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Dedicated to Dennis Stanton

ABSTRACT. It is shown that a refined version of a g-analogue of
the Eulerian numbers together with the action, by conjugation,
of the subgroup of the symmetric group S,, generated by the n-
cycle (1,2,...,n) on the set of permutations of fixed cycle type
and fixed number of excedances provides an instance of the cyclic
sieving phenonmenon of Reiner, Stanton and White. The main
tool is a class of symmetric functions recently introduced in work
of two of the authors

1. INTRODUCTION

In [ShWal, ShWa2], certain quasisymmetric functions, called “Euler-
ian quasisymmetric functions” are introduced and shown to be in fact
symmetric functions. These symmetric functions have been useful in
the study of the joint distribution of the permutation statistics, major
index and excedance number. There are various versions of the Euler-
ian quasisymmetric functions. They are defined by first associating
a fundamental quasisymmetric function with each permutation in the
symmetric group S, and then summing these fundamental quasisym-
metric functions over permutations in certain subsets of .5,,. To obtain
the most refined versions, the cycle-type Eulerian quasisymmetric func-
tions (), ;, one sums the fundamental quasisymmetric functions associ-
ated with the permutations having exactly 7 excedances and cycle type
A. By summing over all the permutations in S,, having j excedances
and k fixed points, one obtains the less refined version @), j . The pre-
cise definition of the Eulerian quasisymmetric functions and other key
terms can be found in Section 2.

Shareshian and Wachs [ShWal, ShWa2] derive a formula for the
generating function of @), ;, which specializes to a (g, r)-analog of a
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classical formula for the exponential generating function of the Eulerian
polynomials. The (g, r)-analogue of the classical formula is given by

(1) ZAmaj,exc,ﬁx(q ¢ 7") 2" _ (1 _tQ> equ(rz)
= " T nly! exp,(2tq) — tqexp,(z)’
where
maj,exc,fix o maj(o) pexc(o),.fix(o)
A (g t,r) =Y qmi@pexc(@)plix),
oESy
and .
z
expy(2) =) [nl,!
n>0 VAT

The cycle-type Eulerian quasisymmetric functions ) ; remain some-
what mysterious, and one might expect that better understanding of
them will lead to further results on permutation statistics. In this
paper, we provide evidence that this expectation is reasonable. With
Theorem 4.1, we prove a conjecture from [ShWa2], describing the ex-
pansion of @), j, for A = (n), in terms of the power sum basis for the
space of symmetric functions. Combining Theorem 4.1 with a tech-
nique of Désarménien [Des|, we are able to evaluate, at all n'* roots of
unity, the cycle-type q-FEulerian numbers

(2) arns(q) = Y g,

O'ESAJ'

where S, ; is the set of all ¢ € S, having exactly j excedances and
cycle type A. This and an analysis of the excedance statistic on the
centralizers Cg, (7) of certain permutations 7 € S,, enable us to es-
tablish the relationship between the polynomials a) ;(g) and the cyclic
sieving phenomenon of Reiner, Stanton and White [RSWh]| given in
Theorem 1.2 below.

Notation 1.1. For a positive integer d, wy will denote throughout this
paper an arbitrary complex primitive d* root of 1.

Theorem 1.2. Let v, = (1,2,...,n) € S, and let G, = () < Sp.
Then for all partitions X of n and j € {0,1,...,n— 1}, the group G,
acts on Sy ; by conjugation and the triple (G, Sxj,ax;(q)) exhibits the
cyclic sieving phenomenon. In other words, if T € G,, has order d then

(3) axj(wa) = |Cs,(7) N Syl

For \ a partition of n, let S\ be the set of all ¢ € S, of cycle type A
and define the cycle type Eulerian polynomial associated with A as

ATaj,eXC((Lt) — Z qmaj(a)texc(o).

o€SH
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Then (3) can be rewritten as
(4) ATaj’eXC(wd, tw;l) _ Z texc(a)’
O’ECSn (T)ﬂSA
which is clearly a refinement of
(5) Agaj,exc,ﬁx(wd’ twgl, S) _ Z texc(a)sﬁx(a).
0€Cs,, (1)

We also prove that both sides of (5) are, in fact, equal to

d
6 AISaJ’eXC’ﬁX 17t7 S d d’
©) i1, S )

which by setting s = 1 yields

ot = A3

d

for all divisors d of n. For the cycle-type Eulerian polynomial Aa?f)x “(q,1),
we obtain the similar looking result,

Fals

(7) AT (gt ) = A (1) [d

Y

for all divisors d of n.

The paper is organized as follows. In Section 2, we review defini-
tions of various terms such as cyclic sieving and Eulerian quasisym-
metric functions. We also present some preliminary results on Euler-
ian quasisymmetric functions from [ShWa2]. In Section 3 we describe
a technique that uses symmetric function theory to evaluate certain
polynomials at roots of unity based on work of Désarménien [Des].
Theorem 4.1 mentioned above is proved in Section 4 by means of re-
sults of [ShWa2] which enable one to express the cycle-type Eulerian
quasisymmetric functions in terms of the less refined version of Euler-
ian quasisymmetric functions. The proof of Theorem 1.2 appears in
Section 5. In Section 6, we prove that both sides of (5) are equal to
(6), that (7) holds, and that another triple exhibts the cyclic sieving
phenomenon, namely (G, Sy j, @n+1),j+1(q)), where S, ; is the set of
all permutations in S,, with j excedances.

2. DEFINITIONS, KNOWN FACTS AND PRELIMINARY RESULTS

2.1. Cyclic Sieving. Let G be a finite cyclic group acting on a set X,
and let f(q) be a polynomial in ¢ with nonnegative integer coefficents.
For g € G, let Fix(g) be the set of fixed points of g in X. The triple
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(G, X, f(q)) exhibits the cyclic sieving phenomenon of Reiner, Stanton
and White [RSWh] if for each g € G we have

(8) fwyg)) = [Fix(g)],
where |g| is the order of g.

