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ABSTRACT. We prove a stability of weakly almost conformal mappings in
WLP(Q; R™) for p not too far below the dimension n by studying the W1-P-
quasiconvex hull of the set C, of conformal matrices. The study is based
on coercivity estimates from the nonlinear Hodge decompositions and reverse
Holder inequalities from the Ekeland variational principle.

1. INTRODUCTION AND MAIN RESULTS

Let M™ ™ be the set of all real n x n matrices. Let X:Y = tr (X7Y) and
|X|?=X: X for X, Y € M™ " where AT and tr A denote the transpose and the
trace of A, respectively. Note that Hadamard’s inequality implies |A|™ > n™/? det A
for all matrices A. For [ > 1, we define a set K; by

(1.1) Ky ={Ac M™"||A]" <In™? det A}.

If I = 1 then K7 coincides with the conformal set C,, = {AQ|X >0, Q € SO(n)},
where SO(n) is the set of all orthogonal matrices X with det X = 1.

The set K is related to the theory of I-quasiregular mappings (see Iwaniec [11]
and Reshetnyak [16]). Let 2 C R™ be a domain and u € W,2?(€; R"). Denote by
Vu(x) the gradient matrix

(Vu(x))ij = ou'(x)/0x;, 1<1i,j<n.
A map u € WEP(Q;R") is called (weakly if p < n) l-quasiregular if Vu(z) € K; for

loc

a.e. x € 2. A (weakly) 1-quasiregular map is also called a (weakly) conformal map.

A significant result of Iwaniec [11] (see also [13]) shows that for each n > 3 and
l > 1 there exists a number p, < n such that every weakly [-quasiregular map
in W,5P*(Q; R™) belongs actually to W5 (Q;R"™). Given n > 3, for each | > 1,
let p.(1) be the infimum of all such numbers p. < n as described above. If the
dimension n is even, Iwaniec and Martin [12] has showed that p.(1) = n/2. A
general conjecture posed in Iwaniec [11] is that p.(l) = li—ll (see also [12]).

To discuss our main results, we first review some important notation and pre-
liminaries in the calculus of variations that will be needed in this paper.

Let f: M™™ — R be a function. Denote by Z(f) the zero set of f. Define the

quasiconvezification f9¢ of f by

(1.2) fi¢(A) = inf ]{zf(A + Vo(z))de, Ae M™™

$eC5e (ShR™)
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where f pg denotes the integral average of g over the domain D, i.e.,

][Dg(a:) da::ﬁ/D o) da.

A simple argument using Vitali’s covering shows that f(A) is independent of
domain Q. We say that f is quasiconvex on M™ ™ provided that f9¢ = f. If f
is continuous and satisfies the growth condition (1.3) below then f?¢ is continuous
and quasiconvex, and in this case for each measurable set S C € the functional
Pg(u) = [4 f9°(Vu) is sequentially weakly lower semicontinuous on W' (€; R™).
We refer to Acerbi-Fusco [1], Ball [2], Ball-Murat [3], Dacorogna [4] and Morrey
[14] for proofs and further information.

Let K C M™ ™ and 1 < p < oo be given. Let Q;(IC) be the set of all continuous
quasiconvex functions f on M™*™ satisfying that L C Z(f) and

(1.3) 0<FX)<C(X[P+1) VX €M™

Then the WP -quasiconvez hull Q,(K) of K is defined by

Q,(K) = 2N feQf(K)}

We refer to Yan [20] for general theory and applications of quasiconvex hulls Q,(KC).

It has been proved ([17], [20], [21]) that Qoo (K) = Q1(K) for all bounded sets K,
thus the WP-quasiconvex hulls of a bounded set are the same for all 1 < p < co.
For unbounded sets, however, W1P-quasiconvex hulls may depend remarkably on
values of p > 1. For instance, the following has been proved in Miiller-Sverdk-Yan
[15] and Yan [19)].

Theorem A. Letn > 3. Then Q,(Cy,) = C,, for p > n, while Qp(Cp) = M™ ™ for
1 < p < n/2. Moreover, if n is even then Q,(Cy,) = C,, for p >n/2.

In this paper, we shall study the W1 P-quasiconvex hull Q,(C,) for n/2 <p <n
when n > 3 is odd. We shall prove the following main theorem.

