
NOTES FOR MATH 310
LECTURE 6
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1. The Euler φ function

A natural question to ask at this point is: how many elements of Zn have multiplicative
inverses? By a theorem proved in class, this is the same as asking how many integers
1 ≤ a ≤ n− 1 have (a, n) = 1.

Let φ(n) denote the number integers a such that 1 ≤ a ≤ n − 1 and (a, n) = 1. For
example, we have shown that:

φ(p) = p− 1
if p is prime.

Proposition. φ(pk) = pk − pk−1 = pk−1(p− 1).

Proof. Note that (a, pk) = pr for some 0 ≤ r ≤ k. Therefore (a, pk) = 1 if and only if
r = 0, which means that p - a. So we need the number of 1 ≤ a ≤ pk with p | a. This is
the same as the number of multiples of p that are between 1 and pk. If we arrange these
pk integers into p columns, we see that all the multiples of p lie in the same column, so
there are pk−1 of them. Therefore, there are

pk − pk−1

integers 1 ≤ a ≤ pk such that p - a. �

Lemma. Let a,m, n ∈ Z. (a,mn) = 1 if and only if (a,m) = 1 and (a, n) = 1.

Proof. If
mnu + av = 1

then
m(nu) + av = 1
n(mu) + av = 1

If
ms + at = 1, nu + av = 1

then
1 = ms(nu + av) + at = mn(su) + a(msv + t)
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Theorem. If (m,n) = 1, then φ(mn) = φ(m)φ(n).

Proof. We know mu + nv = 1 for some u, v ∈ Z, By the Chinese remainder theorem,
there is a unique t ∈ Zmn such that

t ≡ a( mod m)

t ≡ b( mod n)

We claim that (t, mn) = 1 if and only if (a,m) = 1 and (b, n) = 1. Note that, since t ≡ a(
mod m), we have (t, m) = (a,m), and since t ≡ b( mod n), we have (t, n) = (b, n).

Suppose that (a,m) = 1 and (b, n) = 1. Then (t, m) = 1 and (t, n) = 1, and by the
previous proposition, (t, mn) = 1.

Suppose that (t, mn) = 1. Then (t, m) = (t, n) = 1, so (a,m) = 1 and (b, n) = 1.

Now φ(mn) counts how many t ∈ Zmn have (t, mn) = 1. This is the same as counting
those a ∈ Zm such that (a,m) = 1 (which is φ(m)) and for each such a, those b ∈ Zn

such that (b, n) = 1 (which is φ(n)). In other words, we are counting φ(n) elements for
each one of the φ(m) elements, for a total of φ(m)φ(n) elements.

�

We can now derive a formula for the function φ:

Theorem. Let n > 1 be an integer and let n = pa1
1 . . . pak

k be its prime factorization.
Then:

φ(n) = n

(
1− 1

p1

)
. . .

(
1− 1

pk

)

Proof. Note that (pa, qb) = 1 for any two distinct primes p and q. Therefore,

φ(pa1
1 . . . pak

k ) = φ(pa1
1 ) . . . φ(pak

k )

= pa1−1
1 (p1 − 1) . . . (pak−1

k )(pk − 1)

= pa1
1 . . . pak

k

(p1 − 1) . . . (pk − 1)
p1 . . . pk

= n

(
1− 1

p1

)
. . .

(
1− 1

pk

)
�

Example. φ(120) = φ(8)φ(3)φ(5) = 4 · 2 · 4 = 32.

Example. φ(2n) = 2n−1(2− 1) = 2n−1.
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2. Euler’s theorem

Theorem. Let n > 1 be an integer and suppose (a, n) = 1. Then

aφ(n) = 1 in Zn

Proof. Let φ(n) = k and list all the elements of Zn that have multiplicative inverses:

A = {b1, . . . , bk}
Now multiply all the elements by a:

B = {ab1, . . . , abk}
Since (a, n) = 1 and (bi, n) = 1, we conclude that (abi, n) = 1 for all 1 ≤ i ≤ k.
Therefore, B is a subset of A. If abi = abj , then

a(bi − bj) = 0

so bi − bj = 0 and bi = bj . This shows that B has k elements, so A = B.

Let m = b1 . . . bk. Similarly, the product of all the elements of B is:

(ab1) . . . (abk) = aφ(n)b1 . . . bk = aφ(n)m

Therefore,
aφ(n)m = m

in Zn. Since (m,n) = 1, we can divide by it:

aφ(n) = 1

in Zn.

�

Example. Find 412003 = mod 9999

First find the prime factorization of 9999:

9999 = 9 · 11 · 101

Now calculate φ(9999):

φ(9999) = φ(9)φ(11)φ(101) = 6 · 10 · 100 = 6000

Note that (4, 9999) = 1 because (4, 9) = (4, 11) = (4, 101) = 1. Therefore, in
Z9999:

46000 = 1
Squaring both sides, we see that

412000 = 1
Therefore

412003 = 41200043 = 43 = 64
in Z9999.
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