Remark 2.1. Since all elements of order d in a cyclic group G generate
the same subgroup, they have the same set of fixed points in any action.
Thus our formulation of the cyclic sieving phenomenon is equivalent to
the definition given in [RSWh)].

Note that if (G, X, f(¢)) exhibits the cyclic sieving phenomenon then
f(1) = | X|, and interesting examples arise where f(q) is the generating
function for some natural statistic on X, that is, there exists some
useful function s : X — N such that

fla)=> ¢

zeX

See [RSWh] for many examples, and [RSWe, EF, BRS, BR, Rho, PPR,
PS] for more recent work.

2.2. Permutation Statistics. Recall that for a permutation o € S,
acting from the right on [n] := {1,...,n}, the excedance set of o is

Exc(o) :=={i € [n—1] :ioc > i}
and the descent set of o is
Des(o) :=={i€[n—1]:ic > (i+1)o}.

The major index of o is

maj(o) = Z i,

i€Des(o)

and the excedance and descent statistics of o are, respectively,

exc(o) = |Exc(o)|,
and

des(o) := |Des(0)|.
Let Fix(o) denote the set of fixed points of o, that is

Fix(o) := {i € [n] 1 io = i}

and let

fix(o) := |Fix(o)].
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The excedance and descent statistics are equidistributed, and the n*”
FEulerian polynomial A, (t) can be defined as

Z texc(o) _ An(t) _ Z tdes(a)‘

ogESy gE€Sy

The Eulerian polynomial is also the generating polynomial for the as-
cent statistic on S, asc(o) := [{i € [n] :i0 < (i + 1)o}|.

For permutation statistics sq,..., s, and a positive integer n, define
the polynomial

Azl,...,sk (th . ,tk) — Z ti‘l(a)t?(a) o tZk(o)_
UES’n

Also, set
AGUE (b t) = 1

2.3. Partitions and Symmetric Functions. We use standard nota-
tion for partitions and symmetric functions. References for basic facts
are [Mac, Sta2, Sag]. In particular, p, and hy will denote, respectively,
the power sum and complete homogeneous symmetric functions asso-
ciated to a partition \. We use /() to denote the number of (nonzero)
parts of A and m;(\) to denote the number of parts of A equal to j. We
write Par(n) for the set of all partitions of n. For A\ € Par(n), define
the number

2y = Hjmj(’\)mj()\)!.
j=1

We use two standard methods to describe a partition A € Par(n).
The first is to write A = (A1,..., Ayn)), listing the (nonzero) parts of A
so that \; > \; 1 for all . The second is to write A = 1) e ()
usually suppressing those synbols i such that m;(A\) = 0 and writ-
ing 7' as simply 7. In particular, if n = dk then d* represents the par-
tition with k& parts of size d and no other parts. If A = (Ay,..., \x) €
Par(n) and ¢ € Q with ¢\, € P for all i € [k], we write g\ for
(g1, ..., q\g) € Par(gn).

For each o € S, let A(0) denote the cycle type of 0. Given A €
Par(n), we write Sy for the set of all 0 € S,, having cycle type A. As
in (2), we write Sy ; for the set of those o € Sy satisfying exc(o) = j.

For symmetric functions f, g with coefficients in Q[t], f[g] will denote
the plethysm of g by f. The same notation will be used for plethysm
of symmetric power series with no bound on their degree. One such
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power series is H := >~ h,. If we set

L o= ) @ log(1 + pa)

d>1
) = ()
D Dhrad Dl 7t
d>1 i>1

where p is the classical Mobius function, then H and L are plethystic
inverses, that is,

(9) LIH[fT] = HILIA) = f

for all symmetric power series f. (This is due to Cadogan, see [Cad] or
[Sta2, Exercise 7.88¢].) Note also that for any power series h(t, z1, xa, .. .)

with coefficients in QQ that is symmetric in z1, xs, ... and any d € P, we
have
(10) palh] = h(t*, 24,24, .. .).

We shall use without further mention the facts (f + g)[h] = f[h] + g[h]
and (fg)[h] = flhlg[h].

2.4. g-Analogues. We use the standard notation for polynomial ana-
logues of positive integers, that is, for a positive integer n and a variable
q, we define

n—1 n
=Y 0 =

j=0

and
[n]g! == [nlg[n — 14~ [1]

Also define

[0],! == 1.
It is well-known that for any sequence (ky, ..., k) of nonnegative in-

tegers whose sum is n, the g-multinomial coefficient

[7],!

PN e

is always a polynomial in N[g]. The following g-analogue of the multi-
nomial version of the Pascal recurrence relation is also well-known (see

[Stal, (17b)]):

n _ - kit1+-tkm n—1
(11) [kl,...,kmL—Zq+ {kl,...,ki—l,...,km )

q
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where (kq, ..., k) is a sequence of positive integers whose sum is n.
We will need the following elementary fact, which also plays a role in
the work of Reiner, Stanton and White [RSWHh].

Proposition 2.2 (see [RSWh, Equation (4.5)]). Let (ki,..., kn) be a
sequence of nonnegative integers whose sum is n. If dn then

n

n | _ (ﬁ d k:_m) if d|k; Vi € [m)]
SR AR

0 otherwise.

2.5. The Eulerian quasisymmetric functions. Given a permuta-
tion o € S, we write ¢ in one line notation,

0O =01...0p,

where o; = io. Set

n] :={i:i€[n]},
and let w(o) be the word in the alphabet A := [n] U [77] obtained from
o by replacing o; with ; whenever i € Exc(o). Order A by

l1<...<m<l<...<n,
and for any word w := wy ... w, from A, set
Des(w) :={i € [n — 1] : w; > w;41}.
Now, for o € §,,, define
Dex(o) := Des(w(0)).

