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Abstract. We use a new construction in the spirit of Gromov’s convex integration to prove a rather
surprising result that every affine map is the boundary value of a weakly quasiregular map
in any Sobolev space with index< n/2. Our method is based on constructing special
Cauchy sequences by convex integration for certain vectorial Hamilton—Jacobi equations.
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Valeurs aux limites linéaires des applications faiblement quasi
réguliéres

Résumé. Nous utilisons une nouvelle construction, dans I'esprit de I'intégration convexe de Gromov,
pour prouver un résultat plutdét étonnant selon lequel toute application affine est la valeur
frontiere d’'une application faiblement quasi réguliere dans tout espace de Sobolev d’indice
p < n/2. Notre méthode est basée sur une construction de suites de Cauchy spéciales,
par intégration convexe pour certaines équations vectorielles de Hamilton—Jac@oi00
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Version francaise abrégée

La méthode d’'intégration convexe de Gromov [3] a été récemment appliquée avec succes a I'étude
I'existence des équations vectorielles de Hamilton—Jacobi de la férate) € K, par Muller-Sverak
[6,7] (voir aussi [9]). Une approche différente, utilisant la méthode des catégories de Baire, a été étud
par I'école italienne\foir par exemple Dacorogna—Marcellini [1,2]).

Dans cette Note nous montrons comment utiliser des idées de l'intégration convexe pour étudier
problémes de valeurs aux limites affines pour les applications faiblement quasi régulier$ dans

Rappelons\(oir par exemple [4,5,10]) qu'une applicatiand’'un domaine2 de R"™ dansR" est dite
faiblementL-quasi réguliere ou L > 1 est une constante appeléedéatation (externe) deu, si elle
appartient &V.-?(2; R™) pour une certaine puissange: 1 et satisfait

loc

‘Du(x)|n < LdetDu(z) p.p.xeq,

Note présentée par Jacques-Louis IONS.
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ol Du = (9u'/0z;) désigne la matrice gradient de et |£| la norme de matrice définie pa¢| =
max|,|—1 |h|. Nous appellerons applicatiorigiblement conformées applications faiblement-quasi
régulieres.

Nous notond<;, I'ensembld.-quasi régulierdéfini par

Ky ={geM™™|[¢" <L detg}

(si L =1, K, est ditensemble conformeAlors la classe des applications faibleméntuasi régulieres
u € Wl’p(ﬂ; R™) peut étre caractérisée par une équation spéciale de Hamilton—Jacobi :

loc

Du(z) € K1, p.p.ze.

Dans toute cette Note, nous supposons la dimensipr. Le résultat suivant peut étre prouvé en utilisant
les résultats sutenveloppep-quasiconvexd’ensemblel;, établi en Yan—Zhou [15]\Moir Yan [13] pour
les détails.)

THEOREME 1. —Pour toutL > 1, il existe une puissange= p,, (L) < n telle que, si une application
faiblementL-quasi réguliere dansv!-?(Q; R") est affine sur la frontieré2, c'est-a-dire,u|sq = x + b,
ona¢e K.

Le but principal de cette Note est de montrer que la situation est complétement différente pour |
applications faiblement quasi régulieres dans les espaces de SebHbIE; R™) si la puissance < n
n’est pas voisine de la dimensian

THEOREME 2. —Toute application affine est la valeur frontiere d’'une application faiblement conforme
dansW!iP(Q; R"), pour toutl <p < n/2.

THEOREME 3. —Soit1 < p < n/2. Alors pour toute application affine par morceapux W (2; R")
et pour toute > 0, il existe une application faiblement conforme € ¢ + W};p(Q;R”) telle que

[|ue — <PHLP(Q) <e.

Remarques

1. Ici et dans toute la suite, nous disons que W1?(Q; R") estaffine par morceaus'il existe une
famille au plus dénombrable de sous-ensembles disjintde 2, dont I'union est de mesure pleine, telle
que chaquey|q, est affine.

2. Soitn > 4 un nombre pair. Alors le théoréme 2 et un résultat de Iwaniec—Martingsi @ussi Muller—
Sveréak—Yan [8]) impliquent que la puissance optimapeur les applications faiblement conformes dans le
théoréme 1 egt, (1) = n/2. On ne sait pas 3i, (1) = n/2 pour les dimensions impaires yoir [4,11,14]).

1. Introduction

In recent years, the method of Gromov’s convex integrats@e[3]) has been successfully applied in
studying the existence of vectorial Hamilton—Jacobi equations of thefar(m) € K, by Miiller—Sverak
[6,7] (seealso [9]). A different approach to study the existence of vectorial Hamilton—Jacobi equation
using the Baire category method has been pursued by the Italian seked.@., Dacorogna—Marcellini
[1,2)).

