ERGODIC COMPONENTS OF VOLUME PRESERVING
HYPERBOLIC DIFFEOMORPHISMS

HUYI HU

ABSTRACT. We introduce results concerning the number of ergodic compo-
nents of a nonuniformly hyperbolic volume preserving C°° diffeomorphism or
flow on a given connected compact Riemannian manifold. Such diffeomor-
phisms can have at most countably many ergodic components. We explain
how to construct the diffeomorphisms and flows that is ergodic (i.e. with only
one ergodic component) and that has infinitely many ergodic components.

0. INTRODUCTION

In this paper we discuss the following problem: For any given compact Riemann-
ian manifold M, how many ergodic components can a smooth volume preserving
hyperbolic diffeomorphism f has? Here smooth means C*°, and hyperbolic means
nonzero Lyapunov exponents almost everywhere with respect to the Lebesgue mea-
sure. Since ergodicity is a measure theoretic notion, we ignore sets of measure zero
in the problem. So the number of ergodic components means the minimal number
of ergodic components whose union is a full measure set. Also, we always assume
that the manifold is connected and p is the Lebesgue measure on M with uM = 1.

This is a natural question for nonuniformly hyperbolic systems. Let us recall the
corresponding results for uniformly hyperbolic systems. It is well known that if a
volume preserving diffeomorphism is uniformly hyperbolic on a compact invariant
set, then it has only finitely many ergodic components up to a set of measure
zero by the spectral decomposition theorem. In particular, if a diffeomorphism is
uniformly hyperbolic on the whole manifold, then it is an Anosov system. However,
it is known that not every manifold carries an Anosov diffeomorphism (see e.g. [F],
[Mng]). It is also conjectured that the nonwandering set of an Anosov system is the
whole manifold. The conjecture is true if the manifold is a torus or nilmanifold, or
the system is codimension one (i.e. either dim E* = 1 or dim E® = 1) (see e.g. [F],
[Mng] and [N]). In this case, the system has only one ergodic component.

A general result toward this direction for nonuniformly hyperbolic volume pre-
serving diffeomorphism is due to Ya. Pesin. He proved in 1979 that any compact
invariant set of such map can be decomposed into at most countably many ergodic
components, plus a set of measure zero ([P]). Therefore our question can be split
into two parts:

QUESTION. Does every compact Riemannian manifold carry a smooth volume pre-
serving hyperbolic diffeomorphism that (a) is ergodic, or (b) has infinitely many
ergodic components?
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Let us denote by m the number of ergodic components. It is easy to believe that
if one can construct such examples for m = 1 and m = oo, then similar methods
can be applied to construct examples with any 1 < m < oo.

The first part of the question is answered affirmatively by A. Katok for dim M =
2 in 1979 ([K]). In fact, he proved that the diffeomorphisms are Bernoulli. Using
this result, M. Brin, J. Feldman and A. Katok showed that every manifold of
dimension greater than two carries a Bernoulli diffeomorphism ([BFK]). However,
the maps are not hyperbolic when the dimension of the manifold is greater than
two, since the diffeomorphisms have only two nonzero Lyapunov exponents almost
everywhere. Brin also showed that the diffeomorphisms can be constructed in such
a way that they have all but one nonzero Lyapunov exponents if dim M > 5 ([Br]).

It is easy to image that in Brin’s construction, the zero Lyapunov exponent can
be removed by a small perturbation. However, this is difficult to prove, because
both the orbits and the directions of vectors that carry the Lyapunov exponent
change. The study of stable ergodicity of partially hyperbolic systems, as well as
the study of ergodic properties of nonuniformly hyperbolic systems, both of which
have become active since 1990’s, bring some new notions and ideas that help greatly
to solve the problems we discuss.

In 2002, D. Dolgopyat and Ya. Pesin ([DP]) showed that the zero Lyapunov
exponent can be removed by a perturbation. They also constructed examples for
manifolds M with dim M = 3 and 4. Therefore, the answer for part (a) of the
above question is complete for all compact Riemannian manifold with dim M > 2.

This result is also true for flows. That is, every compact Riemannian manifold
of dimension greater than or equal to three carries a volume preserving hyperbolic
flow whose time ¢ map is ergodic for any t # 0 ([HPT]). Here hyperbolic flow means
that all but one Lyapunov exponents are nonzero, since the tangent vectors to the
flow must have zero Lyapunov exponent. We need dim M > 3 because there is no
hyperbolic area preserving flow on surfaces.

On the other hand, it was unknown till 2000 whether there exists a hyperbolic
volume preserving diffeomorphisms with infinitely many ergodic components. The
first example was constructed by D. Dolgopyat, H. Hu and Ya. Pesin on the 3-
dimensional torus ([DHP]). Note that up to a measure zero set, points on the
same stable and unstable manifolds belong to the the same ergodic components.
In uniformly hyperbolic systems, the “size” of local stable and unstable manifolds
is uniformly bounded from below. Hence the ergodic components can not be too
small. On the other hand, in nonuniformly hyperbolic systems, the “size” of local
stable and unstable manifolds can be arbitrarily small. Hence one can construct
ergodic components with arbitrarily small volume.

Further, it was found out that hyperbolic volume preserving diffeomorphisms
with infinitely many ergodic components can be arbitrarily close to the identity map
in C! topology ([HT]). This is also different from uniformly hyperbolic systems,
since it is generally believed that there is no uniformly hyperbolic (Anosov) system
in a neighborhood of the identity.

It seems that by using the ideas for these results, one can construct a smooth
volume preserving hyperbolic diffeomorphism with infinitely many ergodic compo-
nents on any given compact Riemannian manifold of dimension greater than or
equal to three. That is, the answer for part (ii) of above question should also be
positive for manifolds of dimension three or higher.
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Part 1. General Results
1. UPPER BOUNDS

In this section we introduce Pesin’s result that a volume preserving hyperbolic
diffeomorphism has at most countably many ergodic components. (See [P] or [BP].)

Theorem 1.1. Let f be a C1T* diffeomorphism of a smooth compact Riemannian
manifold preserving the Lebesque measure u, and A C M be an invariant set of
positive measure. Then there exists invariant sets Ao, A1, Ao, -+ such that

(1) UsjsoAi = A, and A; N Aj = 0 whenever i # j;

(2) v(Ao) =0, and v(A;) > 0 for each i >1;

(3) for each i > 1, f|a, is ergodic, and f™|a, is Bernoulli for some n; > 0.