For example, if 0 = 641532 then w(o) = 641532 and Dex(c) = {1, 3,5}.

Recall now that a quasisymmetric function is a power series (with ra-
tional coefficients) f of bounded degree in variables xy, 23, . .. such that
if j1<...<jrandly <...<lg, then for all aq,...,ax the coefficients
in f of Hle 2§’ and Hle z;’ are equal. The usual addition, multi-
plication and scalar multiplication make the set Q of quasisymmetric
functions a Q-algebra that strictly contains the algebra of symmetric

functions. For n € P and S C [n — 1], set

Mong := {H zj, * ji > jipa for all ¢ € [n—1] and j; > j;q for all ¢ € S},
i=1

and define the fundamental quasisymmetric function associated with .S

to be



8 SAGAN, SHARESHIAN, AND WACHS

Recall from above that we have defined Sy ; to be the set of all permuta-
tions of cycle type A with j excedances. The Fulerian quasisymmetric
function associated to the pair (), j) is

Q)wj = Z FDex(O') S Q

UESAJ

The Eulerian quasisymmetric functions were introduced in [ShWa2)]
as a tool for studying the (maj, exc) g-analogue of the Eulerian polyno-
mials. The connection between the Eulerian quasisymmetric functions
and the g-Eulerian numbers is given in the following proposition. The
stable principal specialization ) is a homomorphism from the algebra

of quasisymmetric functions Q to the algebra of formal power series
Q[[g]] defined by Q(x;) = ¢

Proposition 2.3 ([ShWa2, Equation (2.13)]). ' For all partitions \ of
nand j € {0,1,...,n— 1}, let ar;(q) be as in (2). Then

n

QOQun; = ax;(a)/ 1 - ).

i=1

In [ShWa2], it is also shown that in fact @ ; is always a symmetric
function. If one knows () ; for all n, j, then a fairly compact explicit
formula for each (), ; can be obtained from Corollary 6.1 of [ShWa2],
which says that for any A € Par(n),

n—1 n i—1
(12) > Qnit’ =[] hmon [Z Q(i),ltl] :
7=0 =1

=0

As noted in [ShWa2], if we set
Qnj = Qxj
Ae€Par(n)
for n > 1, and
Qo0 = Q)0 = 1,

equation (12) implies

Z Qnt! = Zhn [Z Q(i),jtj] =H [Z Q(i),jtj] ;

7,520 n20 1,520 4,520

'Equation 2.13 in [ShWa2] has an extra factor of ¢/ because ay j(g) is defined
there to be the maj enumerator of Sy ; rather than the maj — exc enumerator.
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which by (9) is equivalent to

(13) Z Quuyjt? =L [Z Qi,jtj] .

7,520 1,520

Proposition 6.6 of [ShWa2| gives an explicit formula for @), ; in terms
of the power sum symmetric function basis,

L(v)

(14) i@n,jtj: Z ZJlAl(u)(t)H[Vi]tpy-

vePar(n) =1

By combining (12), (13) and (14) we obtain a formula for each @, ;,
which will be used in Section 4 to prove a conjecture from [ShWa2]
giving the expansion of ()(,); in the power sum basis.

3. A SYMMETRIC FUNCTION TECHNIQUE

We describe here a general technique for evaluating polynomials
at roots of unity based on a technique of Désarménien [Des|. This
technique provides a key step in our proof of Theorem 1.2. One can
also prove Theorem 1.1 using Springer’s theory of regular elements in
place of the technique we give here. A description of the relevance of
Springer’s work to the cyclic sieving phenomenon appears in [RSWh].

Given a homogeneous symmetric function F' of degree n and a par-
tition v of n, let " be the coefficient of z; 'p, in the expansion of F in
terms of the basis {z, !p, : v € Par(n)} for the space of homogeneous
symmetric functions of degree n. That is, x% is uniquely determined

by
F= Y x'z'p.

vePar(n)
Although we will not make use of this, we note that if F'is the Frobe-
neous characteristic of a class function of S, then x is the value of the
class function on permutations of cycle type v. Recall that 2 denotes
the stable principal specialization defined in Section 2.5.
The following result is implicit in [Des].

Proposition 3.1. Suppose f(q) € Qlq| and there exists a homogeneous
symmetric function F of degree n with coefficients in Q such that

n

flo)=T]0-4q) QF.

=1

Then for all d,k € P such that n € {dk,dk + 1},
flwa) = xy,
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where v = d¥ or v = 1d".

Proof. By expanding F' in the power sum basis for the symmetric func-
tions, we have,

flog = JJa=d) D> xiz'p,
i=1 u€Par(n)

(15) 3 e M

pnEPar(n) Hz :“1)<1 - q‘”)
It is shown in [Des, Proposition 7.2] that for all u € Par(n),
T . H?:l(l B qi)
u(q) = T DN
[L5 (1 —g")

is a polynomial in ¢ whose value at w, is given by

z, if p=d" orp=1d"
16 T ="
(16) ulwa) { 0  otherwise.