Theorem B. Forn > 3 there exists a p < n such that Q,(Cy) = C,,. Moreover, if
po(n) denotes the infimum of all such p, then po(n) > n/2.

Remark. First, the second part of the theorem follows directly from Theorem A.
Secondly, if n is even, po(n) = n/2 and is also the minimum; however, we do
not know whether pg(n) = n/2 if n is odd. Finally, the following stability result
on weakly almost conformal mappings can be derived from Theorem B (see [20,
Theorem 3.1]).

Corollary C. Let n > 3, and let {u;} in WHP(Q; R"™) be a sequence of (weakly
if p < m) almost conformal mappings in the sense that [, dg (Vuj) — 0 as j —
oo, where de, (X) is the distance from X to Cyn. If uj — ug in W'P(Q; R") and
po(n) < p < n, then the weak limit ug is weakly conformal.

2. NONLINEAR HODGE DECOMPOSITIONS

One of the key tools for proving the main theorem is the following stability result
on nonlinear Hodge decompositions due to Greco-Iwaniec [10] (see also [11], [13]).
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Lemma 2.1. Let n > 3 and n — % < p <mn, and let B = B(a,R) be a ball in
R™ with center a and radius R. Then for each v € W1P(B;R") the matriz field
|[VulP~"Vu € L7 (B; M™*™) can be decomposed as

(2.1) [Vu(z)|P~"Vu(z) = Vi(z) + h(z) a.e. z€B,

where ¢ € WhHTr= (R™";R™) and h € LT (R™; M™*™) s a divergence free
matriz field such that

(2.2) 120l s

Proof. Decomposition (2.1) follows from Greco—Iwaniec [10, Lemma 2.1] with ¢ =
n —p € [0, 3]. In this case, we have

14+p—mn
L1+p n (R™) S (TL p) ﬂ" ”quLp (B) -

(2.3) (/nlh( )= edw)i - SA(n,n—e)e(/B|Vu(a:)|”_5d;p) =

As seen in the arguments of Greco-Iwaniec [10, Lemma 2.1] and Iwaniec—Sbordone
[13, (1.13) and (2.10)], the constant A(n,n —€) in (2.3) can be chosen independent
of € if 0 < e < 1/2. The proof is completed. O

We need a similar decomposition for mappings with affine boundary condition.

Proposition 2.2. Let n — % <p<nandu € WHP(B;R") satisfy ulop = Aw.
Then we have decompositions

(2.4) |[Vu(z)|P~"Vu(x) = V¥ (z) + H(z) ae. z€B

which satisfy
— p—n 14+p—n
@5) LU= AP g g < (=P o IVl

Proof. For simplicity, let ¢ = =2— +p — and ¢* be the Sobolev index of g, i.e., (¢*)~ L=

q!' —n7l. Let B = B, with radius r > 0. Extend u(z) by Az outside B, and
apply Lemma 2.1 to u € WHP(B3,; R™); we have

(2.6) |[Vu(z)P~"Vu(z) = Vi(z) + h(xz) a.e. z € Bg,.

Since Vu = A outside B, we easily have ||Vu| rr(B,,) < ¢n ||Vul|1rs,). Thus using
(2.2) on B3, we have

(2.7) IRl Logrny < (0= p) By, IVl 1ibs

Define (z) = ¢(x)+Ag x and H(z) = h(x)— Ao, where Ag = [A[P"" A~ fg Vi) so
that fp V¥ = |A[P7"A. Then (2.4) follows easily. We need to estimate || H||4(s,)-
To this end, let f(x) = |A[P~™ Ax—1(x)+~ and 7 be the constant making [}, f =
where D = B3, \B,.. It is easy to see that f is both harmonic and satisfies V f = h in
D. Hence, for any z € 0By, using the mean value theorem of harmonic functions,
we deduce by the Holder and Sobolev—Poincaré inequalities

51 = [f, fl<ar e

et [V fllaoy < enr' 75 [[Bl Larn)-

(2.8)

IN
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Note that |B,| Ay = fBT Vf= fBzr Vf-— fBzr\BT h. Thus by Holder’s inequality,
second term on the right-hand side can be estimated as

L e T
B2, \B,

while the first term by using the divergence theorem and (2.8) can be estimated as