Proof. 1t is enough to show that any invariant set of positive Lebesgue measure
contains an ergodic component of positive Lebesgue measure.

The proof consists two steps: use the Pesin’s theory to select an invariant set of
positive measure, and then use the Hopf’s argument to prove that f is ergodic on
the set. In the Hopf’s argument, we also need the fact that the stable foliation F*
is absolutely continuous. That is, for any two nearby smooth submanifolds V; and
V4, of dimensional dim M — dim F° transversal to F°, the holonomy or Poincaré
map, defined by sliding from V; to V, along the stable leaves, sends measure zero
sets in V7 to measure zero sets in V5. Note that the foliation F*° is only Hoélder in
general (see [HPS]), though the leaves in F* are as smooth as f is. It takes some
work to prove absolute continuity.

By Pesin’s theory, up to a set of measure zero, one can write A = Uy~ oA’, where
AY € A" for any £ > 0, such that on each AY, Df, | gy is uniformly expanding, and
D fy|g:s is uniformly contracting. Further, the size of local stable manifolds V*(x)
and local unstable manifolds V*(x) at = are bounded from below on A’.

Let

Pllery=  |J (VuVy).
yEANB(z,r)
Since A = UpsoA?, there exists £ > 0, 2 € A’ such that puP*(z,7) > 0 for some
small » > 0. Let
Q) = [ f(P(x,r)).
neEZ
It is an invariant set with positive Lebesgue measure.
Now we show that f is ergodic on Q(x). We only need prove that for any L'

1 n—1
function ¢ on Q(z), the time average ¢ (z) = lim — Z o(f*x) is constant almost
n—oo N
k=0

everywhere. Since continuous functions are dense in the space of L' functions, we
may assume that ¢ is a continuous function. Further, by invariance, we only need

to show that ¢ () is constant for almost every x € P(z,7).
n—1

Denote ¢~ (x) = nh_)n;o % Z qs(f_kx), Let B = {y € P'(z,7): ¢t (y) = ¢~ (v)}.
k=0

By Birkhoff’s ergodic theore}n7 puB = pP%(x,r). So we can find a unstable leaf
V*(y) such that with respect to p,, the Lebesgue measure restricted to V*(y),
almost every point z in V*(y) belongs to B, i.e. pu,V*(y) = uy(V*(y) N B).
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Since ¢ is continuous and for any z € V¥(y), d(f "z, f~"y) — 0, we have
lo(f~"2) — &(f"y)] — 0 as n — oo. Hence ¢~ (2) = ¢~ (y). Similarly, for any
2 e Vi(z2), o7(2') = ¢T(2). Soif z € B, then for any 2’ € V5(z),

o ()= 9" (2) =67 (2) =™ (y).
Now we get that (i) for p,-a.e 2 € V¥, ¢%(2) = ¢ (2) = ¢~ (y) and (ii) for any
2 € Vi(z), o1 (2') = ¢ (y). Combining (i) and (ii) with absolute continuity of the
stable foliation, we get that for almost every 2’ € P(z,7), ¢ (') = ¢~ (y).

The proof of the part that f™i|,, is Bernoulli is based on the same idea in [OW].
The main part is to construct a “very week Bernoulli” partition into rectangles.
Then use a result of Ornstein and Weiss which says that a system is Bernoulli if

it has a sequence of increasing very week Bernoulli partitions &, " €y, a partition
into single points. We refer [P] and [OW] for details. O

2. ERGODICITY AND BERNOULLICITY

In this section we introduce some general conditions under which a smooth vol-
ume preserving diffeomorphism is ergodic or Bernoulli.

The following result can be seen in [P], Theorem 7.8 or [BP], Theorem 14.5. We
say that a set A is open (mod 0), if there is a set Z of measure zero such that AA Z
is an open set.

Theorem 2.1. Let f be a volume preserving diffeomorphism of a compact manifold
M and A an f invariant hyperbolic subset with uA > 0. Suppose every ergodic com-
ponent of positive measure lying in A is open (mod0). Then f is ergodic whenever
it is topologically transitive.

Proof. Assume that f has two ergodic components C' and D of positive measure.
Then for all n > 0, pu(f"C N D) = 0. By topological transitivity, there is n > 0
such that f"C' N D # (). Since both C and D are open (mod0), so is f*C'ND. We
have p(f"C N D) > 0, a contradiction. O

A sufficient condition for an ergodic component to be open (modO0) is that
the stable or unstable foliation of the system forms a C' continuous lamination.
Roughly speaking, it means that there are continuous positive function § and ¢ on
A, such that for every x € A, the family of embeddings ®, : D — M that send a
disk of dimension dim £ or dim £} to the local stable or unstable manifold of size
§(x) respectively is C'! continuous with y for all y € AN B(z, ¢(x)).

Proposition 2.2. Let A be a compact hyperbolic invariant subset of a volume pre-
serving diffeomorphism f. If the stable or unstable foliation forms a C'' continuous
lamination of A, then every ergodic component of positive measure is open (mod 0)
i A with respect to the induced topology.

Proof. Suppose that the stable foliation forms a C'! continuous lamination. Then
for any x € A, the set U W*(y,6(y)) contains a open neighborhood of x.
yEW (z,q())
By the Hopf’s argument, almost every point in the set belongs to the same ergodic
component. U
Now we consider partially hyperbolic case. A diffeomorphism f is partially hy-
perbolic if there is an f-invariant decomposition of the tangent bundle into

TM =FE*® E‘® E*
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and constants a < b < 1 < ¢ < d such that for all x € M,

1D fz(0)]| < allv]] Vv € E®,
bljv]| < IDfx(v)]| < vl Vv € E°,
dffvf| <D fo ()] Vv € EY.

The bundles F° and E* are called the stable and unstable bundles respectively,
and E° the center bundle.

There is a conjecture given by C. Pugh and M. Shub, called stable ergodicity
conjecture, related to our problem with m = 1. (See e.g. [PS], Conjecture 1, also
[BPSW] Conjecture 0.1.)

Conjecture 2.3. On any compact manifold, ergodicity holds for an open and dense
set of C? volume preserving partially hyperbolic diffeomorphisms.

We should mention that the answer of the conjecture does not give an answer of
the ergodicity part in our question, because not every compact manifold admits a
partial hyperbolic system, such as the three dimensional sphere.

