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Chapter 1

Introduction

A partial differential equation (PDE) is an equation involving an unknown function of
two or more variables and certain of its partial derivatives.

Let U be an open subset of R” with closure U. Let £ > 0 be an integer. A function
u: U — R is in C*(U) if all of its partial derivatives up to order k exist and are continuous
in U. In this case, for any multi-index o = (a1, -+ , ), with each «; nonnegative integer
and |a| = a1 + -+ + a < k, we denote
[e3%
D= aalauuan-
St 9l

For each j =0,1,--- , k, we denote
Diu={Du|a| = j}

to be the (certain ordered) set of all partial derivatives of j. Note that without distinguishing
equal derivatives, D*u is a set of n* elements and thus can be considered as a subset of
R™".
A PDE for unknown function « in U can be written in the form
(1.1) F(D*u(x), D*tu(z), -, Du(z),u(z),z) =0 (zeU),
where
F:R" xR" ' x...xR"xRxU—R

is a given function that depends non-trivially on the first variable in R In this case the
PDE (1.1) is called of the k-th order.

Depending on the specific form of the function F' involved, the PDE (1.1) can be char-
acterized further as follows.

(1) The PDE (1.1) is called linear if it has the form

S aa(@)Du(e) = f(a),

laf<k

where functions a, and f are given. This linear equation is called homogeneous
if f=0.

1



2 1. Introduction

(2) The PDE (1.1) is called semilinear if it has the form
Z ao(2)D%u(z) + b(D* Yy, - -+, Du,u,z) = 0.
lal=k
(3) The PDE (1.1) is called quasilinear if it has the form
Z aa(Dk_lu, -+, Du,u,x)D%(zx) + b(Dk_lu, -+, Du,u,x) = 0.
|a|=k
(4) The PDE (1.1) is called fully nonlinear if it depends nonlinearly on the highest

order derivatives.

A system of PDEs is a collection of several PDEs for more than one unknown func-
tions. If we write these unknown functions as a vector-valued function u: U — R™, then a
system of PDEs can be written in the general form

F(D*u(z), D*tu(z), - , Du(z),u(z),z) = 0,

where F is a given vector-valued function (of many variables) into some R™V. Note that m
is the number of unknown functions and NN is the number of PDEs, and that N may not
be the same as m.

Sometimes, the variables of unknown function u are separated; for example, we may
have u = u(z,t), where z € U C R™ denotes the space variable and ¢t € R denotes the time
variable. We will always denote

n
Au = § U:vzxz = Ugyzy + Uzgzy + 0+ Uzyay,
i=1

to be the (spatial) Laplacian of u. Many important second-order PDEs in applications are
related to the Laplacian of unknown functions; e.g.,

e Laplace’s equation:
Au(z) =0 (x€U).

e Heat equation:

u—Au=0 (xeU t>0).
¢ Wave equation:

upr —Au=0 (zeU teR).
e System of linear elasticity equations:

pAu+ (A + p)D(divu) = 0.

1

Here for a vector-valued function u: U — R" with u = (u,--- ,u"), we denote
the divergence of u by

n
: _ @ 1 n
divu = E Uy, = Uy + Uy .
i=1

The first three types of equations and their generalization will be the main subject of this
course.

To solve a PDE, it is ideal to find all solutions of the PDE, possibly among those
that satisfy certain additional conditions in terms of some given data. However, it is most
likely that the solutions cannot be found in an explicit form. Therefore, the study of a
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PDE problem is to understand some of the important issues concerning the problem; most
importantly, we should address at least the following three issues:

(1) (existence) the problem in fact has a solution;
(2) (uniqueness) this solution is unique; that is, it is the only solution to the problem;

(3) (stability or continuous dependence on given data) the solution depends con-
tinuously on the data given in the problem.

If a PDE problem has all these three properties, then we say that the problem is well-
posed. Most of the PDE problems are concerned with the study of the well-posedness of
the problem and certain properties of the solution because usually it is impractical to write
down a formula for the solution even we know the unique solution exists.

Finally, it comes to the issue concerning the sense of a solution to a PDE. In the classical
sense, a solution to a k-th order PDE is required to have all orders of (continuous) partial
derivatives up to order k in the domain. This course deals with only such a solution called
a classical solution. However, the modern theory and methods of PDE are built upon
the notion of weak solutions to the PDE problem; we shall not study such a notion in
this course. Please continue to the next semester’s course to learn these subjects.






Chapter 2

Single First Order
Equations

2.1. Transport equation

ut + B - Du(x,t) =0,
where B = (b1, ...,b,) is a constant vector in R"™.

(a) (n =1) Find all solutions to u; + cu, = 0.

Geometric method: (u,,u;) is perpendicular to (¢,1). The directional derivative
along the direction (¢, 1) is zero, hence the function along the straight line x = ¢t + d is
constant. i.e., u(x,t) = f(d) = f(x — ct). Here  — ¢t = d is called a characteristic line.

Coordinate method: Change variable. x1 = z —ct, x2 = cx +t, then uy = Uy, +ug,c,
Ut = Ug, (—€) + Ug,, hence uz + cuy = Uy, (14 %) = 0; ie., u(x,t) = f(z1) = f(x — ct).

(b) (general n) Let us consider the initial value problem

ut + B - Du(xz,t) =0 in R" x (0, 00),
u(z,0) = g(2).
Asin (a), given a point (z,t), the line through (z,t) with the direction (B, 1) is represented

parametrically by (z + Bs,t + s), s € R. This line hits the plane ¢ = 0 when s = —t at
(x — Bt,0). Since

d
d—u(z—FBs,t—f—s):DUoB—Fut:O,
s

and hence u is constant on the line, we have that
u(x,t) = u(x — Bt,0) = g(x — Bt).

If g € C1, then u is a classical solution. But if g is not in C', u is not a classical solution,
but it is a weak solution as we will see later.

(¢) Non-homogeneous problem
uy + B - Du(x,t) = f(x,t) in R™ x (0,00),
u(z,0) = g(x).

OTI



6 2. Single First Order Equations

This problem can be solved as in part (b). Let 2(s) = u(z + Bs,t + s). Then 2/(s) =
f(z+ Bs,t+s). Hence

0 ¢
u(z,t) = 2(0) = z(—1) +/ 2 (s)ds = g(x — Bt) +/0 f(z+ (s —t)B,s)ds.

—t
2.2. Linear first order equation
{a(x,t)ut(w, £) + b(z, ug(z,t) = c(z,u+ d(z,t) in R x (0,00),

u(z,0) = g(z).

The idea is to find a curve (z(s),t(s)) so that the values of z(s) = u(x(s),t(s)) on this
curve can be calculated easily. Note that
L 2(5) = et +
152(8) = el + ust.

(Here and below, the “dot” means “-.) We see that if x(s), #(s) satisfy

(2.1) i =b(z,t), t=alxt),

which is called the characteristic ODEs for the PDE, then we would have
d ~

(2.2) gz(s) = ¢(s)z(s) +d(s),

where é(s) = c(x(s), t(s)) and d(s) = d(z(s),t(s)); this is a linear ODE for z(s) and can be
solved easily if we know the initial data.

Now given a point (x,t) in R x (0,00), we want to find the curve (x(s),t(s)) starting
at some point (z°,0) when s = 0 passes (z,t) at some s = s'. Since 2(0) = g(z°),
u(z,t) = z(s) would be known by solving the equation (2.2) for z(s).

Therefore, let = x(7,s) and ¢ = t(7, s) be the solution to the characteristic equations
(2.1) with initial data z(7,0) = 7, ¢(7,0) = 0 at s = 0. Let z = 2(7, s) be the associated
solution of (2.2) with initial data z(7,0) = g(7). If we can solve (7,s) in terms of (x,t)
from z(7,s) = x and ¢(7,s) =t (e.g., by inverse function theorem), then we plug them into
z(7, s) to obtain the solution defined by u(x,t) = z(7, s) as a function of (x,t).

ExXAMPLE 2.1. Solve the initial value problem

u + zuy = u,  u(z,0) = x>
Solution. The characteristic ODEs with the initial data are given by

t=z, z(0)=r,
t=1, t(0)=0,
i=2z 2(0)=172

Hence the solutions are given by « = e®7, t = s and z = e*72. This means that each smooth

solution u(x,t) satisfies
u(e®r, s) = e,
Solve (7, s) in terms of (x,t) to obtain that s = ¢, 7 = ze~'. Therefore,

u(z,t) = 7% = e ta?,

It is easy to check that this function u = e~*2? is the solution to the given problem. O
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2.3. The Cauchy problem for general first order equations

We now consider the general first-order PDE of the form
(2.3) F(Du,u,z) =0, z=(x1,...,2,) € QCR",
where F' = F(p, z,x) is smooth in p € R", z € R, z € R". Let
DoF = (Fy,-+ ,Fy,), D.F = F,, DyF = (F,,, -+, F,).
The Cauchy problem of (2.3) is to find a solution u(x) such that the hypersurface z = u(x)

in the zz-space passes a prescribed n-dimensional manifold S in xz-space.

Assume the projection of S onto the z-space is a smooth (n — 1)-dimensional surface
I'. We are then concerned with finding a solution u in some domain €2 in R™ containing I
with a given Cauchy data:

u(x) =g(x) forxel.
Let T’ be parametrized by a parameter y € D C R*~! with x = f(y). The Cauchy data are
then given by

(2.4) u(f(y) =9(f(y)) ==nhly) (y€D).

2.3.1. Derivation of characteristic ODE. The method to solve the Cauchy problem is
motivated from the first-order linear PDE considered above, and is called the method of
characteristics.

The idea is the following: To calculate u(x) for some fixed point = € 2, we try to find
a curve connecting this z with a point zg € I', along which we can compute u easily. How
do we choose such a curve so that all this will work?

Suppose that u is a smooth (C?) solution and (s) is our curve with z(0) € T’ defined
on an interval I containing 0 as interior point. Let z(s) = u(x(s)) and p(s) = Du(z(s));
namely p’(s) = u, (z(s)) for i = 1,2,--- ,n. Hence
(2.5) F(p(s), 2(s),2(s)) = 0.

We now attempt to choose the function z(s) so that we can compute z(s) and p(s).

First, differentiate p'(s) = u,, (z(s)) to get
(2'6) pl(s) = Z Uiz ($(S))i’j(8), (Z =1,... ,TL).
j=1

This expression is not very promising since it involves the second derivatives of w.

Second, we differentiate F'(Du,u,z) = 0 with respect to z; to obtain

n

OF OF OF
(2.7) Z @(Du,u, T) Uiz ; + g(Du,u,x)uwi + %(Du,u,x) =0,

j=1

and we evaluate this identity along the curve x = z(s).
We now assume that the curve z = x(s) is chosen so that
_OF
- op;

where z(s) = u(z(s)) and p(s) = Du(z(s)). When the solution u(z) is known, (2.8) is a
complicated ODE for z(s); so, theoretically, we can solve it. Then we combine (2.6)-(2.8)

(2.8) i’ (s) (p(s),2(s),2(s)) Vi=1,2,---,n,



8 2. Single First Order Equations

to obtain

2.9) 7(6) = =5 (0ls), (), )’ —

(p(s), 2(s), 2(s))-

Finally, we differentiate z(s) = u(x(s)) to obtain

(2.10) a@:ZpMM E}ﬂ ,2(s), z(s)).

8pj

What we have just demonstrated above proves the following theorem.

Theorem 2.2. Let u € C?(2) solve F(Du,u,x) = 0 in Q. Assume x(s) solves (2.8), where
p(s) = Du(xz(s)), z(s) = u(z(s)). Then p(s) and z(s) solve the ODEs (2.9) and (2.10), for
those s where x(s) € Q.

We rewrite the ODEs (2.8), (2.9) and (2.10) into a vector form:

( (
(a’) p(S) —DxF(p,Z,.T) - DZF(p,Z,l')p,
(2.11) (b) 2(s) = DyF(p,z,x)-p,
(¢) @(s) = DpF(p,z, ).

Definition 2.1. The system (2.11) of 2n + 1 first-order ODEs together with the nonlinear
equation

(2.12) F(p(s), 2(s),2(s)) = 0

is called the characteristic equations for F'(Du,u,z) = 0.

The solution (p(s), z(s), x(s)) is called the full characteristics strip and its projection
x(s) is called the projected characteristics.

Remark 2.1. (i) Condition (2.12) must hold if it is satisfied at s = 0; this follows from
the fact that F'(p(s), z(s),x(s)) must be constant if (p(s), z(s),z(s)) is a solution of ODEs
(2.11). Therefore, the characteristic equations are essentially the system of ODEs (2.11).

(ii) The characteristic equations are truly remarkable because they form a closed au-
tonomous system of (2n + 1) ODEs for unknown vector function X (s) = (p(s), 2(s), z(s))
of 2n + 1 functions, which can be written in the form of

(2.13) X = A(X),

where A: R?"t1 — R27+1 i a smooth function given in terms of F(X) = F(p, z, ).

(iii) If we know the initial data X (0) = (p(0), 2(0), z(0)) when s = 0, then we can solve
the system (2.13) at least for small s. As the initial data (x(0), 2(0)) lie on the initial surface
S, we assume that

z(0) = f(y), 2(0) = h(y).

In general, we need to choose the initial data p(0) = ¢q(y) to satisfy F(q(y),h(y), f(y)) =0
and some admissible conditions in order to build the solution u to (2.3) and (2.4), in a
compatible way that z(s) = u(x(s)) and p(s) = Du(x(s)); this is the important step for the
characteristics method to be discuss later.
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2.3.2. Examples. Before continuing our investigation of the characteristics method, we
pause to consider some special cases for which the structure of the characteristics equations
is especially simple. We illustrate as well how we can actually compute solutions of certain
first-order PDEs by solving their characteristics ODE equations, subject to appropriate
Cauchy conditions.

(a) Linear equations: B(x) - Du(x) + c¢(z)u = d(z).
In this case,

F(p.z2) = B(x) - p + c(x)z — d(x)

and hence D, F = B(x), D,F = ¢(x). Hence (2.11)(b)-(c), together with (2.12), yield that
i(s) = B(x(s)),
Z(s) = d(x(s)) — c(x(s))2(s).

One can solve the first set of ODEs to obtain x(s), and then solve z. In this case, p is not
needed.

(2.14)

ExXAMPLE 2.3. Solve
TUy — YUy =u, x>0, y>0,
u(z,0) =g(z), x=>0.

Solution. Equation (2.14) becomes

The initial data are x(0) = 2%, y(0) = 0, 2(0) = g(2°), where 2° > 0 is any fixed number.
Accordingly we have
z(s) =2%coss, y(s)=a2"sins, z(s) = g(z¥)e’.
Note that this simply means that
u(z® cos s, 2’ sin s) = g(z°)e®

for all 2°,s. Now given any x > 0, y > 0, we solve for z° > 0, s > 0 from (z,y) =
(20 cos s, 2% sin 5). This yields that

20 = (22 + 9?2, s = arctan(y/z);

therefore,
u(z,y) = z(s) = g((a? + y?)!/?)erctantv/z),

(b) Quasilinear equations: B(z,u) - Du+ c(x,u) = 0.
In this case, F'(p,z,2) = B(z,2) - p + c(x, 2); so D,F' = B(z, z). Hence (2.11)(b)-(c) and
(2.12) becomes
z(s) = B(z,z), 2(s)=B(z,2)-p=—c(x,z),
which are autonomous ODEs for z, z. Once again, p is not needed.

EXAMPLE 2.4. Solve

ux+uy:u2, zeR, y>0,
u(z,0) =g(z), zeR.
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Solution. The characteristics equations become
z=1 gy=1, 2z=2°
The initial data are x(0) = 2, y(0) = 0, 2(0) = g(2), where 2" € R is any fixed number.
Accordingly we have
0
z(s) =2 +s, y(s)=s, 2(s)= 1_982()1:0).

Now given any z € R, y > 0, we select z° € R, s > 0 so that (z,y) = (2(s),y(s)) =
(2% + s, s). This yields that 2° = z — y, s = y and hence

9(z —y)
u(z,y) = 2z(s) = ————.
(@:9) = 2(s) 1—yg(z —y)
Note that this solution makes sense only if yg(x — y) # 1, which is the case for all y > 0 if
g(z) <0 for all z € R. O

(c) Fully nonlinear equations. We now consider an example of fully nonlinear equa-
tion where we do need to solve the full characteristics ODEs in order to build a possible
solution.

EXAMPLE 2.5. Solve
Ugplly = U, x>0, yeR,
u(0,y) =y* yeR

Solution. In this case, F(p, z,z,y) = p1p2 — z and so Equation (2.11) becomes
t=Fy =p2, y=1Fy,=p, zZ=piFy +p2Fy, =2pip2 =2z,

pr=—F, — F.pr =p1, p2=—F,— F.p2 =pa.
Therefore, the equations for pj, ps are needed. The initial data are selected to be x(0) =
0, y(0) = 7, 2(0) = 72, where 7 € R is any fixed number. To find the initial data
p1(0) = q1(7) and p2(0) = g2(7), we have, from F(p(0), z(0),2(0),y(0)) = 0, that
o (T)g(r) = 2

Since u(0,7) = 72, differentiating with respect to 7, we have

p2(0) = uy(0,7) = 27 = g2(7), 50 p1(0) = qu(7) = 3.
Using these initial data, solve the characteristics ODEs to obtain

2 2s
b

1
= Z(Tv S) =Te€ b1 :pl(Ta S) = 57—687 D2 :]92(7'7 S) = 27—687

x=zx(71,8) = /OSPQ(T, s)ds =27(e® — 1),

S
1
y=uy(r,s) =71 +/ p1(1,s)ds = 57’(68 +1).
0
Given (z,y) with z > 0 and y € R we solve x(7,s) = x and y(7,s) = y for (7, s); namely
1
(2.15) 27(e® — 1) =z, 57‘(68 +1)=y.

From this we have z 4 4y = 47e® and hence

uw(z,y) = u(z(r,s),y(r,s)) = 2(1,s) = 26?8 = %(m + 47)%.
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(Check this is a true solution!) Note that we don’t need to solve (2.15) explicitly for

(1,58). O

2.3.3. The characteristics method for Cauchy problems. We now discuss the char-

acteristics method for solving the Cauchy problem:

(2.16) F(Du,u,z) =0 in £,
u(@)=glz)  onT,

where T is a given hypersurface in Q parametrized by = = f(y) with parameter y in some
open set D C R"! and f is a smooth function on D. Let

u(f(y)) = g(f(y)) :=hly), yeDCR".

Fix yo € D. Let g = f(yo) € T, 20 = g(xo) = h(yo). We assume that py € R" is given
such that

(217) F(po, 20, CL‘o) =0.

In order that pg = Du(xg), it is necessary that
n
(2.18) Ty, (o) = Y fu (wo)ph Vi=1,2,-+-,n—1.
i=1
Definition 2.2. Given yy € D, we say that a vector py € R™ is admissible at yo (or the
pair (po, yo) is admissible) for the Cauchy problem if (2.17) and (2.18) are satisfied.

Note that an admissible pg may or may not exist; even when it exists, it may not be
unique.

Conditions (2.17) and (2.18) can be written in terms of a map F(p,y) from R™ x D to
R™ defined by F = (Fi,- -+, Fn), where

Fioy) =D L3, 0’ = hyy(4) (G =12, ,n—1);
=1

Fu(p,y) = F(p,h(y), f(y), ye€D, peR™
Note that (po,yo) is an admissible pair if and only if F(pg,yo) = 0.

Definition 2.3. We say that an admissible pair (pg,y0) is non-characteristic if

A1 (o) L 9f™(yo)
Oy Oy1
OF (p, : : :
det ﬂ = det . : : # 0.
Op  lp=po,y=yo 9f" (wo) . Af™(yo)
OYn—1 Oyn—1
Fy, (po, 20,w0) -+ Fp,(po, 20, T0)

In this case, by the implicit function theorem, there exists a smooth function p = ¢(y)
in a neighborhood J of yg in D such that ¢(yo) = pp and

(2.19) Flay)y) =0 (yeJ),
that is, (¢(y),y) is admissible for all y € J.

Remark 2.2. The determinant above is actually equal to kv(xg) - DpF(po, 20, 20), where
Kk is a nonzero number and v(x() is the outward unit normal to I' at 29 € I'. Therefore, the
non-characteristic condition at the admissible pair (pg, y9) can be written as

(2.20) Dy F(po, 20, z0) - v(x0) # 0,
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where g = f(v0), 20 = h(yo) = g(z0). In particular, if (2.16) is quasilinear where F'(p, z, x) =
B(z,z) - p+ ¢(x, z), then the non-characteristic condition (2.20) becomes

(2.21) B(zo, g(x0)) - v(xo) # 0.

In what follows, we assume the pair (po,yo) is admissible and non-characteristic. Let
q(y) be determined by (2.19) in a neighborhood J of yo in D. Let (p(s), 2(s), z(s)) be the
solution to Eq. (2.10) with initial data

p(0) =q(y), =2(0) =h(y), =(0)=f(y)
for given y € J. Since these solutions depend on the parameter y, we denote them by
= P(y,s), z=Z(y,s) and x = X (y, s), where

P(y7 S) = (pl(yjs)’pZ(:% 8)7 e ’pn(y7 S)),
X(p.y) = (@' (y,9),2%(y,5), ,2"(y,9)),

to display the dependence on y. By the ODE theory of continuous dependence, P, Z, X are
C?in (y, s).

Lemma 2.6. Let (po,yo) be admissible and non-characteristic. Let xo = f(yo). Then there
exists an open interval I containing 0, a neighborhood J of yo, and a neighborhood V of
xo such that for each x € V there exist unique s = s(x) € I,y = y(x) € J such that
r = X(y(z),s(x)). Moreover, s(x) and y(x) are C? on x € V.

Proof. We have X (yo,0) = f(y0) = zo. Then the result follows from the inverse function
theorem. In fact, using aX|s 0 = 2L and aX|s 0 = Fp(po, 20, x0), we easily see that the
Jacobian determinant

Aft(wo) .. 8f'(wo)

F,, (po, 20, o)
d aX(y7 S) - 62'” ) 3y7f_1 p1 .
et W’y:yo,s:o = det : : : : £0
oy OYn—1 pn \P0, 20, L0

from the noncharacteristic assumption. Furthermore, since X (y, s) is C?, we also have that
y(z), s(z) are C2. O

Finally, define
u(z) = Z(y(z),s(x)) VzeV.
Then we have the following:
Theorem 2.7. Let (po,yo) be admissible and non-characteristic. Then the function u(x)

defined above solves the equation F(Du,u,x) = 0 in V with the Cauchy data u(z) = g(z)
onI'NV.

