DECAY OF CORRELATIONS FOR PIECEWISE
SMOOTH MAPS WITH INDIFFERENT FIXED POINTS

Huvyir Hu

ABSTRACT. We consider a piecewise smooth expanding map f on the unit interval
that has the form f(z) = z + z!T7 + o(z'17) near 0, where 0 < v < 1. We prove
that the density function h of an absolutely continuous invariant probability measure
w has order z=7 as £ — 0, and that the decay rate of correlations with respect to
is polynomial for Lipschitz functions. Perron-Frobenius operators are the main tool
used for proofs.

0. INTRODUCTION

Let f: I — I be a piecewise smooth map on the unit interval I. It is well
known that if f is uniformly expanding, then it admits an absolutely continuous
invariant probability measure u, and (f, ) has exponential decay of correlations. If
f has indifferent fixed points, then f still admits an absolutely continuous invariant
measure u. In addition, if f is C1™, 0< v < 1, then the measure p is finite (See
e.g. [P]). The purpose of this paper is to show that such systems has polynomial
decay of correlations.

We assume that f has an indifferent fixed point 0, and fx = z + 277 + o(z'17)
near 0. We use Perron-Frobenius operator £ to get the density function h. The fact
Lh = h implies that as x — 0, h(z) goes to infinite just like =7 multiplied by a

constant related to the value of f/ and h at f~1(0). Then we use n(z) = %,

instead of ﬁx), to define a different operator £. This operator preserves L! norms
and leaves constant functions invariant. So £"g — 1(g) for any continuous function
g. Moreover, if higher order terms are ignored, then near 0, Lg(z) ~ (1—z7)g(x1)+
x]g(z1), where x1 is the preimage of z near 0, and g is the average of g with weight 7
at the rest of preimages (see (4.3) for details). Since restricted to a neighborhood of
0, all backward orbits approach to 0 in a polynomial rate, the rate of the convergence
L"g — pu(g), both in L*(I, ;1) and in measure, is polynomial. Therefore the rate of
decay of correlations is polynomial as well.

We state assumptions and the main results in §1. Theorem A, which is concerning
existence and properties of density functions of invariant measures, is proved in §3.
Theorem B and its corollary, which deal with decay rate of correlations of Lipschitz
functions and mixing rate of sets respectively, are proved in §7. To obtain Theorem
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B, we prove Proposition 5.2 in §5 and §6, which asserts that the rate of convergence
L"g — p(g) is polynomial.

1. ASSUMPTIONS, STATEMENTS OF RESULTS AND NOTATIONS

Let I =[0,1] be the unit interval and f: I — I be a piecewise smooth map.
A fixed point p of f is called indifferent if fp = p and lim f'(x) = 1.
T—p

Assumptions. Let f: 1 — I such that
(I) There is a finite partition & = {lo,I1,---,Ig} into subintervals such that
for each q, restricted to Iy, flint 1, is twice differentiable and f|ipt 1, Maps
int I, to (0,1) diffeomorphically.
(IT) 0 is an indifferent fized point of f.
(III) f" > 1 on (0,1], and f" is bounded on [r,1] V7 > 0.
Moreover, we need the following assumption for technical reasons.

(IV) Near x =0, f and its derivative have the form

fla) =z + 27 + a6 (x),

fl(x) =1+ (1 +7)z" + 276 (x), (1.2)
1 1 52 T
ey = W 002) (1.3

where 0;(x) — 0 as x — 0 fori=0,1,2.

The last assumption says that f is equal to x + 2! plus higher order terms,
and the first and the second derivative of the higher order terms are still of higher
orders.

We denote by [ the element of the partition £ that contains 0.

Theorem A. Suppose f : I — I satisfies Assumption (I)—(IV). Then f has an
absolutely continuous invariant probability measure . whose density function h(x)
satisfies
i) 0 < h(x) < oo Vz € (0,1];
ii) h is Lipschitz on [1,1] VO < T < 1;
ili) 3R > 0 such that

|7 h(z) — 09| < Rmax{z”,d1(x)},

Wz
where og = lim E 7 /((37_1 )) 1s a constant. In particular
xr— ;Cl

zief~1a\Io

lim 27 h(z) = o0¢.

x—0
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The part of existence of absolutely continuous invariant measures was proved by
Pianigiani ([P]) in more general setting by using the first return map. For Part iii),
X

a similar result can be seen in [CF1] and [CF2] for a map with the form fr = %

as 0 <z < %, which admits o-finite absolutely continuous invariant measure.
For a Lipschitz function F, denote by || F|| the C° norm.
Theorem B. Suppose f : I — I satisfies Assumption (I)—(IV). Let 1 be the

absolutely continuous invariant probability measure and let 3 =~y~1. Then

i) for any Lipschitz function G, there is a constant C = C(G) > 0 such that
for any Lipschitz function F,

C
‘/(Fof")Gdu—/qu/de’ < —=lIFl - ¥n>o0

ii) there exist Lipschitz functions G and F, and a constant C' > 0 such that
Cl
n

A result similar to Part i) has been proved by L.-S. Young recently in more
general setting (see [Y]). However, her method is quite different with ours. She
uses tails of tower, and we use Perron-Frobenius operators. Earlier, M. Mori proved
polynomial decay of correlations for piecewise linear maps (see [M]).

Remark. By the proof of the theorem, we can see that Part i) still holds if we use
L°°(I, p) function F' and the L°°(I, ) norm || F||» instead of Lipschitz function
and C° norm respectively. On the other hand, we can find C* functions F' and G
satisfying the inequality in Part ii).

m—1 m—1
Denote &, = /\ f7%. Soif E € &,,, then E = m f_ini for some qo, -, Q1.
i=0 1=0

Also we denote by E("™) the element of &, containing 0.

Corollary. Under the supposition of Theorem B, there exist constants C > C' > 0
and 1 > 0 such that for any m >0, E € &,,, and for any measurable set E' C [0, 1],

-1
’,U(f_n_mE/mE) —uE-uE’} < (nC?_nW“E'“E/ Vn > 1,

and if in addition m > 1 and E = E™) then

—n—m g _ o C'm/ 1 o
u(f E'NE) —pE-pk'| > (n+m)ﬁ_1uE uE Vn > 0.

We introduce some notations.
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Let Iy be the element of the partition £ containing 0. For x € Ij, we denote
2o = and 2,41 = f~tx; NIy Vi > 0. Choose a small neighborhood Py C I of 0.
For any function g, if x € I, then we denote

FCED S (1.4

zref~1(fx)\Io 1

We should note that o (z) depends on values of g at f~(fz) but at x itself.

Take nondecreasing functions p4 (z) > 0 and denote B(z, p(z)) = (z—p— (), z+
p+(z)). We require that py () are chosen in such a way that pi(z) = O(z'")
on Py, and fB(z,p(z)) D B(fz,p(fz)) Ve € I, and y € B(z,p(x)) if and only if
x € B(y, p(y)). The latter implies p4 () > p_(x) on Py. So B(z, p(z)) is not a ball
in Euclid metric. Since p(z) are nondecreasing, we have p(z) > p for some p > 0
on I\Iy.

For any n > 0, denote B, (z,p) = {y € I : d(f'y, f'z) < p(f'z) V0 < i < n}.

We always denote 3 = y~!. Choose f_ < 3 < 4 such that 5, — 3 and 5 — 3_
are small, for example, less than 0.1 and 0.1(5 — 1).