We say that two points x,y € M are accessible if they can be joined by a piecewise
differentiable piecewise nonsingular path which consists of segments tangent to
either E* or E°. The diffeomorphism f is essentially accessible if almost any two
points in M (with respect to the Riemannian volume) are accessible. By the Hopf’s
argument, almost every point in the same stable or unstable leaf lies in the same
ergodic component. So it is natural to have the following ([PS] and [BPSW]).

Conjecture 2.4. A partially hyperbolic C? volume preserving diffeomorphism with
the essential accessibility property is ergodic.

With some additional conditions the conjecture is proved by C. Pugh and M.
Shub ([PS], Theorem A).

Theorem 2.5. Let f be a C? diffeomorphism of a compact Riemannian manifold
preserving the Lebesgue measure p. If f is center bunched, partially hyperbolic,
dynamically coherent, and essentially accessible, then f is ergodic.

Here we say that f is center bunched if both ||Df|g<| and ||[Df~!|g<| are suf-
ficiently close to 1. We say that f is dynamically coherent if the distributions E°¢,
E¢ := F° @ E® and E°* := E°@® E" are integrable, and the central foliation F°
subfoliates both the central-stable foliation F°° and the central-unstable foliation
Feu.

The first part of the following results is from [PS], Corollary of Theorem 2.3 (see
also [BPSW] Proposition 3.1). The second part is a consequence of Theorem 2.5
and the facts that partial hyperbolicity and center bunching are C'' open properties.

Theorem 2.6. Suppose that f is partially hyperbolic, and has a C' central foli-
ation F¢, then any f' close enough to f in C' topology is dynamically coherent.
Therefore, if f' is essentially accessible, then it is ergodic.

The diffeomorphisms we will introduce, when restricted to the ergodic compo-
nents, are all Bernoulli. A system is said to be Bernoulli if it is measure theo-
retically isomorphic to a Bernoulli process. Bernoulli systems enjoy all the other
ergodic properties, including ergodicity, mixing and multiple mixing, Kolmogorov
property.

For hyperbolic systems, Bernoullicity can be obtained by using Theorem 1.1.(3).
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Corollary 2.7. Under the assumptions of the Theorem 1.1, if f™ : A — A is
ergodic for any n > 0, then f| is a Bernoulli diffeomorphism.

If a system is not hyperbolic, them we need additional conditions. The following
result is proved by N. Chernov ([C]).

Theorem 2.8. Let f* be a suspension flow of a hyperbolic system with a C? ceiling
function. If for any t # 0, the time t map has the Kolmogorov property, then the
map is Bernoulli.

It is known that a system has the Kolmogorov property if and only if the Pinsker
algebra is trivial. We refer [W] for the definitions and reasons.

3. REDUCE THE PROBLEM TO SOME PARTICULAR MANIFOLDS

In this section we explain that to construct volume preserving hyperbolic diffeo-
morphisms with given number of ergodic components on any given manifold M, we
only need do so on some manifold N, if N has the same dimension with M and can
be embedded into R™, and if the diffeomorphisms can be made to be “sufficiently
flat” near the boundary of N.

A measure is smooth if it is absolutely continuous with respect to the Lebesgue
measure, and the density is a smooth function. Recal that p is the Lebesgue
measure on M with uM = 1. The proof of the next proposition can be seen in [K].

Proposition 3.1. For any compact n-dimensional Riemannian manifold M (possi-
bly with boundary) and a smooth probability measure v on D?, there is a continuous
mapping T : D™ — M with the following properties:

1) Tlipt pn 45 a diffeomorphic embedding;

2) 7(D") = M;
3) w(M\7(int D)) = 0;
4) T =v.
Proof. Let o1,---,0; be the n-dimensional simplexes of triangulation, so ordered

that each oy has a common (n — 1)-dimensional face with some o;, j < k.

Denote My, = Uf;lai. Observe that if 7,1 : D™ — Mj_ is a map satisfying
the requirement 1)-3) with M replaced by Mj_1, and 0;, j < k has a common face
with oy, then we can construct 75, : D™ — My, by making 7, = 7,1 if 7_1(z) ¢ 0,
and otherwise 73, = 7j, 0 7,1 for some suitable diffeomorphism 7}, : 0; — o3 U g;
such that the requirement 1)-3) are still satisfied for 7. By induction we get a map
7T:=1: D™ — M satisfying all the requirements but 4).

To obtain 4), we can take a diffeomorphism ¢ : D™ — D™ such that 6, (Tup) = v,
where 7, is given by Tuu(A4) = u(771A). Such § exists because of the Moser theorem
(see [Ms], also see [KH], Theorem 5.1.27), which says that for any two volume forms
Q1 and 5 on a manifold with the same total volume, there is a diffeomorphism ¢
such that 0*Q; = Q. Now we put 7 =7 04, then Topu = 6, (Toupt) = v. O

Proposition 3.2. The results in the above proposition is true if we replace D™ by
any compact Riemannian manifold N of dimension n that can be embedded in R™.

Proof. Since N can be embedded in R™, we may assume that N C R™. Observe that
we can identify some points on the boundary of N such that the resulting manifold
is diffeomorphic to the ball D™. So we get a map T that satisfies the requirement
1)-3) in Proposition 3.1 with D™ and M replaced by N and D™ respectively. Now



ERGODIC COMPONENTS OF HYPERBOLIC DIFFEOMORPHISMS 7

the map 7 composed with the map in Proposition 3.1, and composed with another
map from the Moser theorem if necessary, is the desired map. O

If we apply the above proposition to a diffeomorphism f : N — N to get a
smooth dynamical system f: M — M for a given manifold M, we need that f
is “sufficiently flat” near the boundary ON. It can be described in the following
way (See [K]). We may assume N C R"™, and therefore a diffeomorphism f of
N has the form f = (f1,---,fn). Let p = (po,p1,---) be a sequence of real-
valued continuous functions on N. It is called admissible if every function p; is
nonnegative and is strictly positive inside N. We denote by C5°(N) the set of
functions o € C'°(N) such that the absolute values of all partial derivatives of
a of order k are bounded by pr on N. Then we denote by Diff *(N) the set of
diffeomorphisms f = (fi,---, fn) € Diff™ (V) such that f; —x; € C;°(N) for all 4.

Suppose that for some N we can construct a volume preserving hyperbolic dif-
feomorphism f € Diff;o () for some admissible sequence p. For any given manifold
M with dim M = dim N, by the above proposition we can take a map 7: N — M,
and then define

=~ o T(f(r~ 1)) if x € 7(int N);

)= { x otherwise.