Proof. (1) If z e TNV then z = f(y) = X(y,0) for some y € J. So s(z) =0, y(z) =y and
hence u(z) = Z(y(z), s(z)) = Z(y,0) = h(y) = g(f(y)) = g(x). The Cauchy data follow.

(2) The function
V(y,s) = F(P(y,s), Z(y,s), X(y,s)) =0
for all s € I and y € J. In fact ¥(y,0) = 0 since (q(y),y) is admissible, and
Ys(y,s) = DpF' - Ps+ (D, F)Zs+ D, F - X =0,
from the characteristic ODEs.
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(3) Note that

and hence, foreachi=1,...,n—1,
- 0%ad op? Ox?
8y185 Z 0y;0s Z dy; Os

Furthermore, upon differentiating F'(P(y, s), Z(y,s), X(y,s)) = 0 with respect to y;, we
obtain that

(2.22)

" (OF 97 OF Opf OF 07
2.2 g or __odkoz
(2.23) ; <8azj 0y + Opj 8yi) 0z 0y;
We claim that
o0z LR ox? )
(224) %(y78)_;p](yas)ayl(yas) V/L_]-aun_l
To prove this, let
oz LI oxd
T(S) - @(ya 3) - ;p](y7 S)@(ya S)'

Then 7(0) = hy,(y) — 27, ¢ (y)%(y} = 0 by the choice of ¢(y) = P(y,0). Moreover, by
(2.22) and (2.23), it follows that

R Op? Oz’
8yzas Z Qy;0s Z ds 0y;
(2 o _apon
- Oy; 0Os ds Oy;

S ()]

— |0y 0p; * \0x; dy;
B OF 0z7 8F op’ oz’
Z (ax] oy + o, ayz> 2?’ oy
aF

= 82 (P(y, )7Z(y’ S)7X(y7 8))T(S)'

This shows that 7(s) solves a homogeneous linear first-order ODE with zero initial condition;
consequently 7(s) = 0, proving the claim.

(4) Finally let w(z) = P(y(x),s(z)) for x € V; namely, p*(y(z), s(z)) = w¥(z). From
the definition of u(x) we have

F(w(z),u(x),z) =0 VYzeV.
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To finish the proof, we show that w(z) = Du(z). Since u(z) = Z(y(z),s(z)) and = =
X (y(x),s(x)) for all x € V, we have, by (2.24) evaluated at (y(x), s(z)), that

ds oy’
— Zs%j +;Zyi8x-
k=1 0 i=1 \k=1 8'% 81@

B - Z 8$k oy’
N 8:10] . 0y; Ox;

k=1
=Y whg = 2wy =
k=1 T k=1
So Du(x) = w(x) on V. This completes the proof. O

ExaMpPLE 2.8. What happens if the non-characteristic condition fails? Let us look at an
example in this case. Solve

TUg + YUy = U,
u(r,7) =g(r) VT eR.

Solution. In this case, the non-characteristic condition (2.21) fails for all zy = (7, 7). If we
still solve the characteristic ODEs
T=x, Y=y, Z=2
with initial data x(0) =7, y(0) =7, 2(0) = g(7), then we obtain
X(r,s) =71, Y(r,8)=71€e, Z(1,5)=g(T)€’

However, we cannot solve for (7,s) from X(7,s) = x and Y (7,s) = y. In this case, the
Cauchy problem may or may not have a solution.

If the Cauchy problem does have a smooth solution u(z,t), then

9'(7) = ua(r,7) + uy(r,7) = g(7) /7,
and hence we must have g(7) = a7 for some constant o € R.

For such a Cauchy datum ¢(7) = a7, we can find infinitely many solutions by solving
a Cauchy with any non-characteristic Cauchy data; for example, with u(7,72) = h(7),
where h(0) = g(0) = 0 and h(1) = g(1) to be compatible with u(7,7) = g(7). Doing so, we
obtain infinitely many solutions

22
u(wy) =)
as long as h(7) is a smooth function with h(0) =0 and h(1) = ¢g(1) = a. O
EXAMPLE 2.9. Solve
{2?21 Tiuj = ou,
w(z1, ..y Tp-1,1) = h(x1, ..., 2n_1).
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Solution. The characteristic ODEs:
=z, 7=12,...,n; Z=az
with initial data z;(0) =y; for j =1,...,n — 1, 2,(0) =1 and 2(0) = h(y1,...,yn). So
zj(y,s) =yje’, j=1,...,n—1; z,(y,s) =€ z(y,s) =e**h(y).

Solving (y, s) in terms of =, we have e* =z, y; = z;/x, (j =1,--- ,n—1). Hence
Z1 Tn—1
= = Oéh T e e e e .
w) = 2(y,8) = agh(2L, . T
]
ExaMpPLE 2.10. Solve
B(u)-Du=20
(2.25) wet+ Blu)- Du =0,
U(JI,O) = g(l’),
where u = u(x,t) for x € R", t € R and Du = (ug,, "+ , Uy, ), with B: R - R" ¢: R" - R

being given smooth functions.

Solution. In this case, let ¢ = (p,pn+1) and F(q,z,2) = ppy1 + B(z) - p, and so the
characteristic ODEs are

T = B(Z)v :c(y,O) =Y,

t=1, t(y,0)

=0
£=0, 2(y,0) = g(y)-
The solution is given by

Z(y,s) =gy), X(y.s)=y+sB(g(y)), T(y.s)=s.
The projected characteristics Cy in the xt-space passing through a point (y,0) is the line
{(z,t) = (y +tB(g(y)),t) | t € R}, along which u is a constant ¢g(y). Hence, the solution
u = u(x,t) is given implicitly by

u(x,t) = g(x — tB(u(z,t))).

Furthermore, two distinct projected characteristic curves Cy,,Cy, (with y; # y2) intersect
at a point (z,t) if and only if

(2.26) y1 —y2 = t(B(g(y2)) — B(g9(y1)))-

At the intersection point (x,t) we have g(y1) # g(y2); hence the solution u becomes singular
(undefined). Therefore u(x,t) becomes singular for some ¢ > 0 if and only if there exist
y1 # y2 such that (2.26) holds for ¢ > 0.

When n =1, u(x,t) becomes singular for some ¢ > 0 unless B(g(y)) is a nondecreasing
function. In fact, if B(g(y)) is not nondecreasing then there exist y; < ya such that
B(g(y1)) > B(g(y2)). Then with

b= _ Y2 — Y1 >0,

B(g(y2)) — Blg(y1))

the projected characteristic lines Cy, and Cy, intersect at some point (z,t). If u were
smooth up to the point (z,t) then u(x,t) would be equal to g(yx) for both k = 1,2.
However, g(y1) # g(y2) since B(g(y1)) > B(g(y2)). The same argument also shows that the
problem cannot have a regular (smooth) solution defined on whole R? unless B(g(y)) is a
constant function. 0







Chapter 8

Laplace’s Equation

3.1. Green’s identities

For a smooth vector field F = (fY,..., f"), we define the divergence of F by

divF = Z o z": f:{]
J

j=1
Lemma 3.1 (Divergence Theorem). Assume Q is a bounded open set in R™ with suffi-
ciently smooth boundary 0Q. Let F € C*(Q;R™). Then

(3.1) /Q div F(z) dz = / Fa) - v(z) ds,

oN
where v(z) is the outer unit normal to the boundary 02 at x.

For a smooth function u(z), we denote the gradient of u by Du = Vu = (ug,, - ,ug,)
and define the Laplacian of u by

(3.2) Au = div(Vu) Z Ugyzy -

Lemma 3.2 (Green’s Identitiesz. Assume € is a bounded open set in R"™ with sufficiently
smooth boundary 0. Let u € C%(Q),v € C1(Q). Then

(3.3) / vAudx = —/ Vu-Vudzr + v@ ds.
Q Q ov

If u,v € C%(Q), then

(3.4) /(vAu — ulAv)dr = / (v% - u@) ds.
Q o Ov ov

Equation (3.3) is called Green’s first identity, while Equation (3.4) is called Green’s
second identity.

Proof. Assume u € C2(Q),v € C1(Q) and let F = vVu. Then F € C*({; R?) and div F =
Vu - Vv + vAu, and hence, by the Divergence Theorem,

/vAudx—i—/Vu-Vvdx:/ vVu-vdS = v%dS
Q Q o9 o Ov
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from which (3.3) follows. Now, assume u,v € C?(Q). Exchanging v and v in (3.3), we
obtain

(3.5) /uAvda;:—/ Vu-Vvdx—i—/ u@dS.
0 Q oo Ov

Combining (3.3) and (3.5) yields (3.4). O

Definition 3.1. The equation Au = 0 is called Laplace’s equation. A C? function u
satisfying Au = 0 in an open set 2 C R” is called a harmonic function in €.

Dirichlet and Neumann (boundary) problems. The Dirichlet (boundary) prob-
lem for Laplace’s equation is:

(3.6)

Au=0 1in Q,
w=f  on 0f.

The Neumann (boundary) problem for Laplace’s equation is:

Au=0 in
(3.7) { U in €,

% =g on Of.
Here f and g are given (boundary) functions.

Theorem 3.3. Let 2 be a bounded open set in R™ with sufficiently smooth boundary OS2.

(i) Given any f, there can be at most one C?(Q)-solution to the Dirichlet problem.

(ii) If the Neumann problem (3.7) has a C*(2)-solution u then [y, g dS = 0; moreover,
if Q is connected, any two C?(Q)-solutions to the Neumann problem must differ by
a constant.

Proof. In the Green’s first identity (3.3), choose v = v, and we have

(3.8) /uAudx——/ \Vul|? dx + u% ds.
Q Q oa OV

(i) Let u1, ug € C?(Q) be any two solutions to the Dirichlet problem and let u = uj —us.
Then Au =0 in Q and v = 0 on 99; hence, by (3.8), Vu = 0; consequently u = constant
on each connected component of 2; however, since u = 0 on 0f2, the constant must be zero.
So v =0 and hence u; = uy in Q.

(ii) Using (3.3) with v = 1, we have

/ Audr = @ ds.
Q a0 OV

Hence, if there is a C?(Q) solution u to (3.7) then [, g(x)dS = 0. Let uj, up € C*(Q)
be any two solutions to the Neumann problem (3.7) and let u = u; — ug. Then Au =0 in
Q and % = 0 on 99; hence, by (3.8), Vu = 0 in Q. If Q is connected, then u must be a
constant in €; therefore, any two C?-solutions of the Neumann problem must differ by a
constant. U



3.2. Fundamental solutions and Green’s function 19

3.2. Fundamental solutions and Green’s function

We try to seek a harmonic function u(x) that depends only on the radius r = |z|, i.e.,
u(z) = v(r), r = |z| (radial function). Computing Awu for such a function leads to an

ODE for v:
-1

Au="(r) + n v'(r) = 0.

If n = 1, then v(r) = r is a solution. For n > 2, let s(r) = v/(r), and we have s'(r) =
—2=Ls(r), which is a first-order linear ODE for s(r); upon solving this ODE, we have that

T
s(r) = ert=". Consequently, we obtain a solution for v(r) as follows:

Cr, n=1,
v(r)=< Clar, n=2,
Cr?=™, n>

Note that v(r) is well-defined for > 0, but is singular at » = 0 when n > 2.

3.2.1. Fundamental solutions.

Definition 3.2. We call the function ®(x) = ¢(|x|) the fundamental solution of Laplace’s
equation in R", where

—357 n=1,

(3.9) o(r) = —% Inr, n=2,
1 2—

n(n—2)am Y,on23

Here, for n > 3, «, is the volume of the unit ball in R™.

Remark 3.1. With the number «,, it follows that a ball of radius p in R™ has the volume
anp" and the surface area nay,p™~!. The constant appearing in the fundamental solution
®(x) exactly assures the following theorem.

Theorem 3.4. For any f € C2(R"), define
uw) = [ @w-yiwdy (@R

Then u € C*(R™) and solves the Poisson’s equation

(3.10) —Au(z) = f(z) for all x € R™.

Proof. We only prove this for the case n > 2; the proof of the case n = 1 (where ®(x) =
—2|z]) is left as an exercise.

1. Let f € C?(R"™). Fix any bounded open set V' C R" and take z € V. Then
we)= [ ew-piwar= [ ewie-pa=[ o)y

where B(0, R) is a large ball in R™ such that f(z —y) =0 for all z € V and y ¢ B(0, R/2).
Since ®(y) is integrable near y = 0 (see (3.11) below), by differentiation under the integral,
we have

Ug, (T) = /B(O,R) (y) fo, (x — y) dy, Uz, (z) = /B q)(y)fxiffj (z —y)dy.

(0,R)
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This proves that u € C%(V). Since V is arbitrary, it follows that u € C?(R™). Moreover
Bu) = [ @A dy= [ 0)a, ) dy
B(0,R) B(0,R)

2. Fix 0 < e < R. Write

Bu) = [ eyt [ () Ay f(x — y)dy =: I, + .
B(0,¢) B(0,R)\B(0,¢)
Now
C [Srllnr|dr (n=2)
3.11 I.| < C|D? oo/ O(y)|dy < 0
(3.11) [l < CIID*fl| 0761 ()] y—{cez (n>3).

Hence I. — 0 as ¢ — 0%. For J. we apply the Green’s second identity (3.4) with Q =
B(0,R) \ B(0,¢€) to have

Jo— /Q B(y)A, f(x — y) dy

25— a0 as,

Ovy

- /Q fo— oty + [

o0

= /m [‘P(y)w — flz—y) 83(3)] ds,

Lo 22Dy B0 s,

Ovy vy
y

where v, = —¥ is the outer unit normal of 9Q2 on the sphere 9B(0,¢). Now

of (x —y)
@ _J N J7
/83(0,5) @) vy

as € — 07. Furthermore, V®(y) = ¢'(lyl) 1 hence

< C1o(e)|| DS |z~ /8 dS < CeYg(e)] — 0

0,¢)

00(y) / €t (n=2)
v, =Vo(y) vy, =—¢'(e) = o (> 3) for all y € 0B(0,¢).
i 02(y) 1
That is, %y~ Topor 45 and hence

L 02(y) o -
/83(0,5) fz=y) vy dSy = ][83(076)“33 y) dSy — f(z),

as ¢ — 0. Combining all the above, we finally prove that
—Au(z) = f(z) VzeR"™
O

Remark 3.2. The reason the function ®(z) is called a fundamental solution of Laplace’s
equation is as follows. The function ®(z) formally satisfies

—Ay®(x) =09 onxzeR”,
where dy is the Dirac measure concentrated at 0:

(00, f) = f(0) V feCER").
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If u(z) = [zn ®(x —y)f(y) dy, we can formally compute that (in terms of distributions)

—Au(z) = — - Ay @(z —y)f(y)dy = — - Ay®(x —y)f(y)dy

T e Ay@(y) f(x —y) dy = (bo, f(z — ) = f(x)

3.2.2. Green’s _function. Suppose 2 C R" is a bounded domain with smooth boundary
0. Let h € C%*(Q) be any harmonic function in Q.

Given any function u € C?(Q), fix x € Q and 0 < € < dist(x, Q). Let Q. = Q\ B(x,¢).
Apply Green’s second identity

ov ou
[ v - vwautyas= [ (wn e - Gim ) s

to functions u(y) and v(y) = I'(z,y) = ®(y — =) — h(y) on Q, where ®(y) = ¢(|y|) is the
fundamental solution above, and since Av(y) = 0 on 2, we have

or ou
- /Q Te.y) ) dy = /8 g s — [Ty o)

or ou
:/m u(y)a—yy(x,y)ds— /8Q F(:c,y)a—%(y)ds

o ww (By-a) - L) as
[ (G- 5

[ @0 - ) S ws,
OB(z,€) v

(3.12)

where v = v, is the outer unit normal at y € 9Q = 0QUIB(x,€). Note that v, = === at

y € 0B(z,€). Hence g%(y —z)=—¢'(e) = m for y € 0B(x,¢€). So, in (3.12), letting

/aB(x,e) u(y) (882@ — @)= ;Z;(@) s,

oh
—f s, [ )y (s, >
OB(z,€) OB(x,e€) Vy

ou

[ @) - ) s o,
OB(x,€) Uy

€ — 07 and noting that

and

we deduce

Theorem 3.5 (Representation formula). Let I'(x,y) = ®(y — x) — h(y), where h € C?(Q)
is harmonic in ). Then, for all u € C%(Q),

313) @)= [ [ru,y)g;jj(y)u(y)gi(z,y)} a5 - [ Tep)duty)dy (@ e,

This formula permits us to solve for u if we know the values of Au in Q and both v and
% on 0. However, for Poisson’s equation with Dirichlet boundary condition, du/dv is not
known (and cannot be prescribed arbitrarily). We must modify this formula to remove the
boundary integral term involving du/dv.
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Given z € ), we assume that there exists a corrector function h = h* € C%(Q)
solving the special Dirichlet problem:

A R (y) = Q
(3.14) xy (y) 0 (y € )a
he(y) = @(y —x) (y € 00Q).
Definition 3.3. We define Green’s function for domain €2 to be the function
G(z,y) = ®(y,x) —h"(y) (r€Q, yeQ, z#y).

Then G(z,y) =0 for y € 0Q and = € Q; hence, by (3.13),

(3.15) u(:z:):—/(99 u(y )g}i(m y)dS — /Gm y)Au(y) dy.

The function

oG
K(z,y) = —87(56,3/) (x €, ye o)
y

is called Poisson’s kernel for domain 2. Given a function g on 952, the function

/ny y)dS, (z€Q)

is called the Poisson integral of ¢ with kernel K.

Remark 3.3. A corrector function A*, if exists for bounded domain €2, must be unique.
Here we require the corrector function h® exist in C2(Q), which may not be possible for
general bounded domains 2. However, for bounded domains 2 with smooth boundary,
existence of h* in C?()) is guaranteed by the general existence and regularity theory and
consequently for such domains the Green’s function always exists and is unique; we do not
discuss these issues in this course.

Theorem 3.6 (Representation by Green’s function). If u € C?(Q) solves the Dirichlet
problem

—Au(z) = f(z) (z€Q),

u(z) = g(x) (z € 09),
then

(3.16) u(z) = [ K(z.y)g(y)dS + / Glr.y)f(w)dy (x€Q).
o0 Q

Theorem 3.7 (Symmetry of Green’s function). G(x,y) = G(y,z) for all x,y € Q, x # y.

Proof. Fix x,y € Q, x # y. Let
v(z) =G(z,2), w(z)=G(y,z2) (zeU).

Then Av(z) =0 for z # x and Aw(z) = 0 for z # y and v|sn = w|sq = 0. For sufficiently
small € > 0, we apply Green’s second identity on Q. = Q \ (B(z,€) U B(y,¢€)) for functions

v(z) and w(z) to obtain
ow ov S — 0.
[ (050 -we5e)
This implies

(3.17) /BB(M (061G e) w5 ) ds = /{)B(y’e) (w61 gt - v 5o ) as,

where v denotes the inward unit normal vector on 0B(x,¢) U 0B(z,¢€).
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We compute the limits of two terms on both sides of (3.17) as ¢ — 0T. For the term on
LHS, since w(z) is smooth near z = z,
<Ce" !t sup |u(2)] = o(1).

ow
v(2)—=—(2)dS
/63(36,6) ( )aV( ?) 2€0B(z,¢)

Also, v(z) = ®(x — 2z) — h*(z) = ®(2 — x) — h®(z), where the corrector h” is smooth in €.
Hence

ov od

li ds = li —z)dS =
e—1>I(r)1+ OB(z,e) ( )81/( ) 6_1>I(€l+ OB(z,€) )81/ (Z $) w(w)
So
lim LHS of (3.17) = —w(x).
e—0t
Similarly,
lim RHS of (3.17) = —v(y),
e—0t
proving w(x) = v(y), which exactly shows that G(y,x) = G(x,y). O

Remark 3.4. (1) Strong Maximum Principle below implies that G(x,y) > 0 for all z,y €
Q, x #y. (Homework!) Since G(z,y) = 0 for y € 99, it follows that g—g(x, y) < 0, where

vy is outer unit normal of  at y € 9. (In fact, we have g—li(x,y) < 0 for all x € Q and

y € 0f.)

(2) Since G(z,y) is harmonic in y € Q \ {2}, by the symmetry property, we know that

G(z,y) is also harmonic in z € Q \ {y}. In particular, G(z,y) is harmonic in x € 2 for all

y € 0%2; hence Poisson’s kernel K (z,y) = gf (z,y) is harmonic in x € Q for all y € 0.

(3) We always have that K(z,y) > 0 for all x € Q and y € 99 and that, by Green’s
representation theorem,

K(z,y)dSy, =1 (z€Q).
o0

The following general theorem implies that the Poisson integral gives a solution to the
Dirichlet problem to Laplace’s equation.

Theorem 3.8. Let 2 be an open set in R™. Assume a function K: Q x 02 — R satisfies
(i

(ii

) K(z,y) >0 for all z € Q and y € Q;
)

(iii) DYK (x,-) € LY(09) for all z € Q and multi-indezes o with |of < 2;
)
)

K (-,y) is harmonic in Q2 for each y € 0%,

(iv) [o0 K (2,y)dSy =1 for all x €
(v) for each z° € 92 and § > 0,

lim / K(z,y)dS, =0.
z—20, 2€Q J o0\ B(20,5)

Let g € C(02) N L*®°(09) and define

u(z) = - K(z,y)g(y)dS, (z€Q).
Then u is harmonic in  and satisfies
(3.18) lim  u(z) = g(x°) (2 €99).

z—20, e
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Proof. That u is harmonic in 2 follows easily from (ii) and (iii). Let M = ||g| . For
€ >0, let § > 0 be such that

l9(y) —g(z%)| < Vyeo, |y—a" <.
Then, by (i) and (iv)

u(z) = g(2°)| =

/ K (x,9)(g(y) — g(=)) dS,

S/ K(z,y)|g(y) — g(2)| dS,

o0

< / K(2,9)lg(y) — 9(c°)]dS, + / Kz, 9)lg(y) — 9(«°)| dS,
B(20,5)n9Q 8\ B(20,5)

< / K (z,9)lg(y) — g(z°)|dS, + 2M K(x,y) dS,
B(x9,5)n0% B0\ B(20,5)

<e42M K(z,y) dS,.
OO\ B(29,6)
Hence, by (v),

limsup |u(z) — g(2°)] < e+ 2M limsup / K(z,y)dS, =e.
80\ B(0,6)

x—x0, 2EQ z—x9, xeN

This proves (3.18) and completes the proof. O

3.2.3. Green’s functions for half spaces and balls. Although Green’s function is
defined above for a bounded domain with smooth boundary, it can be similarly defined for
unbounded domains or domains with nonsmooth boundaries; however, the representation
formula may not be valid for such domains. Green’s functions for certain special domains
Q2 can be explicitly found from the fundamental solution ®(z).

