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Abstract. We use a new construction in the spirit of Gromov’s convex integration to prove a rather
surprising result that every affine map is the boundary value of a weakly quasiregular map
in any Sobolev space with indexp < n/2. Our method is based on constructing special
Cauchy sequences by convex integration for certain vectorial Hamilton–Jacobi equations.
 2000 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Valeurs aux limites linéaires des applications faiblement quasi
régulières

Résumé. Nous utilisons une nouvelle construction, dans l’esprit de l’intégration convexe de Gromov,
pour prouver un résultat plutôt étonnant selon lequel toute application affine est la valeur
frontière d’une application faiblement quasi régulière dans tout espace de Sobolev d’indice
p < n/2. Notre méthode est basée sur une construction de suites de Cauchy spéciales,
par intégration convexe pour certaines équations vectorielles de Hamilton–Jacobi. 2000
Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Version française abrégée

La méthode d’intégration convexe de Gromov [3] a été récemment appliquée avec succès à l’étude de
l’existence des équations vectorielles de Hamilton–Jacobi de la formeDu(x) ∈ K , par Müller–Šverák
[6,7] (voir aussi [9]). Une approche différente, utilisant la méthode des catégories de Baire, a été étudiée
par l’école italienne (voir par exemple Dacorogna–Marcellini [1,2]).

Dans cette Note nous montrons comment utiliser des idées de l’intégration convexe pour étudier les
problèmes de valeurs aux limites affines pour les applications faiblement quasi régulières dansRn.

Rappelons (voir par exemple [4,5,10]) qu’une applicationu d’un domaineΩ de Rn dansRn est dite
faiblementL-quasi régulière, où L > 1 est une constante appelée ladilatation (externe) deu, si elle
appartient àW1,p

loc(Ω;Rn) pour une certaine puissancep> 1 et satisfait∣∣Du(x)
∣∣n 6 L det Du(x) p.p.x ∈Ω,
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où Du = (∂ui/∂xj) désigne la matrice gradient deu et |ξ| la norme de matrice définie par|ξ| =
max|h|=1 |ξh|. Nous appellerons applicationsfaiblement conformeles applications faiblement1-quasi
régulières.

Nous notonsKL l’ ensembleL-quasi régulierdéfini par

KL =
{
ξ ∈Mn×n | |ξ|n 6L det ξ

}
(si L = 1, K1 est ditensemble conforme). Alors la classe des applications faiblementL-quasi régulières
u∈W1,p

loc(Ω;Rn) peut être caractérisée par une équation spéciale de Hamilton–Jacobi :

Du(x) ∈KL, p.p.x ∈Ω.

Dans toute cette Note, nous supposons la dimensionn> 3. Le résultat suivant peut être prouvé en utilisant
les résultats surl’enveloppep-quasiconvexed’ensembleKL établi en Yan–Zhou [15]. (Voir Yan [13] pour
les détails.)

THÉORÈME 1. –Pour toutL> 1, il existe une puissancep= pn(L)< n telle que, si une applicationu
faiblementL-quasi régulière dansW1,p(Ω;Rn) est affine sur la frontière∂Ω, c’est-à-dire,u|∂Ω = ξx+ b,
on aξ ∈KL.

Le but principal de cette Note est de montrer que la situation est complètement différente pour les
applications faiblement quasi régulières dans les espaces de SobolevW1,p(Ω;Rn) si la puissancep < n
n’est pas voisine de la dimensionn.

THÉORÈME 2. –Toute application affine est la valeur frontière d’une application faiblement conforme
dansW1,p(Ω;Rn), pour tout16 p < n/2.

THÉORÈME 3. –Soit16 p < n/2. Alors pour toute application affine par morceauxϕ ∈W1,p(Ω;Rn)
et pour tout ε > 0, il existe une application faiblement conformeuε ∈ ϕ + W1,p

0 (Ω;Rn) telle que
‖uε− ϕ‖Lp(Ω) < ε.

Remarques
1. Ici et dans toute la suite, nous disons queϕ ∈W1,p(Ω;Rn) estaffine par morceauxs’il existe une

famille au plus dénombrable de sous-ensembles disjointsΩj deΩ, dont l’union est de mesure pleine, telle
que chaqueϕ|Ωj est affine.

2. Soitn> 4 un nombre pair. Alors le théorème 2 et un résultat de Iwaniec–Martin [5] (voir aussi Müller–
Šverák–Yan [8]) impliquent que la puissance optimalep pour les applications faiblement conformes dans le
théorème 1 estpn(1) = n/2. On ne sait pas sipn(1) = n/2 pour les dimensionsn impaires (voir [4,11,14]).