We include a proof for the sake of completeness. Since

T.(a) = {m,-'é,m(u) } H [Ta-4)

we see that 7),(¢) is a polynomial and that if 7),(wq) # 0 then p; < d
for all 2. Hence, in the case that n = dk, it follows from Proposition 2.2
that 7),(wq) # 0 only if p; = d for all 7. By Proposition 2.2,

d—1

Ty (wa) = K] (1 — w))¥ = kld".

j=1
Similarly, in the case that n = dk + 1, we use (11) and Proposition 2.2
to show that that T),(wq) equals k!d* if 4 = 1d* and is 0 otherwise.
Hence, in either case, (16) holds. Now by plugging (16) into (15) we
obtain the desired result. O

We will use Propostion 3.1 to evaluate the cycle-type Fulerian num-
bers ay ;(g) at all the m™ roots of unity, where m € {n — 1,n}. We
see from Proposition 2.3 that we already have the required symmetric
function, namely (), ;. We thus obtain the first step in our proof of
Theorem 1.2.

Proposition 3.2. Let A € Par(n) and let d,k € P. If dk = n then

arj(wa) = X3
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and if dk =n — 1 then

ax;(wa) = X?dkfv’j'
In [ShWa2] a formula for the coefficients X,?(")’j is conjectured. This

formula turns out to be just what we need to prove Theorem 1.2. In
the next section we present the conjecture and its proof.

Remark 3.3. In [ShWa2] it is conjectured that @), ; is the Frobenius
characteristic of some representation of S,,. By Proposition 3.2 and
Theorem 1.2, the restriction of the conjectured representation to G,
would necessarily be isomorphic to the permutation representation for
the action of G,, on S) ;.

4. THE EXPANSION OF Q(,),;

In this section we present a key result of our paper (Theorem 4.1),
which was conjectured in [ShWa2]. For a power series f(t) = >_ ., a;t/
and an integer k, let f(t); be the power series obtained from f(t) by
erasing all terms a;#/ such that ged(j, k) # 1, so

f), = Z a;t’.

ged(j,k)=1
For example, if f(t) =t + 3t* — 5t> + 7t* then f(t); =t — 5¢3.
For a partition v = (v4,..., %), set

g(v) == ged(vy, ..., vg).

Theorem 4.1 ([ShWa2], Conjecture 6.5). For v = (v,...,1) €
Par(n), set

=1

G, (t) == (tAk_l(t) H[mh) .
9(v)

Then

n—1
(17) Z Q(n),jtj - Z Zu_lGu<t)py-
=0

vePar(n)

Theorem 4.1 can be restated as follows. Since Q) ; is a homogeneous
symmetric function of degree n, it can be expanded in the basis {z;lp,\ :
A € Par(n)}. Thus, the theorem says that the expansion coefficient
of 2, 'p, is 0 if ged(j,9(v)) # 1, while if ged(j, g(v)) = 1 then the

expansion coefficient equals the coefficient of ¢/ in t A1 (t) Hig (V3]
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In order to prove Theorem 4.1 we need two lemmas. As above, we
write p for the classical Mobius function on P, and recall that

1 n=1,
(18) ;,u(d) - { 0 otherwise.
Lemma 4.2. For a partition v = (vy,...,1;), we have
!
_ I—1,d d Vi
(19) Gult) = 3 wdd a1 FiR
dlg(v =

Proof. 1t is known (and follows, for example, from [Stal, Theorem
4.5.14]) that for any positive integer k we have

tAR_1(t 1,
(20) rf)k) = ;]k .

It follows directly from the definition of f(¢),; that for any power
series g, h and any d € P we have

(21) (9(®)(t?)), = g(t)ah(t?).

We see now that

l
1 — v
G,t) = (tAam]] 1_t>
' 9(v)

— > -,

Ji:ged(g(v),j)=1 i=1

the third equality above following from (20) and (21).

Now
ST ou@) Y () e = ST ST )

dlg(v) az1 j=1 d| ged(5,9(v))

_ Z 1

Jiged(f,g(v))=1



EULERIAN QUASISYMMETRIC FUNCTIONS AND CYCLIC SIEVING 13

the second equality following from (18). We see now that

l

Gult) = | 32 ua@) S (ad) et | [T =)

dg(v)  a>1 i=1

d d !
= (Z u(d)dl‘l—t(fl__lt%z) H(l—t”)

the second equality following from (20). O
Lemma 4.3. We have

(22) AZ(!t) 2F = exp (Z tAlul ®) zl> )

k>0 >1

Proof. We apply the exponential formula (see [Sta2, Corollary 5.1.6])
to the Eulerian polynomials. For any permutation ¢ in S, let m(o) be
the partition of the set [n] whose blocks are the supports of the cycles
in the cycle decomposition of o. Let II,, be the set of all partitions of
the set [n]. For any partition 7 in II,, set

A(t) = > 1),

RS Sn
m(o)=m
Then
An(t) = Z Aw{t)»
well,
and

Aq(t) = H Apy(t) = H A (),

where m = {By,...,By}. It therefore follows from the exponential
formula that

A’]zﬁt) Zk _ eXp(Z A(l)<t) Zl).

|
k>0 >1 i
To complete the proof we observe that

(23) Ap(t) = tAia(2).

Indeed, for o € S, write o in cycle notation (x1,zs,..., ;) with
x; = 1. Now let v(o) = x;...2_1, a permutation in S;_; in one line
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notation. The excedance set of o is the union of {z;_;} and {xz; :
i is an ascent of v(0)}. Since v is a bijection from Sy to S;—1, equation
(23) holds. O

Proof of Theorem 4.1. We have

n—1 B i—1
ZZQ(n),jtj = L ZZQi,jtj
n>1 j=0 Li>1 j—0
k
=L Z > At [vslipw,
_k>1 vil(v)=k h=1
k
-y Uy D) G
a>1 > k>1 vil(v h=1
i1 k
=yl U (s z At [T b
d>1 > k>1 vid(v h=1
(d) .
(24) = 'u—log 1—1—2 Z lAk td H Un)saPaw, |
d>1 d k>1 1l (v)=k h=1

the first equality following from (13), the second from (14), the third
from the definition of L and the fourth from (10).