[ wtl=1f, rou] <
B27~ 6B27‘

where 7 is the unit normal vector on the boundary. Therefore, we obtain
(2.9) |Ao] < cn r ”h”Lq(R")v ||AO||L‘1(BT) < cn HhHLq(R")-
Since H = h — Ay, we have
[H|lLaB,) < Illzas,) + 1 AollLas,) < cnllbllLa@mn),
which combined with (2.7) yields the second estimate on H in (2.5). The proof is

thus completed. O
Let
(2.10) (n) = max{n ! n ! }, o Up) !
. =max{n—-, n— — =
b1 2’ 20, Pr=1- (n—p)a,

We shall also need a regularity result on quasiregular mappings based on the work
of Iwaniec [11].

Lemma 2.3. There exists a pa(n) € [p1(n),n) such that if u € W-P(Q;R™) and
Vu(z) € Ky for some p > pa(n) then u € Wl})cn(ﬂ, R"™).

Proof. Let p.(l) be as defined in the introduction. Then it is easily seen that p. (1)
is nondecreasing, thus the function u(p) = p — p.(I(p)) is increasing on [p1(n), n).
Since p(p) — n—p.«(17) > 0 as p — n~, hence there exists p2(n) € [p1(n), n) such
that p(p) > 0, ie., p > p.(I(p)), for all pa(n) < p < n. Therefore, by definition of
p«(1), we deduce the conclusion of the lemma. O

3. COERCIVITY ESTIMATES BELOW THE DIMENSION

In this section, we prove some coercivity estimates for conformal energy func-
tionals (see Yan [19]) in W1P(Q; R") for p < n.

Theorem 3.1. Let f be a nonnegative continuous function which is homogeneous
of degree 1 and satisfies Z(f) = Cy. Then for any ball B and p € [n — 3, n] and
6 > 0 there exists a constant C¢(n, ) such that

[1—(n—pa, — 9 ][ |A+ Vo(x)|P de —n? |AP~™ det A
B
(3.1) < C¢(n,9) ][ fP(A+Vo(z))de, AeM™" ¢eCFB;R").
B

Proof. We prove (3.1) first for a special function f = h, then the general case will
follow from homogeneity (see [15]). To this end, consider F': M"*"™ — M™*"
defined by

F(X)=|X|"2X —n"% (adj X)7,
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where adj X is the adjugate matrix of X, i.e., X (adj X) = (det X) I with I being
the identity matrix. Let h(X) = |F(X)] 77 Then h is continuous and homogeneous
of degree 1 and satisfies Z(h) = C,,. We now prove the theorem for f = h.

For A e M™" ¢ € C§5°(B;R"™), let u(z) = Az + ¢(z) and let U, H be as given
n (2.4). Note that
(3.2) F(Vu) : VU = |Vul? — |Vu|" 2Vu: H —n"2 (adj Vu)T : VI,

thus using div[(adj Vu)T] = 0 and the divergence theorem, we have by (2.5)
/ n"7 (adj Vu)T : VU =n"2 (adj A)7 : / VU =n? |A[P~" det A|B|.
B B

Integrating (3.2) over B and using estimates in (2.5) and Young’s inequality, we
obtain

[1—(n—p)ay,] ][ |VulP —n |AP~" det A < ][ |[VU||F(Vu)]
B B

<é ][ [Vul? + C(n, o) ][ hP(Vu),
B B
which proves (3.1). The proof is completed. O

Let I(p) and pa(n) be defined by (2.10). Then 1 < (p) <2 for p € [p2(n),n]. In
(3.1), note that fg |A+ V¢|P? > |A[P, and thus by ( .2) we have

(f)(4) = it ][ A+ Vo)

$eCE (B;R™)

| AP~
Crn) [
Corollary 3.2. Let f be as given in the theorem. Then Z((f?)%) C K,y for all

p € [p2(n), n], where I(p) is defined as in (2.10). In particular, Z((f")qc) =K =
Cn.

Proof. Suppose (f7)4°(A) = 0. Then (3.3) implies [I(p)~" — 8] |A|* < n?% det A for
all § > 0. Hence, letting § — 07, we have |A|" < 1(p)n? det A, thus A € K. O

(3.3)

TE_8) A" —n? det A.

In Theorem 3.1, choose f = d¢
proved earlier in Yan [18].

