Absolutely Continuous Invariant Measures for
Nonuniformly Expanding Maps

Huyi Hu * Sandro Vaienti

February 19, 2012

Abstract

For a large class of nonuniformly expanding maps of R™, with indiffer-
ent fixed points and unbounded distortion and non necessarily Markovian,
we construct an absolutely continuous invariant measure. We extend to
our case techniques previously used for expanding maps on quasi-Holder
spaces. We give general conditions and provide examples to which apply
our result.

0 Introduction

The aim of this paper is to treat a class of multidimensional nonsingular trans-
formations with indifferent fixed points which do not enjoy any Markov property.
These maps exhibit two major difficulties. First the presence of discontinuities
(the boundaries of the domains of local injectivity); second the nonuniformity
caused by the presence of the indifferent fixed points. While there are several
techniques to handle with the former point (see e.g. [C], [Bu], [S]), there is an
essential difficulty for the latter one: unbounded distortion.

It is well known that for a nonuniformly expanding map 7" on the unit inter-
val with an indifferent fixed point p, unbounded distortion occurs at the fixed
point (see for instance the examples treated in [Pi] and [Th]). That is, for any
neighborhood U of p, there are points « € U such that [(T} ") (p)/(T7 ") (z)| is
unbounded as n increases, where 77 denote the restriction of T' to some neigh-
borhood of p. However, this only happens at the indifferent fixed point p; if we
remove an arbitrarily small neighborhood of p, and we consider the first return
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map with respect to its complement, then the reduced system has bounded dis-
tortion. Unfortunately, this is not the case for nonuniformly expanding maps T’
in higher dimensional spaces with an indifferent fixed point p (we just consider
only one indifferent fixed point for convenience). The system has unbounded
distortion in the following sense: there are uncountably many points z such
that for any neighborhood V' of z, we can find 2 € V such that the ratio

| det DT, ™(2)|/| det DT ™(2)]

is unbounded as n — oo (see Example 1 in Section 2). The points with un-
bounded distortion are not given explicitly by the map. Therefore, the methods
for the one dimensional case cannot be applied directly here, since the first re-
turn map with respect to the complement of any neighborhood of p still have
unbounded distortion.

Distortion estimates play an important role for the existence of absolutely
continuous invariant measures in the case of hyperbolic or expanding maps.
This is because the bounds of distortion give the bounds of the ratio of the den-
sity function. In many works, bounded distortion are either assumed or proved
(e.g. [Yol, Yo2|, [ABV], [FJ], [Yul, Yu2], [BPS]). However, for many systems
the density function h(z) may be only an L' function and, the ratio h(x)/h(y)
may be unbounded as well on close points # and y. Therefore we need some
techniques to handle these situations.

This work is an attempt toward this direction: we will prove the existence of
absolutely continuous invariant measures for maps with indifferent fixed points
in higher dimensions and in presence of unbounded distortion.

Existence of absolutely continuous invariant measures for expanding systems
with an indifferent fixed point was proved for one dimensional cases in 1980 ([Pi],
[Th]). However, there is no corresponding results for higher dimensional cases,
except for some special examples ([Yu2], [H]).

In this paper we are able to cover an open set of maps in the space of
expanding systems with an indifferent fixed point p whose local expression is an
isometry plus homogeneous terms and higher order terms (see Example 3 and
Remark 2.1 thereafter). We could also deal with maps whose differential has at
least one eigenvalue greater than one at the indifferent fixed point (see Example
2). Actually our assumptions (1 to 4) are formulated in a general way with the
attempt to capture and control the delicate behavior around the indifferent fixed
point due to the lack of bounded distortion. We provide in Theorem B and C
sufficient conditions to check those assumptions and we successively apply them
to examples in Section 2.

What we get here could not be derived easily from other existing results.
Since the distortions are unbounded, Young’s results [Yol, Yo2] do not follow
directly. Neither do Yuri’s techniques [Yul, Yu2| for the same reasons, even if we
model our map to give it a Markov or a finite range structure. Also, the condition



limsup,,_, = Z?;OI log [|DT(T%(x))~1|| < 0in [ABV] cannot be obtained in our
case since T' may admit a o-finite absolutely continuous invariant measure. If
we study the first return map 7" instead, then || DT, (v)|| can be arbitrary large
for x close to the discontinuity set, and therefore the assumptions on the critical
set in [ABV] are not satisfied.