Clearly, f : M — M is well defined. Also, f is volume preserving and hyperbolic,
and has the same number of ergodic components as f does up to a set of measure

-~

zero. Since f € Diff *(NV), f is a smooth diffeomorphism on M.

Part 2. Constructions
4. ERGODIC DIFFEOMORPHISM ON SURFACES

In this section we introduce Katok’s construction for two dimensional case. This
is also the important part for constructing examples in higher dimensional spaces.

Theorem 4.1. For any admissible sequence of functions p on D?, there exists an
area preserving hyperbolic Bernoulli diffeomorphism g € Diffﬁo(D”).

Proof. We start with the linear automorphism g¢ induced by the matrix < 12 (C; > .

The map has four fixed points

1 1 11
xl:(()’o)’ T2 = (5)())3 r3 = (O;E)a Ty = (5,5)

The construction consists four steps.

1) Slow down the motion around the fixed points to get a diffeomorphism g,
such that D¢ (z;) = id. ¢1 can be made conjugate to gg, and preserves a
smooth invariant measure v.

2) Change the metric near the fixed points to make the map area preserving.
This can be down by using a map ¢; on 7?2.

3) Take a double branched covering ¢» : 72 — S2. The resulting system is on
&2, and is hyperbolic everywhere except at ;.

4) Blow up the point x4 into a circle by a map ¢3 to get a system on D?.
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The construction can be represented in the following commutative diagram.

(T2, 1) —— (T20) =2 (T2,0) —2— (8%, ) —2 (D2, p)

B o [ [ |
(T2 ) — (T2%0) =2 (T2 ) —2 (8% 0) —2— (D% )

Construction of g1. Choose a C* function ¢ : [0,1] — R such that (0) = 0,
¥(u) =1 for u > r where r € (0,1) is small, ¢'(u) > 0, and

1
(4.1) /O d(z) < 0.

Note that near x; the map go is the time one map of a flow generated by the
vector field ($1,32) = ((Ina)sy, —(Ina)ss), where « is the larger eigenvalue of the
matrix generating go. We let g1 be the the time one map of the flow generated by
(51,82) = ((Ina)s1(s? + s3), —(In)sz(s? + s2)) in a small neighborhood of each
x;, and let g1 = gg otherwise.

Clearly, Dg;(x;) =id. It can be proved that g; is topologically conjugate to go
with some conjugacy h that transfers the stable and unstable manifolds of g¢ into
smooth curves. Hence, ¢g; is nonuniformly hyperbolic. Also, it is easy to see that
g1 preserves a smooth measure with density p(z) = 1/v(s%(z) + s2(x)) for = close
to x; and p(z) = 1 otherwise. The condition in (4.1) guarantees that the density
function is integrable. Denote py = sz pdpt.

To get smoothness of g and g3, and to make g € Diff * (D?), we first note that
all g; and g are locally time one map of vector fields near z; and 9D?. Let H; and H
be the corresponding Hamiltonian. Then Hy = Hy, Hy = H; ogbl_l, Hs =2H, o¢2_1
and H = Hz o ¢§1. Clearly, Ho(s1,52) = (In)syse near x;. If we let 3(u) be the

“odr \1/2
inverse to y(u) = (/ WTQ , then we have
0 T

(Ina)s1828(1/s3 + 53) (Ina)rB(\/7% +73)
H2(81782) = D) D) ) H3(T177—2) = ) 3 ’
51 +52 \/7—1 +7—2

(Ina)xeB(/1 — 2% — 23)
for Hy and Hs near z; and for H near 9D?.
If the derivatives of 5(u) decrease near zero sufficiently fast, then Ho, Hs and H

can decrease at any given speed.
Construction of ¢1. ¢1 is given by

1 si+sE du, 12
¢1(51,52) = m (/0 M) (51,52)

near x; and it is the identity otherwise.

It is easy to check that det D¢y (s1,s2) = 1/po(s? + 53). So go preserves the
Lebesgue measure p on 72. Note that derivatives of 8(u) decrease near zero suffi-
ciently fast. So it is also easy to see Dga(x;) = id by the expression of Hs.

Construction of ¢2. ¢2 is a double branched covering, and is regular and C'*
everywhere except for the points x;. It commutes with the involution J(t1,t2) =

H(Il,.’ﬂQ) =
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(1 —t1,1 —t5), and preserves the Lebesgue measure. Near z; it has the form
1 2 _ 2
81 — S9,8182) .
L S )

Construction of ¢3. Near x4, ¢3 has the form

¢2(81> 82) =

1— 72— 72
¢3(7'1372) = % (7'1,72);
T + T3

and then it is is extended to a diffeomorphism from S?\{z4} to int D? which pre-
serves the Lebesgue measure.

It can be proved that g has continuous lamination, and is topologically transitive.
So by Proposition 2.2 and Theorem 2.1 g is ergodic. Since this is also true for any
g™, n > 0, then by Corollary 2.7, f is Bernoulli. O

Corollary 4.2. There is a neighborhood U C D? of D? such that the map g|v :
U — D? can be embedded into an area preserving flow.

Proof. This is because in the above construction, g; is generated by a flow and ¢;,
1=1,2,3, send a flow to a flow. The area preserving part for the flow follows from
the same arguments for the map g. 0

By Theorem 4.1 and the discussion in the previous section, we get the following
(K], Theorem B).

Theorem 4.3. Every smooth compact surface carries a C> area preserving hyper-
bolic Bernoulli diffeomorphism.

5. ERGODIC DIFFEOMORPHISM ON ANY GIVEN MANIFOLD

In this section we introduce Brin’s construction [Br] of volume preserving ergodic
diffeomorphisms on any given manifold M with dim M > 5 that has all but one
nonzero Lyapunov exponents.

Let n > 5 and k = [(n — 3)/2]. Consider a linear automorphism from 773 to

itself induced by a matrix A = diag{Ay, -, Ax}, where A; = < ? 1 ) ifi <k
0
1
1

2 11 2 10 1 0
ori=kandnisodd,and A, = 1 1 1 |=(1 1 0 0 1 if
0 1 2 0 0 1 0 2

n is even.

We also denote by A the linear automorphism of 7"~ induced by the matrix.
The suspension manifold of the linear automorphism A is the manifold L = 7773 x
[0,1]/ ~, where ~ is the identification (z,1) = (Az,0).

Proposition 5.1. The suspension manifold of the linear automorphism A from
T3 to itself can be embedded into the space R" 1 x St.