Case 1. Green’s function for a half-space. Let
Q=R ={z = (v1,22, -+ ,zp) € R" |z, > 0}.

If £ = (z1, 22, -+ ,xy) € R™, then its reflection with respect to the hyper-plane z,, = 0
is defined to be the point
T = (r1,22," ,Tp-1,—Tp)-
Clearly # = 2 (z € R"), 2 =z (z € OR") and ®(x) = ®(&) (x € R™). In this case, we can
easily see that the corrector can be chosen as h*(y) = ®(y — z).

Definition 3.4. Green’s function for half-space R’} is defined by
Gr,y) =Py —2) -y —1) (reR}, yeRY, z#y).
Note that
oG (2.1) 0P 0P
—(x,y) = — x
Oyn, Y
_ —1 yn_l'n_yn"f’xn
nap ||y —xf* |y —2["
So, the corresponding Poisson’s kernel of half-space R’} is given by

0G oG 21,
—87%(3773/) = T(xay) =

Yn nag |z — y|"

K(z,y) = (z € R, y € IRL).

If, for y € OR?, we write y = (y/,0) with ¢/ € R""!, then
2xy, )
nap (|2’ —y'|* +xZ)n/2

K(Qj‘,y): :H($ay/>
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and the Poisson integral u = K[g] of a function g € C(0R) can be written as

2%y, g(y') dy'
1 = H ! ! /: Rn .
(3.19) u(x) - (z,9")9(y")dy o /Rn1 (o =y + 22)/2 (z € RY)

Theorem 3.9 (Poisson’s formula for half-space). Assume g € C(R"™1) N L>®(R"!) and
u = K|g| is defined by (3.19). Then,
(i) uw e C®(RY)NL>®RY) is harmonic in R,
(ii) for all 2° € OR7Y,
Jm ) = 9a)
Proof. It is easily verified that DYH (z,y') € Ll(]RZ,_l) for all z € R’} and multi-indexes o

and that H(x,y’) is harmonic in = € R} for each 3’ € R"~!: also, a complicated computation
shows that

H(z,y)dy' =1 (xz e€RY).
Rn—1
Hence the conclusion (i) follows easily. Conclusion (ii) will follow from the general theorem
Theorem 3.8 if we verify the condition (v) there. So let z° € OR? and § > 0. Then , if

|z — 2°] < 6/2 and |y — 2°| > 6, then we have
1
=2l <y —al+6/2 < |y — o+ Sly — 2°);

so |y — x| > %’y/ . x0| and hence H(z,y") < %‘y/ — 370’_". Therefore

/ Hioy)dy <22 a0y
R?—1\ B(x0,5) noy, R"—1\ B(x9,5)

2n+1 00 -1 B
= Tn <(n — 1)an_1/ ppn 2 dr) = ontl 7@ Jn—1 Ty — 0,
6

noy, no,0

as x, — 07 if z — 2 in R, which proves (v) of Theorem 3.8. O

Case 2. Green’s function for a ball. Let
Q=DB(0,1)={xeR"||z| < 1}
be the unit ball in R™. If z € R™\ {0}, the point
x
|z|?
is called the inversion point of x with respect to unit sphere 9B(0, 1). The mapping = — &
is called the inversion with respect to unit sphere.

Given z € B(0,1), z # 0, we try to find the corrector h*(y) in the form of
h*(y) = (b(z)(y — 7).

T =

For this we need to have
b(z)|ly —%| = |y —z[ (y € 9B(0,1)).
Note that, if y € 0B(0, 1) then |y| =1 and
2y - x I |y- z|?

2?2 2P

ly—&?=1-2y-2+ 5> =1-
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So we can choose b(x) = |z|. Consequently, for z # 0, the corrector h” is given by
W(y) = @(lzl(y — ) (y € B(0,1)).
Definition 3.5. Green’s function for unit ball B(0,1) is given by

G(y,0) = @(y) — 2(|yly) = ®(y) —o(1) (=0, y#0).
(Note that G(0,%) cannot be given by the first formula since 0 is undefined, but it is found
from the symmetry of G: G(0,y) = G(y,0) for y # 0.)

Since @, (y) = ¢’(|y\)% = ﬁ (y # 0 and n > 2), we deduce that, if z # 0, x # y,
then
Gy (2, y) = Py, (y — ) — @y, (|2|(y — 7))[]
_ 1 [xi_yi B |96!2((5?)i—yz‘)]
onap [y —zm (elly -2
1 [mi—yi x|y ]
nay,

ly == (lly =z
So, if y € 0B(0, 1), since |z|ly — Z| = |y — z| and v, =y, we have

oG a 1 G [ziyi —v? ziy — |o)Py?
aT(x’y) = ZGyi(x7y>yi = Z [ - il
Y i=1

nan 2 [Ty —al* ~ (ally— )"

z|? —
7L’ | 1 (xr € B(0,1)\ {0}).

Cnay |y — x|
The same formula also holds for x = 0 and y € 0B(0, 1).

Therefore, the Poisson’s kernel for unit ball B(0, 1) is given by
oG 1 — |z|?
K = —— =
(z,y) v, (z,y)
Given g € C(9B(0,1)), its Poisson integral u = K|g| is given by
1- !w\2/ 9(y) dS,
0

nay, B(01) [y — x|

(r € B(0,1), y€ 0B(0,1)).

noy |y — x|™

(320)  u(z) = /8 oy K 0)a) 48, = (z € B(0,1)).

By Green’s representation formula, the C2(B(0, 1))-solution u of the Dirichlet problem
Au=0 1in B(0,1),
u=g on 0B(0,1),
is given by the formula (3.20).

Suppose u is the C?-solution to the Dirichlet problem on a closed ball B(a, R), of center
a and radius R:

u=g on 0B(a, R).

Let i(z) = u(a + Rz) and §(z) = g(a + Rx) for x € B(0,1). Then @ solves the Dirichlet
problem on unit ball B(0, 1) with boundary data g. By formula (3.20) with g we have, for
all z € B(a, R),

{Au =0 in B(a,R),

_ 1 — |z=2|2
u(x):a(x a, Bl /(93(01)9(G+Ry)dsy

R na v— =2



3.3. Mean-value property 27

(z =a+ Ry).

_ R*—|z—al? / g(z)R'7"dS,
noy, 2 oB(a,r) Bz — 2|

Hence, changing z back to y,

R? — |z — al? / g(y) dS, /
3.21 u(r) = ———M——— =L — K(z,y;a,R)g(y) dSy,
(3:21) (=) non R oB(a,R) [y — z|" 9B(a,R) ( )9(y) S,y
where
2l 12
Ky R) = 1% ¢ g R), yeoBaR)

nop Ry — x|"
is the Poisson’s kernel for general ball B(a, R).

The formula (3.21) is called the Poisson’s formula on ball B(a, R). This formula has
a special consequence if we take x = a, which gives

R / 9(y) ][
u(a) = ds, = g(y) dS,.
(a) nan Jop@r lv—a™ " Jop@nr) (v) a5y

(Note that |0B(a, R)| = noy, R"~'.) Therefore, if u is harmonic in a domain Q and B(a,r) CC
Q2 (this means B(a,r) C ), then

(3.22) u(a) = ][8]3( )u(y) ds,.

This is the mean-value property for harmonic functions; we will give another proof in
the next section.

Theorem 3.10 (Poisson’s formula for a ball). Assume g € C(0B(a,R)) and u = K|g| is
defined by (3.21). Then,

(i) u € C*(B(a, R)) is harmonic in B(a, R);
(ii) for each 2° € 0B(a, R),

: _ 0
x%xo,lalcrenB(a,R) U(x) =9 )

Proof. The result (i) follows since the Poisson kernel K (z,y;a, R) is harmonic and C*° on
z in B(a, R) for all y € 0B(a, R), while the result (ii) follows from Theorem 3.8 because,
for each z° € 9B(a, R) and § > 0,

lim

/ K(z,y;a,R)dS, = / K(z°,y;a, R) as, = 0.
z—x0 2€B(a,R) J9B(a,R)\B(z9,5)

8B(a,R)\B(z0,5)

3.3. Mean-value property
For two sets U and V in R™ we write V CC U if V is a compact subset of U.

Theorem 3.11 (Mean-value property for harmonic functions). Let u € C%() be harmonic.
Then

u(z) = ][ u(y)ds = uly) dy
OB(z,r) B(z,r)

for each ball B(x,r) CC Q.
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Proof. The first equality (called the spherical mean-value property) has been proved
above. We give a different proof. Let B(x,r) CC Q. For each p € (0,r], let

hip) = ][ u(y) dS, — ][ u(e + pz) dS,.
0B(z,p) 0B(0,1)

Then, by Green’s first identity,

h'(p) = ][ Vu(x + pz)-2dS, = ][ Vu(y) - " dsy
8B(0,1) 0B(z,p)

p
0
= ][ Vu(y) - vy dSy = ][ g(y) dsy
0B(z,p) dB(z,p) OVy

1 1
nanp" =t JoB(a,e) Iy nanp" ) B(e,p)

= p][ Au(y) dy.
"J B(z,p)

Hence, since Au = 0 in Q, it follows that h'(p) = 0 on p € (0,7] and so h is constant on
(0,7]; hence,

h(r) = h(0") = lim u(y) dSy = u(x),
p—=0% ) 6B (x,p)

which proves the spherical mean-value property. From this, we have

/ u(y) dy = / </ u(y) dSy> dp = u(:z:)/ nanp" tdp = u(x)or",
B(z,r) 0 OB(z,p) 0

which proves the ball mean-value property: u(z) = —fB(x T)u(y) dy. O

Theorem 3.12 (Converse to mean-value property). Let u € C?(Q) satisfy

U(x) B ][BB(:B,T)U(:U) dSy

forallx € Q and 0 < r < r, < dist(x,00), where r, > 0 is a number depending on x.
Then u is harmonic in €.

Proof. Suppose Au(zg) # 0 for some zy € . WLOG, assume Au(xg) > 0. Then there
exists a ball B(xg,r) with 0 < r < 7, such that Au(y) > 0 on B(zo,r). Consider the
function

hp) = ][ w(y)dS, (0 < p< ra).
0B(z0,p)

The assumption says that h is constant on (0,7,;,]. However, by the computation as above,
R (r) = %TJCB(xo T)Au(y) dy > 0, giving a desired contradiction. O

This result actually holds under a much weaker assumption that u is only continuous.

Theorem 3.13. Let u € C(Q2) satisfy

u(x) = ][aB(x,r)“(” as,

forallx € Q and 0 < r < r, < dist(xz,00), where r; > 0 is a number depending on x.
Then u is harmonic in Q.

Proof. See Lemma 3.26 below. O
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3.4. Maximum principles

Theorem 3.14 (Maximum principle for harmonic functions). Let Q be bounded open in
R™. Assume u € C%(Q) N C(Q) is harmonic in Q.

(i) (Weak maximum principle) We have that maxg u = maxgq u.

(ii) (Strong maximum principle) If, in addition, Q is connected and there exists a
point o € Q such that u(xg) = maxg u, then u(x) = u(xg) for all v € Q.
Proof. Note that (ii) implies (i) (Explain why?) To prove (2), let
S ={zeQ|ulx)=u(xo)}

This set is nonempty since xg € S. It is relatively closed in € since w is continuous. We show
that S is open; hence S = Q since 2 is connected. Let z € S; so u(z) = u(zrp) = maxg u.
Assume B(z,r) CC €. By the ball mean-value property,

u(z) = ][B@,T)“Wy < J[B@,r)“(” dy = u(z).

So the equality holds, which implies u(y) = u(z) for all y € B(z,r); hence B(x,r) C S and
thus S is open. O

If u is harmonic then —u is also harmonic; hence the minimum principles also hold.
In particular, we have the following positivity property for harmonic functions:

Corollary 3.15. Let Q be connected, bounded and open in R™. If u € C?() N C(Q) is
harmonic in Q and u|lgq > 0 but Z 0, then u(x) > 0 for all x € Q.

From the maximum principle, we easily have the uniqueness of Dirichlet problem.

Theorem 3.16 (Uniqueness for Dirichlet problem). Let Q be bounded open in R™. Then,
given f, g, the Dirichlet problem for Poisson’s equation

—Au=f inQQ,
u=g on 00
can have at most one solution u € C%(Q) N C ().

Theorem 3.17 (C*-regularity of harmonic functions). If u € C?(Q) is harmonic,
then u € C*(Q).

Proof. Let a € Q and B(a,R) CC Q. Then g(y) = u(y) is continuous on y € dB(a, R).
Let u(x) = faB(a’R) K(z,y;a,R)g(y) dSy for x € B(a, R) be the Poisson integral of g on
B(a, R), and extend u to 0B(a, R) by defining u(y) = g(y) = u(y) for y € 0B(a, R). Then
u and @ are both solutions to Laplace’s equation with the same boundary boundary data
g(y) = u(y) in C*(B(a, R)) N C(B(a, R)). Hence, by the uniqueness theorem above, u = @
in B(a, R). However, by Theorem 3.10, & € C*°(B(a, R)); this proves that v € C*(Q). O

3.5. Estimates of higher-order derivatives and Liouville’s theorem
Theorem 3.18 (Local estimates on derivatives). Assume u is harmonic in Q. Then

o Cr
(3.23) [D%u(z)| < WHUHU(B(Q;,T))

for each ball B(xz,r) CC Q, each k =1,2,---, and each multi-index o of order |a| = k.
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Proof. We prove by induction on k.
1. If k =1, say « = (1,0,---,0) and so D = u,, = Dju. Since u € C* and is
harmonic, Dju is also harmonic; hence, if B(z,r) CC €, then
271
Duu) = [ D= [ D) dy
B(z,r/2) anT B(z,r/2)

2m /
= u(y)vi(y) dsS,.
apnr’™ OB(z,r/2) ( ) l( ) Y

2" 2
D@l < o [ Julds, < 2 max
an”™ JoB(x,r/2) r 9B(x,r/2)

So

However, for each y € 0B(x,r/2), one has B(y,r/2) C B(z,r) CC €, and hence

][ u(z)dz
B(yr/2)

Combining these estimates, we have

n

<

lu(y)| = llull (B m)-

a,r”

2n+1n
[Dru(z)] = ——5 llull s
n

antlp

This proves (3.23) when k = 1 with constant C7 = =~

2. Assume now k > 2 and let |a| = k. Then for some i we have a = f+(0,---,1,0,---,0),
where |3| = k — 1 and 1 is in the i-th place. So D®u = (D"u),, and hence, as in Step 1,

o nk
|D%u(z)| < THD%HLOO(B(JC,T/@)-

If y € B(z,7/k) then B(y, k—;lr) C B(z,r); hence, by the induction assumption for D’u at
y, we have

Cpy _ C}ﬁ_ﬂ%)n—&-k—l
Wﬂullmm(y%m_ et el B

[Du(y)| <
Combining the previous estimates we derive that

k
|D%u(x)| < WHUHLl(B(m,r)),
where Cj, > C’k_lnk(ﬁ)"““_l. For example, we can choose

2n+1 kk
Ck:w Vk=1,2,--

Qn

0

Theorem 3.19 (Liouville’s Theorem). Suppose u is a bounded harmonic function on whole
R"™. Then u is constant.

Proof. Let |u(y)| < M on y € R™. By (3.23) with k =1, foreach i =1,2,--- ,n,

n MClan

C1 Cq
Uz, ()] < WHUHLl(B(x,r)) < WM%T =—

This inequality holds for all > 0 since B(x,r) CC R™. Taking r — oo gives ug, () = 0 for
allz € R and all i =1,2,--- ,n. Hence Vu = 0 and so u is a constant on R". U
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Theorem 3.20 (Representation formula). Let n > 3 and f € C°(R™). Then any bounded
solution of —Au = f on R"™ has the form

u(w) = [ @ y)iwdy+C
for some constant C'.

Proof. Since n > 3 and thus ®(y) — 0 as |y| — oo, it follows that the Newton potential

i) = [ ea-pf)dy (@R

is bounded on R™; indeed, if supp f C B(0, R) then, for all |x| > R+ 1 and |y| < R, we
have |x — y| > |z| — |y| > 1 and hence ®(z — y) < L s0

= n(n—2)an’

N R™
()] < /B R L e T

and thus u is bounded on R™. This @ solves the Poisson equation —Au = f and hence u —u
is bounded harmonic on R". By Liouville’s theorem, v = 4 4+ C for a constant C. O

Remark 3.5. If n = 2, the representation formula may not hold; for example, if fR" fy)dy #
0 then, as |z| — oo,

u(r) = / Pz —y)f(y)dy ~ @(x) | fly)dy
n Rn
is not bounded.

Theorem 3.21 (Compactness of sequence of harmonic functions). Suppose {u’} is a se-
quence of harmonic functions in Q0 and

W/ (z)| <M (z€Q, j=1,2,---).
Let V. CC Q. Then there exists a subsequence {u’*} and a harmonic function @ in V such
that
li I — || ooy = 0.
kgl;lo (| ull. (V)

Proof. Let 0 < r < dist(V,99). Then B(z,r) CC Q for all x € V. Applying the derivative
estimates,

CiM

|Du? ()] < Ve eV, j=1,2,---.

Consequently, by Arzela-Ascoli’s theorem, the family {u/} is uniformly bounded and
equi-continuous on V, and hence there exists a subsequence {u’*} converging uniformly in
V to a continuous function @ on V. This uniform limit @ certainly satisfies the mean-value
property in V' and hence must be harmonic in V. ]

Theorem 3.22 (Harnack’s Inequality). For each subdomain V' CC (, there exists a con-
stant C = C(V,Q) such that the inequality

supu < Cinfu
A% 174

holds for all nonnegative harmonic functions u in €.
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Proof. Let r = 1 dist(V,99). Let ,y € V with |z —y| < r. Then B(y,r) C B(z,2r) CC ;
hence, for all nonnegative harmonic functions w in €2,

1 1 1 1
- > — = —au(y).
u(z) @) /B(x,2r) u(z)dz > P /B(W‘) u(z) dz o B(y,r)u(Z)dZ 27Iu(y)

Therefore, s-u(y) < u(z) < 2"u(y) for all z,y € V with |z —y| < 7.

Since V is connected and V is compact, we can cover V by a chain of finitely many
balls {B;},, each of which has radius r/2 and B; N B;—1 # () for i = 1,2,--- , N. Then it

follows that
1

u(z) > Wu(y)

Ve, yeV.

This completes the proof. ]

3.6. Perron’s method for Dirichlet problem of Laplace’s equation

(This material is not covered in FEvans’s book, but can be found in other textbooks, e.g.,
John’s book mentioned in the syllabus.)

Let €2 be a bounded open set in R™ and g € C(92). We now discuss Perron’s method
of subharmonic functions to solve the Dirichlet problem

Au=0 in Q,
U=y on 0f).

Definition 3.6. We say a function u € C'(2) is subharmonic in 2 if for every £ € Q the
inequality

u(€) < ][ u(z) dS = M, (€. p)
9B(&,p)

holds for all sufficiently small p > 0.
We denote by ¢(€2) the set of all subharmonic functions in €.
Lemma 3.23. For u € C(Q)No(£),

max u = max u.
Q o0

Proof. Homework. OJ

Definition 3.7. For any u € C(Q) and B(§, p) CC 2, we define the harmonic lifting of
u on B(&, p) to be the function

if € Q\ B(&,p),
(3.24) ue () = {%fl_@ . i \ B(&, p)
nomp faB({,p)WdSy 1fl'€B<£,p)

Note that in B(¢, p) the function wu¢ , is simply the Poisson integral of u|pp( ) and
hence is harmonic in B(€, p) and takes the boundary value ulgp ) on 0B(&, p); therefore,
ug,p is in C'(Q).

Lemma 3.24. For u € 0(Q) and B(&, p) CC Q, we have ug , € 0(£2) and
(3.25) u(x) <ug,p(x) Vel
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Proof. We first prove (3.25). If ¢ B(&,p) then u(x) = ug ,(x). Note that u — ug, is
subharmonic in B(§, p) and equals zero on 9B(§, p); hence, by Lemma 3.23, u — u¢ , < 0
in B(&, p); this proves (3.25). We now prove that w¢ , is subharmonic in 2. We must show
that for any = € Q

(3.26) ue p(x) < ][aB( )ué,p(y) as, = Mus’p(x,r)

for all sufficiently small r > 0. We first assume = ¢ 0B(¢, p); then there exists a ball
B(z,7") CC Q such that either B(z,7’) C Q\ B(&,p) or B(z,r') C B(&, p); hence, either
ue p(y) = u(y) for all y € B(z,r") or ug ,(y) is harmonic in y € B(x,r’). In the first case,
(3.26) holds if 0 < r < r/ is sufficiently small since w is subharmonic, while in the second
case, (3.26) holds if 0 < r < 7’ is sufficiently small since u¢ , is harmonic. We now prove
(3.26) if z € OB(&, p). In this case, by (3.25),

ug p(7) = u(z) < My(w,7) < My, (
for all sufficiently small r > 0. O

,7)

Lemma 3.25. For u € o(R2), we have u(§) < My(&, p) whenever B(§, p) CC S

Proof. Let B(&, p) CC Q. Then
u(f) < U&,p(ﬁ) = Mu&p(&p) = Mu(f,p)-

Lemma 3.26. Let u € C(Q2). Then u is harmonic in  if and only if £u € o(2).

Proof. Suppose u, —u € o(£2). Then for all balls B(§, p) CC €2, by Lemma 3.24,
u S uévﬂ’ —Uu S (_u)gzp = _ug»p‘

This implies u = ug ,; hence v is harmonic in B(§, p). Consequently u is harmonic in Q. O

Let g € C(09). Define 04(2) = {u € C(2) No(2) | u < g on 0N}, and

(3.27) wy(z) = sup u(z) (xe€).
u€ogy ()

Suppose m = mingg g and M = maxpq g. Then m, M are finite numbers and m € o,4();
s0 04(2) is nonempty. Also, by Lemma 3.23,

wx) <M Yueoy), ze.
Hence the function w, is well-defined in €.

