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INTEGRAL FUNCTIONAL WITH UNBOUNDED
ENERGY-WELL

BAISHENG YAN

ABSTRACT. Consider functional I(u) = [, ||Du|" — L det Dul dz,
whose energy-well consists of matrices satisfying |£|™ = Ldet¢.
We show that the relaxations of this functional in various Sobolev
spaces are significantly different. We also make several remarks
concerning various p-growth semiconvex hulls of the energy-well
set and prove an attainment result for a special Hamilton-Jacobi
equation, |Du|™ = Ldet Du, in the so-called grand Sobolev space

Who(Q; R") with ¢ = 245

1. INTRODUCTION AND MAIN RESULTS

Given L > 1, consider function f1(§) = |£|™ — Ldet & on the space
M™*™ of n x n matrices and integral functional

(1.1) I(u):/Q|fL(Du(x))|dx:/Q||Du(x)|”—LdetDu(x)|dx,

where u is a mapping from domain 2 C R" to R™ and Du(z) is the
Jacobi matrix of u. In general, |£| denotes the operator norm of m x n
matrix { € M"™*" defined by |£| = maxsern,jn=1 |£R]-

The absolute energy minimizers of I(u) can be characterized as map-
pings satisfying the Hamilton-Jacobi equation:

(12)  Du(z) € Z;, = {£ € M ||€]* = L det €} ace. x € .

In the terminology used for phase transition problems (see, e.g., [3, 9,
10, 11]), the set Zj, is the energy-well of energy functional I(u). Note
that Zp, is also the boundary of the so-called L-quasiconformal set K7,
defined by

Ky = {6 € M |[¢]" < L det £},
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When L =1, it is easily seen that the set Ky = Z; coincides with the
set of conformal matrices, that is,

Weakly L-quasiregular mappings are the mappings u € Wl’p(Q; R")

loc
satisfying Du(z) € K, almost everywhere in Q (see Iwaniec [6]). Many
regularity and stability properties of weakly quasiregular mappings
have been studied in connection with the certain semi-convex hulls and
the attainment result of the quasiconformal sets K, in Yan [13, 14, 15].

In this paper we study similar problems related to the set 7.
The natural space for I(u) is the Sobolev space W"({; R"). In this
note we are interested in minimization of functional I(u) in different
Sobolev spaces W1?(Q; R"). For this purpose, we define the p-growth

relaxation functions of I(u) as follows:

1
1.3 = inf — Du(z))| dzx.
(18 e@=_ e / fo(Du())

Clearly the function g, (&) is non-decreasing with respect to p > 1. For
any given function f: M"™*" — R, we define the quasiconvexification
of f to be
1
L) He=, o [ e Do) veewr,
Q

PECH (Q;R™

where C§°(€2; R™) stands for all smooth functions with compact sup-
port in . A density argument easily shows that g., = | fz|* and hence
the function g is also quasiconver in the sense of Morrey. Recall that,
in general, a function f: M™*" — R is said to be quasiconvex (in the
sense of Morrey) if it satisfies

(1.5)
€L / F(E+Do(x)) du > f(€), VEeM™™, ¢ C(R™).
/s

It is well-known that any finite quasiconvex function f is always rank-
one conver; that is, f(& + tn) is convex in ¢t € R for any &, n € M™*"
with rankn = 1. A function f: M™*" — R is called polyconvex if it
can be written as a convex function of all subdeterminants; therefore
all convex functions are polyconvex. It can be shown that a polyconvex
function is always quasiconvex. We refer to Acerbi & Fusco [1], Ball
[2], Ball & Murat [4], Dacorogna [5], Morrey [8], and Miiller [9] for the
proofs and more properties of these semiconvex functions.
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In what follows, we denote by f~1(0) the zero set of any scalar func-
tion f, that is, f~1(0) = {£] f(£) = 0}. We now state our main result.

Theorem 1.1. Letn >3 and L > 1. Then
(a) g, = | fo|* = max{fr, 0} for all p > n;
(b) for some € >0, g>'(0) = K, for allp > n —¢;

(¢) g, = 0 and the minimum is attained for all 1 < p < &

L+1"

Part (c¢) of the theorem is equivalent to the following

Theorem 1.2. Letn >3, L > 1. Then, for any 1 <p < L”—fl and £ €

M™ " there exists a map u € WP (Q; R™) with u|sq = £z satisfying
(1.6) |Du(x)|" = Ldet Du(z) a.e. xz € Q.