Proof. Note that ( ? 1 ) = ( 1 (1) ) < 1 (1) ) We first claim that there is a

deformation 7;? of the two dimensional torus in R? x S which transforms 73 to

its image under < 1 (1) )
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Take strips Dy = S* x {(21,0,0): 0 < x; < 1} and Dy = {(¢, r cos ¢, rsin ¢, 0) :
¢ € SH,0 <r < 1}, both in S' x D3. We construct a deformation from Dy to D.
Let I(¢,t) be the line segment in S* x D3 from the point (¢,0,0,0) to

t t t 1
(¢, 21, T2, x3) = (¢, cos? % + sin? % cos ¢, sin % sin ¢, 3 sin wt(1 — cos qS))
Note that for fixed ¢ € S, the terminate point of I(¢,t) change from (1,0,0) to
(cos ¢, sin ¢, 0) on S? = 9D? as t varies from 0 to 1. So the strips D; = {I(¢,1) :
¢ € S'} give the deformation. We also note that for fixed ¢ € [0, 1], the terminate

points of I(¢,t) for ¢ € S form a circle on the surface S? of radius sin % and

centered at the point ((:052 %t, 0, cos %t sin %t

Since Dy has trivial normal bundle, there exist two vector fields vy (¢, ¢) and
va(t, ¢) normal to D;. Let 01(t, ¢) be the restriction of v; (¢, ¢) to the middle point
of I(¢,t) C D;. We take the circle C(¢,t) in {¢} x 83 for each ¢ and t that is
determined by 91 (t, ¢) and I(¢,t). So for each ¢ we get a torus 7y = {C(¢,t) : ¢ €
S'}. Further, we can choose v1 (¢, ¢) in such a way that 7; is the image of 75 under

the matrix < } (1)

The matrix A can be written as a product of j matrices of the forms A =
diag{E;, A, E,,_5_;}, where j = [n/2] — 1, E; is the unit matrix of order 4, and
A= ( 1 (1) ) or ( 1 (f ) The above claim implies that for each A®) there is
an embedding from 7773 x [(I —1)/4,1/4] to R"~! x 8! such that 7773 x {I/j} is
the image of 773 x {(I —1)/5} under A®). Repeating the arguments j times, and
identifying 7773 x {0} with 773 x {1}, we get the result of the proposition. [

). So the claim is true.

Theorem 5.2. For every smooth compact manifold M of dimensional n > 5 there
is a volume preserving Bernoulli diffeomorphism which has n—1 nonzero Lyapunov
exponents.

Proof. Take an (n—3) x (n—3) matrix A as in the beginning of the the section. By
Proposition 5.1, we may assume that the suspension flow of the linear automorphism
A is given by h* : L — L, where L is an n — 2 dimensional manifold in R™. Note
that L is orientable codimension two manifold and has trivial normal bundle. Hence
N :=D? x L is a manifold still in R® with boundary N = dD? x L.

Let g : D? — D? be the diffeomorphism given in Theorem 4.1. Take a function
o € C3°(D?) for some admissible sequence p. (Recall that C5°(N) is introduced in
Section 3.) Then we define a map f: N — N by

fz,y) = (9(x), @ (y)).

It can be proved that f has trivial Pinsker algebra if o Z 0 (see [Br]). So f has
the Kolmogorov property and therefore is ergodic. To obtain that f is Bernoulli, we
can either use similar argument as in [P] (see [Br]), or use the fact that f is a time
one map of some suspension flow of a hyperbolic system and then use Theorem 2.8.

We can see that f is volume preserving. f has only one zero Lyapunov exponent,
which is along the flow direction of ht.

The result is true for any compact manifold M by the discussion in Section 3. [J
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6. ERCGODIC HYPERBOLIC DIFFEOMORPHISMS ON ANY GIVEN MANIFOLD

Pesin and Dolgopyat obtained ergodic volume preserving hyperbolic diffeomor-
phisms by removing the zero Lyapunov exponent in Brin’s construction. They also
obtained examples for dim M = 3 and 4 (see [DP]).

Theorem 6.1. For every smooth compact manifold M of dimensional n > 3 there
is a volume preserving hyperbolic Bernoulli diffeomorphism.

Proof. For n > 5, one can start with the diffeomorphism f : N — N constructed in
Theorem 5.2, and then make a perturbation to remove the zero Lyapunov exponent.
The perturbation is a rotation along the center and stable directions in a small ball.

Recall that in Katok’s diffeomorphism g : D? — D?, outside a neighborhood U
of x1, x5, x3 and OD?, g is uniformly hyperbolic with hyperbolicity A. For any small
v we choose a point xy € D? such that g/ B(xg,~) disjoint with B(zg, ) and U for
all j with |j| < ng := —(logvy/logA\) — C, where C is a constant independent of e.
Then take yo € L and let zg = (x0,y0) € N. Near zy we take a coordinate system

0
= ) = ’ ) ) sy Yn— htht—EEf d—GEﬁLt
z = (z,y) = (1,72, Y1, Y2 Yn—2) SUC a o, an v e
6.1) d(x,y) = (21, 22,91 cos ep(T) — yasiney(7),
. Y1 sin €¢(T) + Y2 COS 6¢(7)7 Yz, 7yn72)7

where 1 is a C'°° nonnegative function with compact support, and 7 = v~2(||z||*> +
llyl|?). Let f = ¢ o f be the perturbed diffeomorphism.
It is clear that f is volume preserving. To get hyperbolicity, we first show that

(6.2) /log |det Df| g pyldp <0
By the choice of ¢, we know that
_ 2yiy2 2y5
det Do|ps(z,p) = ——2 (1) cos(eyp(T)) + cos(e()) — P (1) cos(ey()).

It can be computed (see page 424 in [DP] for details) that there is C' > 0 such that

(6.3) / log | det D¢
B(z0,7)

Bz | = —CEY T2 0(" 260,

Note that f is close to f in C! topology. So VZ € N, d(ES(E,f),ES(Z,f)) )
for some 6 = d§(e) > 0. In particular, for any z € B(zp,7), we can take Z =
f™z. By hyperbolicity, there is ¢ > 1 such that d(E*(Z, f)7Es(,§,f)) <o <
Céylo8c/ 18X where we use the fact ng = —(logy/log\) — C.

Now we let F and F be the first return maps of f and f on the set B(zp,7)
respectively. The above fact implies
|det DF(2) ES(z,,F)| < |det Do|gs(pzp)| - | det DF(z)

Hence, by (6.3)

/ log | det DF(2) Be (o, ]) |dp — / log | det DF(z)
B(z0,7) B(zo0,7)

_ 062’}/"_2 + O(’yn_263) + O(,yn-i-logC/ log/\).