Lemma 3.27. Let vy, va,--- , v, € 04() and v =max{vy,va, - ,v5}. Then v € g4().

Proof. Homework. O

Theorem 3.28. The function w, defined by (3.27) is harmonic in ).

Proof. Let £ € Q, B(&,p) CC Q and 0 < p' < p be given.

1. Assume {zF}%°  is any sequence of points in B(¢, p'). For each z*, let {ui}"o

721 bea
sequence in o4 (€2) such that

wy(x¥) = lim w(a®) (k=1,2,---).

j—o0
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Define v/ (z) = max{m,u{(m),ué(x), e ,uj(:v)} for z € Q. Then v’ € 04(Q), m < w/(z) <
wy(x) and
lim w!(2F) = wy(2¥) (k=1,2,--).

j—00
Let v/ = ué , be the harmonic lifting of u! on B(&, p). Then v/ € 04(Q) and v/ (z) < v/ (x) <

wg(x) in Q, and so

lim o7 (z%) = wy(z®) (k=1,2,--).

Jj—o0
Since {v/} is a bounded sequence of harmonic functions in B(&, p), by the compactness
theorem (Theorem 3.21), there exists a subsequence {v/™} uniformly converging to a

harmonic function W on B(¢, p'). Hence
(3.28) W () = wy(2®) (k=1,2,--).

Note that the harmonic function W depends on the choice of points {z*} and the subse-
quence {v/™}. However the function w, is independent of all these choices.

2. We first show that w, is continuous in B(&,p). Let y° € B(&,p), and let {y*} be
any sequence in B(€, p') converging to y°. Define 2' = ° and 2% = y* for all k = 2,3, - - .
With this sequence {z*} in B(, p') as in Step 1, we have, by (3.28) and the continuity of
W, that

wy(y?) = W (%) = lim W(z") = lim wy(2*) = lim wy(y").
k—o0 k—o0

k—00

This proves the continuity of w, at y° € B(&, p').

3. We now prove that w, is harmonic in B(&,p’). To show this, let {*} be a dense
sequence in B(&, p’). Then, by (3.28) and the continuity of wy, it follows that wy, = W in
B(&,p'). Since W is harmonic in B(§, p'), so is wy in B(&, p').

Finally, since B(&, p) can be arbitrary, it follows that wy is harmonic in whole Q. O

The harmonic function wy constructed is the candidate of a solution to our Dirichlet
problem. To guarantee this, we need to study the behavior of wy near the boundary under
some specific property of the boundary 0f2.

Definition 3.8. Given a boundary point n € 012, a function @), is said to be a Barrier

function at 7 if Q, € C(2) N o (Q) such that
Qu(n) =0, Qn(z) <0 (zeQ\{n}).

In this case, we say that the point € 02 is regular or 7 is a regular boundary point
of Q.

Theorem 3.29. Ifn € 0N is regular, then

lim = .
N ; wGng(x) g(n)
Proof. 1. We first prove

lim inf > g(n).
Jminf wy(x) > g(n)

Let € > 0, K > 0 be given constants and define u(z) = g(n) — e + KQ,(z) on Q. Then
ue C(Q)Na(Q), uln) = g(n) — ¢, and u(z) < g(n) — e on Q. Since g is continuous, there
exists a § > 0 such that g(z) > g(n) — ¢ for all x € B(n,d) N IN. Hence u(xz) < g(x) on
B(n,0) N oQ. Since @, < 0 on the compact set I\ B(n, d), it follows that @, (z) < —v on

00\ B(n,d), where v > 0 is a number. We now let K = @ > 0. Then
u(z) =g(n) —e+ KQy(z) <M - Ky=m<g(x) (zed\B(@,9)).
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Therefore u < g on whole 9. So u € 04(Q2). Consequently, u(z) < wy(x) for all x € §; so,
gn)—e=lim wu(z)< liminf wy(x),

—n, zEQ x—n, xEQ
which completes the first step.

2. We now prove

limsup wy(z) < g(n).
x—n, TEQN

We consider the function w_, defined similarly with —g; namely,
w_g(x) = sup wv(zr) (xre€).
vET_g4(Q)
For each pair of u € 04(Q2) and v € o_4(Q), it follows that u + v € o(2) N C(Q) and
u+v < g+(—g) = 0 on 9. Hence, by Lemma 3.23, u+v < 0 on Q; therefore, u(z) < —v(x)
(z € Q) for all such pairs. Cosequently,
wg(z) = sup w(z)< inf (—v(x))=— sup o(x)=—-w_y(r);

u€ay(Q) vEo—g() veo_4(Q)
that is, wy < —w_g4 in Q, which is valid without the regularity of 0. From this, by applying
Step 1 to —g, we have

limsup wy(z) < limsup (—w_g4(z)) = — liminf w_g(z) < —(—g(n)) = g(n),
z—n, TESQ z—n, TEQ x—n, TEQ
completing the proof. O

Theorem 3.30 (Solvability of Dirichlet problems). Let Q@ C R™ be bounded open. Then the
Dirichlet problem

Au=0 inQ,

U=y on 0N
has a solution u € C%(Q) N C(Q) for every continuous boundary function g € C(09) if and
only if every boundary point n € 0N is regular.

Proof. 1. Suppose every boundary point 1 € d€ is regular. Let wy be the function defined
by (3.27) and let

g(x) (z€09).
Then u € C%(Q) N C(R) is a solution to the Dirichlet problem.

2. Assume the Dirichlet problem is solvable for all continuous boundary data g. Given
any 1 € 08, let g(x) = —|z — n|. Let u = Q;, be the C?(Q2) N C(2)-solution to the Dirichlet
problem with this g. Then @, is a barrier function at 7. (Explain why?) Therefore, n € 0
is regular. O

’LL(:U) — {wg(x) (l’ S Q)a

Remark 3.6. A domain {2 is said to satisfy the exterior ball property at a boundary
point i € 99 if there exists a closed ball B = B(zo, p) in the exterior domain R™ \ Q such
that BN 0OQ = {n}; in this case, n is regular because we can choose the barrier function @,
to be
Qu(@) = ®(z — 20) = 6(p),

where ®(z) = ¢(|z|) is the fundamental solution of Laplace’s equation in R"™. Domain {2 is
said to satisfy the exterior ball property if it satisfies this property at every boundary
point. For such domains the Dirichlet problem is uniquely solvable for any continuous
boundary data. Note that every strictly convex domain satisfies the exterior ball property.
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3.7. Maximum principles for second-order linear elliptic equations

(This material is from Section 6.4 of the textbook.)

3.7.1. Second-order linear elliptic PDEs. Consider the second-order linear differential

operator
n

Lu(x) = — Z x)Djju(x) + Z bi(x + c(z)u(z),

ij=1
where Diu = ug,;, Diju = Ug,e; and a"(z), bz(ac), c¢(x) are given functions in an open set ()
in R™ for all 4,7 = 1,2,--- ,n. With loss of generality, we assume a*(x) = a’*(x) for all 7, .

Definition 3.9. The operator L is called elliptic in Q if there exists A(z) > 0 (z € Q)
such that

n

Z ()£z£]>)\ Zg Ve &R
ij=1 i=1
If AM(z) > Ao > 0 in £, we say that L is uniformly elliptic in Q.

So, if L is elliptic in €, then for each x € Q the symmetry matrix (a%(z)) is positive
definite, with all eigenvalues > A(x).

Lemma 3.31. If A = (a;j) is an n x n symmetric nonnegative definite matriz then there
exists an n x n matriz B = (b;;) such that A= BT B, i.e.,

n
aij = Y bribey (6,5 =1,2,--+,n).

Proof. Exercise. OJ

3.7.2. Weak maximum principle.

Lemma 3.32. Let L be elliptic in Q and u € C*(2) satisfy Lu < 0 in 0. If c(x) > 0, then
u cannot attain a nonnegative mazimum in Q. If ¢(x) = 0 then u cannot attain a mazximum
in .

Proof. Let Lu < 0 in Q. Suppose u(x) is maximum for some xg € Q. Then, by derivative
test, Dju(xg) = 0 for each j =1,2,--- ,n and

d?u(zo + t€)

dt? 0 Z Djju(z0)§i€; <0

ij=1
for all £ = (&1,&,- -+ ,&,) € R™. By the lemma above, we write

n
F(wo) = bribry (1,5 =1,2,--- ,n),
k=1

where B = (b;;) is an n x n matrix. Hence

n n

Z aij(xO)DUu(xO Z Z ngu xO)bkzbkj <0,

i,j=1 k=11,j=1

which implies that Lu(xg) > c(xo)u(xo) > 0 either when ¢ > 0 and u(xo) > 0 or when
¢ = 0. This is a contradiction. O
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Theorem 3.33 (Weak maximum principle with ¢ = 0). Let Q be bounded open in R™
and L be elliptic in 0 and

(3.20) B@IAE) <M (50, i=1,2-n)
for some constant M > 0. Let c =0 and u € C?(Q) N C(Q) satisfy Lu < 0 in Q. Then

max u = max u.
Q

Proof. Let a > 0 and v(z) = e**1. Then

b (x)
all(z)

Lo(z) = (—a't(2)a?® 4+ bl (z)a)e™™ = aa'l(x) [—oz + ] et <0

if « > M + 1 because 5’111(8; < |b/\1((f)) < M. Then consider the function w(z) = u(z) + ev(x)

for € > 0. Then Lw = Lu + eLv < 0 in Q. So by Lemma 3.32, for all z € Q,

u(z) + ev(z) < max(u + ev) < maxu + € maxo.
o0 o0 o0

Letting ¢ — 0T proves the theorem. O
Remark 3.7. (a) The weak maximum principle still holds if (a”/ (x)) is nonnegative definite,
ie,, AM(z) > 0 in Q, but satisfies Lb:k(g;))l < M for some k = 1,2,--- ,n. (In this case use

v = e*k.)
(b) If © is unbounded but bounded in a slab |z1| < N, then the proof is still valid if the

maximum is changed supremum.

Theorem 3.34 (Weak maximum principle with ¢ > 0). Let Q be bounded open in R™
and L be elliptic in Q satisfying (3.29). Let c(x) > 0 and u € C?(Q) N C(Q). Then

maxu < maxu’ if Lu <0 in €,
Q 0N

max |u| = max |u| if Lu=0 in €,
Q [2}9]
where u™ (z) = max{u(z), 0}.

Proof. 1. Let Lu < 0 in Q. Let QF = {z € Q| u(z) > 0}. If Q" is empty then the
result is trivial. Assume Qt # 0; then Lou = Lu — c(z)u(z) < 0 in QT. Note that
() = [QN ot U [9QT N 99, from which we easily see that maxy+)u < maxapout;
hence, by Theorem 3.33,

maxu = maxu = max u < maxu™.
Q aF aQt) o0
2. Let Lu = 0. We apply Step 1 to u and —u to complete the proof. O

Remark 3.8. The weak maximum principle for Lu < 0 can not be replaced by maxgu =
maxpq u. In fact, for any u € C2(Q) satisfying

0 > maxu > maxu,
Q o0

if we choose a constant ¢ > —||Lu| e (q)/ maxgu > 0, then Lu = Lu+ 6u < 0 in Q. But
the zero-th order coefficient of L is ¢(x,t) + 6 > 0.

The weak maximum principle easily implies the following uniqueness result for Dirichlet
problems.
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Theorem 3.35 (Uniqueness of solutions). Let Q be bounded open in R™ and the linear
operator L with c(x) > 0 be elliptic in Q and satisfy (3.29). Then, given any functions f
and g, the Dirichlet problem

Lu=f 1inQ,
U=y on 0X)

has at most one solution u € C%(Q) N C(Q).

Remark 3.9. The uniqueness result fails if ¢(z) < 0 in €. For example, if n = 1, then
function u(x) = sinz solves the elliptic problem Lu = —u” —u = 0 in Q = (0,7) with
u(0) = u(m) = 0; but u # 0.

3.7.3. Strong maximum principle.

Theorem 3.36 (Hopf’s Lemma). Let L be uniformly elliptic with bounded coefficients
in a ball B and let w € C*(B) N CY(B) satisfy Lu < 0 in B. Assume 2° € OB such that
u(z) < u(x®) for all x € B.

(a) If c=0 in B, then %(mo) > 0, where v is outer unit normal to 0B.
(b) If c(x) > 0 in B, then the same conclusion holds provided u(x") > 0.
( 0

c) If u(z”) = 0, then the same conclusion holds no matter what sign of c(x) is.

Proof. 1. Without loss of generality, assume B = B(0, R). Consider function
v(z) = eolel® _ gmaR?

Let Lu = Lu — c(z)u+ ¢t (x)u, where ¢t (z) = max{c(x), 0}. This operator has the zero-th
order term ¢™ > 0 and hence the weak maximum principle applies to L. We compute

Lv(z) =|—4 Z a’(z)otzix; + 2a Z(a“(x) — b'(z)z) e—elel® 4 ct(z)v(x)
ij—=1 i—1

< [—4)\0a2|1:]2 + 2atr(a¥(z)) + 2alb(z)||z| + ct(2))] e~ol® <0

on & <|z| < Rif a > 0 is fixed and sufficiently large.
2. For any ¢ > 0, consider function we(x) = u(x) — u(z) + ev(x). Then
Lw.(z) = eLv(x) + Lu(z) + (¢7(z) — c¢(z))u(z) — ¢ (z)u(z®) <0
on g < |z| < R in all cases of (a), (b) and (c).

3. By assumption, u(z) < u(2°) on |z| = &; hence there exists ¢ > 0 such that w.(z) < 0
on |z| = %. In addition, since v|gp = 0, we have w.(z) = u(z) —u(2’) < 0 on |z| = R. Hence
the weak maximum principle implies that w.(z) < 0 for all £ < |z| < R. But w.(z°) = 0;
this implies

ow, ou ov ou
< — —

0 Y0 gv o o 0y —aR?
<3, (x)—ay(x)—i—eay(a:) (x”) — 2eRae .

0 C Ov

Therefore
ou
o
as desired. 0

(z%) > 2eRae *F* > 0,
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Theorem 3.37 (Strong maximum principle). Let 2 be bounded, open and connected
in R™ and L be uniformly elliptic with bounded coefficients in 2 and let u € C%(Q) satisfy
Lu <0 in Q.

(a) If c(x) > 0, then u cannot attain a nonnegative mazximum in 2 unless u is constant.

(b) If c =0, then u cannot attain a maximum in ) unless u is constant.

Proof. Assume ¢(z) > 0 in Q and u attains the maximum M at some point in Q; also
assume M > 0 if ¢(z) > 0. Suppose that u is not constant in Q. Then, both of the following
sets,
Q ={zeQlulx) <M}; Q={zeQ|ulzr)=M},

are nonempty, with Q= open and Qg # Q relatively closed in 2. Since € is connected, g
can not be open. Assume z° € Qg is not an interior point of €; so, there exists a sequence
{z*} not in Qy but converging to 2°. Hence, for a ball B(z",r) CC Q and an integer N € N,
we have that =¥ € B(2°,r/2) for all k > N. Fix k = N and let

S={p>0|B@E=N,p) cQ}.
Then S C R is nonempty and bounded above by r/2. Let p = sup S; then 0 < p < r/2
and hence B(z",p) c B(2°,7) cC Q. So B(z",p) C Q~, and also Qg N dB(z", p) # 0. So
let y € Qo NOB(xY, p) and then u(x) < u(y) for all x € B(z",p). Then Hopf’s Lemma
above, applied to the ball B(z, p) at point y € dB(x", p), implies that %(y) > 0, where
v is the outer normal of dB(z", p) at y. This contradicts the fact that Du(y) = 0, as u has
a maximum at y € Qg C . d

Finally we state without proof the following Harnack’s inequality for nonnegative
solutions of second-order elliptic PDEs, which extends the result for harmonic functions.
For smooth coefficients, this result follows as a special case of Harnack’s inequality for
parabolic equations proved later.

Theorem 3.38 (Harnack’s Inequality). Let V CC Q be connected and L be uniformly
elliptic in Q with bounded coefficients. Then there exists a constant C = C(V,Q,L) > 0
such that

supu < Cinfu

v 14

for all nonnegative solutions u of Lu = 0 in €.






Chapter 4

The Heat Equation

The heat equation, also known as diffusion equation, describes in typical physical
applications the evolution in time of the density u of some quantity such as heat, chemical
concentration, population, etc. Let V be any smooth subdomain, in which there is no source
or sink. Then the rate of change of the total quantity within V' equals the negative of the
net flux F through oV:

d

— ud:)::—/ F -vdS.
dt Jy oV

The divergence theorem tells us

d
— [ udr = —/ div Fdx.
Since V is arbitrary, we should have

Ut = — divF.

For many applications F is proportional to the (spatial) gradient Du = (ug,, Ugy, -+ , Uz, )
of u, but points in opposite direction (flux is from regions of higher to lower concentration):

F=—-aDu (a>0).
Therefore we obtain the equation
up = adiv(Du) = aAu,

which is called the heat equation when a = 1.

If there is a source in €2, we should obtain the following nonhomogeneous equation

u — Au= f(z,t) z€Q, te(0,00).

4.1. Fundamental solution of heat equation

As in Laplace’s equation case, we would like to find some special solutions to the heat
equation. The textbook gives one way to find such a solution, and a problem in the book
gives another way. Here we discuss yet another way of finding a special solution to the heat
equation.
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4.1.1. Fundamental solution and the heat kernel. We first make the following ob-
servations.

(1) If uj(x,t) are solution to the one-dimensional heat equation u; = g, for z € R and
t>0,5=1,...,n, then
w1, .oy Tnyt) = ur(z1,t) -+ Up (X, t)
is a solution to the heat equation u; = Au for z = (z1,--- ,x,) € R" and ¢ > 0. This simple
fact is left as an exercise.
(2) If u(z,t) is a solution to u; = ugz, with z € R, then so is w(A)u(Az, A\*t) for any
real A. Especially, we expect to have a solution of the form u(z,t) = w(t)v(x;). A direct

computation yields

2 IE2 1‘2

ue(, 1) = ! (0o(7) —w(t)' () 35

For u; = uy,, we need

Separation of variables yields that
w'(t)t  4sv”(s) + 20'(s) 4 s0'(s)
w(t) v(s)

with s = % Therefore, both sides of this equality must be constant, say, A. So

1
s(4v” +') + 5(41}’ —2)\v) = 0;

this equation is satisfied if we choose A\ = —1/2 and 4v' + v = 0 and hence v(s) = e" 1. In
this case,

w't)t 1

w(t) 2

from which we have w(t) =t 2. Therefore

z2
u=ui(z,t) = —F—e 4

NG
is a solution of u; = uy, for x € R. By observation (1) above, function

1 =2

U(.Il,ﬂ?g,"‘ ,.’En,t) — We

is a solution of the heat equation u; = Awu for ¢ > 0 and z € R".

Definition 4.1. The function

=2
Dz, T, t) = @iyze (t > 0),
0 (t<0)

is called the fundamental solution of heat equation u; = Au.

The constant W in the fundamental solution ®(z,t) is due to the following

(
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Lemma 4.1. For each t > 0,

/ O(xy,...,2pn,t)dxy -+ - dry, = 1.
Proof. This is a straight forward computation using the fact

/ e dr = /7.

—00

O

Note that, unlike the fundamental solution of Laplace’s equation, the fundamental solu-
tion ®(z,t) of the heat equation is C*° in x € R" for each t > 0. Furthermore, all space-time
derivatives D“® are integrable on R”" for each ¢ > 0. Also, as t — 0%, ®(z,t) — 0 (z # 0)
and ®(0,t) — oo. In fact, below we show that ®(-,¢) — dp in distribution on R™ as t — 0F.

Definition 4.2. We call the function
1 _lz—yl?
Rl t) =2 =0t = rmmpe © 0y eRL >0

the heat kernel in R™.

4.1.2. Initial-value problem. Consider the initial-value problem or Cauchy prob-
lem of the heat equation

uy = Au, x e R t e (0,00),
1) {u(a:, 0) =g(z), xeR"
Define
u(e.t) = [ = y.09w)dy = [ K00 dy
(4.2) 8 R

1 _lz—y)? N
:(4m;)n/2/Rn€ #g(y)dy (zeR" t>0).

Theorem 4.2. Let g € C(R™) N L>®(R™) and u be defined by (4.2). Then
(i) uwe C®R™x (0,00)) NL>®R" x (0,00)),
(i) uy = Au on R™ x (0,00),
(iii)  for each zy € R™,

lim /n ®(z —y,t)g(y)dy = g(wo).

z—x0,t—01

Proof. 1. Clearly, K(x,y,t) > 0 and [, K(x,y,t)dy =1 for all z € R", t > 0. Hence

u(z, 1)] < HgHLm/R K(z,y,t)dy = |lglle (z €R", 1> 0).

Furthermore, since K (z,y,t) and along all derivatives are uniformly bounded on R™ x R™ x
[0, 00), we see that u € C*°(R"™ x (0,00)) and

u(w,t) — Au(z,t) = / (@1 — Ag®)(z —y,t)]g(y)dy =0 (z €R", t>0).

n

2. Fix xg € R™, € > 0. Choose ¢ > 0 such that
l9(y) — g(zo)l <& Vl]y—zo| <4, y € R™
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Then if |z — zo| < 6/2, we have

u(z, t) — g(xo)| =

/n ®(z —y,t)[9(y) — g9(z0)] dy

< / B(x — y,1)lg(y) — glzo)| dy + / B(x — y,0)lgly) — 9()|dy
B(l?o,(S) R”\B(mo,é)

=14 J
Now I <€ [, ®(x — y,t) dy = e. Furthermore, if |z — x| < §/2 and |y — 29| > 4, then

5 1
\y—xolS\y—x\ﬂw—ﬂco\<|y—w|+5§|ﬂf—y\+§|y—:co|-

Thus |y — x| > 3|y — zo|. Consequently,

C _lo—y)?
T2yl [ da—ytdy=gn [ Sy
R"\B(l‘o,é) t R"\B(l‘o,a)
—znl2 2|2
SCQ/ @*‘ym?‘ dy =C 67% dz — 0,
/2 JR\ B(xo,0) R™\B(0,5/V/T)

as t — 0T. Hence if |z — 29| < 6/2 and ¢t > 0 is sufficiently small, |u(z,t) — g(zo)| < 2e. O

Remark 4.1. (a) Solution u(x,t) defined by (4.2) depends on the values of g(y) at all
points y € R™ no matter how far y and = are away. Even the initial datum ¢ is compactly
supported, its domain of influence on the solution u(x,t) is still all of z € R™ as long as
t > 0. This phenomenon is known as the infinite speed of propagation of disturbances
of the heat equation.

