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16.4 Green’s Theorem

Circulation Density
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Suppose that
F(z,y) = M(z,y)i+ N(z,y)j

is the velocity field of a fluid flow in the plane and that the first partials
of M and N are continuous over a region R. Now let R, be a small
rectangle in R (as shown above).
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Suppose that we wish to approximate the circulation around the small
rectangle R;. If Az and Ay are small, we expect the velocity field to be
nearly constant on each of the four sides of A. For example, the flow
along C is approximately

F(x,y) - iAx = M(x,y) Ax.

Similarly, the flow along each of the other three sides is
Cy: Fx+ Ax,y)- jAy = N(x + Ax,y) Ay
Cs: Flr,y+Ay) - (—i)Ax = —M(x,y + Ay) Az
Cy: Fla,y)- (=) Ay = —N(z,y) Ay

Now putting the top and bottom sides together we have

M — M A
M(I,y) A:U—M(x,y—l—Ay) Ap — ( (:z:,y) X ($,y+ y)) Az Ay
Y
~ _a_MAxAy
dy

For the left and right sides we have

N A — N
N(z+ Az, y) Ay — N(z,y) Ay = ( @+ 3322 (az,y)) Az Ay

_ON

Az A
&Eajy

|t follows that the circulation around the rectangle is approximately

ON OM
9r oy ) Az Ay

(1) circulation = (
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Dividing both sides of (1) by the area of R, suggests the following
definition.

Definition. Circulation Density at a Point in the Plane

The circulation density or k-component of the curl of a vector field
F(x,y) = Mi+ N jata point (z,y) is

ON OM
2 |F)- k= —
@) (ourlF) - k=5 -~

Remark. Recall that the curl of the vector field F' is given by
curlF =V x F

i j k

o o0 0

Or Oy 0z
M N P

(9P ON L or oM - ON oM K
-\ 9y 0z or 0z ] ox oy

Notice that circulation density in the plane is a scalar.
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Theorem 1. Green’s Theorem (Tangential Form)

Let C' be a piecewise-smooth, simple closed curve in the plane and let
R be the region bounded by C' (in the plane). Suppose also that M and
N have continuous partial derivatives on an open region that contains
R.

Then the counterclockwise circulation of the field F = M i+ N j around
C'is equal to the double integral of the circulation density
(k-component of the curl) over the region R.

(3) /F-Tds=§1§de+Ndy
C

(4) // (aN aM) dx dy

C|rculat|on density

or, more conveniently,

:/ (VxF) -k dedy
R\ 7

circulation density
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5

Proof. We shall prove a special case of the theorem. Suppose that C'
is the boundary of the triangular region shown in the sketch.

Let
d—c
y:g(x):b_a(x—a)+cand
1 b—a
r=g () =o—(-otc

Notice that these are equations for C;
and will be used below.
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1. We start with the curl integral (RHS of (4)).

/6—Ndxdy—/ a—Mdydw
r Ox r Oy

d prx=b b =g(z)
ON =9 M
:// —dxdy—// 8—dydx
¢ Jomgiy) 07 a Jy=c dy
d

_ / (N(b,y) — N (97 (y),v)) dy

C

- / (M (2, g(z)) — M(z, ) d

or
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2. Now we consider the circulation integral (RHS of (3)).

It is easy to see that the circulation integral can be rewritten as

%de%—]\fdy— M dx + N dy + M dx + N dy
C C Co C3 Cs

Now

b
Mda::/ M(x,c)dx
@] a

d
Ndy:/ N(b,y)dy
Cy c

Mda:—/Ma:g /Ma:g
Cs

N dy = /ch (97 (y),y) dy = —/ N (97" (y),y) dy

Cs c

Putting these together we have

§I§Mda:+]\7dy:/ (M(xz,¢c) — M (x,9(x))) dx
C a

+/ (N(b,y) — N (97 (y),v)) dy

which is the RHS of (5).
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Remark. Now to prove the theorem for arbitrary triangles, we first
consider the following.

From this we could prove the theorem for arbitrary polygonal regions,
etc.
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Example 1. Consider the velocity vector field below.
F=3z]

over the unit square R as shown in Figure 1. We imagine the field
represents a thin fluid flowing over the xy-plane and the units of F are
expressed in ft/sec.

