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A DUALITY METHOD FOR MICROMAGNETICS*

PABLO PEDREGALT AND BAISHENG YAN#

Abstract. We present a new method for micromagnetics based on replacing the nonlocal total
energy of magnetizations by a new local energy for divergence-free fields and then studying the
dual Legendre functional of this new energy restricted on gradient fields. We establish a Fenchel-
type duality principle relevant to the minimization for these problems. The dual functional may
be written as a convex integral functional of gradients, and its minimization problem will be solved
by standard minimization procedures in the calculus of variations. Special emphasis is placed on
the analysis of existence/nonexistence, depending on the applied field and the physical domain. In
particular, we describe a precise procedure to check the existence of magnetization of minimal energy
for ellipsoid domains.
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1. Introduction. In the static theory of micromagnetics, observable magnetic
properties of a ferromagnetic material are characterized by the equilibrium states of
a total micromagnetic energy, including several contributions of different energies; see
[6, 19]. Mathematical studies of micromagnetics have been extensively conducted by
many authors based on such a theory; see [2, 8, 10, 11, 12, 13, 15, 16, 18, 22, 24, 25, 27].

For large ferromagnetic materials, it has been justified in [10] (see also [16, 28])
that the total micromagnetic energy can be approximated by the following simple
form (ignoring the so-called exchange energy):

1
(1.1) I(m) = / p(m(x)) dx —/ H(x) -m(x)dx + 5/ |Fon (2)|? dz,
Q Q n
where €2 is a bounded domain in R™ with piecewise smooth boundary occupied by
the ferromagnetic material, m is the magnetization vector satisfying

(1.2) |m(x)] =1 a.e. € Q,

and F,, € L>(R";R") is the induced magnetic field on the whole R" determined by
the simplified Maxwell’s equations:

(1.3) curlF,, =0, div(—F, +myxq)=0in R™.

Here ¢ is the density of anisotropy energy that is minimized along preferred crystal-
lographic directions, and H € L?({; R") is a given external applied field. The first
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term in the energy I(m) is called the anisotropy energy, the second term is called the
external interaction energy, and the last term is called the magnetostatic energy.

Our main concern of this paper is to understand the existence of magnetizations
m of minimum energy. Due to the saturation constraint |m| = 1 and the anisotropy
energy, this existence is not granted because of the nonconvex nature of the problem,
so a more careful analysis should be carried out. In this paper, we focus on establishing
a necessary and sufficient condition for the existence of minimizers for energy I(m)
based on a new variational problem of gradient type. The new energy functional is
strictly convex and is obtained by the method used in our previous work [25] (see
also [16, section 6]) with a new idea of the Fenchel-type duality principle in convex
analysis.

To discuss the main ideas, first note that, by (1.3), the magnetostatic energy can
be expressed as a variational problem

1 1
- Fm2: : - _ 2
z/n' | dfilc”ioz/RJmXQ GT,

where the minimum is taken over all divergence-free fields G in L?(R™;R"). Next
introduce an auxiliary functional A(m, G) for m € L>=(Q;S"1),G € L?*(R";R") by

(1.4) A(m, G) = /

1
plm) ~ [ H@)-mt 5 [ mxa - GP,
Q Q R

which leads to I(m) = mingiyg=0 A(m, G). Therefore

inf I(m)= inf { inf A(m,G)} = inf {inf A(m,G)].

|m|=1 Im|=1 [divG=0 divG=0 ||m|=1
Now, for fixed G in L?(R"; R"™), define

J(G) = | ir‘lil A(m, G),

where the infimum (in fact a minimum) is taken over all m € L°°(2;S™~!). Then one
easily has

Irg\l; Im) = dixlz%fzo JG);

furthermore, the minimization problem of I(m) over m € L>(Q;S"~!) is equivalent
to the minimization problem of J(G) over all divergence-free fields G € L?(R"; R")
(see Proposition 3.2 below for the precise statement).

It is for the minimization of J(G) on divergence-free fields that the Fenchel-type
duality principle in convex analysis [4, 26] comes into play, which involves the dual
functional J* or the Legendre transform of J. By the duality and relaxation principles
(Theorems 2.2 and 2.3) proved later, only the restriction of J* to the gradient fields
plays an essential role in the minimization problem for J; this restriction gives the
new convex variational problem we seek.

An elementary computation shows that

(1.5) J(G) = /Q@b(:c,G(x))dx—i— %/Q |G|? dx,
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where

9(w.6) = 26 +1) - (e + H(z)):

here and throughout the paper, ® denotes the convex function associated with the
anisotropy function ¢ defined by
(1.6) ®(n) = max [n-h—eh)] (neR").

hesn—1
As seen later, the dual functional J* of J is given in terms of the convex conjugate
or the Legendre transform ¢*(z,&) of function (z,§) defined above; it turns out

that 1*(z, &) = £[£[> + ®(€ + H(z)) (see the computation later). Therefore, the dual
functional J* restricted to the gradient fields can be written as

(1.7) L(u):/Q<I’(Vu(a:)+H(a:))da:+%/Rn V(o) do

Vu € HL (R") with Vu € L2(R"; R").
Note that L(u + ¢) = L(u) for all constants ¢ € R.. To fix the idea, we define the
linear space X by

(1.8) X = {u € HL (R") | Vue L*(R™;R"), / TudS = 0} ,
o

where T'u = uaq is the well-defined trace in H'/2(99) (see [1]). It is easily seen that L
is strictly convex on X'. Hence L has a unique minimizer on X’; we denote this unique
minimizer by @ = Uxq + wWxqe. Certainly, this function @ depends on the domain €2,
the anisotropy function ¢ (in terms of function @), and the applied field H (z). It will
be shown later that @ is uniquely determined by its boundary data g = s and, in
particular, that w is harmonic on Q°.

A dual formulation closely related to the functional L(u) has been used recently
in [20] to approach some regularity problems for thin films and has also previously
been derived in [16]. In fact, functional L(—u) here agrees with the functional defined
by [16, Formula (6.9)]. Note that if one defines

—P* = inf I(m); P = min L(u),
meL>=(Q;87—1) ueX
then it has been established in [16] that P* < P and the equality was in doubt there.
As a byproduct of the results of this paper, we can actually confirm the equality of
this estimate.

THEOREM 1.1. [t follows that
(1.9) meLool(rg;Sn—l) I(m) = min L(u).

This result follows directly from Theorems 2.2 and 2.3, together with Proposition 3.2
below.

The main result of the paper is to establish a necessary and sufficient condition
for the existence of minimizers of energy I(m) in terms of the unique minimizer
U = Uxqa + Wyae of functional L(u). To state our main result, we need the following
set defined for each n € R™:

(1.10) () ={heS" | ®(n) =n-h—ph)}
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We can now state our main result of the paper; the proof will be given in the
following sections.