In this Note, we show how to use some ideas in the spirit of Gromov’s convex integration, to investiga
the linear boundary values for weakly quasiregular mappingg'in

Recall that ¢f. [4,5,10]) a mapu from a domairt2 in R™ to R is said to beweakly L-quasiregular
L > 1 being a constant called the (outéilatation of w, if it belongs toWLp(Q; R™) for somep > 1 and

loc
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satisfies
‘Du(a‘){n < L detDu(z) a.e.x €,

whereDu = (9u’/dx;) denotes the gradient matrix of and || is the matrix norm defined bj£| =
max|,|—1 |£h|. The weaklyl-quasiregular maps will be called thesakly conformaimaps.
Denote byK, the L-quasiregular setlefined by

Kp={¢&e M™™||¢]" <L det¢}

(if L =1, K, is called the conformal set). Then the classIoiveakly quasiregular mappings €
WLP(Q; R™) can be characterized by a special Hamilton—Jacobi equation:

loc

Du(x) € K1, p.p.z€Q.

Throughoutthis Note, we assume the dimension 3. The following result can be proved using the results
on the so-calleg-quasiconvex hubbf the seti;, established in Yan—Zhou [15]SéeYan [13] for details.)

THEOREM 1. — For eachL > 1 there exists an index = p,, (L) < n such that if a weakly.-quasire-
gular mapu in W7 (Q; R™) assumes an affine boundary vallgg = £z + b, thené € K.

The main purpose of this Note is to show that situation is completely different for weakly quasiregul
mappings in Sobolev spac®é?(2; R") if index p < n is not too close to the dimension

THEOREM 2. — Every affine map is the boundary value of a weakly conformal map'ifi (2; R") for
any givenl <p <n/2.

THEOREM 3. - If 1 < p < n/2, then for any piece-wise affine maps W?(Q; R") ande > 0, there
exists a weakly conformal map € ¢ + Wy (Q;R™) such that|u. — ¢||Ls o) < .

Remarks

1. Here and in the following we say thate W?(Q; R") is piece-wise affiné there exist at most
countably many disjoint open subséts of (2 whose union has full measure such that eagh is affine.

2. 1f n >4 is even, Theorem 2 and a result of lwaniec—Martin [&ddalso Miiller—Sverak—Yan [8])
imply that the optimal indey for weakly conformal mappings in Theorem 17is(1) = n/2. Whether
pn(1l) =n/2 for oddn remains opengee[4,11,14]).
2. A general existence theorem

Let M™>™ be the space of all real x n matrices with the norn¢| defined as above. Lét be a subset
of M™*™. Define the set£; (K) inductively as followsL,(K) = K and, forj =0,1,...,

‘CjJrl(K) = {t£+ (1 _t)77 | te [07 1]7 fa ne £j(K)7 rank(f - 77) < ]-}
Define thelamination hullof K (see e.g., [1,2,6,7]) to be the set

LK) = £;(K).
j=0

The following result can be proved by using a useful lemma found in [1S8edetails in [13].)

PROPOSITION 1. — Let B = £(A) be an open set id/™>*". Then for any € B ande > 0, there exist
a piece-wise affine mape &z + VV(l)’OO (Q; R™) and two sets of finitely many poinfte;, as, ..., a,} C A
and{&,&,...,&,} C Bsuch that

Du(z) € {a1,...,ar} U{&, ..., &}, aexcQ,
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and the measurg{z € Q | Du(z) ¢ {01, q2,...,an } }| <e.
Forp > 1, let 3,(K) be the set of all matrices such that there exists a map= ue € W (Q; R™)
satisfying
Du(z) e K aex€Q; ulpg=~Ex.

If £ € K, we can always choose = £x; henceK C 5, (K).
A general existence theorem which we shall use to prove the main results is the following.

THEOREM 4. — Let K C M™*"™ be a closed set and let C 3,(K) be a set satisfying

1
Co = sup —/ [Dug |P do < 0. )
cea |9 Jo

Suppose the sé = L£(A) is open and bounded. ThéhC 3,(K).

Sketch of proof. Let¢ € B be given and let, — 0™ be a decreasing sequence satisf@gsi/p < 0.
Let u be constructed as in Proposition 1 with=¢;. Let ¥ = {z € Q | Du(z) € A} = J;2, ¥, where
uls; = a;(;)x + dj is affine for somel < i(j) < r. From condition (1) and by a Vitali covering argument,
there existsy; € u + W, P(2;;R™) such thatDv;(z) € K a.e. in%; and fzj |Do; [P dz < co |3;]. Let

U = Xoust+ Y 0 Xu, ;. Thenu € &x + WP (;R™) satisfies

Dul(x) EKU{§17-~7fq}a
Q. = {2 €Q|Duy(z) € {&1,...,&} ),

|Q:] <, / [Duq|P da < co |2\ Q).
Qe

We modify the values ofi; on each open set wheigu; ¢ K. Let Q; = Q. be the set defined in the
above construction. Writ®; = [J72, A; such thatu |a; = &z + d; and¢; € B. For eachj = 1,2,...,
we use the previous construction f¢r € B with domainA; and number = £,/27 to obtain a map
;€ uy + WyP (A;;R™) such that