2. PRELIMINARY
Lemma 2.1. Let x € Iy. For any 6 > 0,
f d(z1,y1) _ xf 1
0 dwy) 2] f(@)

where y € B(z, p(x)) and y1 € B(x1, p(a1)).

+o(x")=1-(1+vy—-0)x" +0(z”), x—0,

Proof. This is because by Assumption (IV), z = fx; = z1(1 + 2] + o(z"), and
d(z,y) = (f'(x1) +o(z?))d(z1,91) = (1 + (1 + )27 +o(2?))d(z1,91). O

Lemma 2.2. Given f_ < 8 < (84, we can choose Py small enough such that for
any x € Py,

o B-\? B \?

i) @fx:xoz(—) for some r >0, thenxnz( ) ;
r ; r+n 3

i) if v =20 < (5—+> for some r > 0, thenxn§< By ) .
r r+n

Proof. If x is small, then we can find 1 < A < 8/5_ such that f(z) < x(1+ \z7).
B
Suppose x < (ﬁ—_> . We have

f(z) < (ﬁ_)ﬁ<1+¥) _gprtA

T rA+t

Note that A\G_ < @. If r is large enough, then

<1—1>ﬂ<1+%> <1 or (r—1>ﬂ<r+)\ﬂ_> < B

r
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So we get that

B \B
r—)'

fla) < (

This implies the result in (i).
Part (ii) can be proved similarly. O

Define
Az.y) { 1+ L4d(z,y), Vz € Py,y € B(z,p(z));
r,Y) =
1+ Jd(z,vy), Vo € I\Py,y € B(z,p(z)),
where J, Jy > 0 are constants satisfying the proposition below.

Proposition 2.3. (Distortion Estimates) There exist constants J, Jo > 0 such that
forallzel, ye B(:z:,p(x)),
1) fol € f71x7 Y1 € fﬁly A B(xhp(xl)); then
f'(z1)
Az, . < A(x,y);
(z1,91) Flyn) = (z,y)

ii) for alln >0, if x, € f~"x, yp € f~"y N Bp(xn,p), then

f" /(xn)

(f™) (yn)

Proof. 1) First we suppose x € Py. By (1.3) and the fact f'(y) > 1, there is a
constant ¢ > 0 such that
d(z,y)

f(@) o ,
f/(y)<1+(f(x)_f(y))§1+cx .

Note that = *d(z, ) is of order 7. So by Lemma 2.1 with 6 = 1 we have

s = (0 ) (et )

J d
14 1+ S a2y Ay
J() 1

d(x,y)

=1+ Jo(l + cri + O(m?”) (1 — vz + 0($7)> -

Jo
If .Jy is large enough, then the right side is less than 1 + Joz ™ 'd(x,y).
For the case x ¢ Py, the result is clear since f is uniformly expanding outside F.
ii) can be obtained from i) by induction. [

n /
Remark. The ratio M only depends on preimages of z and y. Soif f*" 1z, €
") Yn
I\ Iy, then we still have
n /
7(f )/(a:n) <1+ Jd(z,y)
(fn) (Yn)

for some J > 0 even if x € P,.
Recall the definition (1.4) of o,.
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Corollary 2.4. Let x,y € Py. If g satisfies g(y1) < g(Z1)A(Z1,7y1) for all 1 €
fra\Io, 1 € f~'y N B(Z1,p), then

og(y1) < oglz1)(L+ Jd(z,y)).

Proof. By (1.4) and Proposition 2.3.i),
> gm)/f ()

0g(Y1) _ mef—tu\Iy e 900 @)y e o (@)
og(z1) ele \L 9@/ F(@) {g(fl) f’(??l)}S {A( l’yl)f’@l)}

where max is taken over all pairs #; € f~'z\Iy and 71 € f~ly N B(Z1,p). Since

_ f(yl) f(yl)
z1, 4 & lo, (xlayl)f ) = < (14 Jd(z1, ))f’( ) <1+ Jd(z,y). O

3. THE DENSITY FUNCTION

In this section we prove Theorem A, and then prove a result (Lemma 3.5) which
implies that decreasing rate of h is arbitrarily large as = goes to 0.

Proof of Theorem A.
Define Perron-Frobenius Operator £ = L_ 44 s from the set of continuous func-
tions on (0, 1] to itself by

:Clef 1z

f’ 1)

Let v denote the Lebesgue measure on I. Clearly, v(Lg) = v(g) for any integrable
function g on (0, 1].

Also it is well known that for any fixed point h of £, a measure p given by
p(g) = v(g - h) is an invariant measure of f. In fact, we can check directly that

( gOf ) g+ (Lh), then we have u(go f) :U(h~(gOf)) :v<£(h~(gOf))> =
v((Lh

g9) =v( h g) = u(g). (See e.g. [B] for more details.)
Let B denote the set of continuous functions g on (0, 1] with the norm

gl = zl(l(yu{wg(fc)}- (3.1)

It is easy to check that B is a Banach space and L is a Linear operator on B. Lemma
3.1 below implies that the operator L is continuous.
Put

G={9€B:9>0, v(g) =1, g(y) < g(@)A(z,y) Vz € I,y € B(z, p(x)),
x7g(x) < Hy Vx € Py}.
where Hj is a constant to be determined later.
G is not empty since (1 —y)z™Y € G. It is clear that G is a convex set. By
Lemma 3.2 and 3.3, G is compact and LG C G if Hy is large enough. So by
Schauder-Tychonoff fixed point theorem (see e.g. [DS]), £ has a fixed point h € G,

and therefore, i) and ii) follows from the definition of G. Part iii) can be obtained
from Lemma 3.4 and the fact ¢(x) = (1 +v)z” +o(z?). O
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Lemma 3.1. L is a bounded linear operator.

Proof. Since L is a positive operator and ! is the maximal element in the unit ball
with respect to the norm in (3.1), we only need to prove that z£(z~!) is bounded.
Note f’(x) > 1. We have

1 1 1 1 1 1
ﬁ(;)< > :iz—lgx_1+ > - S max {rer+ > 7
T1€f 1z z1€f~1a\Ip z1€f1z\Ip

the second term is bounded, |£| = sup {zL(z™')} is finite. O
z€(0,1]

Lemma 3.2. The set G is compact.

Proof. First, G is a bounded set. In fact, for any g € G, if x ¢ Py, then

1
1 d x - 20(x).
> /B(w’p(x))g(y) y > g(x) o) p(x)

14 Jp(z

That is,

zg(z) <

50 (1+ Jp(z)) < sup

If z € Py, then zg(z) < Hox'™" < Hy.
Using the facts that g(y) < A(z,y)g(z) Yy € B(z,p(x)) and zg(x) < Hoz!™
Vx € Py, we know that G is also an equicontinuous set. [J

z(1+ Jp(z)
(™)

Lemma 3.3. If Hy is large enough, then LG C G.

Proof. Take g € G. We prove Lg € G.

It is clear that Lg > 0 and v(Lg) = v(g) = 1.