Be(y] - (L + O(y108¢/ 108y,

Es(z, |d/’c
6.4 (=.f)

So if we take v and e such that v < €2, then the right side is strictly negative.
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Note that flog|deth|E}g,|d,u—|— f10g|deth|E;|du—|— flog|deth|E; dp =0
and the same is also true for ]7 since they are volume preserving. Since in the
perturbatlon the foliation F°° is preserved, we have flog‘det Df|gu f)’du =
[ log | det Df| B \du, though the subbundles E“(f) and E"(f) are different in
general. Since flog |det D f|ge(y|dp = 0, by (6.4) we get (6.2).

Let A be the set of points that does not have zero Lyapunov exponents for f
It is an f invariant set. (6.2) implies uA > 0. Since f is hyperbolic on A and

has continuous lamination, by Proposition 2.2 the ergodic components of A is open
(mod 0). Also, it can be proved that almost every point in N has dense orbit. It

follows that pA = 1 and therefore f is ergodic. Further, the same arguments also
work for all f” if n > 0. By Corollary 2.7, f is Bernoulli.

For the case dim M = 3 and 4, take N = D? x SUmM=2"and let f(z,y) =
(9(x),7a(2)(y)), where g is the map given by Katok’s construction, r; is a rotation
by t and and o € C’;O(DQ) for some admissible sequence p. Clearly, f is volume
preserving. Note that f has dim M — 2 zero Lyapunov exponents. To remove the
first one, we put a rotation similar as in (6.1) along the stable direction and one
center direction.

For the case dim M = 4, now the system has a small negative exponent in
direction E°! and a zero exponent in direction E°. It is unclear whether the same
method can remove the second zero exponent in E°2. Instead, we use a sequence
of rotations to rotate vectors in E° into E', each of which rotate vectors by a
small angle. Then it can be proved that vectors in both £“? and F°* have about
the same exponents. This method is also used in [Mn] and [Bch].

In both case, ergodicity and Bernoullicity can be obtained by the same arguments
for the case dim M > 5. O

Since Dﬂa ~ = id, the diffeomorphism constructed has uncountably many in-
different fixed points. Recall that on the sphere, Katok’s diffeomorphism g3 is
hyperbolic everywhere except at finite number of fixed points. It seems that such
diffeomorphisms can be constructed on other compact surfaces (See e.g. [GK]). So
we have a natural question:

QUESTION. Does every compact Riemannian manifold carries a volume preserving
ergodic diffeomorphism that is hyperbolic everywhere except at finitely many fixed
points?

The hyperbolicity part means that there exists a decomposition TM = E* @ E*
of the tangent bundle such that D f|gu is strictly expanding and D f|gs is strictly
contracting except at finitely many fixed points.

7. HYPERBOLIC ERGODIC FLOW ON ANY GIVEN MANIFOLD

The results in the above section also hold for flow. Such examples are obtained
by H. Hu, Ya. Pesin and A. Taliskaya ([HPT]) for any manifold of dimension greater
than or equal to three. This is because there is no area preserving hyperbolic flow
on any compact surface.

We say that a flow is Bernoulli, if its time ¢ map for nay ¢ # 0 is Bernoulli.

Theorem 7.1. For every smooth compact Riemannian manifold M of dimensional
n > 3 there is a volume preserving hyperbolic Bernoulli flow.
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Proof. First we consider the case dim M > 5. Take a map g : D? — D? as the
Katok’s diffeomorphism, and an automorphism A : 7773 — 773 as in the Brin’s
construction. Then take the suspension flow op : K — K of the map R =g x A,
where K = D% x 7" 3 x [0,1]/ ~, and ~ is the identification (x,y,1) ~ (g, Ay, 0).
Let Z be the vector field of the flow. For each point (z,y,t) € K, we take a local

: 9 lé] lé] 9 o) sl :
coordinate system (a—ml, Bt By T Bga E) in its neighborhood, where

r = (z1,72) € D?, y = (y1,...Yn—3) € T3 and t € [0,1]. In this coordinate
system, Z = (0,0, 1).

Recall that in Brin’s construction, N = D? x L C R" is an n dimensional
manifold, where L. C R” is diffeomorphic to the suspension manifold of the toral
automorphism A : 7773 — 773, So we have N = D? x 773 x [0,1]/ ~, and ~
is the identification (x,y,1) ~ (z, Ay, 0).

A result of Smale says that any diffeomorphism of D? which is the identity
restricted to a neighborhood of the boundary dD? is diffeotopic to the identity map
of D? (see [S], Theorem B and Theorem 4). So there is a C*° map G : D? x [0,1] —
D? such that G(-,0) = id|p2 and G(-,1) = g. Further, we require that for each ¢,
G(-,t) : D? — D? is area preserving. This can be done by using similar arguments
for Moser theorem. Also, by Corollary 4.2, ¢ is a time one map of some flow g
on a neighborhood U is 9D?. So we may assume further that restricted to U,
G(z,t) = (gtx,t) for any t € [0,1].

Let F : K — N be given by F(z,y,t) = (G(x,t),y,t). Clearly F is a diffeo-
morphism. Take a vector field Y = DF(Z) on N. If we choose local coordinates
in N in the same way as we did for K, then Y (z,y,t) = (Yi(x,t),0,1), where

Yi(z,t) = %G(z,t) for any t € [0, 1].

Now we need modify Y such that it vanishes on the boundary ON = dD? x L.
We take a admissible function o € C’ﬁo(Dz) with 0 < a <1 and a|p2\py = 1, and
then let

X(z,y,t) = (Y1(x,1),0, ().

Note that for each t, G(-,t) : D? — D? is area preserving. So we have divY; =0
for every t. Hence, div X = 0 because «(z) is independent of ¢. Therefore, the flow
generated by X is volume preserving. The facts G(z,t) = (¢'x,t) and a € cre (D?)
guarantee that when we embed the system in a given manifold M by the methods
discussed in Section 3, the resulting vector field is still smooth.

It is easy to see that the time ¢t map f! for any ¢ is hyperbolic, because D f! is
expanding on E“(g) & E*(A), and contracting on E*(g) & E*(A). Therefore, f*
is partially hyperbolic. Also, it is clear that it is center bunched and dynamically
coherent. Further, we can see that the system has essential accessibility property.
So by Theorem 2.5, ft is ergodic for any ¢.