THEOREM 1.2. Let u = Uxq + Wxae € X be the unique minimizer of functional
L defined above. Then, the energy I(m) has a minimizer if and only if there exists a
function G € L*(Q; R") that satisfies
(1.11) d}v[éxg + (Vw)xa:] =0 on R",

' G(z) € Vi(z) + X(Vo(z) + H(z)) a.e. €.

In this case, m(x) = G(x) — Vo(z) is a minimizer of energy I.

Note that since w is harmonic in Q¢, the first condition in (1.11) is equivalent

to divG = 0 in H~1(Q) and G - v|pq = ‘3—1””, where v is the outward unit normal
to the boundary 9 of domain © and both G - v and % are defined as elements in
H=2(09) (see, e.g., [29, page 9]).

To put the condition (1.11) in further perspective, let w € H'(£) be the unique
solution to the Neumann problem

ow  Ow
112 A~ = 1 Q - = Q 7 —
(1.12) w =0 in , 5 = o0 on 052, /adeS 0

(notice the appearance of w in W), and let S(x) be a set-valued function defined by

(1.13) S(z) = Vi(z) — Vu(z) + X(Vi(z) + H(z)) a.e. z € Q.

Define G(z) = G(z) — Vw(z). Then we see that condition (1.11) is equivalent to the
following condition for function G € L?(Q; R"™):

div(Gxa) =0 on R",
(1.14) {G(x) € S(x) a.e. x € Q.

Constrained problems like (1.14) for divergence-free fields with constant set-valued
functions S(z) = S have been recently studied by many authors; see, e.g., [3, 8]. In
such cases, when n = 3, it has been shown that the problem (1.14) has a solution if
and only if either 0 € S or else there exists a set F C S with dim(spanF) > 2 such
that 0 € ri(conF) (the relative interior of the convex hull of F'); see also Theorem 3.7
below.

Note that the set S(z) in our problem (1.14) depends heavily on the anisotropy
energy (in terms of @), the applied field H(x), and the specimen domain €2 and may
not be a constant set. For an applied field H(x) which is simply an L2-function, we
do not expect any better regularity for the minimizer @ and thus for the set S(z)
even with special domains. (See more discussions at the end of section 3 following
Theorem 3.7.) In section 4, for constants H and ellipsoid domains 2, we will show
that the set S(x) involved is in fact constant, and therefore we can characterize the
precise condition for the existence and nonexistence for minimizing magnetizations of
micromagnetic energies with soft, uniaxial and biaxial anisotropy energy.

2. Preliminaries and general results. Let H be the usual real Hilbert space
L?*(R™; R™) with inner product and norm defined by G- F = [, G(z) - F(x) dz and
1G]l = (fgn |G(2)> dz)'/?, respectively.

2.1. Notation and definitions of convex analysis. Let p:’H — R be a given

functional on H. We review some notation and definitions in convex analysis (see,
e.g., [4, 26]).
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The (convex) conjugate or the Legendre transform p* of p and the convexification
p# of p are, respectively, defined by

p'(G) = ;161%{1"6?—1)(17)}7 p*(G) = ggg{F-G—p*(F)};

that is, p#* = (p*)*. Both are convex functionals on A, and it also follows that
p* = (p¥)*. The subdifferential of p at G € H is defined to be the set

G ={FeH|pAd)>pGQ)+F (A—G) ¥ AcH).

Clearly dp(G) is a convex subset of H, and 0 € 9p(G) if and only if p(G) is the
absolute minimum of p on H. We also have the following property:

(2.1) F € 0p(G@) if and only if p*(F) =F -G — p(G).
Moreover, if g is a convex functional on H, then

(2:2) IF] < sup {q(G+A) —q(G)} VF €dq(G).

llAl<1

2.2. Integral functionals and representations on H. We consider an inte-
gral functional on H of the form

(2.3) p(G) = /n U(z,G(x)) dz,

where U(z, ) is a function measurable in z € R™ for each £ € R™ and continuous in
& € R™ for almost every x € R" and satisfies the following conditions:

(2.4) colé® = e1(@) < W(x,€) < eal€f* + es(2),
(2.5) (W (z,8) = W(z,n)| < callg] + Inl + cs(2))IE =l

where co, c2, ¢4 are given positive constants and ¢y, cz € L'(R") and ¢; € L*(R™)
are given functions.

Under these conditions, functional p is a local Lipschitz continuous functional on
‘H and satisfies p(G) — oo if |G]| — oo. We show that for such a functional p the
convex functionals p* and p# can be represented by . To do so, we introduce the
following notation:

\IJ*(QI, /\) = Ssup {5 A= \Il(xvf)}v \I/#($, )‘) = Sup {5 A= \I/*($,§)},

EeR EeER™
OU(x,\) = {B € R™ | W(x,n) > U(w,\) + - (n—A) ¥ neR"Y.

From the condition (2.4) above, it follows easily that
(26) 60|£|2 _51(33) < \P*(xaf)v T#(xaf) < &2|€|2+&3(ZE)7

where ¢y, ¢y are some positive constants and é;, é3 € L'(R") are some functions.
Moreover, by the growth condition (2.4), for each £ € R™ and almost every x € R"™,
it follows that (see, e.g., [23, Lemma 4.2]) there exists a probability measure p, ¢ on
R"™ such that

(2.7) €= Ndpze(N), \IJ#(x,f):/ U(z, \) dptg e (V).
R "
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We summarize the representation results in the following lemma.
LEMMA 2.1. It follows that

(2.8) p*(G) :/n\IJ*(x,G(x)) dr, p*(G) :/n\I/#(x,G(x))dx.

Moreover, given any F, G € H, the relation F € 0p™(G) holds if and only if G €
Op*(F), which is also equivalent to one of the following two conditions:

(2.9) F(z) € 09%(z,G(x)), G(z) € d¥*(z,F(x)) VY ae zcR™
Furthermore, there exists a constant C such that the condition
(2.10) IFIl<ClG)?+1)

holds for all G € H and all F € 9p* (G) U dp*(G).
Proof. Given G € H, for any F' € H, it follows that

F-Gp(F)= [ [P2)-Gla) - Vo F@))] < [ ¥(@.Gla)),

n

and hence p*(G) < [z, ¥*(x,G(x))dz. To prove the opposite inequality, note that
one can select a measurable function F: R™ — R"™ such that

U*(z,G(z)) = F(x) - G(z) — ¥(z, F(z)) Vae zeR"
The growth conditions on ¥ and ¥* imply F' € L*(R™;R"). Integrate the above
identity over R™; we obtain [g, ¥*(z,G(z))dx = F - G — p(F) < p*(G). This proves
p*(G) = [g» ¥*(x,G(x)) dz. The representation for p# can be proved similarly using
the proved representation of p*. The equivalence of F' € 9p#(G) and G € dp*(F)
follows easily by (2.1). Using the representation of p*, by elementary proofs, one can
show that G € Op*(F') if and only if G(z) € 0U*(z, F(x)) for a.e.z € R™; this proves

the stated equivalence of either pointwise condition of (2.9). Finally, (2.10) follows
from (2.2) and (2.6). O

2.3. Subspaces of divergence-free and curl-free fields in H. In the fol-
lowing, we denote by IC, the closed linear subspace of H, defined by
K ={G € H | divG =0 in the sense of distributions};
that is, G € K if and only if G € L?(R™; R") and
G(z) -V{(zr)dz =0 V (€ C;°(R").
R’n
It is known that the orthogonal space Kt of K is exactly given by
Kt ={F € #| curl F =0 in the sense of distributions};

that is, F € K if and only if F € L2(R™;R") and, for all 4,5 = 1,2,...,n,
/ (Fijj ~Fi¢,)dz =0 VY (€ CF@RM).

