5. CONTINUOUS DEPENDENCE OF SOLUTIONS TO DIFFERENTIAL
EQUATIONS ON PARAMETERS

We now want to investigate the dependence of solutions to differen-
tial equations on parameters.

Lemma 5.1 (Gronwall inequality). Suppose f(t), a < t < b, is a
continuous non-negative real-valued function on the closed real interval
[a,b] such that there are positive constants Ki, Ky such that for all
t € la,bl],
t
Then, for all t € |a,b),
f(t) < Kyexp[Ks(t — a)] < Ky exp[K3(b— a)]

t

Proof. Let U(t) = K; + KQ/ f(s)ds. Then, U is a strictly positive
continuously differentiable function on [a, b] with

U'(t) = Kaf (t) < KU (1)

/
for all t. Thus, UU ((;)) < Ks. Integrating this inequality over the interval
la, t] gives
logU(t) —logU(a) < Ks(t — a),
or
logU(t) <logU(a) + Ks(t — a),
and

f(t) <U(t) < U(a)exp[Ka(t — a)] = K exp[Ky(t — a)].
U

Theorem 5.2 (Local continuity of solutions on parameters). Suppose
f(t,z, \) is a continuous function defined in an open set D C R x R™ x
Rk, Suppose there are constants M > 0, K > 0 such that

(1) | £(t,2,\) |< M for all (t,2,) € D,

(2) | fit,x, )= f(t,y, \) | K | x—y | for all (t,z, ), (t,y,\) € D.
Let (to, o, N\o) € D. Then, there are a positive number « > 0 and a
neighborhood V' of (to, o, Ao) such that for each (u,y,\) € V', the IVP

(5.1) i = f(t,z,A), z(u)=y
has a unique solution ¢(t,u,y,\) defined on the interval [u — a,u + a|
and the function ¢(t,u,y,\) is a continuous function of the variables
(t,u,y,\) in [to — o, tog+ o] x V.
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Remark. This resz(%ta %ﬁsuthat for all (u,y,\) near (to,xo,No), the

solution to the IVP (5.1) is defined on the same sized interval (of length
2a) about the initial time w and the solution depends continuously on
the initial time, value, and parameter.

Proof. For any (u,y,\) € R x R* x R¥ a, 3,7 > 0, denote

I, (u) =[u — a,u+ al,

Bg(y) ={z e R" : |z —y| < o},

Cy(m) ={y eR": |y —7[ <9}

Take aqg, 89,70 > 0 such that
Vo 1= Loy (to) X Bpy(x0) X Cry, (o) C D.
Take 8 = (y/3, and A = A\g. Then take a € (0, /2) such that
aM < g, aK < 1.

Then we let

V' = 14(to) X Bag(xo) x Cy(Ao).
Clearly for any (u,y,7) € V, we have that

Io(u) x Ba(y) x C(7) C Vh.

S5.IVP.
By the E-U Theorem, we can prove that for (u,y, A) € V', the IVP (% ) .
has a unique solution ¢ (¢, u,y, A) defined on the interval [u — o, u + ]
with ¢(t,u,y, \) € Bs(y). Then we take

V= Ia(to) X Blg(l'o) X C/y()\o) C %8
S5.IVP.u

It is easy to see that for any (u,y,A) € V, the solution of IVP (%Ty
can be extended to the interval [ty — o, to + a. The details will be left
as an exercise.
Now we prove that the solution ¢(t,u,y, \) is a continuous function
on I,(ty) x V.
Let € > 0 be given. We want to find 6 > 0 such that for any

(t,u,y, N), (£, 0,79, \) € Io(to) X V, if |(t,u,y, \) — t,4, 7, )| < d, then

|¢(t7 w,y, )\) - QS(E, u,y, 5\)’ < €.
Take o > 0 such that

200 - 2K < —

N |

then take § > 0 such that
(M +2)6 - e*F <

[NORING
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and for any (u,y, \), (u,y,\) € V with |\ — | < 6,
< €

Now we take (t,u,y,\), (£, 5, 8) € Ialto) x V' with |(t, 1,5, A) —
(t,a,7,\)| < 9.
Note that ¢(t,u,y, ) satisfy the integral equation

ot u, ¥, A) —Z/+/ f(s,0(s,u,y,\), A\)ds.

Hence we have

Also, we have

(5.4)

Obviously,
(5.5) ly—y <o
(5.6) (5,0, 5, \), /_\)ds‘ < Mli — u| < Ms.

fcont2
Now we estimate the last integral in (%.ZH. Note that t,u € I,(to),
we have |t — u| < 2. Without loss generality we may assume that
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flambda
t > u. Hence, by (%ZC) and the assumption that f is Lipschitz in R",

)\)7 )‘> - f(sa ¢(Saa>g7 5‘)7 E‘)ds

5.7)
/|f (5,09, N, X) — £(s, b5, 3,5, 3), A) | ds

fcont t5
By (%.CZIOE—%.CO? ni, we get

‘ ¢(t7 u,y, )‘> - ¢(t7 ’I_L, y> 5‘) ‘

t

<((M +1)6+2a0)+ | K| o(s,u,y,\) — é(s, 4,7, | ds.