Remark. This result sharpens an earlier result in Yan [14]. Note that,
if £ = 0, the trivial map v = 0 is a required solution of (1.6); but, in
this case, we can show existence of nontrivial solutions. In fact, we
shall prove a sharper attainment result for a special class of nontrivial
solutions of (1.6) in a space strictly smaller than any W?(Q; R") for

1§p<Ln—+L1. 0

For a given ¢ > 1, we define the grand Sobolev space W9 (Q; R™)
(see e.g. Iwaniec & Sbordone [7]) to be the space of all functions
U € Ni<pegWHP(Q; R™) that satisfy

1 1/p
(1.7) [Du),0 = sup [(q - p)—/ | Du(x)|P dm] < 00.
1<p<q |Q| Q
Given any number a € R, we define the set
(1.8) Sp={RI+aw®w)|ReZ,,R#0,weR", |w| =1},

where [ is n X n identity matrix and a ® b stands for the rank-one

matrix (a;b;). In the following, we shall use d(ey, €2, -+, €,) to denote
the n x n diagonal matrix with diagonal elements €q,... ,€,; that is,
we denote
€1 0
€2
5(617 €9, "+ 76n) =
0 €n

Let J=1—-2e;®e; =8(—1,1,---,1). Then J> =T and det J = —1.
Define JS, = {J¢|& € S,}. Note that any matrix £ € S, can be
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written as £ = AQ(/ +aw®w) for some A > 0, Q) € SO(n) and w € R"
with |w| = 1. Therefore, it follows easily that det£ = A"(1 4+ «) and
€l =Aif 14+« <1or |f] =A1l+«a|if |1+ a| > 1. From this, one
easily proves the following
Proposition 1.3. Fora = Li=T —1 or L=' — 1, S, C Z;; for a =
1

—Ln-1—1or—-L7'—1,J8,CZ,.

In this paper, we shall also prove the following much stronger attain-
ment result.

Theorem 1.4. Let n > 3, L > 1 be given. Then, for any & € M"*",
nL

there exists a map u in the grand Sobolev space WI’L_H)(Q; R™) such

that

ulogn = Ex, Du(x) € S, UJS,, C Z, a.e. x € Q,
for a; = Lot —1or L' —1 and ay = —L~1 — 1, where the boundary

nL

condition ulsq = Ex is satisfied in the WHP-sense for all 1 < p < Tai-

Given any subset K of M™*" and a number p > 1, let C;(K) be
the set of continuous functions f: M™*" — R satisfying
0<f(E) <CeP+1), flx=0.
Let QCf(K), RCS(K) and PC,(K) be the class of quasiconvex, rank-

one convex, and polyconvex functions in C; (K), respectively.

Definition 1.1. The p-growth quasiconvez, rank-one convex and poly-
convex hulls of set K are defined, respectively, as follows:

(1.9) Qp(K) =n{f(0) | f € QC; (K)};
(1.10) Ry(K) =n{f(0)| f € RC,(K)};
(1.11) Py(K) =n{f H0)| f € PC;(K)}.

Remark. These p-growth semiconvex hulls have been referred to as the
WLP- or, simply, p-semiconvex hulls in Yan [12, 15] and Yan & Zhou [16,
17], following the definition of usual semiconvex hulls without growth
restriction given, for example, in Miiller & Sverak [10] and Sverak [11].
We adopt the present definition here to stress the growth condition
and to distinguish with the different and not equivalent definition of
p-semiconvex hulls given in Zhang [18, 19]. O

The p-growth semiconvex hulls of the set K have been studied in
Yan [15]. Concerning the set 7, we have the following
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Theorem 1.5. A p-growth semiconvez hull of Z;, is the same as that

of Ki. For example, Ry(Z,) = M"" for p < & and R,(Z,,) = K|,

forp > Ln—fl; moreover, Q,(Z1) = Ky, for p > n — e with some € > 0.

2. RELAXATIONS AND SEMICONVEX HULLS

In this section, we prove Theorem 1.1, parts (a) and (b), and Theo-
rem 1.5. Part (¢) of Theorem 1.1 and Theorem 1.2 follow from Theorem
1.4, which will be proved later in the paper.