For any k € P, let M, be the set of all sequences a = (ay, as,...) of
nonnegative integers such that » .., a; = k. Then

- % > (al,cfi,...) H (e}

aEMy

(25) _ % (Z [T]t;pdr>

r>1

vil(v)=k
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We see now that

ZZQ(n),j = Z #log 1+ Z A’“}S ) (Z [T]t;pdr>

n>1 j=0 d>1 k>1 r>1
k
VI tdAk_lad)( [r]tdpdr>
D D D T O P
k
_ Z“ SN A () [ videpas
d>1 k>1 vi(v)=k i=1
k
= > > ud)d A1) >z [[vilepa,
k>1 d>1 vil(v)=k i=1
k
= > > Zu_lpuZﬂ(d)dk_ltdAk—l(td)H[%}
k>1 vil(v)=k dlg(v) i—1 i
= > Z %G
k>1 vil(v)=

Indeed, first equality is obtained by combining (24) and (25), the second
equality is obtained from (22), the third follows from (25), the fourth
and fifth are obtained by straightforward manipulations, and the last
follows from (19). O

5. THE PROOF OF THEOREM 1.2

5.1. The expansmn coefficients XQ“ To compute the expansion

coefficients x dk ’, we will need to obtain results like Theorem 4.1 with
the partition (n) replaced by an arbitrary partition A, but in such
results we will only need the coefficients of power sum symmetric func-
tions of the form p(4,...q). We begin with a definition generalizing that

-----

of f(t)a. For a power series f(t) = ), a;t and positive integers b, c,

let f(t)p. be the power series obtained from f by erasing all terms a;t’
such that ged(i,b) # ¢, so

f()pe = Z a;t'.
ged(i,b)=c

For example, if f(t) = 1+ 2¢ + 3t? + 4¢3 + 5t* then f(t)go = 3t* + 5t*.
If ¢|b then for any power series g, h, we have

(26) (9(h(t")),,, = 9()ch (L"),
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We will use the following result.

Lemma 5.1. Let k,b,c € P and assume that c|b. Then
(27) (tA (D), = 7 (A () [b/clie),, .-
Proof. We have

(tAa (D)), = (%“‘tb)kl

— <—tA’“—1(t > (1 — ")k
(1 =)
_ (1 - tb>k Z jkfltj
Jrged(j,b)=c
_ (1 . tb>k Z (ic)k—ltic
irged(iyb/c)=1

i:ged(i,b/c)=1

= -y (%)b

R (O =

= Mt A () b/ ),
Indeed, the second and seventh equalities follow from (26), the third
and sixth follow from (20), and the rest are straightforward. O

We begin our computation of X?ﬁ’j by considering first the case

where all parts of A\ have the same size. For \,v € Par(n) and
j€40,1,...,n—1}, set

7=
and

n 1
(28) S ( )—
Vi, o5 Vi) H]’:l m;(v)!
Theorem 5.2. Let n,r,m,d, k € P with n =rm = dk. Set

Par(m;d,r) == {p = (11, ..., puw) € Par(m) : wild|rp,; for all i € [I(p)]}.
Then
L)

n—1
(29) JZOX;;”%J': S o (tA;M@)[d]f“")dM.

pePar(m;d,r) =1
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Proof. Note that (12) implies that

n—1 r—1
(30) > Qumt! = hy, [Z Q(T),jtf] .
§=0 §=0

Now
r—1 r—1
hm[ Q(r),jtj] = > Zulpu[ Q(r),jtj]
=0 (€ Par(m) §=0
Up)
= > mlle| X a2
pePar(m)  i=1 vePar(r)
S |
p€Par(m)  i=1 vePar(r)

Indeed, the first equality follows from the well known expansion (see
any of [Mac, Sag, Sta2]) of h,, in the power sum basis, the second from
Theorem 4.1 and the third from (10).

On the other hand, it follows from the definition of x*/ that

ZQrm,]t - Z ZXV qut]
vePar(n) j=0

We see now equating the coefficients of pge on both sides of (30) yields

(31) ZX ST H : Wd (2 ),Mz/d(t“i).

nePar(m;d,r) fT

Now for all i € Par(m;d,r), we have

l(u
d* k!
—1
Ty, o T g ()1 ()
/{:'Hl(” rul/d) 1
H;‘il my(p )!Hi:I (zdu_)l

Up) .
T —1
(32) = WﬁuHNE i/ ’
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and

G(i)’“ﬂi/d@“i) = (tA(rui/d)—l(t) [d/ﬂi]:m/d>d/ |t:tm

i Hi

(33) = (A ) [df i)
s

We now have

n—1

™5, T d i i ru;/d
Zxdk W= Z s HN( il <tu Al -1 () [d/m]tffi/ )du-
]:0 sHg

pePar(m;d,r)

- Z Tan ﬁ (tAg“’ ]tdm>d,m ’

pePar(m;d,r) =1

the first equality being obtained by substituting (32) and (33) into (31),
and the second following from Lemma 5.1. O

We use Theorem 5.2 to handle general .

Theorem 5.3. Say A € Par(n) and n = kd.