1. Introduction

In recent years, the method of Gromov’s convex integration (see[3]) has been successfully applied in
studying the existence of vectorial Hamilton–Jacobi equations of the formDu(x) ∈K , by Müller–Šverák
[6,7] (seealso [9]). A different approach to study the existence of vectorial Hamilton–Jacobi equations
using the Baire category method has been pursued by the Italian school (see, e.g., Dacorogna–Marcellini
[1,2]).

In this Note, we show how to use some ideas in the spirit of Gromov’s convex integration, to investigate
the linear boundary values for weakly quasiregular mappings inRn.

Recall that (cf. [4,5,10]) a mapu from a domainΩ in Rn to Rn is said to beweaklyL-quasiregular,
L> 1 being a constant called the (outer)dilatationof u, if it belongs toW1,p

loc(Ω;Rn) for somep> 1 and
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satisfies ∣∣Du(x)
∣∣n 6 L detDu(x) a.e.x ∈Ω,

whereDu = (∂ui/∂xj) denotes the gradient matrix ofu and |ξ| is the matrix norm defined by|ξ| =
max|h|=1 |ξh|. The weakly1-quasiregular maps will be called theweakly conformalmaps.

Denote byKL theL-quasiregular setdefined by

KL =
{
ξ ∈Mn×n | |ξ|n 6L det ξ

}
(if L = 1, K1 is called the conformal set). Then the class ofL-weakly quasiregular mappingsu ∈
W1,p

loc(Ω;Rn) can be characterized by a special Hamilton–Jacobi equation:

Du(x) ∈KL, p.p.x ∈Ω.

Throughout this Note, we assume the dimensionn> 3. The following result can be proved using the results
on the so-calledp-quasiconvex hullof the setKL established in Yan–Zhou [15]. (SeeYan [13] for details.)

THEOREM 1. – For eachL > 1 there exists an indexp= pn(L) < n such that if a weaklyL-quasire-
gular mapu in W1,p(Ω;Rn) assumes an affine boundary valueu|∂Ω = ξx+ b, thenξ ∈KL.

The main purpose of this Note is to show that situation is completely different for weakly quasiregular
mappings in Sobolev spacesW1,p(Ω;Rn) if index p < n is not too close to the dimensionn.

THEOREM 2. – Every affine map is the boundary value of a weakly conformal map inW1,p(Ω;Rn) for
any given16 p < n/2.

THEOREM 3. – If 1 6 p < n/2, then for any piece-wise affine mapϕ ∈W1,p(Ω;Rn) andε > 0, there
exists a weakly conformal mapuε ∈ ϕ+ W1,p

0 (Ω;Rn) such that‖uε − ϕ‖Lp(Ω) < ε.

Remarks
1. Here and in the following we say thatϕ ∈W1,p(Ω;Rn) is piece-wise affineif there exist at most

countably many disjoint open subsetsΩj of Ω whose union has full measure such that eachϕ|Ωj is affine.
2. If n > 4 is even, Theorem 2 and a result of Iwaniec–Martin [5] (seealso Müller–Šverák–Yan [8])

imply that the optimal indexp for weakly conformal mappings in Theorem 1 ispn(1) = n/2. Whether
pn(1) = n/2 for oddn remains open (see[4,11,14]).

2. A general existence theorem

LetMm×n be the space of all realm×n matrices with the norm|ξ| defined as above. LetK be a subset
of Mm×n. Define the setsLj(K) inductively as follows:L0(K) =K and, forj = 0,1, . . . ,

Lj+1(K) =
{
tξ + (1− t)η

∣∣ t ∈ [0,1], ξ, η ∈ Lj(K), rank(ξ − η)6 1
}
.

Define thelamination hullof K (see, e.g., [1,2,6,7]) to be the set

L(K) =

∞⋃
j=0

Lj(K).

The following result can be proved by using a useful lemma found in [1,9]. (Seedetails in [13].)