First of all, we observe the following useful result.

Lemma 2.1. limy, f7(§ + tn) = 400 for any given &, n € MM™
with rankn = 1.

Proof. Tt suffices to note that det(§ + tn) = det £ + ¢t for a constant c
if rankn = 1, and hence

ful&+tn) = (Jtllnl = 1€D)™ — lellt] — | det £] = oo
as [t| — oo. O
Proof of Theorem 1.1(a). Using a well-known relaxation principle

for integral functionals (see, e.g., [1, 5]) one can easily show that g, =
|fL|7 and hence, by definition,

(2.1) 0< g, <gy <|fl* <|fel, Vp<q

Since fr, = |€|"— L det € is Wh"-quasiconvex [4], we easily have g, > f1
and hence g, > max{f, 0}. (This can be also derived directly from
property of the determinant.) Therefore, by (2.1), to prove Theorem
1.1(a), it is sufficient to show

|fo|* = max{fy, 0}.
But this follows from Lemma 2.1 and the following general result:

Proposition 2.2. Let f be a quasiconvex function. Suppose that for
each & € M™™" there exists a rank-one matriz n such that

lim f(&+tn) = +o0.

[t| =00

Then |f|* = max{f, 0}.
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Proof. Obviously, since f is quasiconvex, |f|# > max{f, 0}. We prove
the equality. Suppose, for the contrary, |f|#(&) > max{f(&), 0} for
some &. Since | f|#(&) < |f(&)| we must have f(&) < 0. Now consider
h(t) = f(& + tno) where 7 is a rank-one matrix such that h(t) — +oo
as [t| — oo. Then, since h(0) = f(&) < 0, we would have t; < 0 < to
such that h(t;) = h(t;) = 0. This implies |f|#(& + timy) = 0 for
i = 1,2. From this, since |f|* is rank-one convex, we would arrive at
the conclusion that |f|#(&) < 0, a contradiction. Therefore, |f|#* =
max{ f, 0}. O

Proof of Theorem 1.1(b). Let f = (max{fz, 0})'/. Then |f;| >
|fo|¥ = f™. Using Holder’s inequality in definition (1.3), it follows
that, for 1 < p <n,

(2:2) [P < gy < ULlF = £

Since f is a homogeneous function of degree 1 which vanishes exactly
on the set K, and is also L™-mean coercive in the sense defined in Yan
& Zhou [17], it follows from [17, Theorem 2.1] that (f?)#(£) = 0 if and
only if £ € K, for p > n — e with some ¢ > 0, and therefore, by (2.2),
9,(§) = 0 if and only if &€ € K. This proves the result.

Proposition 2.3. Let g > 0 be a rank-one convex function. If g(§) =
0 for all & € Z;, then g(&) =0 for all £ € K.

Proof. Let £ € K;, \ Z;. Then f(£) < 0. In a similar way as above,
we have f,(&+ tin) = fL(€ + tan) = 0 for some t; < 0 < t with a
given rank-one matrix n. Thus g(§ +¢;n7) = 0 for i = 1,2, which, by the
rank-one convexity of g, implies g(§) = 0 and proves the result. O

Proof of Theorem 1.5. From definition of semiconvex hulls, to prove
the theorem, it is sufficient to prove the equalities:

QC;—(ZL) = QC;(KL)J RC;(ZL) = RC;—(KL)JPC;—(ZL) = PC;(KL)'

Since the functions in QC,f (ZL), RCf(Z), and PC;(Zy) are all rank-
one convex, these equalities follow easily from Proposition 2.3. The
proof is completed.

3. THE LAMINATION HULL AND ATTAINMENT RESULTS

Given any set K C M™*™ and number p € [1,00], define 3,(K)
to be the set of matrices & € M™*" such that there exists a map
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u = ug € WH(; R™) satisfying
(3.1) Du(z) € K ae. .z €8, ulgg=~E.

Note that Lemma 3.1 in Yan [14] shows that the set 3,(K) is indepen-
dent of the domain €). From this definition, Theorem 1.2 is equivalent
to the following

Theorem 3.1. (,(Z;) =M"*" forall1 <p < L”—Jfl

From this theorem, a similar argument as used for [14, Theorem 4.4]
also derives the following shaper result; we refer to [14] for details.

