢pAnoc=0and nvo=¢vo=1in NC,, so that (o, 7) is not a modular
pair.

ProrosITION 3.1. The characteristic polynomial of the non-crossing
partition lattice NC,, satisfies

n—1
HUNC,, ) =tx(NC,_y, 1) = 3 x(NC;, 1) y(NC,_;, )

i=1
with the initial condition y(NCy, t)=1.

Proof. The initial condition is trivial. Let n>2 and 7 =12...(n—1).
We will apply Theorem 2.3. Note that b A 7=0 if and only if any two
numbers of [#n— 1] are in different blocks of b, so either 5=0 or b=mn
with 1<m<n—1.

If =0, then y([b,bv n], t)=x([0, 7], 1)=x(NC,_,,t). Thus we get
the first term of the formula. Now let b =mmn. 1t is clear that b v 7 =1, so
we need to consider the sublattice [5, 1]. Given any we[b, 1], the edge
mn (which may not be in E(G,)) geometrically separates the graph G, into
two parts, G, ; and G, ,, which are induced by vertex sets {1,2, .., m, n}
and {m,m+1, ..,n— 1, n}, respectively. By contracting the vertices m and
n in both G, ; and G, ,, we get two non-crossing graphs G, ; and G, .
It is easy to check that the map f:[b,1]— NC, x NC,_,, defined by
f(G,)=(G,, 1, G, ) is an isomorphism between these two lattices. There-
fore

x([b,b v r], 0)=3(NC,, 1) y(NC,_n, 1),

and the proof is complete. |
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For any w = B,/B,/ --- /B, € NC,, the interval [0, ] ~]1, NC,p,. Hence
to compute the Mobius function of NC,, it suffices to do this only for 1.
By Proposition 3.1 we have the recurrence relation

MNC,) =x(NC,,0)
n—1

— Y 4(NC,,0) (NC

n—i»s
i=1

0)

=Y wNe,) wNe, )

i=1

with the initial condition u(NC;)=1. Recall that the Catalan numbers

1

C,=+7(%) satisfy the recurrence relation

n—1

=Y ¢c

n—1—i
i=0

with the initial condition C,=1. Therefore, by induction, we obtain
Kreweras’ result that

WNC,)=(=1)""1C,_;.

4. SHUFFLE POSETS

The poset of shuffles was introduced by Greene [4], and he obtained a
formula for its characteristic polynomial

(w1 =te=170 3 ("))

i=z0

In this section we will derive an equivalent formula by using Theorem 2.6.
Before doing this, we need to recall some definitions and results of Greene.
Let .o/ be a set, called the alphabet of letters. A word over </ is a sequence
u=1uu,---u, of distinct letters of .«/. We will sometimes also use u to
stand for the set of letters in the word, depending upon the context. A sub-
word of wis w=u; ---u; where iy < --- <i,. If u, v are any two words then
the restriction of u to v is the subword u, of u whose letters are exactly
those of unv. A shuffle of u and v is any word s such that s=uwyv as sets
and s,=u, s,=Vv as words.

Given nonnegative integers m and n, fix disjoint words x = x; --- x,,, and
Y=YV, The poset of shuffles #,, , consists all shuffles w of a subword
of x with a subword of y while the partial order is that v<w if v,2w,,
v,Sw, as sets and v, =w, as words. The covering relation is more
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eD

deD

FIG. 1. The lattice #, .

intuitive: v<w if w can be obtained from v by either adding a single y; so
that w, is a subword of y or deleting a single x;. It is easy to see that ¥/, ,
has 0=x, 1 =y, and is graded by the rank function

pW)=(m—[wy|)+[w,|.

For example, #5_, is shown in Fig. 1, where x=de and y=D.

Every shuffle poset is actually a lattice. To describe the join operation
in #,, ,, Greene defined crossed letters as follows. Given u, ve #,, , then
Xeunvnx is crossed in u and v if there exist letters y;, y,ey with i<
and x appears before y, in one of the two words but after y; in the other.
For example, let x = def and y= DEF. Then in the two shuffles u=dDEe,
v = Fdef, the only crossed letter is d. The join of u, v is then the unique

word w greater than both u, v such that

w,={xeu,nv, | xisnot crossed}
W,=u,UV,.

In the previous example, u v v= DEFe. This join also shows that #,, , is
not semimodular in general, because p(u)+p(v)=3+1<5=p(uvv)<
p(u v v)+p(u A v). Since in the dual (¥, ,)*=#,, ., the meet operation
in ¥,, , is the same as the join operation in (%, ,,)*. So to find the meet
in the analogous way we need to consider those letters y eunvny crossed
in u and v.