If z,y € I with d(x,y) < p(z), then Proposition 2.3.i) and the same arguments
as in the proof of Corollary 2.4 give

> 9(@)/f ()

‘Cg(y) _ hefly i P f’(?h) i
Lg(x) A Zf:ﬁl g(21)/ f' (1) = {A( 17y1)f,(j1)} < Az,y),

where max is taken over all pairs £; € f~'z and 91 € f~ 1y N B(&1, p(21)).
Suppose = € Py. Using Lemma 2.1 with § = v and using the fact z7g(x) < Hy
Vr € Py, we get

7 —
Lo(w) =alg(e) e o Y ST

z) f'(x1) i f'(z1)
Y vy 2 9(@1)
<Hjy [1 27 4+ o(x") + T ilefz_;x\lo (@) ]

Since all element g in G are uniformly bounded on I\Ij, the summation in the
second term are bounded. So if we take Hy large enough, then the right side of the
inequality is less than Hy. [
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Lemma 3.4. There exists R > 0 such that

|h(z)¢(x) — (1 +7)o0| < Rmax{z?,d (2)},

where ¢(x) = f'(z) — 1= (1+v)zY + 2751 ().

Proof. Denote a(z) = max{z?,|01(z)|} for x € Py. We may assume that a(z) is
nondecreasing on Py, otherwise we use max {a(y)} instead.
Yysx

First we claim that there exist R > 0 such that if

h(x)o(x) > (147 +c+ Raz1)) oo

for some ¢ > 0 and x € Py, then

ha)o(an) > (147 +e(1+ %x}) + Ra(zs) oo,

In fact, since Lh = h, we have that for x € P,

h(z1) = (1+ ¢(z1)) (h(z) — on(z1)) > (1 + ¢(z1)) (h(z) — 00 — Jooz1), (3.2)

where op(x1) < 0¢(1+ Jx1) follows from Corollary 2.4. Also, it is easy to check by
(1.1) and the definition of d;(x) that

¢(x1)
o(x)

(1+o(a1)) - =1+ ] + 2707 (z1).

for some 07 (z) which is bounded by 6;(x) multiplied by a constant coefficient. So
by (3.2) we get

¢(z1)h(z1) _ d(x)h(z) P(x1)
w2 (L)

— (14 Jz1)p(z1) (1 + ¢(2))

>(14+7v+c+ Ra(z1)) (1 + 27 + 2767 (1))

- ((1 +y)z] + $¥51($1)) (1 + ¢(1’1)) - J$1¢($1)(1 + ¢(1’1))

:(1 +y+c+ Roz(xl)) + (c + Ra(ml)) (xY + chSik(xl)) + (1 + )z 67 (z1)

— (L+y)xd(x1) — 95151(501)(1 + ¢(901)) - J901¢(901)(1 + ¢(901))~

1 1
If Py is small enough, then |67 (z1)] < 3 and therefore cz (1 + 65 (z1)) > Ec:zzfly

Note that a(z) is greater than or equal to d1(z) and z7. So

%RO‘(II) + (1 +7)07 (21) — (L +7)p(21) — (01 (1) + Jl'i_w(ﬁ(wl)) (1+ ¢(z1)) > 0.

if R is sufficiently large. Hence we have

P(z1)h(r1) >

1 1
p- 145+ c+ Ra(zq)) + 505‘7? > (147 +c+ Ra(w)) + 505‘7?'
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It means that the claim is true.
Using this claim we can see that

d(x)h(xz) < (14 v)oo + 2Rogo(x1) Vo e P.
Otherwise we may have
d(z)h(x) > (1 +v)oo + 2Ropa(x1) = (1 + v)oo + cog + Ropa(xy)

for some = € Py, where ¢ = Ra(x1) > 0. Then by using the claim repeatedly, and

n—1

1 1 1 —
using the fact ¢ - (1 + 3 Z x?) (1 + 5.%’%) >c- (1 + D) Zw?) we get that

1= 1=

d(xn)h(zy) > (1 4+ v)og + Ropa(zp41) + cop - (1 + % Zazj)

=1

ﬁ;_ Vi > 0 for some r > 0 and therefore xz diverges.
T 1 i=1
This contradicts to the fact that 7h(z) is bounded for all z € P,.

By using ¢(z)h(x) > 0, the inequality of the other direction can be proved

similarly. [

By Lemma 2.2, z] >

Lemma 3.5. For any +' > 0, we can choose Py small enough such that

/

J,
My = hia)- (1+ —2d@,y))  Vee Py a—p) <y<a

for some Jj > 0.

Proof. Denote 7 = inf {—_ 7 } By Lemma 2.1, there exists ¢ > 0 such that
z€(0,1] Lz h(z)
71
% . ) =1—2"+o0(x") >1—cz” forallz € Py. We take H < fé}%{m};(x)}

and then define

G = {g €G:g(x) > 7h(x) Vo € (0,1], x7g(x) > Hy Vz € Py,

!/

9(y) = g(x) (1 + 2 d(w,y)) Vo € Py, 7~ pla) <y < a}.

0
xl=
G1 is not empty because (1 — )z~ € G;. Clearly, G; is compact since it is
closed in G. We will prove £LG; C G;. Then we can take h as a fixed point of £ in

G1, and therefore h has the required property.
Let g € G;. First, we have

Lg(x) > LTh(z) = TLh(x) = Th(x).
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Secondly, since o4(z) > Top(x) and Hfy < ¢~ 'rop(x) Vo € Py, we get

2V Lg(x) = xwg(:ﬂl)ﬁ# +270,(x1) > H{)(l —cx¥ + ﬁTO%(:IH)) > H).
W) Py Tl 2 I :
Now it remains to check Lg(y) > Lg(z) (1 + xl_é,y, d(a:,y)). That is,
9(y1) g(z1) Jo
Friy a2 (e + o) (14 2 day) (3.3)
f'(x) :

By (1.3), if z € Py, then

() > 1+ f/(;]j) — f’(y) > 1+ %d(m,y) for some
¢ > 0. Also, using Lemma 2.1 for # = 1 — v’ we have
/

91) _ g(z1) (1+ Jo d(@,p) (1+ = d(.y))

Flon) “ P\ 2 2=
2 IO (34 g0 7 4 o) ) o)
g(xl) /d(xvy) C,d($7y)
> G (BT + 5o )

if Py is small enough. Therefore, using Corollary 3.4 and interchanging the roles of
x and y, we can see that (3.3) holds if we show
!/

' d(, J,
Ji]/((xxt)) % x(fz) > Jog(y1)d(z,y) + gg(xl)ﬁd($> y):

or )
y—fy/ c g(xl)

2f"(x1)
However, this is true if Py is small, because 7~ g(z) > 27~ 2 "H}) = 2~ H}, —
0o, while all other quantities are bounded as x — 0. [

z > Ja' Y ay(1n) + Jhog (z1).

4. THE OPERATOR L

h(x . :
Take n(z) = W if z > 0 and 7n(0) = 1. By Lemma 4.4 below, n(x) is

continuous on each /.
Define a new Perron-Frobenius Operator £ = Loz, from the set of continuous
functions on [0, 1] to itself by

Log(x)= Y nlE1)g(dr),
Zieflx
or equivalently,

h(Z1) .
flcﬁl)g(xl).

Low) = L0 = o5

Ti1€f"1x
Recall that the measure u, defined by u(g) = v(hg), is an f invariant measure,
where v is the Lebesgue measure on I.
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Lemma 4.1. The operator L has the following properties.
i) Lc = ¢ for any constant function c.
i) u(Lyg) = u(g) for any integrable function g.