(1) If there is some r € [n] such that d does not divide rm,(\) then
Xdk =0forall0<j<n-—1.
(2) If d divides rm,.(X) for all r € [n] then

n rmy(A)—1

N 8 e ()
Z X ]t = (1m1()\) 2ma(N) nmn(/\)) H Z Xd'r'mr()\)]/d
5 d

d

Proof. 1t follows directly from (12) that

n rmy(XN)—1

n—1
(34) 2 ot =11 Z Qv 5 -
7=0

Expressing both sides of (34) in terms of the power sum basis, we get
(35)

rmy(X)—1

Y - z Y S e,

wePar(n) r=1 vePar(rm,(X\)) Jj=0

Equating coefﬁcients of pge in (35) we see that if d does not divide
every rm,(\) then x'y o7 = 0 for all j, while if d divides every rm,(})
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then
n rmyp(A)—1
7] j _ -1 Tmr()\)vj ]
E Xgit? = Zge szrmr()\)/d E X grme(ay7a b
r=1 7=0
rmy (A
dn/d(n/d - e )\) ]
T, & O/ (rmy (V) /d)! H Z Xgrmr3j/a b
n n rmr(/\) 1
— d H rmr(X) J j
o 1my (M) ng()\) nmn()\ z : d?“mr(k)/d
—_— ceey

d 7 d

U

5.2. The permutation character 0"/ of G,. Note that, upon con-
sidering cycle notation for elements of S, it is straightforward to show
that if o € S, ; then yitoy, € Sy,j- Thus the claim in Theorem 1.2
that G,, acts on S ; is correct. Let 07 denote the permutation charac-
ter of the action of G,, on S, ;. Hence, 0*7(7) is the number of elements
of S, centralized by 7 € G,,. For v € Par(n), let 07 = 0*7(7), where
T is any permutation of cycle type v. Since all 7 € GG,, have cycle type
of the form d*, where dk = n, we need only concern ourselves with
v =d".

With Theorems 5.2 and 5.3 in hand, we now produce matching re-
sults for the permutation characters 6*7 of G,,. Again we begin with
the case where A = r™ for some divisor r of n. Before doing so, we
derive, in the form most useful for our arguments, some known facts
about centralizers in .S,, of elements of G,,, along with straightforward
consequences of these facts.

Fix positive integers n, k,d with n = kd. Set 7 = 7, * € G,. Note
that Cs, (1) = Cs, (7). For i € [n], we have

P { i—k i>k,
i1—k+n i<k

Now 7 has cycle type d¥, and we can write 7 as the product of k
d-cycles, 7 = 11 ... T, where 7; has support

X, ={j€n]:j=imodk}.

It follows that if ¢ € Cg,(7) then for each i € [k]| there is some
j € [k] such that X;,0 = X,. Thus we have an action of Cg, (7) on
{X1,..., X}, which gives rise to a homomorphism

P OSn(T) - Sk
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Given p € Si, define p € S, to be the element that, for r € [k] and

q € {0,...,d — 1}, maps r + gk to rp + ¢gk. It is straightforward to

check that p € Cg, (1) and ®(p) = p. Moreover, if we set
R:={p:pe€ S},

then R < Cg,(7) and the restriction of ® to R is an isomorphism.

It follows that if we set K = kernel(®) then Cg, (7) is the semidirect
product of K and R. Now

k
K={0€eCs,(1): Xjo =X, forall i € [k]} = HCSXi (i)
i=1

Since every d-cycle in Sy generates its own centralizer in S;, we have

k k
K:H(Ti>: {Hﬂ?i:el,_..,ekE{O,...,d—l}}.
i=1 i=1

Now, given p € Sy and ey, ... e, € {0,...,d — 1}, set
o:=m"...1."p € Cs, (7).
For r € [k] and ¢ € {0,...,d—1}, we have (with o acting on the right)
_Jrp+(a—e)k q> e,
(36) (T+qk>0_{ rp+(g—e)k+n qg<e,.

It follows that r + gk € Exc(o) if and only if either ¢ < e, or e, =0
and r < rp. We collect in the next lemma some useful consequences of
what we have just seen.

Lemma 5.4. Let n = dk and let 7 =~ *. Let 0 € Cs, (). Then there
exist unique p € Sy, and ey, ..., ex € {0,...,d — 1} such that
er

— €
o=T7"...7."p,

and if we define Ey to be the number of r € [k] such that e, = 0 and
r € Exc(p), then

(37) exc(o) = dEy+ Y _e;.

Note that the unique p € Sy of Lemma 5.4 is equal to ®(o) defined
above. For p € Par(k) and any divisor r of n, set
C,:={0€eCs,(1):P(0) € S}
and
C}L,”’ = C/»‘L N Srn/r7
so C,, consists of those o € Cg, (1) such that o has cycle type /"
and ® (o) has cycle type p.
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Lemma 5.5. For any divisor r of n, we have

Z texc(o) :{ (tAk—l(t)[d]f)d’% ka'|7",

0 otherwise
UGC(k)J
Proof. We begin by showing that
(38) Cwy = L—'_-J Cr)r-
k|rin

Certainly the union on the right side of (38) is contained in Cy, so
we prove that this union contains C(y). Let 0 € C). By Lemma 5.4,
we have

o=T1". TP
for unique p € Sy and ey, ..., e, € {0,...,d—1}. It follows from (36)
that for each j € [n] we have

k
(39) jot =4 — krz e; mod n.
i=1

Moreover, if jo! = j mod k then k|l. Hence each cycle length in the
cycle decomposition of ¢ is a multiple of k.