Greene also showed that subwords of x and subwords of y are modular
elements of #,, ,. In particular, the empty set ¢ is modular. Also note that
[0, @]~ B,, the Boolean algebra on [m]. We now give our formula for
the characteristic polynomial of %, .
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PROPOSITION 4.1.  The characteristic polynomial of the shuffle poset is

(et ==y 3 =1y (F)(" ) e ()
i=0

Proof. Consider any u with u A @y =0. In general, if u A & =w then

w,=u, U, =u,. Soun &=0if and only if x is a subword of u; i.e., the

element u is a shuffle of x with a subword of y. Furthermore, for any

ve [0, &1, there is no crossed letter x in u and v since vy = . It follows

that (u v v),=u,nv,=vand (uvv),=u,Uv,=u, as sets. Then we get

pluv ) —p(u)=[(m—|v]) + |uy[]—[(m—m)+luy[]
=m—|v|=p(v)—p(0).
Thus the map 7,: [0, @] — [u, & v u] is rank-preserving.
Since [0, & ] = B,, we get, by Theorem 2.6,
AW )= =1)" 3 p(u) (mm=rt=m,
uA F=0

It is easy to see that the interval [0, u] is isomorphic to B,, where i = [ag].
So p(u)=(—=1)™=(—1)*™, Now we conclude that

i the number of ways to
=117 3 {

—1 i tnfi
shuffle x with i letters of y} (=1

e £ ()

To determine the Mobius function of ¥, ,, it suffices to compute (1)
since for any we ¥, , the interval [0, w] is isomorphic to a product of
W, ,’s for certain p <m and ¢ <n. Simply plugging /=0 into formula (11)
gives us the Mobius function u(#,, ).

COROLLARY 4.2 (Greene [4]). We have

)= (=1 (),

5. NBB SETS AND FACTORIZATION THEOREMS

Blass and Sagan [2] derived a Total Factorization Theorem for LL
lattices which generalizes Theorem 1.3. Applying Theorem 2.3 and 2.6,
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respectively, we will offer two inductive proofs for their theorem. First of
all, we would like to outline their work.

Given a finite lattice L, let A = A(L) be the set of atoms of L. Let <2 be
an arbitrary partial order on A. A nonempty set D = A4 is bounded below,
or BB, if, for every de D, there is an a € 4 such that

a<d and a<\/D.

A set BS A is called NBB (no bounded below subset) if it does not contain
any D which is bounded below. An NBB set is said to be a base for its join.
One of the main results of Blass and Sagan’s paper is the following
theorem, which is a simultaneous generalization of both Rota’s NBC and
Crosscut Theorems (for the crosscut A(L)).

THEOREM 5.1 (Blass and Sagan [2]). Let L be a finite lattice and let
<3 be any partial order on A. Then for all x € L we have

u(x)=3 (=D,

B

where the sum is over all NBB bases B of x.

Given an arbitrary lattice L, let 4:0=x,<x, < --- <x,=1 be a maxi-
mal chain of L. The ith level of A is defined by

A;={aeAd|a<x;buta<x,_,},

and we partially order 4 by setting @ b if and only if ae 4, and be 4,
with i< j. We say a is in lower level than b or b is in higher level than a
if a <b. Note that the level 4, is an empty set if and only if x; is not an
atomic element. A pair (L, 4) is said to satisfy the level condition if this
partial order <2 of 4 has the following property.

k
If a<b,<b,<---<b, then a< \/ b,

i=1

If all elements of 4 are left-modular, then we say (L, 4) is a left-modular
lattice. A pair (L, 4) is called an LL lattice if it is left-modular and satisfies
the level condition.

A generalized rank function p: L — N is defined by

p(x)=number of 4, containing atoms less than or equal to x.
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Note that, for any x e L, we have p(x)=p(d(x)), where d(x) is the maxi-
mum atomic element in [0, x]. So p(1) is not necessarily equal to n, the
length of 4.

In the following we list several properties in [2] that we need.

(A) If @ and b are distinct atoms from the same level 4; in a left-
modular lattice, then a v b is above some atom ce 4; with j <i.

(B) In an LL lattice, a set B= A4 is NBB if and only if |[Bn 4;| <1
for every i.

(C) Let Bbe an NBB set in an LL lattice. Then every atom a <V B
is in the same level as some element of B. In particular, any NBB base for
x has exactly p(x) atoms.

Blass and Sagan generalized Stanley’s Total Factorization Theorem to
LL lattices using their theory of NBB sets. Here we present two inductive
proofs for their theorem. In the first proof we will apply Theorem 2.6 as
well as the theory of NBB sets.

THEOREM 5.2 (Blass and Sagan [2]). If (L, 4) is an LL lattice then its
characteristic polynomial factors as

x(L, 1) =TT (1—14,]),

where the product is over all non-empty levels A;.

First proof of Theorem 5.2. We will induct on n, the length of 4. The
theorem is trivial when n< 1. If 4, = (&, then p(x,) = p(x,_;) and u(x)=0
for x £ x,_,. Thus y(L, 1) =x([0, x,,_,], ), so we are done by induction.