Cc

~ 1
Proof. i) Using Lh = h, we get Lc = EE(Ch) = %Eh =—h=c

i) Since v(Lg) = v(g), 1u(Lg) = v(h- 3 L{hg)) = v(L(hg)) = v(hg) = pu(g). D

0, .

Lemma 4.2. lim 0, w] S . Consequently, there exists a > 90 >a >0
w—0 w7 L—» 1—7

such that

a'wr™7 < ul0,w] < aw'™.
Proof. Use the fact that p[0, w] = [;° h(x)dz and then use Theorem A.iii). [

Lemma 4.3. Let w € Iy. Then

| T otwodnte) = uiovw, |
0 =1

Proof. Note that ™ : [0, w,] — [0,w] is a one to one map. We have f”x[oywn](x) =

Hn(a:z) as x € [0,w] and /an[O,wn](x) =0as x € [w,1]. So by Lemma 4.1.ii),
i=1

/Ow Hn(%)dﬂ(@ = M(E"X[o,wn]) = [0, w,]. 0

Take 1(z) such that n(z) =1 —1(x). Recall the definition (1.4) of o,.
Lemma 4.4. n and i have the following properties:

i) () = @
TGO

x—0 27
lin% n(x) =1, and therefore n is continuous on each I;
xXr—>

op(z) if x € Iy;

11

)

iii)

iv) 0 <n(z) <1, and n(z) =1 if and only if x = 0;
)
)

—

v) (x) is strictly increasing and n(x) is strictly decreasing on Py;
vi) Vo € Py and & € I\ Py, n(x) > n(Z), if Py is small enough.
Proof. Since Lh = h, h(fx) = 4+ op(x) for x € Fy. Son(x) = ————— =
VD= iy T b 501 = Fn )

1
h(fx)

op(x). This implies i).
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Part ii) follows from Part i) and Theorem A.iii).

By Part ii), n =1 — 27 4+ o(zY). So 7 is continuous at 0. By the definition, it is
continuous at all other points.

By Lemma 4.1.i), Z n(z1) =1,s0 0 < n(21) < 1. Then Part iv) is clear.

#1€f 1

To get Part v), we use Part i) and then compare Lemma 3.5 and Corollary 2.4,
from which we see that h(z) changes in a faster rate than oy, (z).

Part vi) simply follows from Part iv) and v). O

By part i) of the lemma, for = € I we can write Lg(x) as

.fjg(:v) =n(z1)g(x1) +(z1)g(z1) = (1 - @b(iﬂl))g(iﬂl) +(x1)g(x1), (4.1)

where g(x1) is the average of {g(Z1)} with weight {n(z1)}, 7, € f~ta\Iy, i.e.

_ _ h(z _
> n(@)g(@) > (@)
_ zief~ta\Ip Zief~tx\Ip
g(x1) = - = aen (4.2)
(@) 2 P
z1€f~1z\Ip Z1ef1a\Io 1

The second part of the lemma says that if higher order terms are ignored, then
Y(z1) = x] and therefore £ has the form

Lg(z) ~ (1 —a])g(x1) + 2] g(z1). (4.3)

Lemma 4.5. Let g,(z) = E”g(:z:). Then for any x € Py,

n

gn(@) = g(x) [ [ (i) + 95 (),

where .
gn(@) = Gnj(@)(a;) [ ] n(z:).
j=1 i=1

Proof. Use induction. By (4.1) the result is true for n = 1. Suppose it is true for
some n. Then

n+1

Lgn(z) = n(x1)g(2n41) H (i) +n(x1)gy, (21) + P(21)gn (21).

Since
n(x1)gs(x1) = n(x1) Y Gnj (@i (@) [ (=)

j=1 =2
n+1 n+1

=n(z1) Z Gnt1-j (7)Y (x5) H n(w;) = Z Gnt+1-(75)(x5) H n(z:),
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we get
n+1 7j—1
n(z1)gn (w1) + P (21)gn (1) ZgnJrl i)Y )Hn(%);
i=1

which is equal to g;, i (x). This completes the proof. [
Lemma 4.6. Let z,y € Py with x >y. If g;(z) >0 Y0 <i<n-—1, then

n n

Lg(x) — L7g(y) >g(zn) H (i) — 9(yn) H (y:)

+ i(én—j (25) = G () ) les) [T maa).

=1

Proof. By Lemma 4.5, we only need prove

gila) — g ) > Ji‘l(gn_j (@) = s <yj>)w<xj>ﬁn<xi>.
Note that
5:(2) - 92) =j§:(gm<xj> - gnj<yj>)w<xj>:_ﬂin<xi>
+j§zgn_j ) (w<xj>z_r[lln<xi> - ¢<yj>z_Hin<yi>).
We only need prove that
L
e It = &3(2) | <fj—1]§'(é5:1)>h<x> - <fj—1;’fa(cfi)1>h<x>

is increasing, where the first inequality follows from Lemma 4.4.i) and the definition
of n(z). By Proposition 2.3 and Corollary 2.4, both (f7=4)(y;—1)/(f7~1) (z;-1)
and oy, (z;)/on(x;) are bounded by 1+ Jd(x,y). Hence by Lemma 3.5, we see that
h(z) decreasing faster than oy, (x;) and (f7=1) (x,;_1) if Py is small enough. O

Proposition 4.7. Given f_ < 3 < (4, we can choose Py sufficiently small such
that for any x € Py,

i) if x = xo < (g)ﬁ for some r > 0, then ﬁn(%) > ( T >ﬁ+’.

Pt} r+n
. . ﬁ)ﬁ n r ﬁ,
N = > 0, then [ n(a: <( ) .

i) ifx =29 > (7’ for some r en | | n(x;) < i

=1
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Proof. Take By > (. > B! > (3. Let Py be small enough such that for any

I\ B / / 1\ B
e=(25) e n1 vt >>1—§,,aﬂ md 1 (55) 2 (1) Hence,wsine

Lemma 2.2 for 3/, we have

! B , — 1\ B8
1_¢(xi)21_ﬁ_+x721_ﬁ_+_2<1_ 1,>+:<M>+
i T+ 4 T+

Taking product we get the result of Part i).
Part ii) can be proved in a similar way. [

We denote

A( ) 1+%d(m,y}, Vz € Py, yGB(x,p(x));
x,y) = x
1+ Jd(z,y), Ve € I\Py, y € B(x,p(:z:)),

where J, Jy > 0 are constants to be determined by the following lemma.

Lemma 4.8. There exist constants J,Jy > 0 such that Vz € I, y € B(z, p(x)),
i) ifxy € fa, g1 € foly N B(xy, p(1)), then

A(z1,y1) - n(y.) < A(z,y);

i) if x, € f7"x, yn € f7"y N Byp(zn,p), then

iil) if a function g satisfies g(g1) < g(@1)A
B(&1, p(#1)), then Lg(y) < Lg(x) -

n(y) _ hy) f'z) hifz
n(x)  h(z) f'(y) h(

A(z,y) > Az, y)*Alfz, fy),

then the rest is the same as in the proof of Proposition 2.3 and Lemma 3.3. [J

Proof. Notice that

Remark. Recall the remark after Proposition 2.3. We also have that if f" 'z, €
I\I(), then

1_[77 fyn <1—|—jd(aj,y)

for some J > 0 even if z € P,.