S

By the Gronwall inequality, we get
| o(t,u,y,\) — ¢(t, 1,7, ) |< [(M 4 1)8 + 2a0] exp|K - 2a].
£
So by (%CSOS tand the choice of o and ¢,

’ ¢<t7 u,y, )\) - ¢(ta ﬂa ga 5‘) |
<[(M +1)6 + 2a0] exp[K . 2@} + M6

<(M + 2)5e* K + 200K < — 5 + 5 =

This gives the desired continuity statement. U
Recall that ¢(t,u,y, A) is the solution of the IVP
= f(t,z, ), z(u) =y.

Lemma 5.3. Suppose ¢(t,u,y,\) and ¢(t,u,y, ) are defined on in-
tervals I and I respectively. If there exists c € I NI such that

¢<C7 u7 y? )\) = (b(C? a? g? A)’
then ¢(t,u,y,\) can be estended to I U I such that

Ot u,y, A) = o(t, 4,7, A)
forallt e 1.

Proof. 1t is directly from uniqueness. 0
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Let t € R. Suppose ¢(s,u,y, ) is defined for any s € [u,u + ] if
t>0and s € [u+t,u] if t <0. Denote
O (u,y, \) = (u+t,o(u+t,u,y,\),\).

If ®! is defined for any element (u,y, \) in aset V C R x R" x R¥, then
we denote

O (u,y, \) = {P"(u,y,\) : (u,y,\) € V}.

Lemma 5.4. (i) For any r,s € R, ®" o &% = &"+5  whenever they are
defined.
(11) Suppose ®* is defined on an set V.. Then ®' is a homeomorphism

fron V' to its image.

LG1lCont1l
Proof. (i) Applying Lemma %.3 With @ = u+sand g = ¢(u+s,u,y, \)

we have
dlu+r+s,u+s,o(u+s,u,y,A\),\) =o(u+r+suy, ),
because the equation holds for ¢ = v + s. Hence,
D" 0 D% (u,y, \) =P"(u + s, p(u+ s,u,y,\), \)
=(u+r+so(u+r+suy N, =3 (uy ).
(ii) This is from part (ii) and the local continuity of solutions on

parameters. O

Theorem 5.5 (Global continuity of solutions on parameters). Suppose
f(t,x, N) is continuous and locally Lipschitz in x in an open set D C
R x R x R*. If ¢(t, a, 9, \o) is a solution of the IVP

(5.8) T = f(t,z, \o), z(a) = o,

which is defined on the closed interval [a,b] and (t,¢(t,a, xg, No), o) €
D fort € [a,b], then there is a neighborhood V' of (a,xq, Ag) in R X
R™ x R* such that, for (u,y,\) € V, the IVP

(5.9) = f(t,z, ), z(u) =y

also has a solution defined on the interval [u, b].
Moreover, the function ¢(t,u,y,\) is continuous on [u,b] X V.

Proof. Since [a, b] is a compact set and ¢(t, a, xg, Ag) is continuous, the
set

A ={(t,é(t,a, 9, o), No) : t € [a,b]}
is a compact subset of D. Therefore, there are constants M > 0, K > 0

for vil%iccz.’l%nt;che conditions on boundedness and Lipschitzness of Theo-
rem H.2 hold with these constants throughout a neighborhood D' C D
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of A. Hence, by Theorem %)Zc%rol_% each s € [a,b], there exists a con-
stance a; > 0 and a neighborhogd VW, fgf S o(s,a, g, \o), Ag) such that
for any (u,y,\) € V*, the IVP (% 9) has a solution ¢(t,u,y, A) defined
and continuous on [s — a, s + ag| X V.

For any 8 > 0, set

S5.IVP.uy2
Us = {(u,y,\) € V: (}5.9i s & solution defined on [u, 8]}

Clea léfécg%,txo,)\o) € Uy, and if 8 < a, then Ug D U,. Also, by Theo-
rem .2, there is @ > 0 and a neighborhood V' of (a, zg, Ag) such that
V CV,.

Take

p* = sup{f : Ug contains a neighborhood of (a, zo, \o)}.

If 5* > b, then we get that U, contains a neighborhood of (a, zg, Ao)
and this is what we need.

Suppose * < b.

Denote ' = f* — ag/2, and then let 2’ = ¢(8', a, g, A\o), and z* =
P(B*, a, w0, Ao).

Since V- is a neighborhood of (8*,2*, \g), ®~*"/2(Vj+) is a neigh-
borhood of (5, 2/, A\o).