Cy

N -

-~

Figure 1: Velocity Field 3z j

What can you say about the circulation density (see Figure 1) at each
point within the region R?

Now find the counterclockwise circulation for the velocity field F on 0R,
the boundary of R, in two different ways.

We first proceed directly, that is, we evaluate the line integral faR F - dr.

/F-dr—/+/—|—/—|—/F-dr
OR Cq Co Cs Cy

Notice that the flow along each of the line segments Cs, Cs, C, is zero.
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Now let
Ci: rt)=i+tj, 0<t<1
Then

/aRF - dr = /01 F(r.(t)) - dry

1
=/ 3x1dt=3
0

Now find the circulation using Green’s Theorem. We have

LRF-dr://R(%Z—%]\;> dx dy
- (@Sj _3(352)) de dy
:3//Rdxdy

=3 x areaof R

=3

as we saw above.

10
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Example 2.

Let f(z,y) = 2* + zy. Verify Green’s Theorem for the gradient field
Vf = (2x+y)i+ xjoverthe region R bounded by the circle

C:r(t)=2costi+2sintj, 0<t<2rm

A A 4 4 4 444
Ty
Lt A L 4 4 4 4
FFIFIFIFIFY
=2 FIFIFIFIFY
. F\\ Ty
P / b Lt A L 4 4 4
y X TFTIFIFIFY
s TIFIFY
Py \ TIFIFY
V' > > 1 | —
Yy, —»\? —1 1 f Ty
e ko do ko 7y
e b bo o £ ), 77
o ko do b o I\ e / 7y
ke b o i \\ 7
o o o o b0 o \ / 4
Mo o bo o o £ ~
ke o b b0 £ S~
Ml o o o b & &
Ml o bo o b & &
Ml o o o bo bo bo o \
Ml e o o o &o bo &

So by Green’s Theorem

%(Zx—ky)dx—kxdy:yéde#—Ndy
C

// (aN 8M> dx dy
- [ n=1deay

=0

As expected since gradient vector fields are conservative.
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Example 3.
Use Green’s Theorem to find the counterclockwise circulation for

F=(x+e" siny)i+ (r+ e cosy)j

over the righthand loop of the lemniscate
C': r? = cos 26.

SONNNC\\
SONNNC\\
SSNNNN\

N
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12



16.4

M=x+e"siny, N=x+¢€e"cosy

ON oM

— =1+e"cosy, e e’ cosy
Y

ox

|t follows that the circulation density is

ON OM

(VxF)-kzam— oy

=1+e¢e"cosy — e’ cosy

=1

So by Green’s Theorem

%Md:chNdy—//(aN 8M> dx dy

://lda:dy (area of the lemniscate)
R

DN | —

13
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Example 4.

Evaluate the circulation

of the region

14

integral §1§ (3y dx + 2z dy) where C'is boundary

C

0<z<m 0<y<sinz

Solet F = 3yi+ 2xj. See Figure 2.

sss-)-)-)—rallliiiiiiiff
\\;»»-}—)»I}V’/ii””’f‘
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Figure 2: Vector Field 3yi+ 2z j
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Now apply Green’s Theorem.

§lé3ydx+2xdy:§l§de+Ndy
C

//(8N 8M) do dy
—// (2—=3)dydx
0o Jo
—/ sinx dx
0

as we saw in section 16.3.

15
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Example 5. Applying Green’s Theorem - Special Results

a. Let F = yi. Let C be the boundary of the region R in the sketch
below. Apply Green’s Theorem to quickly find the circulation of F
around C.

—  —  — — > > :\:/—)—)—)

Q
0
@V

16
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/CF.Tds_ggMdHNdy
§£ydaz
G5 ) e
:_/abg(x)d:ﬁ

You can verify this result by actually computing the line integral
using the parameterizations given below for ¢, —Cj.

Notice that C' = C, U Cy U C5 U Cy where

Ch: rl(t) =bi+g(b)t]

1ro(t) = (b— (b—a)t)i+glb—(b—a)t)]
Cy: rg(t) +(1—1)g(a)j
Cy:ry(t) = (a+ (b —a)t)i,

Here each parametrization is given for 0 < ¢ < 1. We leave the
remaining calculations as an exercise.
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S
> > > >

>
>

S
#*#*Q*#*#
>>>>>>>>>
> > > > >

> > >U> >

Figure 3: F = G(x) j

b. Let F = G(x) j where G is a differentiable function of z. Let C be the
boundary of a rectangle R shown in the sketch below. Apply Green’s
Theorem to obtain a well known result from an introductory calculus
course.