A =0 and 6§ = 1/3; then we recover a result

n?

Corollary 3.3. There exists a constant Ty, such that for all pa(n) <p <n and all
balls B,

(3.4) /B |Vo(z)[P dz < T, /B b (Vo(z))dz, ¢ € Wy (B;R").

4. EKELAND’S VARIATIONAL PRINCIPLE AND HIGHER REGULARITY

In this section, we combine the Ekeland variational principle and the reverse
Holder inequality with increasing support to obtain a higher regularity for certain
minimizing sequences of a conformal energy functional.

First of all, we state the following version of Ekeland’s variational principle; see
[5] and [6, Thm 4.2].
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Lemma 4.1. Let (V,d) be a complete metric space and J : V — RU{+o0} a lower
semicontinuous functional which is bounded below. Let uj € V be given such that

. 1
J(UJ) < 1nf1,€y J(’U) + 2—]2
Then there exists v; € V such that J(v;) < J(u;) and d(vj,u;) < 1/j and
(4.1) J(vj) < J(w) + 3 d(w,vj) Yw eV, w#v;.

In what follows, let p € [p2(n),n) and A € Z((dg, )?°), and B be the unit ball.
Define

V={Az+¢(x)| ¢ Wy (B;R")}, d(u,v):/ |Vu — Vo, u,v € V.
B

Then (V,d) is a complete metric space. Let J, : V — R U {+00} be a functional
defined by

T (u) = /B & (Vu(z))dz, ueV.

Then Fatou’s lemma easily shows that J, is lower semicontinuous on (V,d). A
technical advantage of using the distance function can be seen later. Since A €
Z((dg )?), we have a sequence {¢;} in Cg°(B;R") such that

1
/]3d€n(A+V¢j(x))dx<—, Vi=1.2.

Let uj(x) = Az + ¢j(x). Then u; € V, Jp(u;) < 2%‘27 and thus inf,ey Jp(v) = 0.
Hence, by Lemma 4.1, there exist v; € V for j = 1,2, ... such that

1 -
(42) /B dgn (V’Uj) S W, /B |VU3 — V’Uj| S Wi 1,

(4.3) / de (Vvj) < / dp (Vw) 457" / Vv — Vuw|, YweV.
B B B
With these at our disposal, we can prove the following result.

Proposition 4.2. Both {u;} and {v;} are bounded in W?(B;R"™). If we assume
they converge weakly in WP(B; R™), then the weak limits must be equal and belong
to WLn(B; R"™).

Proof. The boundedness of both sequences and the coincidence of weak limits follow
from (4.2) and Corollary 3.3. Let ug be the weak limit. Then from weak lower
semicontinuity ([1], [3]),

/ (e )%(Vug) < lim [ (dg )%(Vuy) < lim de (Vuy) = 0.

B i—e /B i—e /B

Thus, Vuo(z) € Z((dg )%) € Kjpy. Since pa(n) < p < n, Lemma 2.3 thus con-
cludes ug € WHm(B; R"). O

We now use techniques of Caccioppoli-type estimates to derive the reverse Holder
inequality with increasing support. Before we proceed with this, several remarks
are in order. First, since the integrand dgn of J, does not satisfy the usual growth
condition as assumed in some standard Caccioppoli-type estimates ([8], [9]), we need
our crucial coercivity estimates to obtain the desired reverse Holder inequality with
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doubling supports. Moreover, we have to pay particular attention to the various
constants involved to assure the uniform increment of the integrability.

Theorem 4.3. Let A € Z((dg )%) and p2(n) < p <n, and let u; and v; be given
as above. Then, for all balls Bogr = B(a,2R) CC B,

n+p

(4.4) ][ V[P < B (][ |ij|np—fr') "ty V>N,
Br Bar

where By, Yn and N, are constants depending only on the dimension n.

