MATH 310: HOMEWORK 9

(1) Find all the invertible elements in Zg[z]/(z* + 22 + 1).
(2) Find all the monic quadratic irreducible polynomials in Z3[z].

(3) For each monic quadratic irreducible polynomial f(z) € Zs[z], let I = (f(x))
and find the multiplicative inverse of z + I in the field Z3[z]/I.

(4) Consider the following function:
N : Z[Z] — ZZO
N(a + bi) = a* + b*

Prove that N(af) = N(a)N(p) for all a, 5 € Z[i]. Now find all the invertible
elements of Z[i].

(5) Let p € Z be a prime. Prove that:
Zlz]/(p) = Lp|z]

Use this fact to give an example of a non-zero prime ideal which is not a maximal
ideal.
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Theorem. Z[i] is a Euclidean domain.

Proof. First, let’s recall some facts about the division algorithm in Z. If a,b € Z and
b # 0, then:

r
In other words, ¢ is the closest integer to the left of { on the number line. What about

the closest integer to the right?

a=bg+r, 0<r<b ie

)
%zq—f—l—i—%—l:q—l—lﬁ-%, ie. a=(q+1)b+ (r—b)

Note that either r < % orr > g. In the second case: r — b > —%. In other words, we
have the modified division algorithm:

N o

a=q¢b+7r", <

Now define:
N : Z[i] — Z>o
N(a +bi) = a* + b*
We need to show that for any «, 5 € Z[i] where b # 0, there exist ¢, € Z[i] such that
a=qB+rT
and N(r) < N(B) or r = 0.
Let « = a+bi and 8 = ¢+ di, where a, b, ¢,d € Z. Since Z]i] is a subring of C, we have:
o (a + bi)(c— di) _actbd n i(be — ad)

B N(3) N(B) N(B)
By the division algorithm in Z, we have:

ac+bd= N(B)q +r

bc —ad = N(B)g2 + 2
where |r1| and |ra| < % Then:

o 7 . iry . B(ry +irg)
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Let ¢ = ¢1 + ig2 and:
_ B(ry +irg)
N(B)
Row: 1+ irg r% r% r% + r%
N =0 (") = VO (s * we) = v

2
We have r? and 73 < N (@) , so that:

4
N(B)>+N(B)*> _ N(B)
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