Math 133 Final Exam

Fall 03

1. (21 points) Find the derivatives of each of the following. DO NOT SIMPLIFY.

(a) f(z) =3 tan™* (5z — 1)

Solution:

gsec

f(z) =3%°"In3 secx tanz tan~* (5z — 1) + Ty Ge 12

—1 o

(b) g(x) = Veos (e 1)

Solution:

g(z) = m (—sin(e” + 1)) e”

(c) y = aten®
Solution:
—lny = tanz lnz
Ldy (sec’z) Inz + (¢ )1
- = = “z)Ina an)—
y dx T
d: tan z
:>£ = y((sec21)1n1+ d21>

anz ‘ tanx
= gtene ((secz ;1:) Inz + >
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2. (12 points) Solve the initial value problem below.

dy

E+zy:2z, y(0)=1
Solution:

d,

tTZ = 2z—xy

dy o

=y xdr

d
/2{—?/,1/ N /Tdr

2

—In2-yl = %-{—C

2
y(O):1:>C+O:—ln1:0:>—ln\Z—y|:%

3. (14 points) Find each of the following limits.

1\
(®) 3;0( * 3)
Solution 1:

(42T - o ()T o
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Solution 2:

52
Let f(z) = (1 + %) . Then

lim 5z ln (1 + i)
T—00 3z

In (1 + —
5 lim —%

z—00

Tlgl;o In f(z)

—
~

8

— 51 3z
= 0 Jlim -1
22
5 1
- 3\1+0
Thus lim f(z) = lim ¢™/(®) = ¢5/3
z—00 —00
T
b) 1l
(b) zlfg" sin~
Solution:
1
= lim 2V = lim T 1
x—0t 1 1 x—0t
T—z2Vx

4. (30 points) Find each of the following integrals.

o f
Solution:
r = 2sinf
dx = 2cosfdb
4-2® = 4-4sin®0=4cos’ 0
Thus
/ z? dr - 45in% 62 cos 6 df
V4 —a? Vdcos? 0

= 4/si1129d0

= 2/(] — cos 20)df
= 20—sin20+C
= QSin’I%—QsinH cosf + C

— sartoa(2) <_

)+e

(b) '/.e‘/;dm

Solution:

w = \/5
ey =
T2y 2w

:>/cﬁdx = 2/w€,“’dw

Let u = w, dv = ¢e" dw. Then du = dw and v = ¢“. Thus

Q/ur@w dw = 2we" 72/6"‘ dw

2we” —2e¥ +C
= 2\/56‘/E —2eV* 4 C
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4. (con’t) Find each of the following integrals.

— T

Solution:

r+3 A B C

»w—z =z .’1771+.’l?+1

z+3 -3 2 1
:>/I371d1, /(?+zfl+r+l)dﬁ

= —3lnjz|+2njz—1|+hlz+1]+C

5. (12 points) A reservoir shaped like a right circular cone (with the point down) is 16 ft across the top and 10 ft
deep. If the tank is full of water weighing 62.4 1b/ft3, how much work is required to pump the water to a
point 4 ft above the top of the tank.

Solution:

1
AV =nr?Ay = %ysz
5

= F(y) = (62.4)AV = (62.4) (

16w\ o
A,
% ) vy

1
—w :/ (62.) ( 6”) (14— y)dy
Jo 25
10
16’r 14y% 4
2.4 - -

o (g) (e

= 865287
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6. (16 points) Consider the region R bounded by curves, y = 4 — 22 and 5z +y = —2.

(a) Sketch the region R.

(b) Set up but DO NOT EVALUATE the definite integral t¢ find the area of

Solution:

G 0
/ ((4—2a%) = (—bz—2) do = / (—2*+52+6) do
Joa

-1

(c) Set up but DO NOT EVALUATE the definite integral to find the volume of the solid generated by
rotating the region R about the line y = 9.

Solution:

A(z) (7r (=52 —2))> — 7 (9— (4%2))2)

= 7 (Ga+11) - (22 +5)%)
= m(—a'+152% + 702 + 24) =

6 6
Volume = / A(z)dx = ﬂ'/ (—a* + 152% + 70z + 24) dz

-1
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7. (27 points) Determine whether the series below converge or diverge. Show your work and name the tests you
are using.

n

a L

(&) ; vn?2+1
Solution:

The series diverges by the nth-term test since

. . n
nlgl;ca,,, = nlglgc W i 1#0 (1)

3
e
Solution:
i. Let b, = — 1 < p < 3. Then the p-series b, converges
o
since p > 1.
Inn
ii. Let a,, = —
n

. an . Innn?
lim — = lim —
n—oo b, n—oo n3 1

=0, since 3 —p >0

iii. So by the LCT, " a,, converges.
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7. (con’t) Determine whether the series below converge or diverge. Show your work and name the tests you are
using.

Solution:

2m 3
Let a, = ——
n!

oo Gngl
p= lim —+L
n—oo @y

ot (1)l
lim ———————— -
n—oo  (n41)!  2nn3

. 2 n+1 3
lim
n—oon + 1 n

=0

It follows by the Ratio Test that ) a, converges since p =0 < 1.

8. (10 points) Find the (open) interval of convergence for the power series below. Do not test for convergence at
the endpoints.

n

LT wrD

n=1

Solution:

_ . “Ln+1‘
p = lim ——
n=oo  |ay)

— i |z|"* 5" (n+1)

oo 5 (n+2) |z
— lim M n+1

n—oo 5 n+2
|

5

p<l=-5<x<5b
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9. (10 points) Find the length of the curve y = 2%/2 from z = 0 and z = 1.

Solution:

dy 3z
& T 2
VA
=L = / 1+ -z dx
0 4
4 [13/4
=3 Vudu
13/4
_ Eu:s/z
1

_ 8 mm_l
T\ o8

00

10. (12 points) Find the Maclaurin series E apz" for each of the following functions. Give an explicit formula
n=0

for a, in each part. (You may freely use known formulas.)

(a) sina?

Solution:

, , o pAnt2
sing® =% = op 4 o — :Zm
n=0
(b) (1-2)72
Solution:

1 y
—— =l+z+2? 42+ =
T

—
A (1%)

= 1424327+

o

= Z(n +1)a"

n=0
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11. (12 points) Find the Taylor polynomial of order 3 generated by f(z) =z +1 at a =3.

Solution:

12. (8 points) Determine whether the following improper integral converges or diverges. Justify your claim.
/“ da
Go1h converges
1

r—1)2/3

Solution:

" 9 dx
= lim —_—
a1t J, (xz—1)2/3

9
= 3 lim (z—1)'/?
a—1+ a
_ s V3, 1\1/3
2 (-1 0177

6

10
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13. (16 points) Consider the functions below.

r = cosf

ro = 1—cosf

(a) Sketch the graphs of these functions in polar coordinates.

(b) Find all points of intersection of the graphs in (a).

Solution:

Set cosf = 1 — cos and solve. Thus cos = % It follows that

T 5T . . .
0 = -, —. The intersection points are

<%7 g) (% 5%) and (0, 0).

(c) Set up but DO NOT EVALUATE the definite integral for the area which is inside ro and

outside of 7.

Solution:

Let A; be the area of the cardioid and let Ay be the area lens shaped
common region in quadrant I. Then the indicated area is Ay — 24,
where

1 [ ,
A = = (1 —cos6)*do
2 Jo
1 /3 /2
Ay = = / ¢! 7(‘,050)2(197/ cos® 6 df
2 \Jo /3

11