PROPOSITION 1. – LetB = L(A) be an open set inMm×n. Then for anyξ ∈B andε > 0, there exist
a piece-wise affine mapu∈ ξx+ W1,∞

0 (Ω;Rm) and two sets of finitely many points{α1, α2, . . . , αr} ⊂A
and{ξ1, ξ2, . . . , ξq} ⊂B such that

Du(x) ∈ {α1, . . . , αr} ∪ {ξ1, . . . , ξq}, a.e.x ∈Ω,
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and the measure
∣∣{x ∈Ω |Du(x) /∈ {α1, α2, . . . , αr}

}∣∣< ε.
For p > 1, let βp(K) be the set of all matricesξ such that there exists a mapu = uξ ∈W1,p(Ω;Rm)

satisfying

Du(x) ∈K a.e.x ∈Ω; u|∂Ω = ξx.

If ξ ∈K , we can always chooseuξ ≡ ξx; henceK ⊆ βp(K).
A general existence theorem which we shall use to prove the main results is the following.

THEOREM 4. – LetK ⊂Mn×m be a closed set and letA⊂ βp(K) be a set satisfying

c0 = sup
ξ∈A

1

|Ω|

∫
Ω

|Duξ|p dx <∞. (1)

Suppose the setB =L(A) is open and bounded. ThenB ⊂ βp(K).

Sketch of proof. –Let ξ ∈B be given and letεk→ 0+ be a decreasing sequence satisfying
∑

k ε
1/p
k <∞.

Let u be constructed as in Proposition 1 withε = ε1. Let Σ = {x ∈ Ω | Du(x) ∈ A} =
⋃∞
j=1 Σj , where

u|Σj = αi(j)x+ dj is affine for some16 i(j)6 r. From condition (1) and by a Vitali covering argument,

there existsvj ∈ u + W1,p
0 (Σj ;Rm) such thatDvj(x) ∈ K a.e. inΣj and

∫
Σj
|Dvj |p dx 6 c0 |Σj |. Let

u1 = χΩrΣu+
∑∞
j=1 χΣjvj . Thenu1 ∈ ξx+ W1,p

0 (Ω;Rm) satisfies

Du1(x) ∈K ∪ {ξ1, . . . , ξq},
Ωε =

{
x ∈Ω |Du1(x) ∈ {ξ1, . . . , ξq}

}
,

|Ωε|< ε,

∫
ΩrΩε

|Du1|p dx6 c0 |ΩrΩε|.

We modify the values ofu1 on each open set whereDu1 /∈K . Let Ω1 = Ωε be the set defined in the
above construction. WriteΩ1 =

⋃∞
j=1 ∆j such thatu1|∆j = ξjx+ dj andξj ∈ B. For eachj = 1,2, . . . ,

we use the previous construction forξj ∈ B with domain∆j and numberε = ε2/2
j to obtain a map

ṽj ∈ u1 + W1,p
0 (∆j ;Rm) such that

Dṽj(x) ∈K ∪ {ξ′1, . . . , ξ′q′},
∆′j =

{
x ∈∆j |Dṽj(x) ∈ {ξ′1, . . . , ξ′q′}

}
,

|∆′j |< ε2/2
j,

∫
∆jr∆′

j

|Dṽj |p dx6 c0 |∆j r∆′j |.

Let Ω2 =
⋃∞
j=1 ∆′j . Then|Ω2|< ε2. Defineu2 = χΩrΩ1u1 +

∑∞
j=1 χ∆j ṽj . Thenu2 ∈ ξx+ W1,p

0 (Ω;Rm)
satisfies thatu2 = u1 on Ω r Ω1, Du2(x) ∈ B a.e. in Ω2, Du2(x) ∈ K a.e. in Ω r Ω2, and∫

Ω1rΩ2
|Du2|p dx6 c0 |Ω1 rΩ2|.

We then modify the values ofu2 on the setΩ2 as we did foru1 on Ω1 to obtainu3 andΩ3. Continuing
in this way, we obtain a sequence{uk} in ξx+ W1,p

0 (Ω;Rm) and open setsΩk ⊂Ωk−1 ⊂Ω such that:

|Ωk|< εk, (2)

Duk(x) ∈B a.e. inΩk, (3)

Duk(x) ∈K a.e. inΩrΩk, (4)

uk+1 = uk onΩrΩk, (5)∫
ΩkrΩk+1

|Duk+1|p dx6 c0 |Ωk rΩk+1|. (6)
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First of all, assuming|η|< λ for all η ∈B, by conditions (3), (6), we have∫
Ωk

|Duk+1|p dx6 c0 |Ωk rΩk+1|+ λp |Ωk+1|6C0 |Ωk|,

whereC0 = max{c0, λp}. Hence, by (5),

‖Duk+1 −Duk‖Lp(Ω) = ‖Duk+1 −Duk‖Lp(Ωk) 6 2C
1/p
0 |Ωk|1/p. (7)

Furthermore, by (2)–(6), we easily obtain that:∫
Ω

|Duk+1|p dx6C0 |Ω|, (8)∫
Ω

distp(Duk(x);K) dx6C′ |Ωk|<C′ εk, (9)

whereC′ is a constant anddist(η;K) is the distance function to the setK .