Theorem 3.2. Letn > 3, L > 1 and 1 < p < Ln—fl Then, for any

piece-wise affine map p € W'P(Q; R™) and € > 0, there exists a map
uc € ¢ + WyP(Q; R™) satisfying Duc(z) € Z, = 0Ky a.e. in Q and
Jue = @llre) <e

Let S, be the set defined by (1.8) in the introduction and define a
unbounded two-well set

(32) WL — Sal U JSoaza

where ay = —L~' — 1 and a is either L#1 —1 or L~! — 1.

Notice that Proposition 1.3 implies W C Zp; therefore, Theorem
3.1 follows from an attainment result for set W, which is a direct
corollary of Theorem 1.4.

Theorem 3.3. (3,(W,) = M"" for all1 <p < 4.

To prove Theorem 3.3, or the more general Theorem 1.4, we need
some techniques in convex integration theory; we refer to [10, 11, 14]
for more references on this theory.

Definition 3.1. Let £;(K) be defined for j = 0,1,2,--- inductively
as follows: Lo(K) = K and, for j =0,1,---,

Lin(K)={t&+ (1 —t)n[tel0, 1], &n € L;(K), rank(§ —n) < 1}.
The lamination hull of set K, L(K), is then defined to be
(3.3) LK) = U7 L;(K).

The following useful attainment result has been given in Yan [14];
see also Yan [13].
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Theorem 3.4 ([14, Theorem 3.2]). Let K C M"™*" be a closed set and
let A C B,(K) be a set satisfying

1
(3.4) Co = sup —/ | Dug(x)|P de < oo,
cea |9 Jo

where ug € WHP(Q; R") is some map satisfying (3.1). Suppose the lam-
ination hull B = L(A) is open and bounded. Then B C (3,(K).

Remarks. 1) It follows from [14, Lemma 3.1] and the remark following
the proof of [14, Theorem 3.2] that, for any bounded domain ¥ C R"
and any £ € B = L(A), there exists a map u = ug € WH(3; R™) such
that

(3.5) Du(z) € K ae. .z €Y, u|gy=~E&x
and
1
(3.6) —/ | Du(z) P de < max{cy, sup |n|’}.
=[x neB

2) A closer look at the proof of [14, Theorem 3.2] also shows that the
map u = ug satisfying (3.5), (3.6) above depends only on the family
{ue|€ € A} in (3.4) and any fixed number ¢ > p; in particular, the
solution u = u¢ for any £ € B can be made independent of power p
as long as p < ¢ for some ¢ < co. This can be seen from the choice of
sequence {¢} in the proof of [14, Theorem 3.2]. We notice that the
construction of u = u¢ depends on power p only through this sequence
{ex} that is required to satisfy ¢, — 0% and ), e,lc/p < oco. However, if
p < ¢, we can fix such a sequence ¢ satisfying ¢, — 0% and ), e,lc/q <
oo. Then the solution u = u¢ constructed there is seen only depending
on this sequence {e;} and the family {u¢ |£ € A} given in (3.4). Note
that the estimate (3.6) is independent of the sequence {¢}. O

The main theorem of this section is the following

Theorem 3.5. Let K C M"™*"™ be a closed set and ¢ > 1 a number
given. Suppose A C M™*" is a set such that for each & € A there exists
a map v = v € WH9(B; R™) satisfying Dv(z) € K a.e. € B and
v|ep = &x, where B is the unit ball in R™, and suppose that
(3.7) Cy = sup[Dw¢lyB < 0.

£cA

If the lamination hull B = L(A) is open and bounded, then, for any
bounded domain Q@ C R™ and any & € B = L(A), there exists a map
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u = ug € WH(Q;R™) satisfying (3.1) and, therefore, B = L(A) C
By(K) for all1 <p <q.
Proof. Condition (3.7) implies that, for any 1 < p < g,

P

1 C
3.8 c:sup—/ Dve(z)|P dr < — < oo.
(38) " eea B B| «(o) q—p

From this, using Theorem 3.4 quoted above and its remarks, we obtain,
for each given £ € B = L(A), a map u = ug depending only on the
power ¢ and the family {v¢ | € € A} in (3.7) that belongs to W'P(Q; R")
for all 1 < p < ¢ and satisfies (3.1) and