These spaces can be also easily characterized by the Fourier transforms on R™;
see, e.g., [14]. For any dimension n, it is known [29, page 14] that each F' € K+ can
be represented as F' = Vu for some function u € H}..(R™); this function u is also
unique in the space X introduced earlier. Note that if n = 3, then G = V x M €
KV M e HY(R?;R3).

Moreover, if € is a bounded domain with piecewise smooth boundary 02, then
G - v|aq can be well defined as an element in H~1/2(9Q) V G € K; see [29, page 9].
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2.4. The duality principle. Let p be the integral functional defined above
which satisfies the stated conditions. We prove the following duality principle; this
result actually follows from Fenchel’s duality theorem [4, Theorem 2.5, Chapter 3,
page 206]. However, we present a direct proof based on a more elementary approach.

THEOREM 2.2. [t follows that

2.11 in p#(G) = — min p*(F).
(2.11) win p™(G) = — min p*(F)
Moreover, Gekis a minimizer of p* if and only if K+ ﬂﬁp#(é) # 0; in this case,
any F € K+ nop*(Q) is a minimizer of p*. Conversely, F € ICiL is a minimizer of
p* if and only if KK N Op*(F) # 0; in this case, any G € KN Op*(F) is a minimizer of

#
P,

Proof. By the standard direct method of the calculus of variations, both mini-

mization problems in (2.11) have minimizers. Let G € K be a minimizer of p# over
K. Consider the functional

1 ~ 1
p(G) = 5#(G) + 3G — GII* + - IPG,

where P: H — K+ is the orthogonal projection. Standard methods show there exists
a unique Ge € H such that p.(Ge) < pe(G) V G € H. Let F. = G — Ge — 1PG..
We claim F, € 0p”(G.). To see this, given any G € H and t € R, let h(t) =
p" (G. + tG) — p#(G.) — F. - tG. We need to show h(1) > 0. Note that h is convex
and h(0) = 0. Hence h(t) < h(1)tV 0 <t < 1. Therefore, by the minimality of p. at
G, it follows that

t? t?
0 < pe(Ge +1G) = pe(Ge) < h ()t + S GIP + L IPGI* ¥t € (0,1);

this implies h(1) > 0, and hence F. € 9p*(G,.). Note that {G.} is bounded in H.

Assume G.—G as € — 0 via a subsequence. First, from
L[PG < pe(Ge) ~ #(Go) < PH(E) 9 (G) < C < oc,
we have PG = 0, and hence G € K. Hence, we have
PH(@) <p*(G) < p*(0) + 516~ O
<timigt (5#(G) + 16 - G1?)

<liminf p(Ge) < p*(G).
e—0
From this we have G = G and G. — G strongly in . By (2.10) in Lemma 2.1 above,

the sets {9p™ (Ge)} are uniformly bounded, and hence we assume F,—F, where F. is
defined above. Note that, for all G € K, we have

F-G=1lmF,. -G=1m(G.—G) -G=0,
e—0 e—0

and hence F € K1 Moreover, for all G € H, one has p#(G) > p#(Gc) + F. - (G —G.).
We thus infer that F' € 9p*(G), since G. — G. This proves F' € 9p™(G) N K+ # 0.
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On the other hand, let F' be any element in Kt N dp#(G). Then, by (2.1), p*(F) =
(p*)*(F) = G- F — p#(G) = —p#(G). Note that, for all F € K+, it follows that
p"(F) > G- F —p*(G) = —p#(G) = p*(F). Hence F is a minimizer of p* over K.
This also proves the equality (2.11). The converse conclusion follows by the duality:
@*) =p*, (KH* =K. O

The dual functional p* restricted to K1 is equivalent to the following convex
functional of gradient type on the space X

I(u) = / U, Vu(z) do.

Therefore, the minimization of p# on K reduces to minimization of the variational
functional [ on X.

2.5. The relaxation principle. Let p be the integral functional defined by (2.3)
above with ¥ satisfying the growth conditions (2.4) and (2.5). Using some techniques
and results in [14, 23], we can establish the relaxation principle for minimization
problems of p and p* on the subspace K.

THEOREM 2.3. [t follows that

d2er(©) = g™ ()

Proof. Let G € K be a minimizer of p# on K. Given any § > 0, let D = Bgr(0)
be a sufficiently large ball in R™ such that

(2.12) / U(x,G)dx <6, /D U#(x,G) dx < p* (G) + 6.

By (2.7), there exists a family of probability measures {vy = i, 5,y }2ep on R™ such
that

@(x):/n)\dyw(/\), \I/#(x,é(x)):/ U(z, \)dvy()\), ae. x€D.

n

Note that divG = 0 in H~(D). From assumption (2.4) above, it also follows that

// IN? dve(\) dz < oo.

Therefore, by [14, Example 4.5(b)] (see also [23, Theorem 10.10]), {v,} is generated
by a 2-equi-integrable sequence of divergence-free fields {G,} in L?(D;R"); hence,
divG; =0in H~Y(D), G; — G in L*(D;R"), and

(2.13)  lim [ ¥(x,G;)dr = / / U(z, \) dv,(\) de = / U# (2, Q)dx
J7°JD D JR" D

Let Uj(z) = xp(z) (G;(z) — G(x)). Then U; € H = L*(R™;R™). Clearly, U; — 0

in L2(R™;R"™), and divU; = 0 in H~ (D). Moreover, the sequence {|U;|?} is equi-

integrable. Hence, by an argument similar to the proof of [23, Lemma 10.4], it follows

that divU; — 0 in H~!(R"). We now decompose U; = W; +V{(; in H, where W; € K

and V; = V(; € K*. Note that

U117 = W11 + IV ¢ 117,
VG112 = /Rn Uj -V dr = —(divUj, ().
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Hence ||V (|| < [|divUj|| g-1mny — 0 as j — oo. Note that, by (2.5),
U (2, W) + G) = W(x,U; + G)| < ea(|G] +|Uj| + W] + ¢5(2)) [V¢1.