The vector field is constant along vertical lines. In other words, if
c € R,
F(c,y) =G(c)j, forallyeR

First we compute the circulation of F = G(x) j around the closed
curve C directly.

Notice that F - T' = 0 for the line segments C; and C,. Also,
Ay(jl = Ang = 1. It follows that

circulation = (F(b,y) - j) Ay + (F(a,y) - (—])) Ay
G(b) Ay — G(a) Ay
G(b) — G(a)
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So by Green’s Theorem

So the Fundamental Theorem of Calculus is a special case of (the

ON _ 0G(x)

= G'(z) = g(x) and

G(b) — Gla) = / F.Tds

C

:yéMdaerNdy
(55 e
= /j/ol(G'(x) —0)dy dx
= /:G'(x)dx

= / 9(x) dx

tangential form) Green’s Theorem.

In this case the definite integral ffg(a:) dx can be viewed as the
circulation of F = G(z) j around the closed curve C (see Fig. 3)

where G(x) is any antiderivative of g(x).

19
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Applications

Green’s Theorem can be used to derive several useful formulas for
area.

Let C' be a simple closed curve in the plane enclosing a region R. Then

Area OfR://d:Udy
// (1—(-1)) dedy
// ( or Oy )) drdy

(6) = yé —ydr + x dy
“2Jo

The above formula can be used to explain how a planimeter works
(see the brief discussion and references on page 1111 of the text).
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’(xﬂ—lv Yjt1)
/éj, Y;)

Figure 4: General Polygonal Region

Example 6. Let R be a polygon with vertices

21

(o, %0), (X1, Y1), - - - (Tn, yn). A typical edge is shown in Figure 4. Use (6)

to derive the formula

1 n—1
(7) Area of R = 52 TjYj+1 — Tj+1Y;
=0

So by (6), the area of the polygon is given by

1
Area = —%xdy—ydaj
2 Jc

% xdy —ydx
Ui1Cj

1
/a:dy—yda:+—/ xdy —ydx +
C1 2 C1

1
+§/ rdy —ydx

1
2
1
2

We compute the flow integral along an arbitrary side. So let

Cir:r(t) = (xj(1 — 1) + 2jp0t) i+ (y;(1 —t) + yj1t) J,

0<t<1
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Then

r=u;1—-t)+zt, dy=(yj1—y;) dt
Yy = yj(l — t) + yj11t, dr = (l“j+1 — ﬂfj) dt

It follows that

1 1 [
§§l§ rdy —ydr = 5/ (2 (1 = t) + 2j318) (Yj1 — y5) — (1 =) + yjat)
Cj+1 O
!
= 5/ (TjYj+1 — Tj41y;) dt
0
1 1
= §$jyj+1 - §$j+1yj

Thus

1 1
Area:—/ xdy—ydx+—/ rxdy —ydr +
2 C1 2 C1

1
--—I——/ rdy —ydx

2
1 n—1
= 52 / rdy —ydx
j=0  Ci+1
1 n—1
= 52 LjYj+1 — Tj4+1Y;
j=0

as desired.
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As another application of (6), we derive the well-known formula for the
area of an ellipse. Recall that the general equation of an ellipse
centered at the origin is given by

ZUQ y2

Sty =]
for some a,b > 0. It is easy to see that this ellipse can be
parameterized by

C: r(t)=acosti+bsintj, 0<t<2rx

Now let R be the region enclosed by the ellipse. Then by (6)

. 1
Area of ellipse = 5% xdy —ydx
C

= %/o ' ((acost)(bcost) — (bsint)(—asint)) dt

2
= a_b dt = mab
2 Jo

How would you calculate the area using techniques from first semester
calculus?
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Example 7.

Evaluate the integral 75 4xy dxr + x dy. Here C'is defined by the vector
C
equation

(8) C: r(t)=—-2sinti+3costj, 0<t<2rm

Let F = 4xyi+ z j. Then the given integral is a circulation integral.