1

ﬁ/ |Dul? dz < max{c,,sup [n|"}.
2] Jo neB

Multiplying this estimate by ¢ — p, taking the 1/p power, and maxi-
mizing over 1 < p < ¢ show that

[Duly0 < max{Cy, v, sug In|} < oo,
ne

where 7, = sup;<,<,(¢ —p)/P < oo is a constant. This shows u = u, €
W9 (Q; R") satisfying (3.1) and completes the proof. O

4. PROOF OF THEOREM 1.4

In this final section, we apply Theorem 3.5 to prove the main attain-
ment theorem, Theorem 1.4. To do so, as in Yan [13, 14], we further
introduce certain subsets in M"*™. Let W, be the set defined by (3.2).
Given a number A > 0, define

(4.1) R(n) = {§ e M | |¢]" = | det £]};
(4.2) Av={¢€Rm)|g| <A}, Ay= A0\ {0}
(4.3) By ={¢ e M |[¢] < A}

Proposition 4.1. Ln(fl,\) = B,. Therefore By = E(fl,\) is a bounded
open set.

Proof. Let £ € By. If £ # 0 then the proof of Proposition 4.1 in [14] has
essentially shown that £ € En,l(fl,\). Therefore one has only to show
0 € £,(Ay). To prove this, let 0 < t < A be fixed. Note that, since the
diagonal matrices 0(ey, €9, - ,€,) and §(—€, €2, - ,€,), where ¢ =
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+t¢, are in A, and their difference is rank-one, by Definition 3.1, we
have
5(617 €2, Jen) + 5(_617 €2, 7677,)

2

belongs to £1(/1>\) for all ¢; = £t. Now that matrices §(0, €2, -+ , €,)
and 6(0, —€q,- -+ ,€,) are in L£4(Ay) and differ by rank-one, hence

6(07 €9,€3, " 7€n) + 5(07 —€2,€3," 76n)

6(07627"' 76n) -

6(0707637"'76n): 9
is in EQ(/L\) for all ¢, = +t. Repeating this argument finitely many
steps, we eventually arrive at 0 = 6(0,0,---,0) € £,,(A)). O

Proposition 4.2. Let A > 0, n > 3, L > 1 and q = L”—fl Then,
for each € € Ay, there exists a map v = ve € WH9(B;R") satisfying

Duv(z) € Wi, a.e. x € B and v|sp = &x, such that

(4.4) co = sup [Dve|g < C(n, L)\ < oo.
gedy

Proof. Let € € A, be given. We look for map v = ve in the form
of radial maps: v(x) = |z|*¢x, where « is a number to be chosen
later. Note that all such maps satisfy v|sp = £x in the W'P-sense if
v € W?(B;R") for some p > 1. Let r = |x|, w = 7~ 'z; then a simple
calculation shows that

(4.5) Du(z) =r*(I + aw Q@ w),
(4.6) det Du(z) = (1 + a)r*" det &,
' 11+ alrv|é], |1+af>1.

If det & > 0, we choose & = oy to be one of the two numbers defined
above, and then one easily sees that Dv(z) € S,, for all x # 0 in B
and, a computation also shows that this function v = v belongs to

W19 (B; R") and satisfies
(4.8) [Dvelym < Ci(n, L)[E].

If det £ < 0, we let & = ap = —L~! — 1 and in this case one easily sees
that Due(z) € JS,, for all © # 0. Furthermore, we compute to get

1 1 p L p
E/BIDvg(x)lp dz = |€|p/0 poep =l gy — 3 - €l

awp+n L+1qg—7p’
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which shows that v = v belongs to W19 (B; R") and satisfies
(4.9) [Duvelgp < Cs(n, L)[E].
Combining (4.8), (4.9), one proves (4.4). The proof is completed. [

Proof of Theorem 1.4. Let £ € M" " be given. Let A > 0 be
a number such that || < A. Then £ € B,. From Proposition 4.1,
L(A)) = B, is open and bounded. Also, from Proposition 4.2, the

set A = A, satisfies the condition (3.7) in Theorem 3.5 with K = W,

and ¢ = L"—fl Therefore, Theorem 3.5 implies that, there exists a map

u = ug € WhH9(Q;R") satisfying Du(z) € Wy, for a.e. 2 € Q and
uloq = &x. Note also that [Dul, o < Cy A < 0o. We complete the proof.
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