Recall the definition of g(z) in (4.2).
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Lemma 4.9. There exists a constant J > 0 such that for all .y € Iy, with
d(z,y) < p, if g(y) < 9(@)A(@,9) Yz € fH(fa)\Lo, § € f~H(fy) N B(x, p(2)), then

9(y) < g(x)(1+ Jd(,y)).

Proof. Clearly, n(7)g(y) < n(f)g(:ﬁ)A(j,g)z. Hence, by (4.2),

PPN n(7)9(7) . % .y n(2)g(Z)A(z, y)*
g(y) = LS UYNo A2 I LA — :’xmaxﬁif,fga
9(y) LG < S oA g(x) max{A(z,9)"}
gef~1(fy)\lo zef—1(fz)\Io

where max is taken over all pairs € f~!(fz)\Ip and § € f~(fy) N B(z, p(z)). So
the result follows by choosing J > 0 such that 1 + Jd(z,y) > (1+ Jd(z, gj))?’. d

5. CONVERGENT RATE

The main result in this section is Proposition 5.2, which shows that the rate of
convergence L"g — pu(g) is polynomial. This proposition plays a key role for the
proof of Theorem B. Since the proof is long, we put some lemmas in next section.

From now on we denote g, (z) = L"g(x).

For any by € (0,1), define a function I'(z,y) = I'y_ (x,y) by

1+ Eod(z,y) Va € Py, y € B(z,p(x));

L(z,y) = { |+ Kd(z,y), vz € I\Py, y € B(xz, p(x)),

where K, Ky > 0 are constants chosen as in the following lemma.

Lemma 5.1. There exist constants K, Ky > 0 such that for any x € I, y €
B(z, p(z)),
i) if g(z) < by, g(z) < g(y)Aly,z) and g(y) < g(x)A(z,y), then

1—g(y) < (1—g())(z,y);

i) if 1—g(i1) < (1= g(&1))T(21,51) VZ1 € [, i1 € f~ly N B(Zy, p(21)),

then ) )
1—Lg(y) < (1 - Lg(x))T(z,y);
iii) there ewist constant K > 0 such that for all x,y € Iy with d(x,y) < p, if
1-g(H) < (1-9(@)T(7,9) Ve f~ (fa)\lo, € f~' (fy) N B(Z, p(2)), then

1-g(y) < (1 - g(@)) (1 + Kd(x,y)).
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Proof. Since g(z) < g(y)A(y, z) = g(y) + 9(v) (A(y,a:) — 1), we have

L= 6(0) £ 1 gla) + 900) (Alo-2) = 1) (1~ o) (1 722 (A(y.0) - 1)

<(1 - g(@)) (1 + Ay, z) — )™ < (12 g(0)) (Ay, )™,

Note that for z € Py, d(z,y) < p(z) = O(z'7), and g(y) < g(x)A(z,y) <
by A(z,y). So g(y) is bounded. Hence, it is clear that Ky and K exist. This
is Part i). Part ii) and iii) follow from the same arguments as in the proof of
Lemma 4.8 and Lemma 4.9. [

Proposition 5.2. For any 0 < b_ < by < 1, we can find arbitrarily small v € Py
such that for any continuous functions g+ > g— > 0 of the form

A:I: Hz 0 77(331) UAS [O,U];
by, r € [v,1],

g+ (z) = {

where Ay > A_ > 1 and k > 0 are constants that make p(g+) > 1 and pu(g—) <1,
if a function g satisfies

(a) g(z) < g+(z) Vo €I, and g(z) > g—(v) Vo < v,

(b) wlg) =1,

(c) g9(y) < ( )JA(z,y) Vo € I,y € B(z,p(x)), and

(d) g is decreasing on [0,v],
then for all n > 0,

D'A_

i) 1—gn(z)> L vz € I\Io,
DA
i) 1—gn(z) < ﬁj Ve e I,

D'A_ DA
i) 51_/|gn )~ 1ldu() < 52t

where D, D’, D, D’ > 0 are constants only depending on f.

Proof. We divide the proof into three steps.

Step I. We choose v and construct functions g4 ().

Take 0 < b_ <by < 1.

Take u € Iy with u < p, where p = inf{p(z) : x € I\Iy}, such that for all
x> u, n(x) < n(u), and for all x € [u, fu], y € B(x, p(x)), T'(z,y) > 1+ 3Kd(Z,7)
Vz,y € I\Ip with d(Z,y) < p(z). This is possible because of the definition of
[(z,y). ,

Take v = u,, € Py for some m > 0, and write v = (é> . We assume first

s
that s > m, otherwise we can choose a smaller u. Then we assume that m is large
enough such that

m

Yz € Io\[0, u]. (5.2)

—
=,
&
N =
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n n 71—1
Since Hn(xz) + Zw(ajj) H n(x;) = 1, it implies that for any n > m,
i=1 j=1 i=1
n j—1 1
> () [ nlw) = 5 Vo €lo\[0,u]
j=1 i=1

Lastly we assume that s is large enough such that

_ 1 —1 1
ST > max{<&>ﬂ— ( 203" )= )
= b_ " \ap_pf! ’

and 4C1C5b
Sﬁf—ﬁ-i‘l > 1204

=T

(5.3)

(5.4)

(5.5)

where ¢’ is given in (5.13), a and a’ are given in Lemma 4.2, Cy and C} are as in

Lemma 6.1 and 6.2 respectively, and C > (1 — b+)71 and satisfies that if

1—g(y) <2(1—g(x)(1+ Kd(z,y)) V€ [u, fu], 0 <y <a;
1—g(y) < (1-g@)l(z,y)  Vo>u, ye Bz p(z)),

then
max{1l — g(z), z € I} < Cymin{l — g(z), z > u}.

Now we choose Ay > A_ > 1 and k > 0 such that

k—1
Az [ n(vi) = b,
1=0
Appl0, 0] +bypfv, 1] 21 and  A_p[0,v] + b-pv, 1] < 1.

This is possible. In fact, by Lemma 4.7 and 4.2 we have

k -
<s+k>ﬁ S,1_[77(%’)S (s—l—k)ﬁ ’

EN TR E

ITizo n(vi)
These imply %im 22i=0 7 — (. So we can take k such that

—0 [L[O, Uk]

1 ,U[O,Uk] 1
——M[U,l]g _ S——M[U,l]
by Hf:ol n(vi) ~ b=

(5.6)

(5.9)

(5.10)

(5.11)



18 HUYI HU

and then take Ay such that (5.7) is satisfied.
Now we define g4 (x) by using (5.1). Lemma 4.3 and (5.8) give

1(g+) = Appl0,ve] + byplo, 1] 2 1, plg-) = A_p[0,ve] +b-pfv,1] < 1.

Note that by (5.9)—(5.11) we can obtain

sP+ ( 1 5B~ 1
) < (e (L)
i (g 1)) < G4 (5 +) ot (o)
and therefore,

_ Pt _ B
dsP+=PTT < k + s, k < csP-—PFT, (5.12)
where ¢ > ¢’ > 0 are constants satisfying
/B+_6+1: 1 <i _ 1 > ﬁ,—ﬁ—&—l — 1 <i _ 1 > 5 13
c it et LS I (o)) 513)
Hence by (5.4) we have
_Bs-1 26+ \ 5
k+s>csP+ Pt . g > (b—> -8 >2s, ie. k>s. (5.14)
Moreover, by (5.7) and (5.9),
kN B- kN\B
bi(s+ ) SAiSbj:(S—'— > +, (5.15)
s s
and therefore by (5.14),
kN 8-
A > b_(s i ) > 98+ > 1, (5.16)
s

Step II. We prove that any function g satisfying condition (a)-(d) has the fol-

lowing property:
(An) 1 =gn(z) >0 Ve >y
( B,) max{l — g,(z), x € I} < Cymin{l — g,(x), x > u}.