To get Bernoullicity, we can first show that for any ¢ # 0, f* has trivial Pinsker
algebra. So f! has the Kolmogorov property. Then we use Theorem 2.8.

If dimM = 3 and 4, we can use the suspension flow of a ergodic hyperbolic
diffeomorphism of manifold of dimension 2 or 3, then follow the same method. [

8. DIFFEOMORPHISMS WITH INFINITELY MANY ERGODIC COMPONENTS

In the above sections we introduced how to construct volume preserving hyper-
bolic ergodic diffeomorphisms and flows on given manifold. These give a complete
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answer for the case m = 1 in our question asked in the Introduction. Now we
introduce an example of diffeomorphisms which implies that m = oo is possible.
The construction is due to D. Dolgopyat, H. Hu, and Ya. Pesin (see [DHP]).

Theorem 8.1. There exists a C'*° volume preserving hyperbolic diffeomorphism f
of T3 with countably many ergodic components {A;}22, such that each A; is open
(mod 0) and f|a, is Bernoulli.

Proof. Take a linear automorphism A : 72 — T2 that has at least 2 fixed points p
and p’. Take a direct product (4,id) : 72 xS! — 72 xS!. Divide S! into countably
many subintervals {I;}. For each i we perturb the map (A,id|7,) : T2 xI; — T?xI;
to get hyperbolicity and ergodicity. The size of perturbations can be chosen in such
a way that the resulting map is still C*°.

Without loss generality we may regard I; = I = [0,1]. So we need perturb the
map F := (A,id) : N — N, where N = 72 x I, by perturbations of arbitrarily small
size to get a C'*° volume preserving hyperbolic Bernoulli diffeomorphism g : N — N
with Dkg|7-2x{z} = DkF\sz{z} for all 0 < k < oo and for z =0, 1.

First, we construct a perturbation to get ergodicity. Choose €y > 0 small. Then
take suitable €, €’ such that 0 < ¢ < € < eg. Set Q1 = B(p, ¢9) x I and consider the
coordinate system in 2 originated at (p,0) with z, y, and z-axes to be unstable,
stable, and neutral directions respectively. So if a w = (z,y,2) € Q1 and F(w) €
1, then F(w) = (nz,n" 'y, z), where 7 is the larger eigenvalue of A. We choose
a C™ function & : T — RT such that ¢(z) > 0 on (0,1); £9(0) = £€9(1) =0
for i =0,1,2,...; ||¢||c~ is small for some & > 0. Then we choose C'* functions
¢, : (—eg, €9) — R such that ¢ and ¢ are positive constants on (—¢€’, ¢’), and zero
outside (—¢,€); ||9|lcx, ||¢]lcr are small for some k > 0; ¥ (y) > 0 for any y and
foie ¢(s)ds = 0. Now we define the vector field X on Q; by

X(o.p2) = (~0)EE) [ ods, 0. BEE0)).

Clearly X is a divergence free vector field supported on (—¢,€) x (—¢,€) x I. We
define the perturbation h,El) on §21 to be the time ¢t map of the flow generated by

X and we set hﬁl) = id on the complement of ;.

Next we construct a perturbation to remove the zero Lyapunov exponent. Take
q € T2 Set Q2 = B((¢q,1/2),¢p). Consider the coordinate system in {5 originated
at (q,1/2) with z, y, and z-axes to be unstable, stable, and neutral directions
respectively. Choose a C™ function p : (—€g, €9) — R such that p(r) > 0if r < €
and p(r) = 0if r > € and ||p||cx is small. Let ¥(y) be the same function as above.

We define the map hg) on (s by
h(fz)(% y,z) = (rcoso,y,rsino),

where r = /22 + 92, 0 = 0 + 7(y)p(r), and 0 = tan~'(z/z). Then we extend
it to N by letting hg) = id on M\Qy. Clearly h(Tz) is a C'*° volume preserving
diffeomorphism for every 7.

2)

Now we set g = g1 = hﬁl) oFth . g is volume preserving because both hﬁt)

and
h? are. Next we show that for all >0,t >0, g¢ is ergodic. By Theorem 2.6,
g is dynamically coherent. Since g is partially hyperbolic and center bunched, by
Theorem 2.5 we only need show that g is essentially accessibe for any ¢ > 0.
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Since A has the accessibility property, any point (w,z) € N is accessible to
some point in I, := {p} x I through strong stable and unstable leaves of g. Since
accessibility is a reflective and transitive relation, and ¢~"(p, z) — (p,0) as n — 0
for any z € (0,1), we only need show that for any zo € (0,1), there is 2’ < 2z such
that (p,z0) and (p, 2”) are accessible for all z” € [2/, zo].

Recall that p’ is also a fixed point of A. Let V*((p,20), g) be the local unstable
manifold of the map g = g at (p, 20), etc. Choose g1 € A™"1(V*(p/, A))NV¥(p, A)
and go € A™2(V*(p', A))NV*(p, A) for some nq,ny > 0. Consider a path from (p, 2zq)
to (q1,21) through V*((p, 20),9), then to (p', 22) through g="*V*(g" (q1,21), 9) =
g ™MVE((p', 22),9), then to (ga,23) through ¢"2V*((p', 22), g), and then to (p, z4)
through V*((qz, 23), g). Since both g=™V*((p', 2),g) and g"*V*((p’, 2), g)) are un-
perturbed, z; = 25 = 2z3. Observe ¢~ "(p,2) — (p,0) as n — oo for all z € (0,1).
So along V*((p, 20), g), the z-coordinates of points are decreasing. We get z1 < zq.
Similar reasons give z4 < 2z3. S0 z4 < 2 and (p, 29) and (p, z4) are accessible. Since
the strong stable and unstable curves change smoothly with the point, by shrinking
this loop we see that (p, zg) is accessible to (p, z”) for any 2z € [z4,20]. This is
what we need for accessibility property and therefore ergodicity.

Next, we show that there is 7 > 0 such that for all small ¢ > 0, g;~ has no zero
Lyapunov exponent almost everywhere. Note that if g is ergodic, then the three
Lyapunov exponents of g are equal to [log|Dg Ev(g)|ldp, where v = u, ¢, s. Also,
Jlog | Dyl g (g)lldu+ [log || det Dg| ge(g)lldp+ [log || det Dg|gs(g)|ldp = 0 for any ¢
and 7. Since both hgl) and hg) preserve the F"¢ foliation, the negative Lyapunov
exponent of gy does not change with ¢ and 7, though E* does in general. So if we
can show that

(8.1) / log [ Dyor

then by continuity of strong unstable manifold under perturbation, we still have
J1og | Dgir|gu (g, |ldp < logn for small ¢ > 0. This gives [ log || Dgir|ge(q,.)lldp >
0. Hence A°(g¢r) > 0 and ¢, is hyperbolic.