Di(2) € K U{E]..... &),
Aj={z e A | D) € {€]....&}),

|A;|<82/2j, /

|D’l~}j|pd$ g Co |AJ AN A;|
INAY
Let.Q'g = U;’il A’ Then|Qy| < e5. Defineus = xa o, u1 + Z;’O:l xa,0j. Thenuy € fa: —I—Wé’p(Q;]Rm)
satisfies thatus = u; on Q \ Q1, Duy(z) € B a.e. in{y, Dus(z) € K a.e. inQ ~ Qy, and
le\QQ |DU2|p dx < Co |Ql AN Qg|
We then modify the values af; on the sef), as we did foru; on§2; to obtainuz and23. Continuing
in this way, we obtain a sequen€e; } in £z + Wé”’(Q; R™) and open setQ;, C ;1 C §2 such that:

Q%] <er, )

Duy(z) € B a.e.in{y, 3)

Dup(z) e K a.e.inQ~ Q, 4)

Uk+1 =ur 0NN Qy, (5)

/ |Dugg1|? de < o | Q% ~ Qpra]. (6)
Qe Qp g1

382



Boundary values of weakly quasiregular mappings

First of all, assumindp| < X for all n € B, by conditions (3), (6), we have
[ IDuksal de < ol ~ Qa4 s ] < Co I,
Qp

whereCy = max{cg, \?}. Hence, by (5),
IDwks1 — Dugllr () = |Duss1 — Dugllio o) < 2Co’" 1] 1/2. )

Furthermore, by (2)—(6), we easily obtain that:
[ Duapas<calel ®)
Q
/ dist? (Duy(z); K) dz < C" |Q] < O g, 9)
Q

where(C"’ is a constant andist(n; K) is the distance function to the skt

Finally, conditions (7), (8) and the convergence)a, s,lc/” imply that the sequencguy } is a Cauchy
sequence igz+ WP (€ R™). Letu € £z + WP (€;R™) be the limit of this sequence. Sinégis closed,
condition (9) impliesDu(x) € K for almost every: € Q. This proves € (5,(K); hence,B C 3,(K).

The proof of Theorem 4 is now completed

Remark~ From (8) in the proof above we easily see that the solutientz + Wé’p(Q;Rm) obtained
in the proof also satisfies

1
_/ [DafP dz < Co = maX{CO, sup Inl”}-
12 Jo neb

3. Boundary values of weakly conformal maps

In this section, we prove our main results: Theorems 2 and 3. To apply the general existence theor
proved above, we introduce some notations. Let\for 0,

R(n)={& €M™ ™| [¢]" =|det&]},
Ay={€eR(n)|[¢] <A},
By={{e M™ " ||¢| < A}

Itis easy to see, by Hadamard'’s inequality, that the conformakset {{ € R(n) | det £ > 0}. From a
refinement of the arguments in Yan [11,12], we can prove the following resa$l(3]).

PROPOSITION 2. — We havel,,_1 (A)) = Byx. HenceL(A)) = B, forall A > 0.

PROPOSITION 3. — Let1 < p < n/2 and letB be the open unit ball ilR™. Then for any, € R(n) there
exists a weakly conformal mag € &z + W (B;R") such that/ |Due|? dz < C, 5 [€[P, whereC,, , is
a constant depending only enand p.

Proof of Theoren®. —Let £ € M™*™ be given. We assumg+ 0. Let A = 2|¢|. Then¢ € B). From
Proposition 2,L(Ay) = B, is open and bounded; one also has, .5, [/’ < C1[¢[P. Also, from
Proposition 3, the set = A\ C §,(K) satisfies the condition (1) in Theorem 4 with constant Cs |£]7.
Therefore, Theorem 4 impligse 3, (K ). This proves the theorem.O

From the remark following the proof of Theorem 4 and by a Vitali covering argument, we easily obtail
the following result from Theorem 2.
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COROLLARY 1.— For any ¢ € M™*", b € R™ and ¢ > 0, there exists a weakly conformal map
u € x4+ b+ WiP(Q;R™) satisfying

/ DucPde < 1P 190 [lue — &2 — bl <&,
Q

where(Cj; is a constant depending only enandp.

Proof of TheoremB. —Let ¢ € WH?(Q;R") be a piece-wise affine map. Lét = U_;’il Q; UN,
|N| =0, be such thatp|o, = &z + b; is affine for all j > 1. The conditionp € W?(Q;R™) implies
> 1&17 2] < oco. We apply Corollary 1 to eaclj;, b; and ©2; and obtain weakly conformal maps

uj €+ WyP(Q;;R") satisfying

9
[ Durdr<algrion  u - elo) < 575

Q;

Then it is easily seen that the map=}_ xq,u; belongs top + WP (€;R"), is weakly conformal and
satisfies|u — ¢||1.» (o) <. The proof is completed. 0
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