(b) The solution u defined by (4.2) is in C*°(R"™ x (0,00)) even if g is not continuous;

actually u is real analytic in R™ x (0,00). This phenomenon is known as the smoothing
effect of the heat kernel.

4.1.3. Nonhomogeneous initial value problems. We consider the initial-value prob-
lem for heat equation with source:

up — Au= f(z,t) (xeR™ t>0),
u(z,0) =0 (x € R™).

A general method for solving nonhomogeneous problems of general linear evolution
equations using the solutions of homogeneous problem with variable initial data is known as
Duhamel’s principle. We use the idea of this method to solve the above nonhomogeneous
heat equation.

Given s > 0, we solve the following homogeneous problem

(4.3)

u — At =0 in R” x (s,00),
u(x,s) = f(x,s) for x € R™

to obtain a solution u(x,t) = U(x,t;s), indicating the dependence on s > 0. By letting
t(x,t) = v(x,t — s) for a function v on R™ x (0, 00); then v solves the heat equation with
initial data v(x,0) = f(z,s). We use the heat kernel to have such a solution v as

v(x,t) = K(z,y,t)f(y,s)dy (z €R" t>0).
Rn
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In this way we obtain a solution @ to (4.3) as

u(x,t) =Ulx,t;s) = K(z,y,t —s)f(y,s)dy (ze€R" t>s>0).
R’ﬂ

Then Duhamel’s principle asserts that the function
t
u(z,t) = / Uz, t;s)ds (x€R" t>0)
0
would be a solution to the original nonhomogeneous problem. Formally, u(x,0) = 0 and

ut(x,t) =Ul(x, t;t) + /t Uiz, t;s)ds = f(x,t) + /t AU(x,t;s)ds = f(x,t) + Au(z,t).
0 0

However, we have to justify the differentiation under the integral.

Rewriting,

u(zx,t) = O(x —y,t—s)f(y,s)dyds
(4.4) /Ot /” .

lz—y|?

_/0 MW(t_s))n/Q/Rne_zl(t—s)f(y,s)dyds (x e R", t >0).

In the following, we use CZ(Q2 x I) to denote the space of functions u(z,t) on Q x I such
that w, ut, g, , Uz, are in C(Q x I).

Theorem 4.3. Assume f € CF(R" x [0,00)) is such that f, fy, fa, and fz,z, are bounded
on R™ x [0,00). Define u(x,t) by (4.4). Then u € C?(R"™ x (0,00)) and satisfies
(i) wui(x,t) — Au(z,t) = f(z,t) (x € R", £ >0),
(ii) for each xo € R™,
lim  wu(z,t) =0.

T—xo, t—0T

Proof. By the change of variables, we have that

u(m,t):/o/nq)(y,s)f(xy,ts)dyds (x e R", t >0).

As f, ft, fz; and fy,,; are all bounded on R™ x [0,00), it follows that, for all z € R™ and
t>0,

n

we) = [ [ @t —yt-sdys+ [ 8.0 .0y
and

t
Ugiz; = / / Q(y7 S)fmil‘j(x - yat - S) dyds (7'7.7 = 1727 T 7n)'
0 n
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This proves that u € C2(R™ x
e, ) — Au(w, 1) / / (1, $)[(Oh — D) f( — g, t — 5] dyds
+ [ 20— v.0)dy
=[] s, 8w vt - ol dvas
+ /0E /n D(y, 5)[(=0s — Ay) fz =y, t — )] dyds

+/ O(y,t)f(z —y,0)dy
—I.+J.+N.
Now |J:| < C [; Jan ®(y,s)dyds < Ce. By integration by parts, we have

1. —/ /n [(0s — y,s)|f(x —y,t —s)dyds
[ dware-vt-di- [ Sw.0f6-1.0d
= [ 2wy dy+ [ @olfe -yt~ o0 dy

—/ ®(y,t)f(x —y,0)dy,
using (0s — Ay)®(y, s) = 0. Therefore,
ug(x,t) — Au(z,t) = lim (I + J. + N)

e—0t

—tim | [ @@yt [ 0o -2~ o poldy
—lim [ o af@-p0dy = Jin [ Se—pf@dy= (0.

by (iii) of Theorem 4.2. Finally, we also have |[u(-,t)||ze < t||f]|z — 0 as t — 0T. This
completes the proof. ]

4.1.4. Nonuniqueness of the heat equation. The Cauchy problem (4.1) of the heat
equation does not have unique solution. In fact we have the following result.

Theorem 4.4 (Tychonoff’s solution). There are infinitely many solutions to Problem (4.1).

Proof. We only need to construct infinitely many nonzero solutions to the one-dimensional
heat equation with 0 initial condition.

We first solve the following Cauchy problem

U = Uge, x ER, tE (—00,00),
u(0,t) = g(t), uy(0,t) =0, teR,

by formally expanding w as a Taylor series of x,

t)=>gj(t)a’
j=0

(4.5)
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A formal computation from u; = u,, requires

go(t) = g(t), g1(t) =0, g(t) = (j +2)(j + D)gjr2, 5 =0,1,2,..;

therefore )
— (k) _ _
g2k(t) - (Qk)‘g (t)v 92k+1(t) - 07 k= 07 17 RN

which leads to

()
(4.6) u(z,t) =3 9(2 k()t,) 22,

k=0

We then would like to choose a function g so that this series defines a true solution of
(4.5). For this purpose, let ¢g(t) be defined by

(1) = et t>0,
= 0, t<0,

where o > 1 is a constant. Then it is a good exercise to show that there exists a number
0 =0(«) > 0 with

El' _14-a
(O
and hence the function u defined above is a honest solution of (4.5) that also satisfies

u(x,0) = 0; such a solution is called a Tychonoff solution to the heat equation with zero
initial datum, and it is not identically zero as u(0,t) = ¢(t) for all ¢ > 0.

lgF(t)] < (k=0,1,2,..., t>0),

Actually, the Tychonoff solution u(x, t) is an entire function of z for any real ¢, but is not
analytic in ¢. Of course, for different « > 1 we have the different Tychonoff solutions. [

4.2. Weak maximum principle and uniqueness

More practical question is the existence and uniqueness of the the mixed-value problem
of the heat equation in a bounded open set. We handle the uniqueness by maximum
principles of the heat equation similar to that of Laplace’s equation.

4.2.1. Parabolic cylinder and weak maximum principle for heat equation. We

assume {2 is a bounded open set in R”, T" > 0. Consider the parabolic cylinder
Qr=0x(0,T] = {(x,t) |z € Q, t € (0,T]}.

We define the parabolic boundary of ()7 to be

(4.7) Ty =0'Qr:=Qr\ Qr = (0Q x [0,T]) U (Q x {t =0}).

Theorem 4.5 (Weak maximum principle). Let u be continuous in Qr and ug, D;u, D;ju

ezist and be continuous in Qr (that is, u € C?(Qr) N C(Q7)) and satisfy uy — Au < 0 in
Qr (that is, u is a subsolution of the heat equation). Then

max u = Imaxu.
Qr 9"Qr

Proof. Consider v = u — et for any € > 0. Then
vi—Av=u —Au—ec< —e<0 in Qp.

Let v(zo,ty) = maxg— v for some (xg,tp) € Qr. We claim (x9,t9) € 9'Qr. Otherwise,
assume (xg,t9) € Qp. Then 2o € Q and 0 < tp < T. So at this maximum point, we have
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Av(zg, tg) < 0 and ve(z,to) > 0, which contradicts v; — Av < —e. Therefore (zg,ty) € &' Qp
and so

maxv = maxv < maxu,
or 'O QU

which implies

maxu = max(v + et) < maxv + T = maxv + T < maxu + 7.
Qr Qr Qr ' Qr o'Qr

Finally, letting ¢ — 0T proves

maxu < maxu.
Qr ' Qr

The opposite inequality is obvious. [l

Similarly, weak minimum principle holds for supersolutions u of the heat equation
up — Au > 0.

4.2.2. Uniqueness of mixed-value problems. From the weak maximum (minimum)
principle, we easily obtain the following uniqueness result.

Theorem 4.6 (Uniqueness of mixed-value problem). Given any functions f,h and g, the
mized boundary value problem

up — Au= f(x,t) (x,t) € Qp,
u(z,t) = h(z,t), x€0Q,te]l0,T],
u(z,0) =g(z), reQ

can have at most one solution u in C3(Q7) N C(Qr).

4.2.3. Uniqueness by the energy method. Let us study another method for the unique-
ness, but only for more smooth solutions on smooth domains.

Assume () is a bounded smooth domain. Let u € C?(Qr) be a solution to the homoge-
neous mixed-value problem

ug = Au in Qp, w=0 on Q.

Of course, by the previous theorem, we know that u = 0. However, we give another proof
based on integration by parts; this is known as the energy method. Let e(t) be the
“energy” defined by

e(t) = / u(z,t)>de (0<t<T).
Q
Then €(0) =0, e(t) > 0 and is differentiable in (0,7") and, by Green’s identity,

e (t) :2/uutda::2/uAudx:—2/ | Du|? dz <0,
Q Q Q

which implies that e(t) is non-increasing in (0,7"). Hence e(t) < e(0) = 0; so e(t) = 0. This
proves that u =0 in Q7.
The energy method can also be used to obtain other types of uniqueness result.

Theorem 4.7 (Uniqueness of mixed-Neumann value problem). Given any functions f,h
and g, the mixed-Neumann value problem

up — Au = f(x,t) (x,t) € Qr,
9u(z,t) = h(z,t), x €09, tel0,T]
u(z,0) = g(z), weQ
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can have at most one solution u in C?(Q x [0,T)).
Proof. The proof is standard by showing the difference of any two solutions must be zero,
which can be proved by a similar energy method as above. O
Theorem 4.8 (Backward uniqueness of the heat equation). Let u € C?(Q7) solve

ur = Au in Qp,  u(z,t) =0 on 02 x [0,T].
If u(z,T) =0, then u =0 in Qp.

Proof. 1. Let e(t) = [qu(z,t)*dx for 0 < ¢t < T. As above €'(t) = —2 [, |Du|? dz and
hence

e’ (t) = —4/ Du - Duy = 4/ (Au)? dz.
Q Q

Now, by Holder’s inequality (or the Cauchy-Schwartz inequality)

1/2 1/2
/ |Dul? dz = —/ uAudr < </ u? dm) (/ (Au)zdaz>
Q Q Q Q

2
(¢(1)? = 4 (/ \Dude) < () (1).
Q
2. Ife(t) = 0 for all 0 < ¢t < T, then we are done. Otherwise, suppose e(t) # 0 on [0, 7.
Since e(T) = 0, we can find 0 < t; < to < T such that
e(t) >0 onte [tl,tg), e(tg) =0.
Set f(t) =lne(t) for t € [t1,t2). Then

F(t) = eﬁ(t)e(et()t); W0 tzt<n),

This shows that f is convex on [t1,t2); hence f((1 — N)t1 + At) < (1 —X)f(t1) + Af(t) and
thus e((1 — A\)t1 + At) < e(t1)!Pe(t) for all 0 < A < 1 and t; < t < t5. Letting t — t; and
in view of e(t2) = 0 we have

0 <e((1 =Nt + o) <e(t) e(t)* =0 VO< <1,

which is a contradiction to that assumption e(t) > 0 on [t1,?2). O

and so

Remark 4.2. The backward uniqueness theorem for the heat equation asserts that if
two temperature distributions on ) agree at some time 7' > 0 and have the same boundary
values at all earlier times 0 < ¢t < T then these temperature distributions must be identical
within Q at all earlier times.

4.2.4. Maximum principle for Cauchy problems. We now extend the maximum prin-
ciple and uniqueness theorem to the region R™ x (0, T].

Theorem 4.9 (Weak maximum principle for Cauchy problem). Let u € CZ(R"™ x (0,7T]) N
C(R™ x [0,T]) satisfy

ur — Au <0, in R" x (0,T),

u(z,t) < Me=l”  on R x 0,77,

u(z,0) = g(z) (x € R™)
for some constants M, a > 0. Then

u(z,t) < sup g(z) Ve eR" 0<t<T.
z€R™



50 4. The Heat Equation

Proof. 1. Without loss of generality, assume that supg. g < co. We first assume that
4aT < 1. Let € > 0 be such that 4a(T + ¢) < 1. Fix g > 0 and consider the function
v(z,t) = u(z,t) — pw(z,t), (zeR", 0<t<T),

where w(z,t) is the function defined by
|z]
w($7t) = e4T+e-t)

A direct calculation shows that w(x,t) satisfies the heat equation w; = Aw on R™ x [0, T7,
and hence
vy —Av <0 inR" x (0,7].
2. Clearly,
v(z,0) < u(z,0) =g(z) <supg VazeR"
Rn

For r > 0,if |z =7 and 0 < ¢ < T, then

2

H e4(T:—e—t)

v(@ ) = u(@,t) - pol@,t) = u@,t) - s

-2 2
<Mem - H_mmren < Mot - F e
- (T +e—t)n/2 - (T +€)n/?
= Met™ — p(d(a+ ) 2@,
where a + v = 4(%&) for some number v > 0. We choose an R > 0 sufficiently large
(depending on ) so that

Jw-ear2 _ M(4(a+,y))ﬂ/2e(a+7)r2 < Sﬂg})g Vr>R.

Therefore, we have that

(4.8) v(z,t) <supg V|z|>R, 0<t<T,
R’ﬂ

and thus that v(z,t) < supga g for all (z,t) € JQE, where QFf = {z € R" : |z| < R}.
Hence, applying the weak maximum principle to the circular cylinder Q%, we have

(4.9) v(z,t) <supg Vi]r|<R, 0<t<T.
Rn

Consequently, combining (4.8) and (4.9), we have
v(z,t) <supg VzeR" 0<t<T;
Rn

this implies that
u(z,t) <supg+ pw(z,t) Ve eR" 0<t<T.
Rn

Letting 1 — 0T, we obtain that u(z,t) < supgn g for all z € R" and 0 <t < T.

3. Finally, if 4aT > 1, we repeatedly apply the result on intervals [0, T1], [T}, 2T4], - - ,
where T = é, until we reach to time 7. (]
Theorem 4.10 (Uniqueness under growth condition). Given any f,g, there exists at most
one solution u € C2(R™ x (0,T]) N C(R™ x [0,T]) to the Cauchy problem

up — Au = f(x,t) in R" x (0,7),
u(z,0) = g(x) on R"
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that satisfies the growth condition |u(z,t)| < Me™™ in R™ x (0,T) for some constants
M, a > 0.

4.3. Nonnegative Solutions

From the example of Tychonoff’s solutions above, we know that the initial data can not
determine the solution uniquely and some additional information is needed for uniqueness;
for example, the suitable growth condition at infinity or the boundary conditions when the
domain 2 is bounded.

This section we discuss another important uniqueness result due to D.V. Widder con-

cerning for nonnegative solutions of the heat equation.

Theorem 4.11 (Widder’s theorem). Let u be continuous for x € R, 0 <t < T, and let
Ut, Uy and Uz, exist and be continuous for x € R, 0 <t <T. Assume that

Up = Ugg, u(z,0)=g(x), wu(x,t)>0.

Then u is determined uniquely and represented by
u(z,t) ZAK(w,y,t)g(y)dy-

Proof. The idea is to show that (i) u(z,t) > [ K(z,y, t)g(y)d (the representation formula
gives the smallest nonnegative solution), and (ii) w(zx, t) )— Jg K(,y,t)g(y)dy must
be identically zero.

1. For a > 1 define function (*(x) by ¢(*(x) =1 for |z| < a —1; (*(z) = 0 for |z| > q;
("(z) =a—|z| for a — 1 < |z| < a. Consider the expression

V() = /R K (5,0 (9)g (y)dy.

Since (*(y)g(y) is bounded and continuous on R, we know that
v —vg, =0 forzxeR, 0<t<T, va(xO):C“(x) (x).
Let M, be the maximum of g(z) on |z| < a. Using K(z,y,t) < m‘x_ o we have that, for
|z| > a,
@ 2Mua 1
0 < vz, t) < M, K(x,y,t)dy < 2 .
— ( ) — a Y ( Y ) Y= \/% ‘$| —a

Let € > 0 and let p > a + 2422 Then

2t
v (z,t) <e<e+u(zx,t), lz| =p, 0<t < T,
v'(2,0) < g(z) < e+ u(,0), |z[<p.

By the weak maximum principle,
v¥(z,t) < e+ulx,t) for|z|<p, 0<t<T.

Let p — oo and we find the same inequality for all z € R, 0 < t < T. Letting ¢ — 0T, it
follows that
v (z,t) <wu(z,t), VeeR 0<t<T.

Since (* is a non-decreasing bounded functions of a we find that

v(z,t) = lim v*(z,t) = /RK(x,y,t)g(y)dy

a— 00
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exists for x € R, 0 < ¢t < T and 0 < v(z,t) < u(x,t). The analytic regularity of v(x,t)
inz € R,0 <t < T can be obtained from the analyticity of v®(z,t). Furthermore, as
v¥(z,t) <wv(z,t) <u(x,t) for x € R, 0 <t < T it also follows that v(x,t) is continuous on
R x [0,T") with v(z,0) = g(x).

2. Let w = u — v, which is continuous for z € R, 0 <t < T, wy = wyy, w(z,t) > 0 and
w(x,0) = 0. It remains to show that w = 0. (That is, we reduced the problem to the case
g = 0.) We introduce a new function

W(a, t) = /Otw(x, 5)ds.

Clearly W; = w and W are nonnegative continuous on R x [0,7") with W (xz,0) = 0. The
existence of W, W,, is not obvious since w,(z, s) may not exist for s = 0. To prove the
existence of W, W,,, we use the difference quotient operator

f(x—&-h,t})L—f(a:,t) (h£0).

Note that if f, exists then d,f(x,t) = fol fz(x + zh,t) dz. Hence

5hf(x7 t) =

1
dpw(z, t)—opw(z,t) = /0 (wy(x + zH, t) — wy(x + zh,t)) dz

1 pH 1 (H
= / / Wee(x + 2p, t)zdpdz = / / wi(x + zp, t)z dpdz,
0o Jn 0o Jn

and so by integration with respect to t it follows that for any ¢ € (0, ¢)
5HW(:L‘,t) (5hW x t = 5HW(x 8) 5hW($,E)

/ / w(x + zp,t) — w(x + zp,€))z dpdz.

Letting € — 0T, since W and w are continuous at ¢ = 0, gives

1 H
(4.10) ogW(x,t) — oW (x,t) = / / w(x + zp,t)z dpdz.
0o Jhn

This proves that W, (z,t) = limy_,0 6, W (z,t) exists. Letting h — 0T in (4.10) and rewrit-
ing, we obtain

1
W(;U—I—H,t):W(a:,t)+HWx(x,t)+// Hw(x 4 zp,t)zdpdz,
0

and thus W(x + H,t) is twice differentiable with respect to H and hence is also twice
differentiable with respect to x; moreover,

1
Wyw(x + H,t) = Wyp(z+ H,t) = / (2zw(z + zH, t) + Hz?w,(z + 2H, 1)) dz.
0

For H — 0" we find that Wy, (z,t) = w(z,t) = Wi(z,t) > 0. So W(z,t) is convex in x;
hence

2W (z,t) < W(x + H,t) + W(x — H,t)
for any H > 0. Integrating the inequality with respect to H from 0 to x > 0 we find

T T 2x
2eW (z,t) < / W(x+ H,t)dH +/ W(x — H,t)dH = W (y,t)dy.
0 0 0
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From Step 1, for all t > s, x > 0,

2x
WO.0= [ KOut- W)y = [ KOt W)y
R 0

- efx2/(t75) 2x
T \An(t—s) Jo

The similar argument can be carried out to the case z < 0 (or applied to W(—=z,t)).
Therefore we deduce that

W (y, s)dy.

7T(t—8) 22 /(t—s
———Le" W (0,t) (xR, t>5>0).

x

(4.11) W(z,s) <

3. Now for T' > e > 0, consider W(x,s) for z € R and 0 < s < T — 2¢. Then W(x, s)
is bounded for |z| < v/7T and 0 < s < T — 2¢. Using (4.11) with ¢t = T' — €, we obtain, for
|| > V7T and 0 < s < T — 2,

W(z,s) < e/ W(0,T —e).

Hence W satisfies the assumption of Theorem (4.9). It follows that W (z,s) = 0 for s €
[0,T — 2¢]. Since € > 0 is arbitrary, W(z,s) =0 for s € [0,7); that is u(z,t) = v(x,t). O

4.4. Regularity of Solutions
We now establish the regularity of solution for the heat equation.

Theorem 4.12 (Smoothness). Let u € C?(Qr) solve the heat equation in Q. Then u €
C>=(Qr).

Proof. 1. Consider the closed circular cylinder
Clx,tir) ={(y,8)| ly —z[ <y t =12 <5 <t}

Fix (zg,tp) € Qp. Choose r > 0 small enough so that C' = C(xq,to;7) C Qp. Consider two
smaller cylinders

1
C" = C(xzo, to; ZT), C" = C(wo, to; 57

Let ¢(z,t) € C2°(R™ x R) such that ¢ = 0 outside of C, ( =1 on C" and 0 < { < 1.

2. We temporarily assume that v € C°°(C'). This seems contradicting to what we are
going to prove, but the following arguments aim to establishing an identity that is valid
for all C2-solutions. Let v = Cu on R" x [0,]. Then v € C®(R" x (0,t]) and v = 0 on
R™ x {t = 0}. Furthermore,

vy — Av = Cu — 2DC - Du— uAl := f  in R™ x (0, o).