So let R be the interior of the ellipse defined in (8). Then by (the
tangential form of) Green’s Theorem

%}My de +xdy = //R (65? — 8(229)) dx dy
= //R(l — 4x) dx dy

Notice that the ellipse has the rectangular equation

2

T
il —1
4

_|_

y2
©) y

Thus

2 V36—922/2
//(1—433) dxdy:/ (1—4x)/ dy dx
R —2 —/36—-922/2

2
:/ (1 —4x)v/36 — 922 dx
—2

24



16.4 25

We try the trig substitution z = 2sin 6. Then

/2

2
/(1—4:1:)\/36—9;52@:12/ (1 — 8sinf) cos® § db
—2

—m/2

/2 /2
:6/ (1 + cos 20) d8—96/ sin 6 cos” 0 df
—m/2 —m/2

/2
:6/ (1+ cos26)df — 0

—m/2

= 0m

We leave it as an exercise to evaluate the line integral direcily.



16.4 26

He

1 1

Figure 5: Parametric Curve: r = sin 2t i + sintj

Example 8. Find the area of the region R whose boundary is given by
the vector equation r(¢) =sin2t i +sint j, 0 <t < .

So by (6), this is

Area = yé—yd:wrxdy
C

/ —2sintcos 2t + sin 2t cost dt
0

N — DN -

™

—sint(2cos*t — 1) + sint cos® ¢ dt

1
u? — 1du

I
Wik — S—

The solution above is nice and short but it sure seems like overkill
(using Green’s Theorem) for a simple area calculation. Can we use one
of the definitions from sections 15.3 or 15.4 to compute the area of R?
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Example 9. Redo the previous example by rewriting the given vector
equation in polar form.
Let’s rewrite the parametric equations

(10) x =sin2t = 2sint cost and y = sint

in polar form and exploit the formula A = // rdrdf. Now
R

r? = 2% 4+ y* =sin’t(4dcos’t + 1)

— (1 —cos’t)(4cos® t + 1)

and

or

Let 6y = arctan(1/2). It follows that

r(0) = \/<1 _ CO?) (1 + cot?0),

Now

m—0y r(6)
Area://rdrdﬁz/ / rdr df
R 0o 0
/2 r(6)
=2 / / rdr df

0o 0
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Area =

3 cot2 8 cot* 0
4

do

[
/ ( o6 )(1+cot2€)d8
/

4
3

As we saw above. Here we have relied on the standard trig reductions
formulas for the cotangent function. For example,

/cot4 6 do = /cot2 O(csc? 6 — 1) db

:/cot290802(9d«9—/cot29d«9

:/Cot2908029d«9—/(08029—1>d@

o 3
_ Cgt O A ct0404C

That'’s a lot of work for a simple area calculation. Perhaps working in
rectangular coordinates would be easier.



16.4 29

Example 10. Redo Example 8 by working in rectangular coordinates.

This turns out to be easier than working in polar coordinates. Notice
that = = f(y) since by (10) we have

x = 2sint cost = 2sintV 1 — sin’ ¢

=2yv/1 -y

Now the rest is easy. We have

1 p2yr/1—92
Area = 2 / / dx dy
0 Jo

1
:2/ 2u\/ 1 — y2 dy
0
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Figure 6: A Spin Field

-y . x ..
Example 11. LetF=—"—-i+ ———jandlet C be a positivel
oriented circle of radius a > 0 centered at the origin. Evaluate the

circulation integral [, F - dr.

As usual C' can be parameterized by the vector equation
r(t) =acost i+ asint j, 0 <t < 2x. It follows that
dr/dt = (—asint,acost) and

—sint . cost .

F(r(t)) = - i+ TJ

2
/F-dr:/ sin?t + cos’ t dt
C 0

21
:/ dt = 27
0

Compare with Example 7 from 16.2.

so that

30
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Now let’s try using Green’s Theorem. Let D be the disk of radius a > 0
centered at the origin and let

M = and N =
$2 + yQ 5172 + y2

Then according to Green’s Theorem

/F dr—// (5’N aM) e
[ G ) o
Z//Ddedy

= () ?7?7?

What is going on?

We will have more to say about this example next time.