Therefore [p(W; + G) — p(U; + G)| — 0 as j — oo. Since

o(U;+6) = [

U(x,G;)dr + / U(z,G)dz,
D

c

by (2.12) and (2.13), it follows that

j—o0

lim p(U; + Q) = / U#(z,G) —|—/ U(z,G) < min p?#(G) + 20.
D c GeKk

Consequently,

i : < min p? .
lim p(W; + G) < Inin p (G)+26

Jj—o0
Since W; 4 G € K, it follows finally that
JPE) = gt (@2

V § > 0. Hence infgex p(G) = mingex p™ (G). This completes the proof. 0

2.6. Existence of minimizers of p. We now give a necessary and sufficient
condition for the existence of minimizers of functional p on K in terms of minimizers
of p* on K+.

THEOREM 2.4. A function G € K is a minimizer of p if and only if there exists
a minimizer F € K+ of p* on Kt such that

(2.14) U(x,G(x)) = F(z)-G(z) — ¥*(x,F(z)) V ae. zecR"

Proof. Note that G € K is a minimizer of p if and only if G is a minimizer
of p# over K and satisfies p(G) = p#(G). Note that p(G) = p#(G) if and only if
U(x,G(z)) = U#(2,G(x)) for a.e.z € R™. By Theorem 2.2, G € K is a minimizer of
p* if and only if there exists a minimizer F' € K+ of p* belonging to dp* (G), which,
by (2.1) and Lemma 2.1, is equivalent to the pointwise condition ¥#(z,G(x)) =
F(z)-G(z) — V*(x, F(z)) a.e.x € R"; together with ¥(x, G(z)) = ¥#(z,G(x)), this
is equivalent to the pointwise relation (2.14) above. O

3. The duality method for micromagnetics. As in the introduction, assume
that ¢: S"~! — R is a given function representing the anisotropy energy density, {2 is a
given bounded domain with piecewise smooth boundary occupied by the ferromagnetic
material, and H € L?(Q; R") is a given applied magnetic field.

Consider the micromagnetic energy introduced above:

Im) = [ [pm(@) = H@) - m(@)]do+ 5 [ [Fufda

where F,,, € Kt is defined by Maxwell’s equation (1.3) above.
As before, we consider the important convex function defined by (1.6)

®(n) = h:;gl(h -1 = ¢(h))
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and the set X(n) = {h € S" ! |n-h —p(h) = ®(n)}. Then & is Lipschitz continuous
and satisfies

(3.1) [@(n) = @A) < [n— Al

We also have the following useful result.

LEMMA 3.1. Let 0®(n) denote the subdifferential set of ® at n. Then 0®(n) C
B"~ 1 the closed unit ball in R"™, and X(n) = S"~1 N dd(n) V n € R"™. Moreover,
&€ X(n) if and only if |€) =1 and ®(n+ &) = ®(n) + 1.

Proof. By the Lipschitz condition (3.1), it follows easily that 0®(n) = {£ €
R"|[®(\) > ®(n)+&-(A—n) YA e R"} CB" 1. Now let £ € 3(n). Then ®(n) =1n-
£—p(€), and, hence, for all A € R™, it follows that ®(\) > A\-{—(&) = ®(n)+E&-(A—n),
which shows that & € 9®(n), and hence X(n) € S"~1 N d®(n). To show the opposite
inclusion, assume & € S"~! N 9®(n). Then [¢| + ®(n) > ®(E +1n) > P(n) + £ - &
Since [£| = 1, these inequalities imply ®({ + 1) = ®(n) + 1. Let h € X(¢ +n). Then
Q(E+mn) = (E+n) h—ph), and () > n-h—p(h) = ®({+n) — £ h. Hence
O(n)+1=2(&+n) <P(n)+&-h < P(n)+ 1, and thus equality holds everywhere.
This implies £-h = 1, and hence £ = h € S"~! and ®(n) = ®(E+n)—&-h =n-E—p(§),
which shows that £ € (n). Hence X(n) = S"~1 N d®(n). The proof also establishes
the last statement of the result. O

Remark 3.1. (i) From this result, we see that if ® is differentiable at a point 7q,
then (o) = 0®(no) = {®'(no)}-

(ii) We also remark that if £ € X(n), then 0®(§ +n) = 3( +n) = {&}. To see
this, given any h € 0®(£ + n), by the monotonicity of set-valued function A — 9®(A),
we have (h — &) - € > 0; hence h - £ > 1, which implies h = £.

Recall that ¢ (z,&) = 1(|¢]> +1) — ®(£+ H(z)) and that the energy J(G) defined
before can be written as

(3.2) J(G) :/ U(x,G(x))dx,
where the density function W is given by

1
(3.3) V(z,8) = xa(2)¥(z,€) + 5xa ()]€f.

We first have the following elementary but important result; its proof can been
found in [25, Proposition 2.1].

PRroPOSITION 3.2. It always follows that
3.4 inf I = inf J(G).
(3.4) e gty (m) = inf J(G)
Moreover, if m € L%(£;S™Y) is a minimizer of I, then the function Gm € K
determined uniquely by myxq — Gm € Kt is a minimizer of J; conversely, if G el is
a minimizer of J, then any function m € L>(;S"1) satisfying m(z) € B(G(z) +
H(x)) a.e. x € Q is a minimizer of I.

It is easily seen that W¥(x, &) satisfies the growth conditions (2.4) and (2.5) above
and that

(35) () = Xal@) ¥ (2, ) + xx (2) N2

(36) (2, 0) = xa @) 6 (2 1) + 3xae () AP,
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Therefore,

1 2
(3.7) J#(G)z/gw#(x,(?(x))dx—i—§ N |G(x)|? de,
(3.8) J*(G):/Qw*(a:,G(x))dx+% [ Je@p da.

We now compute the conjugate function ¢*(z, A) for function ¥ (z, &) = 1 (|¢* +
1) — ®(¢ + H(z)). By the definition of ®, we compute that

W(ﬂf, /\) = Ssup {)‘ §— 1/)(3%5)}

£ERN

= su {)\-f— %(|€|2 +1) +¢)(§—|—H(x))}

EER™
1 1
=§3{X5—yw-§+ﬁgyﬁ@+H@Dﬁ—me}
1 1
= o | {0 -€ - glet G B ot

~ sup wpﬁxwws—QW—§+Huwh—me
hesn—1 [{cR™

(1 1
= sup —|)\+h|2——+H(x)-h—<p(h)]
hesis |2 2

= sup [0+ Ok HG@) - (0]
hesn—1 |

= %|/\|2 + ®(\ + H(z)).

Therefore the functional J* restricted to the gradient fields reduces to the following
functional:

(3.9) L(u):/QCP(Vu(x)—FH(x))dx—F%/Rn|Vu(x)|2dx,

which is defined earlier in the introduction.
We now have the following important result on the functional L(u).
THEOREM 3.3. There exist unique functions 4 € X and F = Vu € K+ such that

L(u) = umelgL(u) = anl}CnL J*(F) = J*(F).