Proof. In what follows, we use cg, ¢1, ... to denote the constants depending only on
dimension n. Let Bag = B(a,2R) CC B and v a number to be chosen later. Given
0< s1 <82 <2R,let n € C§(B) be a cut-off function such that

0<n<1, nlp, =1, 7nlBp, =0, [Vi[<col(s2—s1)"".
Let w=nv+ (1 —n)v; and ¢ = v; —w. Then w € V, ¢ € W, P(Bs,; R") and
(4.5) Vw = (1-n)Vv; — (v; —v) ®Vn, Vo =nVuv; + (v; —v) ® V.
By inequality df.(X +Y) < 2" (d}.(X) + |Y|P) and Corollary 3.3, we have

/BS |ij|Pg/B |V¢|p§1“n/B & (Vo)

1 52 s
C1
(4.6) < cl/ s (Vv-)+—/ lv; — v|P.
B, Cr T (sa —s1)P By \Bs, ’
Using (4.5), noting that Vw = 0 on B, and di (X) < [X[P, we deduce
(4.7) / di (Vw) < ¢ / |V, P + 2 / lv; —vP.
B, Buy\Bs, (s2 = s1)? Jp,,\B.,

Since Vw = Vv; in B\ B;,, combining (4.3) and (4.5)—(4.7) gives

[owersal o wupe
B B.,\B

s1 s s1

L/ |vj—1/|p—|—c—,3/ |Vv; — Vuwl.
(s2 —51)? Jp,p J JB

s2

Let N, =2c¢3 and j > N,. Then by inequality t <¢? + 1 for allt > 0 and p > 1,

Cq C5
Vo, |P < / Vv<p+7/ v; — V[P + ce | Bar]-
[ wel s g [t i [ v B

S1

Using this and the standard hole-filling arguments ([9, Lemma 5.1]), we have

(4.8) / VP < C7R—P/ oy — vI? + 1| Bagl,
BR B2R

which yields

cs
(4.9) ][ [V, < — / [v; — V| + cs.
Br ! Rn+p Bar !
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Now let v =vg = f Bag Vi and use the Sobolev—Poincaré inequality

n+p

/ lvj —vrlP < on (/ |ij|"p—fp) !
B2R B2R

in (4.9), we obtain (4.4). The theorem is thus proved. |

Theorem 4.4. There ezists €, > 0 depending only on n such that for any p €
[p2(n), n], A € Z((dg,)) and sequences {u;} and {v;} defined as above, one has

(4.10) / |V [Pt < Mg < oo for all j > N,, and Q2 CC B,
Q

where N, is the constant in the previous theorem.

Proof. For j > Ny, let f; =1+ |ij|"’;+np and r = "TH’. By Proposition 4.2 and
Theorem 4.3, {f;} is bounded in L"(B) and

]{BR fi <8, (]{Bm fj)r V Bog = B(a,2R) CC B.

Therefore, by an improved version [9, Thm 6.1] of Gehring’s Lemma [7, Lemma 2]
on reverse Holder inequality, we have {f;} is (locally) bounded in L{;C(B) for some

' > 7, thus {v;} is (locally) bounded in W,"?*¢(B) for some € > 0. Furthermore,

loc
from the proof of [9, Thm 6.1], one sees that the increment ¢ > 0 can be chosen

uniformly for p € [p2(n),n]. O

5. PROOF OF THE MAIN RESULT: THEOREM B
Let p € [p2(n), n]. We shall prove Z((dg )?) = Cp; thus Q,(Cr) = Cp. Suppose
A € Z((dg, )). Let {u;} and {v;} be defined as before and let ug be the weak
limit in Proposition 4.2. Then v; — ug in WuPT“"(B; R™), where ¢, > 0 is the
constant determined in Theorem 4.4. Let s = p + 9; then inequality dg (X) <
6| X[Pren 4+ C(6) dg (X) and Theorem 4.4 imply

1
[ devu) <o [ Vol o) [ @, (9o <8Ma+ 5500
Q Q Q J

for all @ CC B. Let first j — oo and then § — 0; we have [, d& (Vv;) — 0 which,
by v; — ug in WHPTen (Q; R™), implies
[ e, (V) < tim [z, (7o) =
Q i= Jo

Since Q CC B is arbitrary, so [ (d§ )9°(Vug) = 0. Note that ug € W™ (B;R")
and ug(xz) = Az on OB. A simple approximation argument shows

(dg, )(A) < ][B (ds, (Vo () da = 0,

hence, A € Z((dg, )?) for s = p+%-. Repeating this procedure finitely many times,
we eventually obtain A € Z((dg )?); hence by Corollary 3.2

Z((de,)*) = 2((d¢,)*) = K1 =Cy

as desired. Theorem B is thus proved.
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