Note that f is C* and has compact in R™ x [0, 00); moreover, v is bounded on R™ x [0, 7.
Hence, by the uniqueness of bounded solution, we have

v(x,t) = /0 /n Oz —y,t—s)fly,s)dyds (x € R™, t e (0,t)).
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Let (z,t) € C". Then
u(z,t) ://C O(x —y,t — 5)f(y,s) dyds
= [ @@ = 5.t = 9l(c. ~ AQ)uty.s) 206 - Du s
= [ |19 =1t = )¢+ AQ +2D,8( = 5. = ) - DJuy.) dyds
= //C’\C’ [@(z — y,t — 8)(Cs + AC) + 2Dy ®(x — y, t — s) - DJuly, s) dyds.
Let T(z,y,t,5) = ®(x — y,t — 5)((s + AC)(y, 8) + 2D, ®(x — y,t — 5) - D{(y, s); then

(4.12) u(z,t) = //C\C/ I(z,y,t,8)u(y,s)dyds V¥ (z,t) € C".

3. We have derived (4.12) assuming u is C*°-solution of the heat equation in Q7. Using
the standard mollifying technique, this formula is valid for all C%(27)-solution of the heat
equation. From this formula, since I'(z,y,t,s) is C* in (z,t) € C" and (y,s) € C'\ C’, we
deduce that u € C>(C”). O

Theorem 4.13 (Estimates on derivatives). There exist constants Cy,; for k,1 =0,1,2,---
such that

C
ol k,l _
C?;i’?{%) ’D:B Dtu‘ < rk+2[+n+2 ||u||L1(C(SC,t;7’)) (|O[| - k)

for all cylinders C(z,t;7) C Qr and all C?(Qr)-solutions u of the heat equation in Q.

Proof. 1. Fix some point (xg,ty) € Qp. Upon shifting the coordinates we may assume the
point is (0,0). Suppose first that the cylinder C'(1) = C(0,0;1) C Qp; then by (4.12) above,

1
u(x,t) = // [(z,y,t,s)u(y,s)dyds VY (x,t) € C(=).
CONC(3) :
Consequently, for all £,/ =0,1,2,--- and all « with || =k,

(413)  |DeDhu(x,t)| < / / IDEDIT (2, y. t, ) luly, ) dyds < Crallull 1oy,
C(l)\C(%)

for all (z,t) € C(3), where Cy; are some constants.
2. Now suppose C(r) = C(0,0;7) C Qp. We rescale u by defining

v(z,t) = u(rz,r*t) V(z,t) € C(1).
Then vy — Av =0 in C(1). Note that for all |a| = &,
DDl (x,t) = r21+kDZ‘Déu(rx, r2t)

and [[v]|L1cay) = 7W%HuHLl(C(T)). Then, with (4.13) applied to v, we deduce

Ch,i
’D;Dlsu(y, s)| < o ) [ullr o)

for all (y,s) € C(5). This completes the proof. O
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4.5. Mean value property and the strong maximum principle

In this section we derive for the heat equation some kind of analogue of the mean value
property of harmonic functions.

Definition 4.3. Fix x € R", t € R, r > 0. We define the heat ball to be

B, t,r) = {(5,9) | 9z —y,t - 5) > L}

This is a region in space-time, whose boundary is a level set of ®(x — y,t — s).
4.5.1. Mean-value property for the heat equation.

Theorem 4.14. Let u € C?(Qr) satisfy uy — Au < 0 in Qp. Then

|z — gy

2
u(x,t) < — u(y, s dyds
( ) 4rm E(z,t,r) ( ) (t - 8)2

for all E(x,t,r) C Q.

Proof. 1. We may assume that x = 0,¢ = 0 and write E(r) = E(0,0,r). Set

o(r) = 1 // u(y,s)%dyds = // u(ry, r23)@dyd&
e § E(1) §

Let v(y, s) = u(ry,7?s); then vy(y, s) < Av(y, s) in E(1). Let

1 ly|2 n
H(y,s) = ®(y, —s) = (Camsyni2® i (yeR?, s<0).

Then H(y,s) =1 for (y,s) € 0E(1); moreover,

2
InH(y,s) =— gln(—élﬂ's) + EL >0 V(y,s) € E(1),

(4.14) ,
[yl  2n B oy

4InH)s + —5 = "=, D(nH)=Dy(nH)= .
S
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2. Note also that Dyu(ry,r%s) = 1Du(y,s) and w(ry,r’s) = 7%zvs(y, s). We calculate
¢'(r) as follows.

2
:// [Dxu(ry,rzs) Y+ 2rsut(ry,7“28)] |y| dyds
EQ1
1 ly|”
== [y - Dv(y, ) + 2svs(y, s)] —5 dyds
r E(1) S

2
// [y Dv |y‘ + v,y D(lnH)} dyds
E(1)

2
:// y - Dv |y| dde—// (nvs +y - (Dv)s)In H dyds
rJJEQ) 52 E(1)
1 2
—// y - Dv ]y\ —5-dyds — — // [nvs nH —y - Dv(In H),| dyds
rJJE@) E(1)

:_1 // y-DUndyds+4n// vs In Hdyds
r E(1) S E(1)

1
>— = [/ y - Dv dyds+4n/ Av lanyds]
" (1

/ / Dv —2Dv - D(In H)} dyds = 0.

Consequently, ¢(r) is nondecreasing for r > 0; hence
+y ’y|2
o(r) > ¢(0™) = u(0,0) —5-dyds.
E1) S

3. It remains to show that ffE(l) |‘Z—fdyds = 4. Note that

1
EQ1) =A{(y,s)| — o <s5<0, [y < 2nsln(—4ns)}.
T
Using the change of variables (y, s) — (y, —7), where 7 = — In(—4nxs) (and hence s = — 47:),
the set E(1) is mapped one-to- one and onto the set E(l) ={(y,7)| 7 € (0,00), |y]* <
27e~"}. Therefore, using ds = ;- "dr,

~—5-dyds = m|y|“e" dydr
E(1) S ly2<geTe "
= 4mnaoy, / / o ”HerrdT

_Amnay, nt2 nt2 _n
= 2 2 27d
nt2 (277) /0 TR
4 n n o0 n
_ ﬂna”(ﬁ)%z(ﬁ)—a—Q 5 et dt (using 7 = 2t)
n+2 \2r 2 0 "
dna,, 2 1
= —==(= )"/21“( +2)

n+2n T

= 2nan(;)"/2f(

Sy=4
y) =4
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noting that a,, = #ﬂ”/z. O

NE
~—|

4.5.2. Strong maximum principle.

Theorem 4.15 (Strong Maximum Principle). Assume that u € C2(Q7) N C(Qr) satisfies
ur — Au <0 in Qp.

(i) We have that maxg_—u = maxyq, u.

(ii) If €2 is connected and there exists a point (o, t0) € Qr such that u(zo, to) = maxg_u,

then u is constant in Sy, .

Proof. 1. The part (i) is just the weak maximum principle we have proved earlier; it also
follows from part (ii). (Explain why?) So we only prove (ii).

2. Let M = u(zo,tog) = maxg— u. Then for all sufficiently small » > 0, E(xo, to,r) C Qr,
and we employ the mean value theorem to get

1 |20 — y|? M |z — y|?
M = u(zg,tg) = / u(y, s) —5dyds < — ———dyds = M.
4rm E(xo,to,r) (to - 8)2 4rm E(xo0,to,r) (t(] - 8)2
Therefore, u(y, s) = M on E(xq,tp,r). Draw any line segment L in Qp connecting (xo, to)
to some point (yo, o) € Qr with sg < tp. Consider

ro = inf{s € [so,to]| u(x,t) =M V(z,t) € L, s <t <tg}.

Since u is continuous, the infimum is attained. We claim rog = sy and hence u = M on L.
Suppose, for the contrary, that g > so. Then u(zp,79) = M for some point (zp,7r9) € L.
From the previous argument, u(z,t) = M on E(zp,79,r) for all sufficiently small r. Note
that E(zo,r0,7) contains LN {rg—o <t < ro} for some o > 0. We obtain a contradiction.

3. Now fix any € Q and t € (0,tg). We show u(x,t) = M. Since Q is connected, so is
Qr; hence, there exists a piece-wise continuous line segments {L;} connecting points (xo, to)
to (x,t) in such a way that the t-coordinates of the endpoints of L; are decreasing. By Step
2, we know u = M on each L; and hence u(z,t) = M. Consequently, u = M in €y,. O

Remark 4.3. (a) If a solution u to the heat equation attains its maximum (or minimum) at
an interior point (zg,to) then u is constant at all earlier times t < ty. However, the solution
may change values at later times t > tg if, for example, the boundary conditions alter after
to.

(b) Suppose that u solves the heat equation in Qp and equals zero on 9Q x [0,T]. If
the initial data u(x,0) = g(x) is nonnegative and is positive somewhere, then v is positive
everywhere within Q7. This is another illustration of infinite speed of propagation of
disturbances for the heat equation.

4.6. Maximum principles for second-order linear parabolic equations
We consider the second-order linear differential operator of the form
(O + L)u = ut + Lu = uy — Z a"(x,t)Diju + Z b (x,t)Diu + c(x, t)u,
ij=1 i=1

where a”, b* and c are given functions in Qp. Without loss of generality, we assume a” = a’.
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Definition 4.4. The operator d; + L is called parabolic in Qp if there exists A(z,t) > 0
in Qr such that

n

Y di(@, )6& = M, ¢ V() € Qr, EER™

ij=1
If Mz, t) > Ao > 0 in Qp for some constant \g > 0, we say 0y + L is uniformly parabolic
in QT.

4.6.1. Weak maximum principle.

Theorem 4.16 (Weak maximum principle). Let Q2 be bounded open in R™. Assume 0+ L is
parabolic in Qr with bounded coefficients in Qr. Let u € C2(Qr)NC(Qr) satisfy ug+ Lu < 0
in Qr (that is, u is a subsolution of 0; + L). Then

(a) maxu =maxu if ¢(z,t) =0 in Qr;
ar o'Qp

(b) maxu < maxu’ if c(x,t) >0 in Qp.
O o'Qr

Proof. Fix € > 0 and let v = u — et. Then
v+ Lo =wu+ Lu — [+ c(z,t)et] < —e <0 V(z,t) € Qr
in both cases of (a) and (b) above. We claim

(4.15) (a) maxv =maxv ifc=01in Qr; (b) maxv < maxv’ if ¢ >0 in Q7.
Qp oQr Or 0

Let v(xzg,tg) = maxg-v for some (x0,t0) € Qr. If (z0,t0) € Qr, then Dv(xg,ty) = 0,

ve(z0,t0) > 0 and (D;jv(xo,t0)) < 0 (nonnegative definite in the matrix sense). Hence

n
(4.16) v+ Lv = v — Z aijDijv +cv  at (zg,to).
ij=1
In case (b) we assume v(zo, t9) = maxg_-v > 0 since otherwise (4.15)(b) is obvious. There-
fore, by (4.16), in both cases of (a) and (b) of (4.15), we have v; + Lv > 0 at (zo, tg), which
is contradiction to vy + Lv < —e < 0. Consequently, we must have (zg,%y) € &'Qp, which
proves (4.15). Finally, by taking e — 0T, the results for u follow. O

Theorem 4.17 (Estimate for general c(x,t)). Let Q be bounded open in R™. Assume
Oy + L is parabolic in Qr with bounded coefficients in Q. Let u € C2(Qr) N C(Qr) satisfy
u + Lu <0 in Qp. Then

maxu < e“T max u+,

O oQr

where C' is any constant satisfying C + c(x,t) > 0 in Q.

Proof. The inequality is obvious if maxg_—u < 0. So we assume maxg_—u > 0. Consider
w(x,t) = e"“tu(x,t). Then

wy + Lw = e~ “Y(uy + Lu) — Ce ™ 'u = e (uy + Lu) — Cw

and hence w;+(Lw+Cw) = et (uy+Lu) < 0in Q7. Observe that the operator d;+L, where
Lw = Lw 4 Cw, is parabolic and has the zeroth order coefficient ¢(z,t) = ¢(x,t) + C > 0
in Qp. Hence, by the weak maximum principle,

Jr

maxw < maxw ',
Qr o'Qr
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which implies

max v = max(e“'w) < e maxw < T maxw® < T maxut,
Qr Qr Qr o'Qrp 9'Qr
completing the proof. O

Similarly, the weak minimum principle with ¢(x,t) > 0 and the estimate of minimum
with general ¢(z,t) also hold for a supersolution u; namely, u; + Lu > 0.

4.6.2. Uniqueness of mixed-value problem. The estimate for general ¢(x,t) implies
the uniqueness of mixed-value problem for parabolic equations regardless the sign of
¢(x,t). This is different from the elliptic equations.

Theorem 4.18. Let  be bounded open in R™. Assume 0y + L is parabolic in Qr with
bounded coefficients in Qp. Then, given any f, h and g, the mixed-value problem

u + Lu = f(z,t) (x,t) € Qr,
u(z,t) = h(z,t) x€0Q, tel0,T],
u(z,0) = g(z) xz €

can have at most one solution u in C?(Qr) N C(Qr).

4.7. Harnack’s inequality

Assume (2 is a bounded open set in R”. Let

n n
(4.17) (Or+ L)u=u + Lu = uy — Z a(z,t)Diju + Z b (x,t)Diu + c(x, t)u,
ij=1 i=1
where a¥, b’ and ¢ are smooth functions on Qr, with o = a/? satisfying, for a constant
0 >0,

n

> al(z, )68 > 0€F Y (w,1) € Or, € ER,

ij=1
4.7.1. Harnack’s inequality.

Theorem 4.19. Let V CC § be connected and 0 < t1 < to < T. Then, there is a constant
C' depending only on V,t1,ta and the coefficients of L such that

supu(.,t1) < Cinfu(.,t2)
v \%4
for all nonnegative smooth solutions u of uy + Lu = 0 in Q.

Proof. Without loss of generality, assume V is a ball since in general V' can be covered by
finitely many balls. Let € > 0; the idea is to show that there is some C' > 0, depending only
on V,t1,ts and the coefficients of L but independent of €, such that

(4.18) U(l’g,tg) — ’U(l’l,tl) Z -C (V:L’l, Tro € V),

where v = In(u + €) and w is any nonnegative smooth solution of u; + Lu = 0 in Q7. Once
this is proved, we have u(z1,t1) + ¢ < e (u(xa,t2) + ) and so letting ¢ — 01 gives the
desired inequality

supu(.,t1) < e infu(., t2).
v Vv
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Now that

1

d

v(we, ta) —v(x1,t1) = / gv(sxg + (1 —s)x1, sta + (1 — s)t1)ds
0

1
= /0 [(xg — x1) - Dv + (t2 — t1)v¢]ds,

and so, to show (4.18), it is enough to show that

(4.19) v > v|Dv|? = C  inV x [ty,ta],
for some constants v > 0 and C' > 0. A direct computation shows that
D; D;;
Djv=—1%" Dyv="9"_ DD,
u+e u+5

and so, using u; = Z -a Diju— Y, b'Dju — cu, we have

= u+5 —ZCL]DMU—I—Z(LJDUDJU—ZZ)Dv—cuj_8

.:a+ﬁ+v+ﬁ

where

a*Za Dijv, = ZaJD'UDv v=— ZbDv f__u—:—LE'

i
Note that 8 > 6| Dv|? and
IfI<C, |Df|<C@A+|Dv|), |D*f|<C(1+ |D*|+|Dv|?),

where constant C' > 0 depends only on ¢(x,t). Therefore, to establish (4.19), it suffices to
show that
(4.20) wi=a+krf+v>-C onV X [t,1s]
for some constants C' > 0 and x € (0,1/2) depending only on V,t1,ty and the coefficients
of L. To this end, we calculate

Dia = Z aijDijk’U + Z DkaijDijv = Z aijDijk’U + Ry,

ij ij ij
D=2 Z aijDikajU + Z DkaijDiijU =2 Z aijDikajv + R,

J
Dy = — Z b Do — Z Dpb'Div == — Z b'Dgv + Rs,

where |R1| < C|D%v|, |Ra| < C|Dv|?, |R3| < C|Dv| with some constant C' > 0 depending
only on a and b'. In the following, if not specifically stated, Ry, or Ry, will always denote
a term satisfying

|Ri|, |Ri| < C(|D*0]|Dv] + |D*v| + |Do|? + | Dv| + 1)

with a constant C' > 0 depending only on the coefficients of L. Below we will also use C' or
C}, to denote a constant that depends only on the coefficients of L and € > 0 but could be
different in different estimates. Note that

D3 =2 Z aijDiklijv + 2 Z aijDikaﬂv + Ry,

i i
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and hence

(4.21)

Z aleklﬁ =2 Z aijaleiklijv + 2 Z aijaleikajw + R4

kl ijkl ijkl
=2 Z a’Djv(Dia — Ry) + 2 a¥a" DywDjw + Ry
ijkl
= Z VDo + 2 Z a”alezkajw + R
ijkl

> Z b' Do + 20%| D*v|? + R,

where b = 2 > j a’l Djv, using that, for all n x n-symmetric matrices A, B,

tr(ABAB) > 0*|B|* if A > 0I,.

We now calculate, using vy = a+ 8+ v + f, that

(4.22)

Qy = E alekﬂ)t—f— E a?lelv

kl kl

= Z alekl(Oé + ’7) + Z aleklﬁ + Z aleklf + Z aleklv

= Za Dyi(a+7) —I—Zb D; O[—f-ZZCLUCLkZDZk’UDJlU-I-R@
ijkl

> Z aF' Dyy(a+7) + Z bi Do + 20%|D*v|® + Ry

> Z a"' Dy (o +v) + ZbZD o+ 0% D*|* — C|Dv|? -
kl

Similarly, we compute

(4.23)

and

B =2 Z "' Div Dy + Z alekalv
kl kl

=2 Z alekal(a +B8+v+f)+ Z alekalv
kl kl

= Z lelOz + Z lelﬁ + 2 Z alekUDl(’}/ + f + Z alekalv
kl kl

= Z aleklﬁ -2 Z a”alelkaﬂv — R5 + Z lelﬁ + Ry
kl ijkl

>3 DB+ DB — C(ID% + [Duf2 + 1),
kl l

=) 0 Dy =Y D == b Di(a+ B4y + f) = Y bf Dy
k k k k
=~ Vt'Da+ Rs,

S 0D+ | S 0D+ | S B D] < CUD]|Del + | Dof? + 1),
l l l
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Let B* = b* — b¥; then, for w = a + k8 + 7, with xk € (0,1/2) sufficiently small, we have

2
(4.24) we — Y a" Dyw — ZBkaw > — |D%|2 — C|Dv|? —
kl

Let ¢ € C*°(2r) be a cutoff function such that 0 < <1and ( =1on V X [t1,t] and
¢=0ond0r.

Lemma 4.20. There is a number p > 0 depending only on V,t1,ta and the coefficients of
L such that H(z,t) = (*w + ut > 0 in Qrp.

Proof. Suppose that H is negative somewhere on Q7. Then, since H = 0 on d'Qp, the
negative minimum of H on Qr must be attained at some point (xo,to) € Qp. At this
point (z9,%p), we must have that ¢ > 0 and DyH = (3(4wDy¢ + (Djw) = 0, and so
(Drw = —4wDy(; moreover, at (xo,to),

0> H, — Z "Dy H — Z B*D,H,
kl k

which, from Dy (¢*w) = (*Dyyw + Di(¢*) Dyw + Dy, (¢*) Dyw + wDyy (¢*), implies
0>p+ ¢4 (wt . Z " Dyw — Z Bkaw>

— Bkak c4 -2 alekal (¢t - aklekl (¢t
(4.25)

ki
>+ 44(5|D2v|2 — C|Dvf? = C) + Ry,
in views of (4.24) and that (Dyw = —4wDy( at (xg,to), where
|Ro| < C(¢?|w] + ¢*|w]|Dv)).

At (20,t0), since H = (*w + put < 0, we have w = a + k8 + v < 0 and thus k8 < —a — 7.
Since B > 6| Dv|?, we have, at (zq,t), that |[Dv|> < C(|D?v| + |Dvl|); so the inequalities

|Dv|*> < C(1 +|D?v]), |w| <C(1+|D%v|),
(14:20) lw||Dv| < C(1 4 |D*])*? < C[2%/2| D?u[*/? 4 23/2]
hold at (zg,to). Consequently, at (xg,to),

|Ro| < C(C?|D*| + ¢*|D**? + 1) < e¢*|D*0]* + C(e),

for each € > 0; here we have used Young’s inequality with € > 0. Now let € = %; then
by (4.25) and (4.26) we have

0> p+ C4(642D20\2 —C|Duf? - c) o3

> pt CA‘(QQDQM2 — Cy| Do — 03) -Gy

=u+ (|D2|—f) <( +03)—01

at (zo,to), which implies

p < C4(C +C3> +C1 < 32

Therefore, if p = %222 + C3+ Cy + 1, then H(z,t) = ¢*w + put > 0 in Q. O

+ C3 + C.



4.7. Harnack’s inequality 63

To complete the proof of our main theorem, let u > 0 be a constant determined in the
lemma above. Since H = w + ut > 0 in V' X [t1,t2], we have that w > —ute = —C in
V' X [t1,t2]. This proves (4.20) and hence completes the proof. O

4.7.2. Strong maximum principle.

Theorem 4.21 (Strong maximum principle). Let 0, + L be as given in (4.17) and
be open, bounded and connected. Assume u € C3(Qr) NC(Qr), ur + Lu < 0 in Qp and
u(zg, tg) = M = maxg_-u at some point (zo,to) € Qp. Then

(i) u=M in Qy if c=0.
(ii) w =0 in Q if M = 0.
(ili) u=M in Q if c>0 and M > 0.

Proof. 1. Let ¢ = 0. Select any smooth open set W CC Q with zg € W. Let v be the
solution of vs+Lv = 0 in Wy and v|pw, = u|ow,.. (Here and below we assume the existence
of such a solution.) Then by the weak maximum principle, we have u(z,t) < v(z,t) < M
for all (z,t) € Wp. From this we deduce that v(xo,ty) = u(xo,to) = M is maximum of v.
Let w = M — v(x,t). Then wy + Lw = 0 and w(z,t) > 0 in Wp. Choose any connected
set V. CC W with zg € V. Let 0 < t < ty. Using Harnack’s inequality we have a constant
C = C(L,V,t, tg) such that 0 < w(z,t) < Cinf ey w(y,to) = Cw(xo, to) = 0, which implies
that w = 0 on V;,. Since V is arbitrary, this implies w = 0 in W, ; but then v = M in
Wi, Since v = u on 'Wrp, we have u = M on 0'Wy,. Since W CC Q is arbitrary, we have
u= M in (.