Moreover, there exists unique boundary data g € HY?(0R) with faggdS’ = 0 such
that @ is given by 4 = xqU + xqew, where W = w(g) is the unique solution to the
Dirichlet problem

(3.10) Aw=0 1inQ° log =47,

and v is the unique minimizer of the variational problem

3.11 (x,Vv)dx = min / *(x, Vo) dx.
(311) [r@vod =  min [ @)
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Proof. The uniqueness of @ follows from the fact that L is strictly convex on
X. The existence and characterization of minimizers follow from the general results
proved in [25]. For example, the existence of @ can be proved by the standard direct
method of calculus of variations as in the proof of [25, Proposition 2.1], the existence
of unique g follows from [25, Proposition 2.2], and the characterization of @ in terms
of g is obtained similarly as in [25, Theorem 2.5]. 0

Note that the convex functional J# may not have a unique minimizer on K.
However, in terms of the unique boundary data g and function @ = xqU + xqcw € X
determined in Theorem 3.3, we have the following characterization of minimizers of
J#.

THEOREM 3.4. A function G € K is a minimizer of J* on K if and only if
G = xa(2)G(x) + xa- (x)V©, where G € L*(;R™) is any function satisfying

divG =0 in H=1(5),
(3.12) G v=2" on 011,

G(z) € g@?}*(x, Vo(x)) ae. x€Q.

Proof. Since J* has the unique minimizer F = V@ on K+, by Theorem 2.2,
G € K is a minimizer of J# on K if and only if G € J*(F). By Lemma 2.1, this
last condition is equivalent to G(x) € OV*(x, F(z)) for a.e.x € R™, which gives
G(z) = F(x) = Vw(x) for a.e.x € Q° and G(z) € I*(x, Vo(z)) for a.e.x € Q. The
first two conditions in (3.12) are equivalent to G' = xq ()G () + xa- (z) V@ € K. This
proves the theorem. a

From Theorems 2.4 and 3.4, we see that a function G € K is a minimizer of J on
K if and only if G = xq(z)G(z) + xa- (z) V@, where G € L2(Q; R") is any function
satisfying

divG =0 in H-1(Q),
G-v= (89—13 on 012,

(3.13) G(z) € o (a, V() a.e. € Q,

Y(x,G(z)) = ¢v*(z,G(x)) ae z€Q.

To study the last two pointwise conditions in (3.13), given z € Q, £ € R", let
A, §) ={neR" | ne€ d*(z,§), ¥(z,n) = ‘/’#(35777)}-

LEMMA 3.5. A(z,§) =&+ 3(& + H(x)).

Proof. Since n € 9vy*(z,€) if and only if ¥#(x,n) = n - & — ¢¥*(x,£), we easily
see that € A(z,€) if and only if ¢(z,n) = n- & — ¢*(x,£). Since ¥(z,n) = 5(|n|* +
1) — ®(n + H(x)) and ¢*(z,£) = 3|¢* + ®(£ + H(z)), it follows that n € A(x,§)
if and only if ®(n + H(z)) — ®(¢ + H(z)) = 1(In — €* + 1). However, by (3.1),
|®(n+ H(z)) — D€+ H(x))| <|n—¢& Vn, e R therefore n € A(z,€) if and only
if ®(n+ H(z)) — ®(& + H(x)) = |n — €| = 1, which, by Lemma 3.1, is equivalent to
n—§&eX(§+ H(x)); that is, n € € + (€ + H(x)). The proof is complete. O

Finally, we obtain the main theorem, Theorem 1.2, stated in the introduction.

THEOREM 3.6. Let @ = xqU+ XxqeW € X be the minimizer of functional L defined
above by (3.9). Then J has a minimizer on K if and only if there exists a function
G € L*(Q; R™) which satisfies

divG =0 in H-1(Q),
(3.14) G- v= %—f on 090,

G(z) € Vi(z) + X(Vo(z) + H(z)) a.e. z €.
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In this case, G = xa(z)G + X (x)VT is a minimizer of J on K; moreover, m(z) =
G(x) — Vo(x) a.e. on Q is a minimizer of energy I.

Proof. The condition (3.14) follows from condition (3.13) and Lemma 3.5. By
Remark 3.1(ii), if G(z) € Vo(z) +Z(Vo(x)+ H(x)), then Z(G(z) + H(z)) = {G(x) —
V(z)}. Finally, by Proposition 3.2, m(z) = G(z) — Vo(x) is a minimizer of I. O

As in the introduction, define G(z) = G(z) — Va(x), where @ € H'(Q) is the
unique solution to the Neumann problem
(3.15) Aw =0 in Q, 8_w:8_won o0, / wdS = 0.

ov ov a0
Then define the set-valued function S(z) = Vo(z) — Vw(z) + X(Vo(x) + H(z)) as in
(1.13) above. Therefore, condition (3.14) is equivalent to the following condition for
function G € L*(Q; R"™):

(3.16) {le(GXQ) =0 on R";

G(z) € S(z) a.e. x € Q.

The constrained problem (3.16) for divergence-free fields with constant set S(z) =
S has been recently studied by many authors; see, e.g., [3, 7, 8, 9, 16]. For example,
the following result has been proved in [3, 8].

THEOREM 3.7. (cf. [3, Theorem 4.15]; [8, Theorem 6.2]) Let n = 3, let Q be
any bounded open set in R3, and assume S(x) = S is any constant bounded set in
R3. Then problem (3.16) has a solution if and only if either 0 € S or there exists a
subset F C S such that dim (spanF) > 2 and 0 € ri(con F). Moreover, in this case, a
solution G can be obtained by G =V x w with some w € Wy >°(Q; R?).

Remark 3.2. For certain regular (e.g., piecewise constant or smooth) nonconstant
sets S(x), we expect a similar condition as above on the set S(z) for each fixed
x € Q to be sufficient for the solvability of (3.16). However, without certain regularity
assumption on sets S(x), such a pointwise condition is not sufficient for the solvability
of (3.16). The following counterexample uses an idea in [21].

Ezample 3.1. Let G be an open dense set of [0,1], with 0 < |G| < 1. Let
Q=(0,1)3 c R® and Qp = G x G x (0,1). Then € is open and dense in ), and
Q0] = |G|? € (0,1). Let oy = (4, \/75,0), gy = (—g, %,0)7 as = (0,—1,0) be three
unit vectors in R3. Define the set-valued function S(z) as follows:

S(z) = {1, aa, az}, € Qy;  S(x) = {31, 3z, 3az}, = € 2\ Q.