We claim that all cycles in the cycle decomposition of o have length
sk, where s is the order of k Y. e; in Z,. Indeed, it follows from (39)
that for all j € [n],

k
jok = —sk:Zei = 7 mod n,
i=1

which implies that jo** = j. Hence the order of ¢ in S, divides sk. It
follows that every cycle length in the cycle decomposition of o divides
sk. Now we need only show that sk divides the length of each cycle.
Suppose « is a cycle of length r and j is an element in the support of
a. We have k|r since k divides the length of every cycle. Again using
(39) we have,

k
j=jo" =j(c")k =4 — %k;ei mod n,

which implies that (r/k)kYr,e; = 0modn. Thus s, the order of
k Zle e;, divides r/k, which implies that sk divides r. We have there-
fore shown that sk divides the length of every cycle, and since we have
already shown that every cycle length divides sk, we conclude that all
cycles in the cycle decomposition of ¢ have the same length sk, that
is, o € C,, for some 7 satisfying k|r|n, as claimed in (38).
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We have also shown that C,, = (0 if k does not divide r. Thus the
claim of the lemma holds when & does not divide 7.
Next we show that if o € C(y), then

(40) ged(exc(o), d) = g
As above, write o = 7" ... 7" p. Since d|n, it follows from (37) that
k
(41) ged(exc(o), d) = ged (Z €, d) :
i=1
Since k Y | e; has order 7/k in (Z,, +), we have that
T n B d
ko ged <n, k Zle ez-) ged (d, S ei> 7

the first equality following from simple facts about modular arithmetic
and the second from the fact that n = dk. Now we have

k
kd
(42) ged (d, ;eZ) =

and combining (42) with (41) gives (40).
Combining (38) and (40), we get

(43) Z teXC(U) — Z 2fexc(a)

O’EC(MW UEC(k>

d7

33

for each divisor r of n.
For p € S; and ¢ € [k], set

fpi(t) = { [[]t]t gtiiv?i:(ej(p)’

Then

Z texc o) H fpz — pexc p)[ ]t)

o€~ 1(p)

the first equality following from Lemma 5.4. It follows now from (23)
that

(44) > ) = A, (1)[d)f,

O'EC(k>

and combining (43) and (44) yields the lemma. O
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Lemma 5.6. For divisors k,r of n and u € Par(k), we have

Up)

Z texc(cr) =, H Z texc(a))

7€Cu,r =1 0€C;),r
where 7, is defined as in (28).

Proof. Given o € C,,,., we write as usual 0 = 7{* ... 7.*p. Now p € Sy
has cycle type p, so we can write p = p; ... py(,) as a product of disjoint
cycles whose lengths form the partition p. For ¢ € [[(u)], let B; be the
support of p;. We may assume that |B;| = u; for all i. Set

ﬁ(a) = {Blv e Bl(#)}7
so (o) is a partition of [k]. For i € I(u), set

o; = (H T;j) pi € Sp.

JEB;

€5 . .
7.7 are contained in

The supports of both p; and HjeBi ;

{i+qk:jeB.0<q< 1}
It follows that p; and Iljep, 75’ commute for all i # h, so
I(p)
o = H g;.
i=1
Moreover,
U(w)
(45) exc(0) = ) _ exc(o;).
i=1

For i € [I(u)], define f; to be the unique order preserving bijection from
B; to [p], and set

o= fi loifi.
Then, for each i € [I(11)], we have 7; € C(,,), and
(46) exc(d;) = exc(o;).

Let II, be the set of partitions of [k] that have m;(u) blocks of size j
for each j. For each partition X € II,, set

Cx:={oeC,,:0(0) =X}
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The map from Cx to Hi(z“l) Cuy)r sending o to (a4, ...,0()) is a bi-
jection. Given (45) and (46), we see that

Z texc(a _ Z Z texc(a)

0€Cpu,r Xell, 0eCx

Up)
— ’HM‘H Z pexc(p)

=1 p€Cuy),r

It is straightforward to see that |II,| = m,, so the lemma follows. [
Theorem 5.7. Letn,r,m,d,k € P withn =rm = dk. As in Theorem
5.2, let
Par(m;d,r) = {p = (p1, ..., tuqw) € Par(m) : pld|rp; for all i € [I(p)]}.
Then

L(u)

n—1
CORDSUSEEED DI | [ ZERRIOI0 A I
j=0 e

pePar(m;d,r) i=1

Proof. We have

n—1
E 92:7jtj _ § texc(a)
Jj=0 0eCg, (’y,ﬁ)ﬂST'm

_ Z Z texc(a)

p€Par(k) 0€Cy

Up)
_ Z WMH Z texc(a)

pePar(k)  i=10€C(,,) .,
L)
= Z 7TM (tA,UL—l(t) [d]gl)d,dui/r :

pePar(k;r,d) =1

Indeed, the first two equalities follow immediately from the definitions
of "7 and C,, ., respectively, while the third follows from Lemma 5.6
and the fourth from Lemma 5.5.

Now for pu € Par(k;r,d), set v :=v(p) := 4p, so p = 5v. Now %k =
m and, since p;|r|dp;, we have v;|d|ry; for all i. Thus v € Par(m;d,r).
From this we see that the map p — v(p) is a bijection from Par(k;r, d)
to Par(m;d,r). Thus we have

n—1 l(v)

)BTRS DI | ((ZPCITHO I

Jj=0 vePar(m;d,r) i=1



EULERIAN QUASISYMMETRIC FUNCTIONS AND CYCLIC SIEVING 25

as claimed. ]

Theorem 5.8. Say A € Par(n) and n = kd.
(1) If there is some r € [n] such that d does not divide rm,.(\) then
Qggj:Oforall()gjgn—l.
(2) If d divides rm,(X) for all v € [n] then

n Tmr

N F pmr ()
29 ]t = (1m1(x) 2ma(N) nmn(/\)) H Z ermrwj/dt

d d o P

Pmof. Let 0 € Sy, so 0 can be written as a product of disjoint cycles
in which there appear exactly m,(\) r-cycles for each r € [n]. For each
such r, let o, be the product of all these m,(\) r-cycles, and let B, be
the support of o,. If o € Cg, () then v* commutes with each o,. It
follows that v* stabilizes each B, setwise. Therefore, for each r € [n],
there is some Y, C [k]| such that

= L'!’J Xi7
i€,
where X; = {h € [n] : h =14 mod k}. Since | X;| = d for all 7, it follows
that rm,.(\) = | B,| = d|Y;], so (1) holds.