The arguments to prove (8.1) was used in [SW]. For any w € N, we use the
coordinate system in T, N associated with the splitting Ei(w) & E4(w) @ E%(w).
Given 7 > 0 and w € M, there exists a unique number a,(w) such that the vector
vr(w) = (1,0, a, (w))* lies in EY (w), (where L denotes the transpose). By the
definition of the function a.,(w), we have

(82) DQOT(w)UT(w) = (“T(w)v 0, K’T(w)a‘f'(gOT(w)))

for some ., (w) > 1. The product s, (w)r,(gorw) - k- (ggs 'w) is roughly the ex-
panding rate of Dg{}. (w) in the unstable direction. Since y is an invariant measure,

B (g0 ldp < /10g 1D gool £ (goo) Il A1 = logm,

1

(8.3) L, := /log kr(w)dp = /10g||D907|Eu(gOT)||dM~

On the other hand, restricted to the E*¢ bundle, the matrix form of the differ-
ential Dhs—z) |E'“ (w,F)®E(w,F) is

DR (1) = A(r,w), B(r,w) _ (racoso—ra, sino, 7y, oSO — 10y sino
T C(r,w), D(r,w) ry8ino +rog coso, rysino +roycoso )’

where r, = Or/0z, etc.
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Since gor = F o h? | we can write (8.2) as

Dar 0 g by ) = (BT IR )~ () ),

Since h(T2) is volume preserving, AD — BC = 1 and therefore, A + Ba = 1/D +
(B/D)(C + Da). Comparing the components in the equation, we obtain

e =y + B o),

Solving for £, (w) and substituting it in (8.3), we get

L, =logn— /M log(D(T7 w) —nB(r, w)aT(QOT(w)))dw-

By differentiating the equality with respect to 7. we get
dL,

[ D.d
dT =0 O T w,
d’L Oa,(w)
S|, = [, (D7) = D+ 2B =2 = (g0r duw.
dr2 |-—o /92 (D7) rr + 2B —- (g0r (w))]__, dw

It can be proved that the first derivative is zero, and the second one is negative. (It
take some work to estimate the second derivative.) Therefore, if 7 is small, then
L, < Ly =logn. This is (8.1).

Bernoullicity follows from hyperbolicity and ergodicity of gi for alln > 0. O

Further, diffeomorphisms with such properties can be made arbitrarily close to
the identity map in C' topology. The examples are constructed by H. Hu and A.
Taliskaya ([HT]).

Theorem 8.2. There exists a C'°° volume preserving hyperbolic diffeomorphism f
of a four dimensional manifold M that is arbitrarily close to the identity map in
C* topology and has countably many open (mod 0) ergodic components.

Proof. Let g* : K — K be a geodesic flow on a compact surface of constant negative
curvature. Let G = ¢° be the time § map of g* for a small § such that G has a
periodic point p. Let M = K xS and F = G xid : M — M. Clearly ||F—id || < 4.

Note that M is a four dimensional manifold with stable, unstable, flow and circle
directions E°, E*, E° and E™ respectively. We perturb F' to get the required map.

Partition S! into countably many intervals {I,}. Let N = N,, = K x I,, and
S = F|n, . Without loss generality we may assume I,, = [0,1]. We perturb S on
each N, by three perturbations of arbitrarily small size. The first perturbation is
to get ergodicity, and the second is to remove the zero Lyapunov exponents in E™
direction. They are similar to hgl) and hg) in the construction in the above theorem.
The proof of accessibility is more delicate since we need use one dimensional leaves
in F* and F* to access the line {p} x I in a four dimensional space. Since F“™ and
Fune foliations are preserved, \* + A" = [log|det DS|gun|dp and A¥ 4+ \" + \¢ =
[log|det DS|gunc|dp remains the same. So A* < 0 and A° = 0 are unchanged,
while A" becomes positive.

The last perturbation is to remove the second zero Lyapunov exponent. It is
similar to that used for the case dim M = 4 in the proof of Theorem 6.1. (]
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The diffeomorphisms constructed in the above theorem are C'* but close to the
identity only in C! topology because of the last perturbation is close to the identity
only in C* topology.

QUESTION. Can the diffeomorphisms be constructed to be close to the identity map
in C* (2 <k < oo0) topology?

It is easy to believe that the second zero Lyapunov exponent can be removed by
a single rotation. However, the same proof just tells us that \* decreases. We do
not know whether the second zero exponent is removed, though we believe this is
the case.

The example is constructed in a four dimensional manifold. We may ask:

QUESTION. Can a similar example be constructed on a two or three dimensional
smooth compact manifold?

9. INFINITELY MANY ERGODIC COMPONENTS ON ANY GIVEN MANIFOLD

It seems that the result for diffeomorphisms with countably many ergodic com-
ponents can be generalized to any compact manifold M with dimM > 3. We
propose the following theorem.

Theorem 9.1. For every smooth compact manifold M of dimensional n > 3 there
is a volume preserving hyperbolic diffeomorphism that has infinitely many ergodic
components which are open (mod 0).

This can be done by combine the ideas from the previous constructions.

For example, if dim M = 3, we take Katok’s diffeomorphism crossing the identity
map on S! to get a diffeomorphism F := (g,id) : N — N, where N = D? x S!,
then use the same perturbations as we did in the construction in Theorem 8.1.
Since F|pny = id, the system can be embedded in any three dimensional manifold
according to the discussion in Section 3.

For the case dim M > 6, we need start with the map FF:=gx hxid: N — N,
where N =D? x L x S', g: D? — D? and h : L — L are the maps constructed by
Katok and Brin respectively. F is ergodic on each D? x L x {s}, and has two zero
Lyapunov exponents. We partition S! into countably many subintervals {I,,}, and
then use three perturbations on each component D? x L x I, to get ergodicity and
to remove zero Lyapunov exponents.

Obviously, the construction does not work if dim M = 2.

QUESTION. Is there any area preserving hyperbolic diffeomorphism on a smooth
compact surface that has infinitely many ergodic components?

Also, we can ask whether the diffeomorphisms can be made to be arbitrarily
close to identity, and whether every compact manifold carries a volume preserving
hyperbolic flow with countably many ergodic components.
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