Then, for each fixed z € 2, we have that dim(span(S(x)) = 2 and 0 € ri(conS(z)).
But we claim that the following problem

div(Gxa) =0 onR3, G(x) € S(xr) ae. z€Q

does not have any solution. To see this, note that any solution G must be given by
G = (G1,G5,0) and for a.e. z3 € (0,1) the function G'(z') = (G1(2/, z3), Go(x', x3))
with 2/ € Q' = (0,1) x (0,1) solves

div(G'xa) =0 on R? G'(2') € S(z) ae. 2’ €,

where S(z') is the projection of S(z) to R?. Note also that any solution G’ must be
given by G’ = (Vu)* for some function v € W1 (€)’). This function u will satisfy
the Eikonal equation

[Vu(a)| = f(a),
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where f(z') =1 on Q) = G x G and f(2') = 3 on '\ . However, it is shown in
Miiller-Sychev’s paper (see [21, page 462]) that such a Lipschitz solution u in €’ does
not exist because u would have to satisfy |Vu(z')| < 2 for a.e. 2/ € V.

However, there are some cases in micromagnetics where the set S(x) involved is
constant. In the next section, we will see that for ellipsoid domains €2 and constant
applied fields H this is always the case. The special case considered in [8, Theorem 6.2]
concerns arbitrary domains but constant applied fields. In that case, it is assumed
that 0 is in the convex hull of set Z = ¥(H), and thus 0 € 90®(H), which implies
that ® has the absolute minimum at H. Therefore, by the definition of energy L(u),
@ = 0 is the unique minimizer of L on X’; hence, S(x) in condition (3.16) becomes
constant S(z) = Z = X(H). However, this special case with the assumption that
0 € conX(H) seems to only work for the case H = (h', h?, h3) with h? = 0 for at least
one i € {1,2,3} in most of the micromagnetics examples, as has been already pointed
out in [8, Proposition 6.6 and Remark 6.7].

4. Ferromagnetism of ellipsoid domains. To illustrate the above results in
some special cases, we assume the domain (2 is an ellipsoid and assume the applied
field H is constant.

Let @ = {z e R" | 1 | 27/a; < 1}, where a; > 0 are some constants. Define
positive numbers

(4.1) bi 2/0 (a;i +t)y/(a1 +1) - (an +1)

Note that when € is the unit ball in R", all b;’s are equal to %
The following result is well known in the potential theory (see, e.g., [17, pages
192-194]); a proof is given in the appendix below for the convenience of the readers.

THEOREM 4.1. For each k =1,2,...,n, the Dirichlet-Neumann problem
ow 1
4.2 Aw =0 1inQ°, =k, | =(1-+ ;
(4.2) w n wloa = Tk 2 oo < bk) Uk
where v = (v1,...,V,) is the unit normal on 0 pointing outward of 2, has a unique

solution w = wy, that satisfies w € H}. (Q°) and |Vw| € L?(Q°).

This theorem has the following important application closely related to the mi-
cromagnetics problem.

LEMMA 4.2. Let wy,...,w, be the functions determined in the previous theorem.
For each k =1,2,...,n, let

()_ brxy SEEQ,
YR\ = brwg(z) x € Q°.

Then ui, € HE (R™), F* = Vuy, € L2(R™;R"™), and F* solves the simplified Mazwell
equation

(4.3) curlF¥ =0, div(—FF +efxq)=0 inR" k=12,...,n,

where e = (0,...,1,...,0) (only the kth place is 1) is the standard basis vector.
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Proof. That u, € H} (R") (in fact uy € X, the space defined above) follows
from the continuity condition wg|sq = k. Hence F’“ Yuy, = bef xa +bxVwgxge €
L*(R™;R"). To prove (4.3), it suffices to verify the divergence equation; that is,

/ Fk-w;(x)dx:/%(x)dx Y ¢ € C5°(R™).
n Q

Note that F* = bye* on Q, wy, is harmonic on Q¢ and 8“”“ log = (1 — é)u;@; hence it
follows by the divergence theorem that

/ F* . Vo(x)dr = / brta, (x)dx + | bpVwy - V() dx
n Q Qc

8wk

= / bk¢Vk ds — bk¢— ds
o0 o0

1
bk(buk dsS — bkd) (1 — —) Vi dsS
Q a0 by,

:/:quude:/Qquk(x)dx.

This completes the proof. a
From this result, it follows that for each constant magnetization m = (my,...,my,)
the induced magnetic field F;,, determined by the simplified Maxwell equation

(4.4) curlF,, =0, div(—F,, +myxn)=0in R"

is given by F,, = Y p_, mpF* (F* defined above) and thus remains also a constant
F,, = (bymy,bama, ..., bymy) on §. Therefore the matrix D = diag(bs,...,b,) is
usually called the demagnetizing matriz for ellipsoid € in the literature [5, 6].

As above, we consider the functional

L(u):/QCD(Vu(x)—FH)d:C—F%/Rn|Vu(x)|2dx,

where @ is the convex function defined above and H is a constant. We expect the
unique minimizer u of L on the space X defined before to have a constant gradient
Vi =X=(\,...,\n) on ; then this & must be of the form

(4.5) u(z) = (A z)xa(® <Z/\kwk ) xae (x),

where functions wy, (k = 1,...,n) are defined by (4.2). This is indeed the case; we
have the following result.

LEMMA 4.3. Let A € R™ be the unique minimum point of the strictly convex func-
tion f(A) = @A+ H)+ 3> _, 2‘—}?’?. Then @ defined by (4.5) is the unique minimizer
of L on X.

Proof. Agaln let ¢* ( ) = ®(A+H)+ 3|A]%. Then A is the unique minimum point
of P*(N) — 3>, (1— o L)A2. Hence (see, e.g., [25, Lemma 2.12])

(4.6) *A+n) >N +q-n VneR",
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where § = (1, .., ¢n) with g, = (1 — 5-)A. Let @ be defined by (4.5) using this .
Note that, by (4.2), one has %b(gc) = q - v. Therefore, for all ( € X, by (4.6),

L(a+<):/Qw*(VajLVC)Jr%/QCW%LWP

_ * = 1 —12 2 .
_/Qw (Vu+VC)—|—2/QC(|Vu| + V(| )+/chu V¢
ou

Ny — _ 1 _
> [l wm e v g [ gwarseer) - [ (&)«
el R
_L()+2/QC|VC| +/m(q )¢ 8(QC)(q )¢
= L)+ [ VR > L@,

which completes the proof. d
Note that the Neumann problem (3.15) in this case becomes

(4.7) A =0nQ, 22 =g vondQ, /ﬁ)dS:O,
o0

0
ov
where constant § = A— D ™!\ is defined in the previous proof and D = diag(by,...,b
is the demagnetizing matrix defined above; this problem has unique solution w(x)
g-x in H'(Q). Therefore, the important set-valued function S(z) = Vo (z) — V()
Y(Vo(x) + H) defined above becomes a constant set:

+ 1

(4.8) S(z) =Sy =A—q+SA\+H)=D "N+ X\ + H).
It is easily seen that the unique X is also uniquely determined by the condition
(4.9) —~D'A € 0®(\ + H).