First we consider the case 0 <n < m. Since 1 —g(z) > 1—by > 0Vx > v = Uy,
by Lemma 4.1.i), 1 — g,(x) > 1 —by > 0 Ve > u > f"v. We get (A,). Since
Cy > (1—by) ", (B,) follows.

Now we consider the cases n > m. We only need prove the following:

(A3) 1= gnlx) > 2g9(xn) [Ti=) n(x:) Y € [u, ful;
(B,) 1= gn(y) <2(1 = gn(2)) (1 + Kd(2,y)) Yz € [u, fu], 0 <y < x;
(B) 1= gn(y) < (1 - gn(@))T(2,y) Yo > u, y € Bz, p(2)).
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In fact, by the definition of £, we know that (A,_;) and (A%) imply (A, ). Also,
by (B),), (B!) and (5.6), we can get (B,,).

To prove (A2), (B)],) and (B,)), we use induction. Assume (B;) are true for all
0 <j <n—1. Then by Lemma 6.3 and the choice of C1, (A}) is true.

Note that (BY) holds for any j = 0,1,--- ,m because of Lemma 5.1.i), ii) and
the fact that 1 — g(x) > 1 —by >0 Vz > v. So we may assume (A;) and (B}) for
all j =0,1,--- ,n — 1. Hence, if we assume (A%) in addition, then by Lemma 6.4
and Lemma 6.5, (B],) and (B]/) hold respectively.

Step III. We prove that g,, satisfies i)-iii).
Since pi(gn) = p(g) = 1,

1
nIL‘—ld €Tr) = 1—n:L‘d;1::_ nx_ldx517
/{gn>1}(9<> Jdiz) /{M}( n(@))dn() = 5 [ lgul@)-Udu(z). (5.17)

Then the first inequality of Part iii) follows immediately from Lemma 6.2 with
D' = 2C%. By using (A,) Vn > 0, we get that the upper bound estimate in Part
iii) follows from Lemma 6.6 with D = 2C}.

If we use (B,,), then

/{ . (1= gn(z))dp(z) < max{l — g(z): z €I}

. Ci
<Cimin{l —g(z): x> u} < o) /{gn<1} (1= gn(x))du(z). (5.18)

Considering (5.17) and the results in Part iii), we get i) with D’ = (201)_1[?’ =
Cy'Cy, and get i) with D = (2u(I\Ip)) " C1D = (u(I\Ip)) ' C1Cy. O
6. SOME SUPPLEMENTARY LEMMAS

In this section we prove lemmas which are used for the proof of Proposition 5.2.

Lemma 6.1. There exists Co > 0 such that for any © > u,

gaks 1 1
1_[177($z> < Czkﬁf—ﬁﬂ . R Vn,k > 0.
\? kn . 5.
Proof. By Lemma 4.7, for * = (i—*> € Py fixed, Z1;[1 n(x;) < <m> )

So the result is clear for this z*. Since by Lemma 4.4.iv) n(z) is smaller outside Py
than inside Py, the result holds for all z € Iy\ Py as well. [



20 HUYI HU

Lemma 6.2. Let Cf = 2-8a/B°71 where o' is given in Lemma 4.2. Then

1
gn(x) — 1)dp(r) > C4A_ ——r— Vn > 0.
[ ) = Do) = A s
Proof. Take t > 0 such that
t \P+ 1 s \B-
— = — . 6.1
(t—i—k) b_<s—|—k> (6-1)
: N 1 t 1
Clearly, s < t. Also, by (5.16) the right side is no more than TR So P < 3"
We get t < k.
Take 5
t(1+ %)
We claim
0,2 c {z:gn(z)>1}  Vn>0. (6.3)
In fact, for any = < z(™, by Proposition 4.7 and (5.9),
k+n k
t(1+ %) B+ t \8+ 1 s \BA-_ 1
) > = (—) =_— > ;).
gn<xl)—<t(1+%)+k+n> <t+k> b<s+k:) _bgn(v)
k+n A k
Then by (5.1), (4.1) and (5.7), gn(x) > A_ H n(x;) > — Hn(vi) =1.
i=1 b iy
Now using Lemma 4.3 we have
(n) k+n

n(x) — 1)du(x) >A_ ) x;)du(z) — O,z(”)
[, (oo = iute) 2 [ T it i

A0, 0, 20,

_ s B P
i 2) and L 2.2 <">>< 0 ) ><7>
Since k > t, by (6.2) and Lemma ) Ptk = tl+2)+k+n/ ~\2(k+n)
Then by Lemma 4.2,

A0, Z?S,T-Lgk] = A—a/(zfﬁgk

g1 A_dplTh 1 Bl
e ()
2p-1 k+n
So the result follows if we show A_ [0, zg_?k] > 2[0, (™).
(n)
“n+k > < 5—t

Note that
ote that w5 > B+ h)

B
) . Using (5.16) and the fact t > s, we can get

0.2, o B- “1_dbo BoN\A- B~
N e - (O

The right side is greater than or equal to 2 because by (5.12) and (5.4),

(k-l—s)ﬁ—ﬂ-H - (Clsﬁ)ﬁ—ﬁ-&-l - 2a <£>ﬂ—1.
S - ~ab_\p_

O
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Lemma 6.3. Let n > m. Suppose for all0 < j<n—1,
max{l — g;(z), x € I} < Cymin{l — g,(x), = > u}.

Then 1 — gn(z) > 2g(x,) Hn(mz) Vx € [u, fu].
i=1

Proof. By (5.17), (5.18) and Lemma 6.2, we have that for all 1 < j <n,

gz o [ -1

LG 1 _GgA
Ci (k+j)f 1= 0 (k+n)ft

Yz > u.

So the same inequality is true for 1 — g;(x). By Lemma 4.5 and (5.3),

n

{—ante) > (1t [T ot 2 G

k
On the other hand, since n > m, g(z,) < Ay Hn(mz) So by Lemma 6.1,

=1
9(zn) };[1 (i) < Ay };[1 n(vi) < A Cam =g (k+n)f=1"

Now, considering (5.7) and (5.14) we have

Lognl@) o G3A- 5 gy Gb 5 i
29(xn) [Timy n(xi) = 22C1C2 A4 = 4C,Coby

By (5.5) it is greater than or equal to 1. [

Lemma 6.4. Let n > m. Suppose g(x) is decreasing on [0,v]. Suppose further

(i) 1—gj(z)>0V0<j<n-—1,z>u,

21

(11) 1 _gj(y) S (1 —gj(:L‘))T(x,y), v0 S .] S n— 1; X Z u, Yy € B(IE,p(l’)), and

(iii) 1 — gn(z) > 29(xy) Hn(mz) Vr € [u, fu].
i=1
Then for all x € [u, fu] with 1 — g, (z) > 0,

1= gu(y) <2(1 = gu(2)) (1 + Kd(z,y))  VO<y<a.