Since Ug is a neighborhood of (a,zg, Ag), ®*~*(Ug) is a neighbor-
hood of (5,2, o).

Take V! = ®~/2(V.) N ®¥~%(U’), then V' is a neighborhood of
(B',2', \o). Let V = o= +a(V7).

By definition of ®f, for any (u ,y,/\) € V', there exists (u,y,\) €
V' C Ug such that ¢(u u,y, ) ( Y N) and the solution is defined
on [u,u']. Also, there exists (u*, y*, \) 6 V,B such that ¢(u'u*,y*, \) =
(', 9, \') and the solution i (ﬂ%ﬁne on u , u*+ax|. Since p(u', u y,)\)
o(u',u*, y*, ), by Lemma%ﬁ(’t’u y, A) is defined on [u, u* + ax].

We may choose V3« small enough such that for all (u*,y*,\) € Vi,
|u*—p*| < o*/2, and hence u*+a* > [*+a* /2. So we conclude that for
any (u,y,A) € V, the solution ¢(t,u,y, \) is defined on [u, f* + a*/2].
This is a contradiciton. Hence, we get 5* > b.

Continuity of ¢(t,u,y,A) on [u,b] x V follows from local continuity.

[

We have proved that solutions to differential equations depend con-
tinuously on initial values and parameters.

Now we wish to investigate the smooth dependence of solutions in
systems which depend smoothly on initial values and parameters.

Lemma 5.6 (Hadamard’s Lemma). Suppose g : D — R™ is a C!
function, where D C R™ is an open set. For any points x,xo € D with
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tr+ (1 —t)xg € D for any t € [0,1], there is a function G(z, o) such
that

9(z) = g(z0) = G(,70) (T — 20)
and

G(zg,r0) = lim G(z,x0) = @(xo).

T—x0 (’3x

Proof. Note that

ole)=g(ao) = | lansto—au)ds = [ lawtsta—ao) Gzo)ds

So we can take

G(z, o) :/0 g—z(xo + s(z — 20))ds.

0
Since 8_9 is continuous, so is G(x, zg). Also, the second equality follows
x
from the definition of G(z, zy). O

Theorem 5.7 (Differentiability of solutions on parameters). Suppose
that f(t,z,\) is a C' function of the variables (t,z,\) in an open set
D € RxR*xR¥. For (tg, z0, \o) € D, let ¢(t,tg, 20, o) be the solution
of the initial value problem

(510) T = f(t,f]f, )\0), l‘(tg) = Tg.

Then, the solution ¢(t, tg, o, No) is a C* function of the variables (¢, to, o, \o).

Moreover, the partial derivatives ——(t, to, xg, \o) and —gb(t, to, o, \o)
ato aIO

of the solution with respect to the initial time ty and initial position xg
satisfies the initial value problem

(5.11) Z = g—i(t, d(t, to, o, No), Ao) - Z,
and
g—f(t,to,%o,)\o) = —f(to, o, Mo)
(5.12) a;s =t |
8_x0(t’t0’x0’ o) T id
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0
respectively, and the partial derivative —¢(t,t0,x0,)\0) of the solution

with respect to parameter \g satisfies the initial value problem

. 0 0
Z = f (t7¢(t7t07x07>\0)7)\0) . Z+ f (t,¢(t,t0,$g,)\g),)\g),
81'0 8)\0
(513) 4,
8—)\0(t, to, Zo, )\0) —t = O

Proof. We only prove for %
8330

For the sake of simplifying the notation we drop Ay in the formulas.

Assume z' = xg + re;, where e; is the unit vector in the ith direction
in R™. Define

1
w(t’ th xz, l’o) = ; (¢(ta t07 ZE) - ¢(t, tU) IE())) :
By the Hadamard’s lemma, we get

Wt,towf, 3?0) - %(f(ta ¢<t7t07$)) - f(tv ¢(ta t07$0)))
:%F(t, o(t, to, ), ¢(t, to, x0)) (4(t, to, ) — B(t, to, o))

for some function F'. It means that v satisfies the initial value problem
. 1
Z = F(t, qb(t,to,I‘), ¢(t,to,$0)) : Z, Z(to) = ;(ZE — 1’0) = €;.

Note that by the Hadamard’s lemma,
of

lim F(t, ¢(t, t(), l‘), ¢(t, t(), I()) = —(t, gb(t, to, .130))

T—xQ 8$

Suppose ¥(t, tg, ;) is a solution of the initial value problem

0
Z = a_ij(t? (b(ta to,l‘o)) ’ Za Z<t0) = €.
Then by continuity of solution of differential equation on parameters,
. 0
¢(t7 th ei) = lim ¢(t7 th z, 'IO) = _¢(t7 ¢(ta tU? 3:0))7
T—T0 8%’0

which is what we need.

O
Remark. The differential equation in (125‘.,5_25 and (15‘.’525 (%%tlﬁyt b

A parameter) is usually called the variational equation of