Therefore, by Theorem 3.6, existence problems for micromagnetics on the ellipsoid 2
are then equivalent to the problem of finding functions G € L?(2; R™) that solve the
following relation:

div(Gxa) =0 on R,
(4.10) {G(x) €Su a.e. x € Q

for Sy = D™IA+ X(\ + H), where A = \(H) is determined by (4.9).

From Theorem 3.7, we obtain the following result on the existence of minimizers
of micromagnetic energy for ellipsoids.

THEOREM 4.4. Letn =3 and Q C R3 be the ellipsoid with demagnetizing matriz
D defined above. For a given constant H, let X be determined by (4.9). Then problem
(4.10) has solutions if and only if either —D™'X\ € (A + H) or there exists a subset
F C X(\+ H) such that dim (spanF) > 2 and —D~'\ € ri(conF); in the case where
—D7 I\ € X(\+H), it has only the trivial solution G = 0, and in all other cases it has
infinitely many solutions. Moreover, in all these cases, the micromagnetic energy has
all minimizers m given by m(x) = G(z) — D™\ on Q with G a solution of (4.10).

Proof. Existence follows from Theorem 3.7. We show that the solution G to
(4.10) is trivial if —D~'X € £(A + H). In this case, since |G(z) — D7'A|? = 1 a.e. on
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Q, we have |G(7)|?> = 2G(x) - D™\, and hence the result follows from the equality
Jo G(x) dz = 0 that results from the divergence-free condition. Also, a solution in all
other existence cases cannot be a constant. Finally, using a Vitali covering argument,
it is easily seen that if (4.10) has a nonconstant solution G, then it has infinitely many
solutions. For example, in any dimension n, let G be a nonconstant solution to (4.10)
and, for any € > 0, by Vitali’s covering lemma (e.g., [23, Theorem 7.8]), we can write
Q =UX,(a; + Q) UN, where 0 < ¢; < ¢, {a; + ;Q}°; are disjoint and |[N| = 0.
Define

_JG(EE) ify € ai +€Q for some i =1,2,...,
Gely) = {0 otherwise.

Then G(y) € Sy for a.e. y € Q and, for all ¢ € C°(R"),

/QGe(y) Voly)dy = i /a

= 2 /Q G(z) - Vo(a; + ¢;x)el dz

= /Q Gla) - Vou(x) da,

where ¢;(z) = €/ '¢(a; +€;x) € C°(R™). Since div(Gyq) = 0 on R”, it follows that
Jo G-V =0V ¢ e C3°(R"). Hence [, G.-V¢ =0V ¢ € Cg°(R"). This proves that
div(Gexa) = 0 on R™, and hence every G, is also a solution of (4.10); this completes
the proof. O

We apply this theorem to study some special cases of the micromagnetic energy
for three-dimensional ellipsoids.

G (y;—“) - Vo(y) dy

+€; Q2

4.1. The soft case. In this case, we assume the anisotropy function ¢ = 0. The
function ® defined above is then simply ®(n) = |n|, and the set X(&) is thus given by

£(0) =8?, X(¢) = 0%(6) = {¢/IEl} (£ #0).

The functional L is given by
1
L(u) = / |Vu(z) + H| dx + —/ |Vu(z)|? de.

Let A be uniquely determined by (4.9) above. We also define the following (dual)
ellipsoid:

3
E = {s ER’| DT =D &/m < 1}.
k=1

PROPOSITION 4.5. The soft micromagnetic energy on ellipsoid Q always has
energy minimizers. More specifically, if H € R3\ E, then the minimizer is unique and
equals the constantm = —D~'\; if H € B, then there are infinitely many minimizers.

Proof. By (4.9), it follows that A = —H if and only if D~'H € 9®(0); that is,
H € E in this case. If H € R*\ E, then A+ H # 0, and thus —D~'\ € (A + H) =
Y(A+ H); if H € 9E, one still has —D7'\ = D7'H € 82 = %(\ + H). Therefore,
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if H € R?®\ E, then —D~!\ is always in (A + H), and, hence, by Theorem 4.4,
the minimizing magnetization exists and is the unique constant m € X (—D7!)\) =
{—=D~'\}. Now let H € E. Then —D~'\ = D' H is in the interior of the convex hull
of X(A\+H) = S%. Hence, by Theorem 4.4, problem (4.10) has infinitely many solutions
G, and any solution G will give a minimizing magnetization m(x) = G(z) + D™'H
a.e. on {). This completes the proof. d

Ezxample 4.1. In the case of H € E, we can in fact construct some solutions.
We consider as an example the special case of the unit ball 2 = B in R"™ but for all
dimensions n > 3.

Since the demagnetizing matrix for the unit ball in R™ is D = % (I, isthenxn
identity matrix), the dual ellipsoid E above is the ball E = {¢ € R"[|¢| < 1}; hence
we assume |H| < % in the example. In this case, A\ = —H, Sy = —nH + S?, and
hence (4.10) becomes

(4.11) |G(z) +nH|=1, divG=0 inB, G-z=0 ondB.

Any solution G of this problem will give a minimizing magnetization m(z) = G(z) +
nH.

We may solve problem (4.11) by reducing it to a two-dimensional (2-D) Eikonal
equation problem if n > 3. For example, assume H = he' is given in the e™-direction;
the general case can be reduced to this by rotation. We look for solutions in the form
of

G(2) = Ugy (7) ' —ug, (v) €*, € B,

where v = u(z) = u(z1, z2,2'), where 2’ € R"2, is to be determined later. Clearly
divG = 0 is satisfied. For each 2/ € R"~2 with |2/| < 1, we solve the Eikonal equation
in the disc D = D(2') = {(z1,22) | 23 + 23 < 1 — [2/|?}:

(412) |VU($1,$2)| =+1- 7’L2h2, ((El,xg) S D, UlaD =0.

This 2-D problem has infinitely many solutions; for instance, the function

U(zy,22) = V1 —n2h? <\/1 — |22 = /22 —|—x§> , (z1,22) € D(2')

is a (unique viscosity) solution. We consider this U as a function defined for z € B
and denote it by u(z), and let G(z) = ug, €' — ug, 2. Then G solves (4.11). Using
this special solution, we obtain a minimizer m of I in the case H = he,, as

m(x) =1 —n2h? (

+ nhe™.

— 2 et + 7 e?
\/a:%—ka:% \/x%—l—x%
4.2. The uniaxial case. We now assume the anisotropy energy density ¢ is
given by

(4.13) p(h) = B(1—|h-el),

where 8 > 0 and e € S? are given constants. Hence ¢(h) > 0 and equals 0 if and only
if h € {e, —e}; these are the so-called easy azxes.