Proof. By Supposition (ii) and Lemma 5.1.iii),

(1= Gn—j(z5)) = (1 = Gn—j(y;)) > —Kd(z,9) - (1 = Gn—j(25))-

(6.4)
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Using Lemma 4.5 for the function 1—g(z) and then using Supposition (iii), we have

> (1= ns (@) () [ [ n(@) = 1= gu(@) = (1= glan) [T n(:)
<1 = gu@) + glon) [T ) < 51— gu(@) <201 -gal@).  (65)

=1

Therefore, by using Lemma 4.6 for the function 1 — g(z), we obtain

(1 - .gn(x)) - (1 - gn(y))
>(1 - g(zn)) H n(zi) — (1= g(yn)) H n(y;) — 2K (1 — gn(z))d(z,y). (6.6)

If 1 —g(yn) <0, then either 1 — g(z,) >00r 0 >1—g(z,) >1—g(y,). Since
n(z) is decreasing, (6.6) becomes

(1 - gn(x)) - (1 - gn(y)) > _2[_((1 - gn(l')>d(l', y)' (67)
Then the result follows.
If 1 —g(yn) >0, then 0 < 1—g(yn) <1—g(z,) <1—gn(z). Since n(z;) >0
and n(y;) < 1, (6.6) becomes
(1 - gn(x» - (1 - gn(?J)) Z _(1 - gn(x)) - 2[((1 - gn(x))d(x,y)

This is the result of the lemma. O

Lemma 6.5. Suppose all conditions in Lemma 6.4 are satisfied. Then
1= gn(y) < (1= gn(2))l(z,y) Vo€ [u, fu], y € Blz,p(x)).

Proof. First we assume y < x, The same argument as in the proof of above lemma
tells that (6.5) holds. Further, if 1 — ¢g(y,) < 0, then (6.7) follows as well and
therefore the result is true. So we consider the case 1 — g(y,) > 0. Note that
9(yn) > g(xn) > gn(x). By Lemma 4.8.ii) and (5.2),

n n n

(1= g(zn)) [ (i) = (1= g(wn)) [ [ nw:) = (1= g(yn)) (H n(x;) — 77(.%-))

> _(1 - g(yn)> HU(&?@)(A(Q:,y) — 1) > _(1 _ gn(x))%)_l
So by (6.6),
(1 - gn(x)) B (1 - gn(y)> > — (1 — gn(x)) (A(.ZC,;J) —1 + 3Kd§$>y))
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where the last step follows from the choice of w. This is the result.

Now we assume y > z. We use Lemma 4.6 for the function g(z), while inter-
change the roles of z and y, and replace gp—;(2;) — Gn—;(y;) by (1 — gn—;(y;)) —
(1 - gn*j (yj))a to get

n n

gn (%) — gn(y) < g(wn) H n(zi) — 9(yn) H n(y:)

n

—I—Z[(l—gn—j(yj))—(l Gn—j(z) ] (x; Hn ;). (6.8)

Jj=1

Since g(yn) < g(x,) and n(y,) < n(x,), by Lemma 4.8.1) and Supposition (iii),
o(e) [T ) = 9(wn) [ ntwi) < 9(v0) Hn ()] () 1)
<[oten) [T 0] (Bay) 1) < %me,y) 1),

i=1

Note that the arguments for (6.4) and (6.5) still hold. So (6.8) becomes

(1 - g”(y)) - (1 - gn(x)) gn(cc) 9n(y)

<(1 - ga(a) (FEL=L L SRR (1 g @) (D) - 1),

This completes the proof. [

Lemma 6.6. Let Cy = aﬁf_l. Suppose 1 — gj(x) >0V0<j<n,x>u. Then

CuA,
n(r) — 1)du(x) < .
[ o) = ute) < T

Proof. The supposition implies that Vz € I,

n Jj—1

>~ [(@n-ite) = 1))t [T nt@) <0

j=1 i=1

If g, () > 1> by, then g(z,) > 1 > by and therefore x,, <wv. So by Lemma 4.5,
n+k

gn(2) =1 < (g9(zn) — 1) Hn < g(zn) anz <A+H77$z

=1 =1

Note that {z : ¢g,(z) > 1} C [O,U]. Also note that & > s > m and therefore
Up+k = Upntk—m < Unp. We have

u n+k

/ (gn(x) = 1)dp(z) < A+/ H n(xi)dp(z) = Ay p[0, up k]
{gn>1}

<A puf0,v,] <AL -avlT7 <a (s?:n) < aA+<%>ﬁl. O
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7. PROOFS OF THEOREM B AND ITS COROLLARY

Proposition 7.1. There exist B, B > 0 such that for any Lipschitz function g with
w(g) =1, and for all n > 0,
. n B

i) [ 1290~ dnt) < 2,

where € > 0 only depends on the Lipschitz constant of g.

Proof. Take 0 < b_ < by < 1, and take v € Py, k > 0, and functions g+ with
p(g+) > 1 and u(g-) < 1 as in Proposition 5.2 . Then we choose A and b such that
k

A H n(v;) = b and such that the function § defined by
i=1

ATTE L 0.l

g(l’) — { Hi:o 77(%)» YIS [ ,'U],

b, x € [v,1]

satisfies pu(g) = 1. Then we write
1

2

- (g ei-4))].

Suppose we can find € > 0 such that both functions g(z) + 6[1 — g(m)} and
g(z) — €[1 — g(z)] satisfy the requirements (a), (c¢) and (d) in Proposition 5.2. By
using the proposition for these functions, we can get

1—L"g = 2%[1—5”(@—6[1—@})}

]_ DA+ ]_ DA+ DA+
— . — . = v AV
2¢ nb-1 + 2¢ nb-1  enf-1 € I\,

and DA DA, DA
An 1 + 1 + DAy
[ 187w~ tldnta) < 5 D4 o O = D

Therefore the result follows with B = DA, and B = DA,.
Clearly we can find € > 0 such that (a) and (d) in Proposition 5.2 hold for
functions §(z) + €(1 — g(z)). It remains to show that there exists e > 0 such that

(y) £ e(l—g(y))
(z) £e(1—g(x))

N}

< A(z,y) Ve e I,y € B(z,p(x)).

>

That is, we need

Ayl —4) C= 0 1
Az, y) (1 - g(x)) — (1 - 9(y))] = =
for all x € I and y € B(z, p(x)).
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First, we consider the case x € [0, v].
Recall the definition of A(z,y) and Lemma 4.8.i), we have

Jod(z,ye)\ oo n(y) < [15=0 n(y:)
1 RES = A(zy, o S e
(1 T ) T1:20 () (o) [T:2g n(=:)

Hence, by the definition of g,

< A(z,y).