Finally, conditions (7), (8) and the convergence of
∑
k ε

1/p
k imply that the sequence{uk} is a Cauchy

sequence inξx+W1,p
0 (Ω;Rm). Let ū ∈ ξx+W1,p

0 (Ω;Rm) be the limit of this sequence. SinceK is closed,
condition (9) impliesDū(x) ∈K for almost everyx ∈Ω. This provesξ ∈ βp(K); hence,B ⊂ βp(K).

The proof of Theorem 4 is now completed.2
Remark.– From (8) in the proof above we easily see that the solutionū ∈ ξx+ W1,p

0 (Ω;Rm) obtained
in the proof also satisfies

1

|Ω|

∫
Ω

|Dū|p dx6C0 ≡max
{
c0, sup

η∈B
|η|p
}
.

3. Boundary values of weakly conformal maps

In this section, we prove our main results: Theorems 2 and 3. To apply the general existence theorem
proved above, we introduce some notations. Let forλ > 0,

R(n) =
{
ξ ∈Mn×n | |ξ|n = |det ξ|

}
,

Aλ =
{
ξ ∈R(n) | |ξ|< λ

}
,

Bλ =
{
ξ ∈Mn×n | |ξ|< λ

}
.

It is easy to see, by Hadamard’s inequality, that the conformal setK1 = {ξ ∈R(n) | det ξ > 0}. From a
refinement of the arguments in Yan [11,12], we can prove the following results (see[13]).

PROPOSITION 2. – We haveLn−1(Aλ) =Bλ. HenceL(Aλ) =Bλ for all λ > 0.

PROPOSITION 3. – Let 16 p < n/2 and letB be the open unit ball inRn. Then for anyξ ∈R(n) there
exists a weakly conformal mapuξ ∈ ξx+ W1,p

0 (B;Rn) such that
∫
B
|Duξ|p dx6Cn,p |ξ|p, whereCn,p is

a constant depending only onn andp.

Proof of Theorem2. – Let ξ ∈Mn×n be given. We assumeξ 6= 0. Let λ = 2|ξ|. Thenξ ∈ Bλ. From
Proposition 2,L(Aλ) = Bλ is open and bounded; one also hassupη∈Bλ |η|p 6 C1 |ξ|p. Also, from
Proposition 3, the setA=Aλ ⊂ βp(K1) satisfies the condition (1) in Theorem 4 with constantc0 6C2 |ξ|p.
Therefore, Theorem 4 impliesξ ∈ βp(K1). This proves the theorem.2

From the remark following the proof of Theorem 4 and by a Vitali covering argument, we easily obtain
the following result from Theorem 2.
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COROLLARY 1. – For any ξ ∈ Mn×n, b ∈ Rn and ε > 0, there exists a weakly conformal map
uε ∈ ξx+ b+ W1,p

0 (Ω;Rn) satisfying∫
Ω

|Duε|p dx6C3 |ξ|p |Ω|, ‖uε − ξx− b‖Lp(Ω) < ε,

whereC3 is a constant depending only onn andp.

Proof of Theorem3. – Let ϕ ∈ W1,p(Ω;Rn) be a piece-wise affine map. LetΩ =
⋃∞
j=1 Ωj ∪ N ,

|N | = 0, be such thatϕ|Ωj = ξjx + bj is affine for all j > 1. The conditionϕ ∈W1,p(Ω;Rn) implies∑
j |ξj |p |Ωj | < ∞. We apply Corollary 1 to eachξj , bj and Ωj and obtain weakly conformal maps

uj ∈ ϕ+ W1,p
0 (Ωj ;Rn) satisfying∫

Ωj

|Duj |p dx6C3 |ξj |p |Ωj |, ‖uj − ϕ‖Lp(Ωj) <
ε

2j/p
.

Then it is easily seen that the mapu=
∑

j χΩjuj belongs toϕ+ W1,p
0 (Ω;Rn), is weakly conformal and

satisfies‖u− ϕ‖Lp(Ω) < ε. The proof is completed.2
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