We choose to use this form of the uniaxial energy function (4.13) rather than
the usually used smooth form ¢(h) = B(1 — |h - ¢|?) because it renders the easier
computations and also captures the main physical features.
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In this case the function ® defined above can be easily found as follows:
®(n) = max (n-h+|h- fe| = )
=y gt the b= p

- t h—
maps max (n +tBe) B

= max | + tfe| - §
= (Inl* +2BIn - e| + 5*)"/* = .
Hence, ® is C° if 5 - e # 0, and hence X(n) = 0®(n) = {®'(n)} if n- e # 0, where

iy _ N+ Bsgn(n-e)e e
) = W+ Begnty- eyl 77O

It can be also easily computed that if - e = 0, then

_ n+ fe _ n+tBe
Hn) = {W EHHE } o2(n) {W EHYE

Since dim(spanX(n)) < 1V € R?, by Theorem 4.4, minimizers for the uniaxial
micromagnetic energy exist only when —D~!'\ € X (\+H); this condition is equivalent
to |[D7'\| = 1. It seems impossible to write explicitly the set of all H satisfying the
condition [D~1A| = 1, but since A = A(H) is a uniquely determined function by (4.9),
this set is well defined by

| —1<t<1}.

U={HeR’|[D7'\ = [D~'(\H))| =1}.

We have thus the following result.

PRrROPOSITION 4.6. The uniazial micromagnetic energy has a unique constant
minimizer m = —D7'\ if H € U and has no minimizers if H ¢ U.

Remark 4.1. By (4.9), it always follows that A\ = —H if D™'H € 9®(0). Since
0®(0) = {te| —1 <t < 1} for this energy, one has that the set {tDe| —1 <t <1} C
R3\ U is a nonexistence set and the set {&=De} C U is an existence set.

4.3. The biaxial case. In this case we assume the anisotropy energy function
is given by

¢(h) = min{p1(h), 2(h)},

where i (h) = B(1 — |h - e|) with constants B > 0 and ej, € S? for k = 1,2 and
e1 # tes. Therefore the easy axes are {+e;, +es}. For simplicity, we also assume
B1=p2=pFand e;-ez = 0.
Let ®5(n) = (|n|? +28|n - ex| + 5%)1/2 — 8 for k = 1,2. Then it is easily seen that
®(n) = max (n - h = p(h)) = max {$1(n), L2(m)}-
LEMMA 4.7. ® is C* on the set {n € R®| ®1(n) # ®2(n)} = {n € R3||n-e1] #
|n - ea|}. Moreover,

E( ) — { n-+ ﬁsgn(n . 61)61 n+ ﬂsgn(n . 62)62 }
|77 + ﬁsgn(n . 61)61| ’ |77 + ﬂsgn(n . 62)62|
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if In-eil =[n-ex #0, and

E()_ T]:l:ﬁel niﬁeQ
V=P + 8272 (P + 32)17

if [n-ei| = |n-e2| = 0; that is, n € {e1, ea}™.

Proof. Note that if ®1(n) > ®2(n), that is, |n - e1] > |n - ea|, then n - e # 0,
and hence ®(n) = ®1(n) is C* at this 7. Now assume ®1(n) = Py(n). Then the
formulas for X(n) follow from an easily-checked identity X(n) = 31(n) U 32(n) under
this condition, where X (n) is the set for function ®; (k = 1,2). This completes the
proof. |

Note that the set ¥(n) contains more than two points only when 1 € {e1, ea},
and in this case note that dim(span¥(n)) = 2 and

N+ ter + sea

(Inf> + B2)1/2

As above, let A = A(H) be the function defined by (4.9), and define
Ui = {H e R*|[D7'\[ = D™ (\(H))| =1}

ri(conX(n)) = { t,seR, [t|+]s| < B} :

and
U, ={HE€eR’® | A+ H e {er, ex}t; =D e ri(conS(A + H))} .

Again it is impossible to write explicit formulas for the sets U; and Us; however,
using them, we can characterize the precise condition for existence and nonexistence
of minimizing magnetizations.

PROPOSITION 4.8. The biaxial micromagnetic energy has a unique constant min-
imizer m = —D7\ if H € Uy and has infinitely many minimizers if H € Us, and it
has no minimizers if H ¢ (Uy U Uy).

Remark 4.2. Similar to the previous remark, by (4.9), it always follows that A =
—H if D7YH € 8®(0). Since in this case 9®(0) = con(X(0)) = {tei+sea | [t|+]s] < 1},
one has that the set {tDey + sDes | |t| + |s| < 1} C Ug is an existence set, but the set
{tDe;i + sDes | [t| + |s| = 1, ts # 0} € R?\ (U; U Us) is a nonexistence set.

5. Appendix. We give a direct proof of Theorem 4.1 by showing that the
Dirichlet—Neumann problem (4.2) has a desired solution, which can be constructed
explicitly (see (5.8) below). To this end, introduce the function

n 2
€T
5.1 F = t— —1.
(1) =2
Given z € Q°, there exists a unique r = r(x) > 0 such that
5.2 F(zx, = t——1=0
(52) ) =3

This function r(z) has been known as one of the ellipsoidal coordinates of x and
is smooth on Q¢ and vanishes exactly on 9, and hence v(x) = Vr(z)/|Vr(z)| for
x € 09. Differentiating F(z,r(x)) = 0 with respect to z; yields

(5.3) % (

n 2 4
a;j +r(z) —

x‘.
— |y =Mry, |Vr=—.
(a; +r(x))2> "o rep V7] M

=1
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Differentiating again yields

2 _ 2{Ej
aj +r(z)  (a; +r(x))?

Te; = Mrye;, + MyTe;,

from which and the definition of M in (5.3) it follows that

1 [« 2
(5.4) Ar =+ (Z m) .

We now look for solution w to (4.2) in the form of w(x) = P(r(x))zx on x € Q°, where
P(r) = Py(r) is a function on r > 0 with P(0) =1 and P(oc0) = 0, to be determined.
It is easy to compute that, using (5.3), (5.4),

(5.5) We, = P'(r)arre, + P(r)du,

(5.6) Aw = P"(r)|Vr2zy, + P'(r)(Ar)z) + 2P (r)ry,,
_ 2& /! / 2 - 1

(5.7) =57 2P (r)—!—P(r)(ak_'_r—l—;ai_’_r)

Solving the ordinary differential equation

2 ~ 1
2P P’ =0,
(r)+ P'(r) (ak+r+;%+r>
with P(0) = 1 and P(o0) = 0, will yield a solution

PO 1 /OO Jaias - -apdt
r
r (ak+t

ez Wiar+ 0 (a0
where by, is defined by (4.1) above. Hence P(0) = 1 and P'(0) = — 555 For this
function P it follows that the function
o0 a, dt
(5.8) wiz) = & / vz - a (€ 0°)
20 Jr() (ak +t)y/(a1 + 1) - (an + 1)

satisfies Aw = 0 in Q¢ w|gq = z, and, by (5.5),

g_‘]f = (20 P (0) + P(0))y, = (1 - i) "

Moreover, it can be shown that Vw € L?(Q¢). This proves Theorem 4.1.
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