2. Let M = 0. As in Step 1, select any smooth open set W CC Q with zg € W. Let v
be the solution of v; + Lv = 0 in W and v|g'w, = u|ow,. Then, based on Theorem 4.17,
we have u(z,t) <wv(x,t) <0 for all (z,t) € Wr. So v(zg,to) = u(zo,to) = 0 is maximum of
v. Let w = —v(x,t). Then w; + Lw = 0 and w(z,t) > 0 in Wp. As in Step 1, Harnack’s
inequality implies that w = —v = 0 in W;,; but then u = 0 on &'Wy,. Since W CC Q is
arbitrary, we have u = 0 in ().

3. Let ¢ > 0 and M > 0. Let L be the operator obtained from L by dropping the
zeroth term. Let v be the solution of v; + Lv = 0 in Wy and vlgw, = ut|gw,. Then
0 < v(z,t) < M. Consider the set U = {(z,t) € Wi, |u(z,t) > 0} (which may not be a
parabolic cylinder). Then L(u—v) < 0 in the interior of U and u—v < 0 on &'W;, NAU. As
in the proof of weak maximum principle for cylindrical domains, we can prove that u—v <0
in U. This implies v(zo,t9) = M. Let w = M — v(x,t). Then w; + Lw = 0 and w(z,t) > 0
in Wy,. As in Step 1, Harnack’s inequality implies that w = 0 in W,; but then v = M in
Wi, Since v = u™ on &'Wy, we have vt = M on d'W;,. Since W CC  is arbitrary, we
have ut = M in Q; hence u = M in Q. O

Remark 4.4. Assume u € C?(Qr) N CH(Qr) and for some xg € 92 and 0 < tg < T,
u(z,t) < u(zg,to) =M VaxeQ, 0<t<tp.
Assume one of the following conditions holds:
(a) c(xz,t) =0; (b) M =0; (c)c(x,t)>0and M > 0.

Then the following version of parabolic Hopf’s inequality holds:

0
(4.27) a—Z(xo,to) >0
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provided the exterior normal derivative exists at (xo,to) and 0f2 satisfies the interior ball
condition at z.

4.7.3. Elliptic Harnack’s Inequality. Using Harnack’s inequality for the parabolic equa-
tion we can derive Harnack’s inequality for elliptic equations since when the coeflicients of
L depend only on z, a solution to elliptic equation Lu = 0 can be thought as a steady-state
solution of the parabolic equation u; + Lu = 0.

Corollary 4.22 (Harnack’s inequality for elliptic equations). Given any connected
open bounded subset V. CC Q, there exists a constant C(L,V') > 0 such that

supu(z) < C(L,V) inf u(x)

eV zeV
for all nonnegative solutions u € C?(2) to a uniformly elliptic equation Lu = 0 in ).
Remark 4.5. In the similar way, the elliptic strong maximum principle proved before using

Hopf’s lemma also follows from the parabolic strong maximum principle (Theorem 4.21)
or can be similarly proved using elliptic Harnack’s inequality Corollary 4.22.



Chapter 5

Wave Equation

In this chapter we investigate the wave equation
(51) Ut — AU =0
and the nonhomogeneous wave equation
(5.2) up — Au = f(x,t)
subject to appropriate initial and boundary conditions. Here x € Q C R™, ¢t > 0; the
unknown function v = u(z,t) : Q x [0,00) — R.
We shall discover that solutions to the wave equation behave quite differently from solu-

tions of Laplaces equation or the heat equation. For example, these solutions are generally
not C° and exhibit finite speed of propagation.

5.1. Derivation of the wave equation

The wave equation is a simplified model for a vibrating string (n = 1), membrane (n = 2),
or elastic solid (n = 3). In this physical interpretation u(z,t) represents the displacement
in some direction of the point at time ¢ > 0.

Let V represent any smooth subregion of 2. The acceleration within V is then

d2
— udx:/ upde,
)=

/ F-vdS,

ov

where F denoting the force acting on V' through 9V, v is the unit outnormal on AV.
Newton’s law says (assume the mass is 1) that

/utt/ F-vdS.
ov

This identity is true for any region, hence the divergence theorem tells that

and the net force is

Ut = divF.
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For elastic bodies, F' is a function of Du, i.e., F = F(Du). For small u and small Du,
we use the linearization aDu to approximate F'(Du), and so

Uy — alAu =0,

when a = 1, the resulting equation is the wave equation. The physical interpretation
strongly suggests it will be mathematically appropriate to specify two initial conditions,
u(z,0) and w(x,0).

5.2. One-dimensional wave equations and d’Alembert’s formula
This section will devoted to solve the following Cauchy problem for one-dimensional wave

equation:

(5.3)

Ut — Ugg = 0 in R x (0,00),
u(ac,()) = g(l’), ut(ac,()) = h(x)v T e R7

where g, h are given functions.
Note that
Uttt — Ugyx = (ut - ux)t + (Ut - ux)m = Ut + Uy

where v = u; — ug. So v(z,0) = ut(x,0) —uz(x,0) = h(z) — ¢'(z) := a(z). From v, + v, = 0,
we have v(z,t) = a(x — t). Then u solves the nonhomogeneous transport equation

up — ugy = v(z,t), u(z,0)=g(z).

Solving this problem for u to obtain
t
u(z,t) = glx +t) —|—/ v(z+t—s,s)ds
0
t 1 T+t
:g($+t)+/a(m+t—25)ds:g(m+t)—|—/ a(y) dy
0 T

T+t
~glat0+3 [ 0w -gw)an

from which we deduce d’Alembert’s formula:

_glett)tgl@—t) 1 [
u(z,t) = 5 +2/$

(5.4)

Remark 5.1. (i) Any solution to the wave equation uy = uz, has the form
u(z,t) =F(z+t)+ Gz —t)

for appropriate functions F' and G. Note that F'(z + t) is called traveling wave to the
right with speed 1. Similarly G is called traveling wave to the left with speed 1.

(ii) Even when the initial data g and h are not smooth, we still consider formula (5.4)
defines a (weak) solution to the Cauchy problem. Note that if g € C* and h € CF1,
then v € C* but is not in general smoother. Thus the wave equation does not have the
smoothing effect like the heat equation has. However, solutions to the wave equation in
one-dimension do not lose the regularity from the initial data; this property does not hold
for higher-dimensional wave equations.
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(iii) The value u(xg,tp) depends only on the initial data from xy — to to o + to. In this
sense, the interval [zg — tg, 2o + o] is called the domain of dependence for the point
(z0,t0). The Cauchy data at (zo,0) influence the value of u in the region

I(.%'(),to) = {(.I',t) ‘ ro—t<zx<zo+t,t> 0},

which is called the domain of influence for (z¢,0). The domain of determinacy of
(z1,22) on t = 0 is given by
D(x1,29) = {(x,t) ‘ rp+t<zr<zy—t, te [0, 1‘2;%’1]}‘

Lemma 5.1 (Parallelogram property). Any solution u of the one-dimensional wave equa-
tion satisfies

(5.5) u(A) +u(C) = u(B) + u(D),

where ABCD is any parallelogram in R x R with the slope 1 or —1, with A and C being
two opposite points as shown in Figure 5.1.

Figure 5.1. Any parallelogram ABCD in Lemma 5.1.

We may use this property to solve certain initial and boundary problems.

EXAMPLE 5.2. Solve the initial boundary value problem:

utt—umzo, .’L’>0,t>0,
u(z,0) = g(z), u(z,0)=h(x), x>0,
u(0,t) = k(t), t>0,

where g, h, k are given functions satisfying certain smoothness and compatibility conditions.

Solution. (See Figure 5.2.) If point E = (x,t) is in the region (I); that is, z > ¢ > 0 then
u(z,t) is given by (5.4):

t) = -
(e, 1) ; +3

glx+t)+g(x—1) 1/’”‘”
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t
Region (II)
A
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E Region (I)
B /\ /.
c
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Figure 5.2. Mixed-value problem in = > 0, ¢ > 0.
In particular,

2 2

If point A = (z,1) is in the region (II); that is, 0 < = < ¢, then we use the parallelogram
ABCD as shown in the figure to obtain u(x,t) = u(B) + u(D) — u(C), where

u(B) = u(0,t —x) = k(t — z),

T T T x+t
u(D) = u(* T +5=g(*”+“”+1l h(y) dy,

u(x,z) = w + 1 /250 h(y)dy.
0

2 72 2 2
U(C)_u(t;x’t;x)_g(t—w;-i-g(o)+;/0 “’h(y)dy'

Hence, for 0 < x < ¢,

u(z,t) = k(t —x) + + =

glx+t)—gt—2a) 1 [*F
2 2/t

Therefore the solution to this problem is given by

r+t)+glx—1t
A ODEI@ D 4y [4 hiy) dy 0<t<a),
66 wmi)= 9@+t =gt =2) | ave
k(t —z) + 5 +5 [ hy)dy (0<z<t).
Of course we need some smoothness and compatibility conditions on g, h,k in order for
u(x,t) to be a true solution of the problem. Derive such conditions as an exercise. O

EXAMPLE 5.3. Solve the initial-boundary value problem
utt—umzo, xE(O,Tr), t>0,
u(x,O) = g(IE), Ut(IE,O) = h(.’L’), T e (Oaﬂ-)v
u(0,t) = u(m,t) =0, t>0.



5.2. One-dimensional wave equations and d’Alembert’s formula 69

t
(Iv)
A
/A\
(I1) (I11)
B
L ]
) ’ N . EI
/.\
v ’ (I) \\
0 0 T

Figure 5.3. Mixed-value problem in 0 < x < m, t > 0.

Solution. (See Figure 5.3.) We divide the strip (0, 7) x (0, 00) by line segments of slope £1
starting first at (0,0) and (7,0) and then at all the intersection points with the boundaries.

We can solve u in the region (I) by formula (5.4). In all other regions we use the
parallelogram formula (5.5).
Another way to solve this problem is the method of separation of variables. First
try u(z,t) = X (x)T'(t), then we should have
X"(2)T(t)=T"(t)X(x), X(0)= X(m)=0,
which implies that
T”(t) B X”(x)
()  X(z)

= A,
where A is a constant. From
X"(x) = XX (z), X(0)=X(7)=0,
we find that A = —j2 with all j = 1,2,..., and
X;(z) =sin(jz), Tj(t) = a;cos(jt) + bjsin(jt).

To make sure that u satisfies the initial condition, we consider

(e}

(5.7) u(z,t) =Y [aj cos(jt) + b; sin(jt)] sin(jz).
j=1

To determine coefficients a; and b;, we use
u(z,0) = g(z) = Zaj sin(jx), w(x,0)=h(z)= Zjbj sin(jx).
j=1 j=1

i.e., the a; and jb; are Fourier coefficients of functions g(x) and h(x). That is,

™ 2 u
a; = /0 g(x)sin(jx)dz, b; h(z)sin(jz)dz.

s g Jo
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Substitute these coefficients into (5.7) and we obtain a formal solution « in terms of trigono-
metric series; the issue of convergence will not be discussed here. ([l

5.3. The method of spherical means

Suppose u is a nice solution to the Cauchy problem of n-dimensional wave equation

58) {utt — Au=0, (z,t) € R x RY,
u(z,0) = g(z), u(z,0) = h(x), zeR"

The idea is to reduce the problem to a problem of one-dimensional wave equation. This
reduction requires the method of spherical means.

Forz e R, r > 0, t > 0, define

U(z;r,t) = ][ u(y,t) dSy = My(.p(z,7),
OB(z,r)
G(z;r) = ][ g(y) dSy = My(x,r),
OB (z,r)

H(xz;r) = ][BB( )h(y) dSy = Mp(x,r).

Note that

1 1
U:U;r,t:/ u(y, t)dS, = — w(x + 1€, t)dSe.
( ) noyrn=! dB(z,r) (9, £)dSy nan JoB(0,1) ( & 1)dSe

For fixed z, U becomes a function of t € RT and r € R.

5.3.1. The Euler-Poisson-Darboux equation.

Theorem 5.4 (Euler-Poisson-Darboux equation). Let u € C™(R™ x [0,00)) with m > 2
solve (5.8). Then, for each x € R™, the function U(x;r,t) € C™(]0,00) X [0,00)) and solves
the Cauchy problem of the Euler-Poisson-Darboux equation

(5.9) Uy — U, — "T_lUT =0 in (0,00) x (0,00),
‘ U=G, U,=H on (0,00) x {t = 0}.

Proof. 1. Note that the regularity of U on t follows easily from that of v on t. To show
the regularity of U on r, we compute for r > 0

Unairt) = - ][B( Auly. ) dy.

From this we deduce lim,_,q+ U, (x;r,t) = 0, and computations show that

1
Upp(z;7,t) = ][ Au(y,t)dS, + < = 1> ][ Au(y,t) dy.
OB(z,r) n B(z,r)

Thus U, (2507, ¢) = LAu(z,t). We can further compute Uy, and other higher-order deriva-
tives of U up to the m-th order at = 0, and this proves that U € C™(]0,00) x [0, 00)).

2. Using the formula above, we have

r 1
U, = ][ Au(y,t) dy = n—l/ it (y, 1) dy.
n Blar) no,r B(z,r)
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Hence

1 T
U = — / uy(y,t)dSy | dp
nan Jo \JoB(z.p)

and so, differentiating with respect to r yields

1
/ u(y, t)dSy = " Uy,
OB(z,r)

Ny,

(Tn_lUr)T =

which expands into the Euler-Poisson-Darboux equation. The initial condition is satisfied
easily; this completes the proof of the theorem. O

5.3.2. Solution in R? and Kirchhoff’s formula. For the most important case of three-
dimensional wave equations, we can easily see that the Euler-Poisson-Darboux equation
implies

1
(rU)pr = rUpp + 2U, = ;(T2Ur)r =rUy = (rU)u.

That is, for fixed = € R3, the function U(r, t) = rU(x;r,t) solves the 1-D wave equation
Uy =U. inr >0,t >0, with

U,t)=0, U0 =rG:=G, U(r,0)=rH:=H.
This is the mixed-value problem studied in Example 5.2; hence, by (5.6) we have

~ 1~ ~ 1t
U(T‘,t):5[G(T‘+t)*G(t*T)]+§ H(y)dy (0<r<t).
t—r
We recover u(z,t) by
T (r, t
u(z,t) = lim U(z;r,t) = lim ulr,t)
r—0+ r—0+ r
|G+t -GEt—r) 1 [T . N

=1 — H(y)dy| =G'(t) + H(t).
Jim, o +3. o (y)dy| = G'(t) + H(t)

Therefore we obtain Kirchhoff’s formula for 3-D wave equation:

0
a(nt) = 2 t][ 9(y) dS, +t][ hy) ds,
ot OB(x,t) OB(x,t)

(5.10) _ J[m (#0(6) 5 9(0) + Dgly) - (y = ) dS,

1

= 2/ (th(y) + 9(y) + Dy(y) - (y — 2)) dS, (x € R®, ¢ >0).
ATt JoB(a )

5.3.3. Solution in R? by Hadamard’s method of descent. Assume u € C?(R? x
[0,00)) solves problem (5.8) with n = 2. We would like to derive a formula of u in terms
of g and h. The trick is to consider u as a solution to a 3-dimensional wave problem with
one added dimension z3 and use Kirchhoff’s formula to find w. This is the well-known
Hadamard’s method of descent.

Define @(%,t) = u(x,t) for & = (z,23) € R3¢ > 0, where z = (z1,72) € R% Then @
solves

{att—&z:o, (%,1) € R3 x (0, 00),
a(z,0) = §(x), 4(%,0) = h(z), ZcR3,
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where A is the Laplacian in R®, §(#) = g(x) and h(Z) = h(z). Let Z = (x,0) € R3. Then,
by Kirchhoff’s formula,

0 -
w(e,t) = 4(z,1) = 2 g{~ 3(3) dS; +t][~ h(7) dS;,
ot 0B(z,1) 0B(x.1)

where B(Z,t) is the ball in R? centered at Z of radius t. To evaluate this formula, we
parametrize B(7,t) by parameter z = (z1,22) € B(x,t) C R? as

j=(z47(2), 1) =VE2-|z—z> (z€ B(x,1)).

Note that Dy(z) = (z — z)//t? — |z — x|? and thus
tdz
dS; = 1+ |Dy(2)|?dz = ——m—;
= VI DGR =
hence, noting that 0B(Z,t) has the top and bottom parts with y3 = £v(z2),
1
= | a@)ds;
][ B(z % = 2 0B (z.t) (5)dSy
2 g(2)tdz
4mt? ) /12 — |2 — x]?
1 g(z)dz

~omt B(zt) V/t? — |z — z]?
_ ’5][ (2)dz
2) By V=2 —a?

Similarly we obtain the formula for D[a Bz t)fz(g) dSy and consequently, we obtain Poisson’s
formula for 2-D wave equation:

() = a<tz][ <>d>+t][ _ h(x)dz

(5.11) ot BanVE—lz—z?)  2) ey —|z—z?

1 / tg(z) + t2h(z) +tDg(z) - (z — x)
B(z,t)

T ort? V2 — |z —x]?

Remark 5.2. (i) There are fundamental differences of wave equations for one-dimension
and dimensions n = 2, 3. In both Kirchhoff’s formula (n = 3) and Poisson’s formula (n = 2),
the solution u depends on the derivative Dg of the initial data u(x,0) = g(z). For example,
if g€ C™, h € C™ ! for some m > 1 then u is only in C™~! and hence w; is only in C™2
(but wus(x,0) = h(x) € C™1); therefore, there is loss of regularity for wave equations
when n = 2,3 (in fact for all n > 2). This does not happen when n = 1, where u, u; are at
least as smooth as g, h.

dz (z €R% t>0).

(ii) There are also fundamental differences between 3-D wave equation and 2-D wave
equation. In R?, we need the information of initial data g,h in the whole disk B(z,t) to
compute the value u(z,t), while in R? we only need the information of g, h on the sphere
OB(x,t) to compute the value u(z,t). In R? a “disturbance” initiated at x propagates
along the sharp wavefront 0B(xo,t) and does not affect the value of u elsewhere; this is
known as the strong Huygens’s principle. In R?, a “disturbance” initiated at zy will
affect the values u(z,t) in the whole region |z — z¢| < t. In both cases n = 2,3 (in fact
all cases n > 1), the domain of influence of initial data grows (with time t) at speed 1;
therefore, wave equation has finite speed of propagation.
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(iii) To understand the differences between n = 2 and n = 3 of the wave equation,
imagine you are at position x in R™ and there is a sharp initial disturbance at position xg
away from you at time ¢ = 0. If n = 3 then you will only feel the disturbance (e.g., hear a
screaming) once, exactly at time ¢ = |x —x¢|; however, if n = 2, you will feel the disturbance
(e.g., you are on a boat in a large lake and feel the wave) at all times ¢t > |x — x¢|, although
the effect on you will die out at ¢t — oc.

5.4. Solution of wave equation for general dimensions

As above, we can find the solution u(z,t) of problem (5.8) in R™ by solving its spherical
mean U(x;r,t) from the Euler-Poisson-Darboux equation. We need the following useful
result.

Lemma 5.5. Let f: R — R be C™1, where m > 1. Then for k =1,2,...,m,
> 1d 1d

() (o)) = (R ()
(“) (i(za)k 1 2k lf kzlﬂk g—i—l(jj?ﬂ{ ,

Q

where BE = (2k — ) = (2k — 1)(2k —3)---3- 1 and B]k are independent of f.
Proof. Homework. t

5.4.1. Solution for odd-dimensional wave equation. Assume that n =2k+1 (k > 1)

and u € C*1(R" x [0,00)) is a solution to the wave equation u; = Au in R™ x (0,00).

As above, let U(x;r,t) be the spherical mean of u(z,t). Then for each 2 € R™ the function

Ul(x;r,t) is CE*Lin (r,t) € [0,00) x [0, 00) and solves the Euler-Poisson-Darboux equation.

Set 5
1

Virt = (o

Lemma 5.6. We have that Vyy = V. and V(07,t) =0 forr >0, t > 0.

)k_l(r%_lU(w;r, t)) (r>0,t>0).

Proof. By part (i) of Lemma 5.5, we have

0% 10 10

Vir = (o) (LA 6%M0) = (620,
= GRG0 = (o) U = Vi

where we used the equivalent form of Euler-Poisson-Darboux equation (r2k Up)r = 2k U
That V(07,¢) = 0 follows from part (ii) of Lemma 5.5. O

Now by (5.6), we have

~ ~ T+t ~
(5.12) Virt) =[G +1) - G~ )] + iy 0<r <0,
where
~ 18kl 2k—1 ] 18k1 2k—1
613 G = L), ) = (L1 i 0)).
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By (ii) of Lemma 5.5,

— 12 2k—1 k J+1 ‘ .
V(r’t)_(rar) ( U(x;r,t)) E Bir U(x;r,t)
and hence
(e, ) = Ul 0%, 1) = T Vﬁ( ‘)
1 Gr+t)—Gt—r) 1 /’"+t -
lim - i
BO r—0+ 2r + 2r Ji_, (y)dy

7[@’@) + H(t)).

0
Therefore, a solution of the Cauchy problem of odd-dimensional wave equation

uy = Au, (z,t) € R2FL x (0, 00),
u(z,0) = g(x), us(z,0) = h(z), = R*+!

is given by the formula

(5.14)  ulz,t) = 610 {a [(12)“(#’“1%@,@)] +(1§t)k G /e t))}

When n = 3 (so k = 1) this formula agrees with Kirchhoff’s formula derived earlier.