If A, # &, consider be H(L). Then, by Theorem 5.1, » must have an
NBB base, say B. In addition, if b A x,_,=0 then BS A4, and also
|IBnA,|<1 by (B).Sob=0 or be A,. Now it suffices to check that T, 1S
rank-preserving on H(0, x,_,)u {x,_,} for every be A, since then we get
2L, t)y=x([0,x,_,1,1)(t—|A,|) by Theorem 2.6. Because A,# & and
p(b)=1, p(0, x,_,)=p(b,1). Given any ye H(0, x, _,), suppose B is an
NBB base for y. By (B), BP=Bu{b} is an NBB base for 7,(y). Now
plty(y)) =|B'|=|B| +1=p(y)+p(b) by (C). Hence p(b, 74(y)) = p(zs(y))
—p(D)=p(y)=p(0, y). 1

In a similar way, Corollary 2.7 provides us with an inductive proof for
Theorem 1.3. Note that the lattice in Theorem 1.3 is graded, so p(1) equals
the length of 4. Therefore the product (2) is over all levels A4; (including
empty ones).
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We will use Theorem 2.3 for the second proof. This demonstration side-
steps the machinery of NBB sets and reveals some properties of LL lattices
in the process. To prepare, we need the following two lemmas.

LEmMmA 5.3. If w is a left-modular element in L and v<w, then v v u<
w Vv u for any ue L.

Proof. Suppose not and then there exists se L such that v v u<s<
w v u. Taking the join with w and using v v w=w, we get w v (v v u) =
wvs=wvV (wvVvu) Sowe should have w A (v vu)<w AsS<wA (W V u)
=w by Theorem 1.4. Combining this with v<w A (v v u), we have a
contradiction to v<w. ||

Lemma 54. If (L, 4) is an LL lattice with 4: 0=xo<x;< - <x,=1
and A, # &, then ([b, 1], 4") is also an LL lattice for any b e A, where A’
consists of the distinct elements of the multichain

’ ’ ’ ’ ’ T
b=xo<XI<SXOX - <X, <X, =1,
where x;=x; v b, 0 <i<n—1. Furthermore we have |A;| =|A"| for such i,
where

Ay={aec Ab,1) | a<x,but a £ x;_,}.

Proof. By Lemma 5.3, the chain A’ is indeed saturated. So 4’ is a left-
modular maximal chain by Proposition 1.5.

Let 7(x)=71,(x)=x v b. This map is surjective (see the proof of
Theorem 2.6) and order-preserving from [0, x,_,] to [b,1]. Also let
A=A(0, x,_,) and A’ =A(b, 1). First, we prove that the map 7: 4 —» A’ is
well-defined and bijective. Suppose that there is an a € 4; such that b < x <
7(a)=a v b for some x. By the level condition, any atom ¢<a v bisin a
level at least as high as a; furthermore, if ¢ € 4; we must have ¢ = a because
of (A). Since x <a v b and a £ x, any atom d < x is in a higher level than a.
It follows that x; Ax=0. Now bv (x;,Ax)=b and (bvx,) Ax=
(b v a) A x=x contradicts the left-modularity of x,. We conclude that
7. A — A" is well-defined.

The restriction 7|, is surjective since 7 is surjective and order-preserving.
To show injectivity of 7|, let us suppose there are two distinct atoms u
and v such that t(«) =7(v). If u and v are from two different levels then this
contradicts the level condition. If # and v are from the same level, by (A),
there exists an atom c¢ in a lower level such that c<u v v<t(u) v 7(v) =
7(u), contradicting the level condition again.

Now let us prove |A4;| =|A}|. This is trivial for i=1. Let u € A4, for some
non-empty A4; with 2<i<n—1. It is clear that 7(u) <x}. Suppose that
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T(u)<x;_;, 16, uvb<x,_,vb By the level condition, b v (x;,_; A
(uvb)=bvO0=b But (bvx;_,)A(uvb)=uvb>b contradicts the
modularity of x;_;. Thus 7(A4;) € A} and then the bijectivity of 7| , implies
that |4;|=1|4;| for all i<n—1.

Since |, is bijective and level-preserving, if t(a) < \V*_, (b;) for some
t(a) <t(b,) < t(b,) < --- <t(by)in [b, 1], thena<a v b<(V*_, b,) v b
with a<b,<b,<1 --- b, <b in L. Therefore ([b, 1], 4') satisfies the
level condition. ||

Second proof of Theorem 5.2. We will induct on n=/(4). The cases
n<1 and 4,= J are handled as before.

If A,+# &, consider be H(L) with b A x,,_,;=0. Then b is atomic and
can only be above atoms in 4,. So by (A), b must be the join of at most
one atom, i.e., either b =0orbe A,,. Thus by Lemma 5.4 and induction we
get, for any be 4,

b1 0="T1 (=14ih= T (=14 =0, x,_.]0)

i<n—1 i<n—1

where the product is over all non-empty 4;. Applying Theorem 2.3 gives
x(L,t)=y([0,x,_,], t)(t—]A,|), so again we are done. |
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