Arite) ~30) 2 A(8) - T 1) T

H'L:O (y’L 1=0
>A<1+ Jod(zk, yi) _1>kﬁl (i) = AJ d(zx, yr) kﬁl (v:)
= T P mny:) = 0 T P mnyi)-

Also, we have
’A(a:, y)(1—g(z) - (1- g(y))‘

<(Az,y) = 1)1 = g(@)] + |9(y) — g(2)] < <‘1 — g(z)| + xég) , Jod(%y),

where L, is a Lipschitz constant of g.
Now we get that the left side of (7.1) is greater than or equal to

AT ny:) d(@r, yx) @

}1 — g(x)‘ —l—J:ngo_l ' d(z,y) x)

It is bounded from below for all z € [0,v] and y € B(z, p(x)) because (f*)'(z) — 1
and n(y) — 1 as ¢ — 0.
The case = € [v,1] can be considered similarly. O

Proof of Theorem B. .
First, we note that by the definition of £, for any functions F' and G defined on
I, L((Fof) -G)=F-(LG). Hence

LM((Fof")-G)=F-(L"G).
So, by using Lemma 4.1.ii) we have that
p((Fof™)-G) = w(F)u(G) = p(£"((Fo 1) G)) = u(F - ()
=u(F - (£G)) = n(F - (@) = u(F- (£°G - u(@))). (7.2)

To prove Part i), we take Lipschitz functions F' and G on [0,1]. Above formula
gives

p((Fof™) - G)— uF)u(G) < ||F||lu(|L"G - un(G)]).
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By Proposition 7.1, there exist B > 0 and € = ¢(G) > 0 such that

B

enf—1"

n(1£7G = p(G)]) = u(|£"(G = (@) +1) = 1) <

So we can take C' = Be L.

Now we prove Part ii). Let G be any Lipschitz function satisfying the require-
ments (a)-(d) in Proposition 5.2 for some functions g_(x) < g4 (z). In particular,
u(G) = 1. Then we know that there exists D’ > 0 such that for all n > 0,

. D'A_
1- £"G(z) >

= (n _’_7]{:)6_1 Vx € I\I(),

where A_ and k are described in the same proposition.
Take a Lipschitz function F(z) > 0 such that F(x) = 0 on Iy and u(F) > 0.
Then by (7.2) we have

1((Fo f")-G) = n(F)u(@)] = |n(xns, - F - (£"G = 1))|

2(F) i (1= £7G(a)) = u(F) s

Now the result follows with ¢’ = (k+1)"0~UD'A_pu(F). O

Recall that EU) is the element of & ; containing 0.

Lemma 7.2. There exist | > 0 such that for all j > 1, if a function g satisfies
(a) g(z) >0 asz € EVY) and g(x) =0 as x ¢ EV),
(b) Jguw 9dp =1, and
() 9(y) < g(a)(L+ Jd(z,y)) Va,ye BY,

then ¥Yn > 0,
. D'A_
. . n+]
i) 1—-L"g(x) > 1) Vo € I\1y,
. St DA
i) 1 —L"g(z) < nﬁ—t Ve el,

where D, D’ are as in Proposition 5.2, and A, = sup{g(z) : x € EW} and A_ =
inf{g(z):x € EU}.

b A B
Proof. Take 0 < b_ < by < 1 such that i —A+. Let v = <§> be the point
_ _ s

given in Proposition 5.2. .
For each j > 0, consider the function g;(x) = £7g(z). Since f/ : EV) — ['is a
one to one map,
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for all z € I, where z; = f~Jz N EG),
Note that if x <y, then

g(@)n(z) 1 1 —9y(z)
gyn(y) — 1+ Jd(z,y) 1—v(y)

1+9(y) —¥(@)

> ?
1+ Jd(z,y)

It is easy to see by Lemma 4.4.i), Lemma 3.5 and 2.4 that the right side is greater
than or equal to 1 if x is small. It means that g(z)n(x) and therefore g;(z) is
decreasing on [0,v] if E) is small enough.
By Lemma 2.2, the length of EU) is between ( B _)B and < By ,)B for some
T+ T+
r > 0. So if j is large enough, then by (c), g(y) < 2g(x) for any z,y € EYW). Hence
by (b) and Lemma 4.2, we have

(r+4)"t _ 1 2 _ 20447

QQ/BJﬁr_l — 2uEG) =A-<Ar< PED = P (7.3)

J
B
On the other hand, by Lemma 4.7, Hn(vi) < < ) . So if j is large enough,
i=1
then g(v) < by and therefore g(x) < by Vo > v.
Now we see that g; satisfies all conditions in Proposition 5.2, with j = k. There-

fore the results of the lemma follow. O

s+

Lemma 7.3. There exist C' >0 and | >0 such that for any m > 0, if E € &,
then for all n > 0,

5 CmpP~1

Proof. Note that f™: E — I is a one to one map and f™~'E = I, for some gq.
First we consider the case f™~'E = I, # Iy. Put

1 5. R
9(@) = gL xe(@) = 5 Hn(f Tn),

where z,,, = f~™x N E. By the remark after Lemma 4.8, we know g(y) < g(z)(1+
jd(a:,y)) for any x € I, y € B(z,p). Since u(g) = 1, by similar arguments as in
the proof of Lemma 3.2 we know that ¢ is bounded and the bounds is independent
of m and E provided f™~'E # I,. Consequently, g is a Lipschitz function and the
Lipschitz constant is independent of m and E. So by Proposition 7.1, we have

Sntm C CmP~1
|WE — £ xp(z)| < nﬂ_luE < 5 pE  Vx eI\l

for all n > 0, where C > Be™ L.
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Secondly, we consider the case that there exists [ < j < m such that fm 7 E =
EU) C Iy, where [ is as in Lemma 7.2. We may assume that j is the largest number
with this property. Take

m—j

n(fixm—j)7
=1

1 -
- ,m=J —
o) = =L p(e) =

where x,,_; = f~™z N E. Clearly g(x) satisfies all requirements in Lemma 7.2.

So we get that for all n > 0

DA,
B—1

1 - -
1— —L"""xp(x) =1 L"g(z) <

i I\Ip.
,uE Z’G\o

S

Recall (7.3), and note that r only depends on f. We may assume [ > r. Since
20mp-1 20D
— T So the result follows with C' > 5T
a' 37 a' Bz

Lastly, we consider the case that f™7E = EU c I, hold only for j < I. We
take a partition £ = Ej_; U(Ui;{_l U(?Zl E;4) such that fm™~'E; , = I, and
frri=i=lg,_; = I,. For each E;,, we use the argument similar to the first case
for the function g(z) = (uE; ) L™ xE, . (7) to get that for all n > 0,

i,q

j <m, we have A, <

~ . CmpP-1
[WE; g — L i, ()] < =

Also, we have fm I E;_; = EW. So by taking g(z) = (uE—;) L™ I xp,_, (), the
same reasons as in the second case imply that for all n > 0,

~ . Cmﬁ—l
uEl_j — £n+m+l jXEl_j (.%’) S WﬂEl_j Vz € I\[O. (75)

Sinced < landl—j <1, (7.4) and (7.5) still hold if we use £+ instead of L™+
and £"t™+=J respectively. Hence the result follows if we take summation. [J

Proof of Corollary of Theorem B.
Use (7.2) and take F' = yg and G = x g, we get

p(f"ME'NE) — uE' - B = p(xe - (L7 xp — pE)).
Since E' C I\Iy,
pE - min (uE — L™y p (7))

.’EEI\IQ

<u(xe - (B = L™"xp)) < pE' - max (uB — L xp ().
x o
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Therefore the first inequality follows from Lemma 7.3 with n 4 replaced by n. For
the second one, we take g(z) = (uE) 'xg(z) and then apply Lemma 7.2.i) with
7 =m to get

pE — Ly p(x) > -k Vo e I\I

for alln > 0. By (7.3), A_ > (2@)_15_1[67115_1. So we get the inequality by taking
C'<(2a)7'8 7D O
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