For each r € [n], let 3, € Sp, act as % does on B,. We have
vk =T1"_, B., and 3, commutes with o, for all r. For each r € [n], let
f» be the unique order preserving bijection from B, to [rm,.(\)]. Direct
calculation shows that for each r, we have

(48) £ B fe = Al )
Also,

(49) exc(o Z exc(oy,) Z exc(f o fr).
r=1

On the other hand suppose we are given an ordered n-tuple (Y,...,Y,)

of subsets of [k] such that

(a) |Y,.| = rm,()\)/d for each r € [n], and

(b) [k] = Lﬂ:}:1 Y.,
and we set B, = Wy, X; for each 7. Then each B, is y-invariant,
and if we set (3, equal to the restriction of v* to B,, we can obtaln
o € Cs, (v¥) N Sy by choosing, for each r, any o, € Sp_ of shape r™ ™
commuting with (3, and setting o = Hle o,. The number of n-tuples
satisfying (a) and (b) is

d
1mi(A) 2ma(N) nmn(A) |7

d s d s d
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and the theorem now follows from (48) and (49). O
Comparing Theorem 5.7 with Theorem 5.2 and then comparing The-
orem 5.8 with Theorem 5.3, we obtain

Qxj Mg
Xge = = edk

for all A € Par(n), j € {0,1,...,n—1}, and d, k € PP such that dk = n.
Theorem 1.2 now follows from Proposition 3.2.

6. SOME ADDITIONAL RESULTS

As mentioned in the Introduction, Theorem 1.2 is a refinement of
(5). In this section we show that the less refined result can also be
obtained as a consequence of [ShWa2, Corollary 4.3|, which states that

(50)
5] n m
m=0 ko >0 q i=1
kl:“wk’m 22

Although the alternative proof does not directly involve the Eulerian
quasisymmetric functions, the proof of (50) given in [ShWa2] does.
Hence the Eulerian quasisymmetric functions play an indirect role. In
this section we also prove the identity (7) mentioned in the introduction
and as a consequence obtain another cyclic sieving result.

Theorem 6.1. Let dk = n. Then the following expressions are all
equal.

(i) Amabesedx(, =T, s)
(i) Sece o) fexc(o) gfix(o)
(i) A7 (r, [l
Proof. ((ii)=(iii)) For p € Sk and i € [k] set
t[d]: if i € Exc(p)

foi(t,s) =< s +t[d—1]; ifie Fix(p)
[d]; otherwise.
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It follows from Lemma 5.4 that

k
Z texC(U)SﬁX(U) = H fp,z’ (t7 S)
=1

o€~ 1(p)

— ¢oxclp) [d]f*ﬁX(p)@d +tld — 1]t)ﬁ><(p)_

By summing over all p € S, we obtain the equality of the expressions
in (ii) and (iii).
((i) = (iii)) By setting ¢ = 1 in (1) we obtain

. t>€(sd+t[d—1]t)z

ZAzxc,ﬁX(t’ Sd+t[d_1]t)[d]kzk _ (1

k>0 [d]t tH etldlez — teldliz
_ (1—t)es
— e(tldi—tld=1])z _ te(lde—tld—1])z
(1 _ t>esdz
51 _ @ =t)er”
(51) 1 e

It follows from (50) and Proposition 2.2 that

Azlr;CaJ,exc,ﬁX(wd’ tw;l7 S) _
m>0 l
liy..,1
>l

(]

k m
( lov. L > gdlo Ht[dli—l]t.

o
\Y]

0

I3

>1
k
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Hence, by straight-forward manipulation of formal power series we
have,

k
f _ z
ZAmaJ ,exc, X Wd,twd 1, S)—

k!
k>0
. k dlo i dl Zk
vy Y (L) Tt
E>0m2>0 1, >0 i=1
i, ..l >1
S L=k
— " g i tldl; — 1], 2
=y Lyl [ttt - ]k!
m,k>0 Slhi=k i=1
liy.. .l >1
=YY [
m>01q,..,l;m>11=1
l m
SdZ
- o3 (Saa- l,) |
m>0 \I>1
Further manipulation yields,
l m
1
> (Tra-ug) - :
m>0 \I>1 <Zl>1 [ ]t z!>
B 1—t
L=t 3t —1)%
B 1—t
ol =ttt —1—t(er —1)
B 1—t
etz — e
Hence
- & (1= t)es"
ZAg}faj’eXC’ﬁX(wd twgl §)— = .
) ) ' dZ o 2
= k! et te
The result now follows from (51). O

Corollary 6.2. Let dk =n. Then
AR (wa, twg ') = Ax(t)[d]7

A similar result holds for the cycle-type ¢-Eulerian polynomials Agj’)‘j’em(q, t).
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Theorem 6.3. Let dk =n — 1. Then
AP (way twy t) = tAR(E) [d]}.

Proof. We apply Proposition 3.2 which tells us that for all j, the co-

efficient of ¢/ in A%j’exc(wd, tw;') is equal to X?d(’? 7 By Theorem 4.1,
Xle(lf)’j equals the coefficient of #/ in G4 (t) = tAg(t)[d]F. O

Corollary 6.4. Let S, ; be the set of permutations in S, with j ex-
cedances. Then the triple (Gp,Snj, ami1),j+1(q)) exhibits the cyclic
sieving phenomenon for all j € {0,1,...,n — 1}.

Proof. That the triple exhibits the cyclic sieving phenomenon is equiv-
alent to the equation

£y ) = AT (gt ),
0eCs, (9)

for all divisors d of n and g € G, of order d. This equation is a
consequence of Theorems 6.1 and 6.3, which respectively say that the

left side and the right side of the equation both equal tAx(¢)[d]?. O
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