Theorem 5.7 (Solution of wave equation in odd-dimensions). If n = 2k +1 > 3, g €
CF+2(R™) and h € C*1(R™), then the function u(z,t) defined by (5.14) belongs to C%(R™ x
(0,00)), solves the wave equation uy = Au in R™x(0,00), and satisfies the Cauchy condition
in the sense that, for each xg € R™,
li t) = li t) = h(zo).
$—>:C;,I?—>O+ U(.CC, ) g(x0)7 x—)x(},r?—}(ﬁL Ut (CC, ) (‘ro)

Proof. We may separate the proof in two cases: (a) g = 0, and (b) h = 0. The proof in

case (a) is given in the text. So we give a similar proof for case (b) by assuming h = 0.
1. The function u(z,t) defined by (5.14) becomes
10110 1( o1
)= o G (P own)| L G =y,

By Lemma 5.5(ii),

k . .
;G N ARYE:
z_% [ JHDE =+ ¢/t s ] — G(0,0™) = g(xo)

Opr‘ =

as (z,t) — (29,07). Also from this formula,
2
lim — w(z,t) = —  lim  Gy(z,1).
z—x0,t—0T 0 r—x0,t—0t

Note that
t 1

Gty = f - datay= o [ Agway

Hence ui(z,t) — 0 as (z,t) — (z9,07).
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2. By Lemma 5.5(i),

1 /1 O\k 1 0/10
1 - _—_ (2= 2k I e 2k
(5.15) uy(@,¢) ﬁ(’)f(tf)t) (G, un(@,1) 5{;8t(t8t> (t7G)
Since
G(t)—1/ A()d—lft/ Ag(y)ds, | d
t\Z,1) = "I’LOéntQk Ble.t) g\y)ay = "I’LOéntQk 0 9B(z.p) gy Y Ps
we have
(t*Gy)y = t?* ][ Ag(y) dS,
9B (x,t)
Hence

wto) = g (o) GO00) = ga(iar) (7, 20%)

On the other hand,

BE ot \t ot
and
AGEi = | Agly)ds,
OB(,t)
This proves uy = Au in R™ x (0, 00). O

Remark 5.3. (i) Let n = 2k + 1 > 3, to compute u(x,t) we need the information of g,
Dg,--- ,DFg and that of h, Dh,---, D*"1h only on dB(x,t) not in the whole ball B(x,1).

(ii) If n = 1, in order for u to be C?, we need g € C? and h € C'. However, if
n =2k +1>3, in order for u to be C?, we need g € C**2 and h € C**1. In general there
is a loss of smoothness of k-orders from the initial data.

5.4.2. Solution for even-dimensional wave equation. Assume that n = 2k is even.
Suppose u is a C*! solution to the Cauchy problem (5.8). Again we use Hadamard’s
method of descent similarly as in the case n = 2.

Let = (2, 2,41) € R"", where x € R™. Set

W(E,t) = u(z,t), §(&) =g(z), h(F)=h(z).
Then @ is a C**! solution to the wave equation in R™! x (0, 00) with initial data @(%,0) =
9(Z), ut(x,0) = h(Z). Since n + 1 = 2k 4+ 1 is odd, we use (5.14) to obtain u(Z,t) and then
u(x,t) = @(7,t), where 7 = (z,0) € R""!. In this way, we obtain

o) = i o | G (B as(e0) | + G = (o) .
Note that
1

M;(z,t) = / 9(Y; Yn+1)dS
g tn(n + 1)Oén+1 y%+1+|$_y|2:t2 n

_ 2 9(y)
- -1 dy>
" n+ Dantt Sy 12 — |y — ]2
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t

] |2dy on the surface yELH + |y — x|? = t2. Similarly we have
P

since dS =

2
o) - [ -
B(3:1) " (n + Dot Jp@e V12— |y — =2 ’

Therefore, we have the following representation formula for even n:

9(y) dy }

2 {3[(13)”22/ _
(’I’l + 1)”Oén+1 8t t 815 B(z,t) A /t2 — ’y — x’Q

10 n-2 h(y) dy

V2= ly—af?

When n = 2, this reduces to Poisson’s formula for 2-D wave equation obtained above.

u(x,t) =
(5.16)

Theorem 5.8 (Solution of wave equation in even-dimensions). Ifn = 2k > 2, g € C*+2(R")
and h € CFTL(R™), then the function u(x,t) defined by (5.16) belongs to C2(R™ x (0, 00)),
solves the wave equation uy = Au in R™ x (0,00), and satisfies the Cauchy condition in the
sense that, for each xg € R™,

lim
r—x0, t—07F

lim
r—xo, t—07T

U(IL‘,t) = g(‘rL‘O)’ ut(:I:?t) = h($0)

Proof. This follows from the theorem in odd dimensions. O
Remark 5.4. (i) Let n = 2k > 2, to compute u(z,t) we need the information of g,
Dg,---,DFg and that of h, Dh,--- , D*1h in the solid ball B(z,t).

(ii) If n = 2k > 2, in order for u to be C2, we need g € C¥*2 and h € C**+1. In general
there is again a loss of smoothness of k-orders from the initial data.

5.4.3. Solution of wave equation from the heat equation*. We study another method

of solving odd-dimensional wave equations by the heat equation.
Suppose u is a bounded, smooth solution to the Cauchy problem
(517) Ut — Au=0 in R™ x (0, OO)

u(z,0) = g(z), w(z,0)=0 onzeR",

where n is odd and g is smooth with nice decay at co. We extend u to negative times by
even extension of t and then define

1 & 52
vz, t) = / u(z,s)e” st ds (ze€R", ¢t>0).
(4mt)/? ) o
Then v is bounded,
1 & 52
Av(z,t) = (47T75)1/2/ Au(z,s)e” 4 ds

1 & s
= / uss(x, s)e” 4t ds

(47t)1/2

—0o0

2t

2

1 & 52
= / us(x,s)iefﬂ ds

(42 |
_ 1 /°°
EEVERREN N

and

'Ut(xv t) =
—0

u(z, 5)(5?

1 o 52 _s2
7(47#)1/2 / u(m, S) (47t2 — —)e 1t ds.

1 52

— —) e 1t ds
2t

1

2t
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Moreover
lim v(x,t) =g(z) (x€R™).
t—0+

Therefore, v solves the Cauchy problem for the heat equation:

vy—Av=0 inR" x (0,00)
v(x,0) =g(x) onzeR™

As v is bounded, by uniqueness, we have

1 _ly—a?
v(z,t) = oL /ng(y)e - dy (zeR" t>0).
We have two formulas for v(z,t) and take 4¢ = 1/ in the two formulas to obtain

00 1/\ n—1
/ u(z, s)e_AS2 ds = B (—) ’ / e_”\‘y_x|2g(y) dy
0 n

™

nom (AT [ 2 a1
— - re.n . d
5 <7r> /0 e " Gayr) dr

(5.18)

for all A > 0, where
G(z;r) = My(x,r) = ][ g(y) dSy.
0B(z,r)

So far, we have not used the odd dimension assumption. We will solve for u from (5.18)
when n = 2k 4+ 1 > 3 is odd. Noticing that —%%(e—kﬂ) — Ae ™ we have

/\n21/ e LG s ) dr:/ NG ) dr
0 0

= (1" /OO [(li)k(e_/\ﬁ)}r%G(w;r) dr
0

2k rdr

g [ o

where we integrated by parts k times (be careful with the operator (%%)k) We can then
write (5.18) as

> A2, Nay o }2 ookt . —Ar?
/0 u(z,r)e dr—ﬂkaH/O T[(r@r) (r G(a:,r))]e dr

for all A > 0. If we think of 72 as 7, then this equation says that the Laplace transforms of
two functions of 7 are the same; therefore, the two functions of 7 must be the same, which
also implies the two functions of r are also the sam. So we obtain

o onap  (LONK o v o mnan O [,10 gy op 1,
(5.19) U(fU,t)—Wt(ga) (t G@J))—ma [(tat) (t G(l“ﬂf)) ;

which, except for the constant, agrees with the formula (5.14) with A = 0. In fact the
constant here, using ay, = ~Forr, (1) =72 and T'(s + 1) = sT(s) for all s > 0,

ey
nan  Qk+D<Y2 1 1
mh2HL ok (k+ 14 5) k-1 gk

is also in agreement with the constant in (5.14).
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5.5. Nonhomogeneous wave equations and Duhamel’s principle

We now turn to the initial value problem for nonhomogeneous wave equation

{utt — Au = f(x,t) in R™ x (0, 00)

(5.20)
u(z,0) =0, u(z,0)=0 onzeR"

where f(x,t) is a given function.

Motivated by Duhamel’s principle used to solve nonhomogeneous heat equations, for
each s > 0, let U(x,t;s) be the solution to the homogeneous Cauchy problem

(5.21) Up(x,t;8) — AU(z,t;8) =0 in R" x (s, 00),
‘ U(z,s;s) =0, Ugz,s;s) = f(x,s) onxeR™
Define
t
(5.22) u(x,t) :/ U(z,t;s)ds
0
Note that if v = v(z,¢;s) is the solution to the Cauchy problem
(5.23) vy — Av =0 in R™ x (0, 0c0),
v(x,0) =0, vw(x,0)= f(z,s) onzeR",

then U(x,t;s) = v(z,t — s;s) for all x € R™, t > s. Therefore,
t t
u(z,t) = / Uz, t;s)ds = / v(x,t—s;s)ds (xzeR", t>0).
0 0

Theorem 5.9. Assume n > 2 and f € CIEHYR™ x [0,00)). Let U(x,t;s) be the solution
of (5.21). Then the function u defined by (5.22) is in C2(R™ x [0,00)) and a solution to
(5.20).

Proof. 1. The regularity of f guarantees a solution U(x,t;s) is given by (5.14) if n is odd
or (5.16) if n is even. In either case, u € C%(R" x [0,00)).

2. A direct computation shows that

t t
ut(x,t) = Ulx, t;t) +/ Ui(z,t;s)ds = / Ui(z,t; s)ds,
0 0
¢ ¢
u(z,t) = Ug(x, t;t) +/ Un(z,t;s)ds = f(x,t) +/ U (z,t; 8)ds,
0 0
t
Au(z,t) = / AU (x,t; s)ds.
0
Hence uy — Au = f(x,t). Clearly u(x,0) = u(z,0) = 0. O
ExaMPLE 5.10. Find a solution of the following problem
Ut — Uy = te®, (z,1) € R x (0, 00),
u(z,0) =0, u(z,0) =0.
Solution. First, for each s > 0 solve

Uy = Uz in R X (0, 00),
v(z,0) =0, v(z,0) = se”.
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From d’Alembert’s formula, we have
1 x+t 1
v=uv(z,t;s) = / se¥dy = —s(e*tt — e 7).
2 oy 2
Hence U(z,t;s) = v(z,t — s78) = 3s(e*™17% — e*7571) and so
t 1 t
u(z,t) = / Ul(z,t;s)ds = / s(e*ttms — Tt g
0 2 Jo
1
= 5[el’“( te Tt —e T4+ 1) (te! — et 4 1)]
1
= 5(—2te’3 + e"Tt — e 7H)
O
ExaMPLE 5.11. Find a solution of the Cauchy problem
uy — Au = f(z,t), ze€R3, t>0,
u(z,0) =0, wu(z,0)=0, xR
Solution. By Kirchhoff’s formula, the solution v of the Cauchy problem
v — Av =0, zeR3 t>0,
u(z,0) =0, wu(z,0)=f(z,s), x=¢cR3
is given by
1
v:v(x,t;s):/ f(y,s)dS, (z€R3 t>0).
At JoB (1)
Hence
! ,5)
u(x,t) :/ v(z,t—s / / dSyds
OB(x,t—s) - S
/ / )dS dr
OB(z
47‘— B(xz,t) ‘y - HJ‘
Note that the domain of dependence (on f) is solid ball B(x,t). O

5.6. Energy methods and the uniqueness

There are some subtle issues about the uniqueness of the Cauchy problem of wave equations.
The formulas (5.14) for odd n or (5.16) for even n hold under more and more smoothness
conditions of the initial data g, h as the dimension n gets larger and larger. For initial data
not too smooth we cannot use such formulas to claim the uniqueness. Instead we use certain

quantities that behave nicely for the wave equation. One such quantity is the energy.

5.6.1. Domain of dependence. Let u € C? be a solution to the wave equation uy = Au
in R"” x (0,00). Fix xg € R™, tg > 0, and consider the backward wave cone with apex

(mo,to):
K(zg,t0) = {(x,t)| 0 <t <ty, |z —x0| <to—t}.
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Theorem 5.12 (Domain of dependence). Let u € C2(R" x (0,00)) N CL(R™ x [0, 00)) solve
the wave equation uy = Au in R™ x (0,00). If u = us = 0 on B(zo,to) X {t = 0}, then u =0
within K (xo,to).

Proof. Define the local energy

1

e(t) = / (u?(:r,t) + |Du(:r,t)]2>dx (0 <t <typ).
2 B(Io,to—t)

Then

e(t) = 1/t°_t/ (1) + | Due, 1)) dS, d
- t ’ ) z ap
2 0 OB (x0,p)

and so, by the divergence theorem,

to—t
e(t) = / / <ututt(x,t) + Du - Duy(x, t))dS$dp
0 OB(zo,p)

1
- / (wd(@,t) + |Du(e, 1)) dS,
2 0B (zo,to—t)

1
_ / (ugtigy + Du - Duy)da — - / (w @ 0) + |Du(z. ) ) ds
B(a:o,toft) 2 BB(Io,toft)

(5.24) P
u
— / ut(utt — Au)dx + / utids
B(a:o,toft) aB(I07t07t) 81/
1
- / (w?(@,t) + |Du(a, 1)) ds
2 BB(;Uo,to—t)

ou 1
= Up— — —U x,t—fDum,thSg()
L, (g = geite.) = 5Dute 0 F)

because the last integrand is less than zero; in fact,

ou 1 1 ou, 1 1 1
Utg s 5“? - i\DUP < ’Ut|’%| - 5“? - §’DU\2 < —§(|Ut\ —[Dul)* <0.
Now that ¢/(t) < 0 implies that e(t) < e(0) = 0 for all 0 < ¢ < ty9. Thus u; = Du = 0, and
consequently u = 0 in K (xg, tg). O

Theorem 5.13 (Uniqueness of Cauchy problem for wave equation). Given any f,g,h the
Cauchy problem

uy — Au = f(x,t), zeR" t>0,
u(r,0) = g(x), wu(x,0)=h(z), reR"

can have at most one solution u in C*(R™ x (0,00)) N C1(R™ x [0, 0)).
EXAMPLE 5.14. (a) Show that there exists a constant K such that
K
lu(z,t)] < 7U(0) Vo<t<T
whenever T' > 0 and w is a smooth solution to the Cauchy problem of 3-D wave equation

ur — Au =0, $€R3,O<t<T,
u(z,0) = g(x), w(x,0)=h(x), z€R3

where U(0) = [5s(|lg| + |h| + |Dg| + |Dh| + |D?q|) dy.
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(b) Let u be a smooth solution to the wave equation uy = Au in R? x (0, 00) satisfying
1
1tl_i>m 7 (Ju(x, )] + | Du(z, )| + |ue(z, )| + |[Dug(z, )| + |D*u(z,t)|) dz = 0.
oo R3

Show that u =0 on R3 x (0, 0).

Proof. The details are left as Homework. Part (b) follows from (a) by considering u(z,t) =
u(x, T —t) on R™ x (0,7T). O

5.6.2. Energy method for mixed-value problem of wave equation. Let ) be a
bounded smooth domain in R™ and let Q7 = x (0,7]. Let

Iy =090 =Qr\ Qr.
We are interested in the uniqueness of initial-boundary value problem (mixed-value problem)
ug — Au = f in Qp,
(5.25) u=g on I'p,
ug = h on Q x {t =0}.

Theorem 5.15 (Uniqueness of mixed-value problem for wave equation). There exists at
most one solution u € C%(Qr) N CY(Qr) of mixed-value problem (5.25).

Proof. Let u1,us be any two solutions; then v = u1 — ug is in C?(Q27) N C*(Qr) and solves

v —Av =0 in Qp,
v=0 onlI7p,
vy =0 onQx{t=0}

Define the energy

e(t) = ;/Q (s2(e.) + [Dofa. )P ) de (0 <t<T).

Then, by the divergence theorem
e(t) = /(Utvtt + Dv - Dv)dx = / v(vy — Av)dzx + / vt@dS =0
Q Q oo OV

since v = 0 on J1 for all 0 < ¢ < T implies that v; = 0 on 9IS for all 0 < ¢t < T. Therefore
v =0 fromv=0onI'p. ]

5.6.3. Other initial and boundary value problems. Uniqueness of wave equation can
be used to find the solutions to some mixed-value problems. Since solution is unique, any
solution found in special forms will be the unique solution.

EXAMPLE 5.16. Solve the Cauchy problem of the wave equation
Utt—AU:O in R3X(O,OO),
u(z,0) =0, u(r,0) = h(|z]),

where h(r) is a given function.

Solution. In theory, we could use Kirchhoff’s formula to find the solution; however, the
computation would be too complicated. Instead, we can try to find a solution in the form
of u(z,t) = v(|z|,t) by solving an equation for v, which becomes exactly the Euler-Poisson-
Darboux equation that can be solved easily when n = 3; some condition on h is needed in
order to have a classical solution. Details are left as an exercise. O
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EXAMPLE 5.17. Let A € R and A # 0. Solve
uy — Au+ Au =0 in R™ x (0, 00),
u(z,0) = g(z), w(z,0)=h(z)

Solution. We use the idea of Hadamard’s descent method. We first make u a solution to
the wave equation in R"*! x (0, 00) and recover u by this solution.

If A = u? > 0 (the equation is called the Klein-Gordon equation), let v(Z,t) =
u(w,t) cos(pxni1), where ¥ = (z,2,41) € R™! and x € R™.

If A\ = —p? <0, let v(&,t) = u(z, t)e’¥n+1, Then, in both cases, v(Z,t) solves the wave
equation and can be solved by using the formula (5.14) or (5.16). Then we recover u(z,t)

in both cases by u(z,t) = v(z,t), where z = (x,0) € R*H1, O
EXAMPLE 5.18. Solve

ug(z,t) — Au(x,t) =0, r=(2,2,) €ER"I xR¥ ¢t >0,

u(z,0) = g(z), w(x,0)=h(z), x,>0,

u(z’,0,t) =0, ' e Rv1

Solution. We extend the functions g, k to odd functions § and & in z,; e.g., g2, —xy) =
—g(a, zp) for all z,, € R and g(2/, z,,) = g(2/, x,,) when x,, > 0. We then solve

{att—Aazo, z€R™ t>0,
w(z,0) = g(z), w(z,0)=h(z), zeR™
Since V(z,t) = a(2/, zp, t) + @(a’, —xp, t) solves

Vie — AV =0, V(z,0)=0, Vi(z,0)=0,

the uniqueness result implies V' = 0, i.e., @ is an odd function in z,. Hence u = |y, >0 is
the solution to the original problem. O

EXAMPLE 5.19. Let Q be a bounded domain. Solve

uy — Au = f(x,t) in Q2 x (0,00),
u(z,0) = g(z), w(x,0)=h(x), xecfl,
u(z,t) =0, xed, t>0.

Solution. Use the method of separation variables and try to find the solution of the form
[ee]
w=3"uy(@)Ty(0),
j=1

where
—AUj = /\jUj, ’U,j‘ag = 0,
Tj'(t) = A T(t) = w;(t), T;(0) = aj, T5(0) =1b;,

By the elliptic theory, eigenfunctions {u;(z)}32; form an orthonormal basis of L?(2), and
wj(t), aj, b; are the Fourier coefficients of w(x,t), g(x) and h(x) with respect to u;(z),
respectively.

The question is whether the series gives indeed a true solution; we do not study such
questions in this course.

O
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5.7. Finite speed of propagation for second-order linear hyperbolic
equations

We study a class of special second-order linear partial differential equations of the form
ug +Lu=0 (xeR" t>0),

where L has a special form
n

Lu=— Z a(z)Djju,
ij—1

with smooth symmetric coefficients (a/(z)) satisfying uniform ellipticity condition on R™.
In this case, we say the operator Oy + L is uniformly hyperbolic.
Let (zo,t0) € R™ x (0,00). Assume ¢(x) is a continuous function on R", positive and
smooth in R™ \ {zo} and ¢(z¢) = 0. Consider a curved backward cone
C ={(z,t) e R" x (0,t9) | q(z) < to — t}
and for each 0 <t <t let
Cy={z e R"| q(z) <ty —t}.

Assume 0C; = {x € R"| q(x) = tg — t} is a smooth surface for each t € [0,¢y). In addition,
we assume

n

(5.26) > a(x)Dig(x)Djq(x) <1 (z € R™\ {o}).
i,j=1

Lemma 5.20. Let §(x,t) be a smooth function and

at) = Bz, t)dx (0 <t <tp).
Ch
Then
t)
)= [ Byx,t)da —/ bl 4
o oc, |1Dq(w)]
Proof. This follows from the co-area formula. O

Theorem 5.21 (Domain of dependence). Let u be a smooth solution to uy + Lu = 0 in
R™ x (0,00). If u = u; = 0 on Cy, then u =0 with the cone C.

Proof. Define the local energy

1

n
)= ¢ /C (w2 + ; @ DuDyu)dz (0 <t < to).

Then the lemma above implies
= 1 = 1
et) = / (u Uy + a’DyuDju )dm — / (u2 + aijD-uD‘u> ——dS
( ) c, t Wit MZ:1 7 gt 2 o, t MZ:1 7 J ’ D q|

= A — B.
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Note that a” D;uDjus = Dj(a"usDju) —urD;(a® Dyu) (no sum); hence, integrating by parts
and by the equation uy + Lu = 0, we have

A= / Uy (utt - z”: Dj(aijDiu))d:E +/ Zn: utaij(Diu)deS
C i B

Ct i j=1

= —/C Uy Z D,;uDjaij dx +/ Z utaij(Diu)ude,
t

ij=1 0C j,j=1
where v = (u1,v9,- -+ ,vy) is the outer unit normal on 9C;. In fact,
Djq .
vi=—— (j=1,2,---,n) on dC}.
7 |Dql
Since (v, w) = szzl aijviwj defines an inner product on v,w € R" by Cauchy-Schwartz’s
inequality,
noo oo 12, O 1/2
‘ Z CLU(DZ'U)I/]" < < Z a”DiuDju) ( Z a”uiyj)
t,j=1 t,j=1 1,j=1
Therefore

|A| < Ce(t) +/ |Ut|< i aijDiuDju) 1/2< i aijz/iljj)l/QdS
o]

Cr ij=1 ij=1
1 ) oo L 1/2
< Ce(t) + / (ut + Z a”DiuDju)< Z a”uivj> ds.
2 Jac, < £
1,j=1 1,j=1
However, since v; = (D;q)/|Dq|, by (5.26), we have

( Z aijyiyj) 2 < 1q on 0C%.

Consequently, we derive that |A| < Ce(t) + B and thus
e(t) < Ce(t) (0<t<tp).
Sine e(0) = 0, this gives e(t) = 0. Hence u = 0 within C. O
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