Our construction consists of the following steps. We first replace the trans-
formation T by a first return map T with respect to a domain outside a neigh-
borhood of the indifferent fixed point to get a uniformly expanding map with a
countable number of discontinuity surfaces. Then we prove a Lasota-Yorke [LY]
inequality on the induced system by acting the Perron-Frobenius (PF) operator
on the space of “quasi-Holder” functions to obtain a density function h. This
result is interesting in itself since it extends the work of [S] to piecewise expand-
ing maps with a countable number of branches. The density function h defines
an absolutely continuous probability measure ji invariant under T'; then we ex-
tend [ to an absolutely continuous invariant measure g for 7. The measure
1 has finitely many ergodic components, and these could be finite or infinite,
depending on the behavior of T near the fixed point. Moreover these maps can
be arranged in such a way that the absolutely continuous invariant measure has
both finite and infinite components that lie side by side (see Example 1).

The space of quasi-Holder functions, introduced by Keller [K], developed by
Blank [Bl] and successfully applied by Saussol [S] and successively by Buzzi [Bu]
(see also [BK]) and Tsujii [Ts] to the multidimensional expanding case, reveals
to be very useful to control the oscillations of a function under the iteration of
the PF operator across the discontinuities of the map *. Our result shows that
it is also useful for unbounded distortion caused by nonuniform expansion, since
as we point out in Remark 1.9, the oscillations of test functions are produced
under iteration, not only by the propagation of discontinuities, but also by the
distortion of the determinant of the map.

The plan of the paper is the following: in Section 1 we state the assumptions
and the main theorem (Theorem A) about existence of absolutely continuous
invariant measures, and give sufficient conditions (Theorems B and C) to pro-
duce a wide class of maps which fit the preceding assumptions. In Section 2
we study carefully some concrete examples. The proofs of Theorem B and C
are respectively in Section 3 and 4. Section 5 contains the proof of Theorem
A, while the last section, Section 6, deals with the proof of the Lasota-Yorke
inequality for the induced system.

*The use of the more standard space of bounded variation functions (in the sense of distri-
bution) allowed as well to get absolute invariant measures for some class of piecewise uniformly
expanding maps, see for instance [BG, PGB, Ad, C], but they need a stronger control of the
geometrical shape of the discontinuity surfaces.



1 Assumptions and statements of results

Let M C R™ be a compact subset with int M = M and d be the Euclidean
distance. Let v be the Lebesgue measure on M. We assume vM = 1.
Let T: M — M be a map satisfying the following assumptions.

For A C M and ¢ > 0, denote B.(A) = {z € R™;d(z, A) < ¢}.

Assumption 1. (Piecewise smoothness) There are finitely many disjoint open
sets Uy, -, Urg with M = Ufil U, such that for each i,

(a) T; :==T|y, : Uy — M is C*+2;

(b) T; can be extended to a C}"‘“ map T; : Uy — M such that T,U; > B, (T;U;)
for some g1 > 0, where U; is a neighborhood of U;.

Assumption 2. (Fixed point) There is a point p € Uy such that:
(a) Tp =Ds
(b) T=Yp} ¢ oU; for any j.

Since M C R™, we may take a coordinate system such that p = 0. Hence,
we write |z| = d(x,p) if z € M.

For any = € U;, we define s(z) = s(x,T) as the inverse of the slowest
expansion near x by:

s(x,T) = min{s : d(z,y) < sd(Tz,Ty),y € U;,d(x,y) < min{e,0.1]z[} }.

where the factor 0.1 makes the ball away from the origin, though any other
small factor would work as well.
Denote by ~,, the volume of the unit ball in R™.

Assumption 3. (Expanding Rates) There exists an open connected region R
bounded by a smooth surface with p € R, R C TR, TR C U, and with either
RCTU; or RNTU; = 0 such that:

(a) Yz € M\ {p} we have 0 < s(x) <1 , and if s(x) =1 then x € R and
Ta| > |zf;

(b) there exist constants ng € (0,1), €2 > 0 such that
sY+A<n <1,

where
s:=max{s(z) : x € M\R},

GU(57€0)504 35Vm-1 }, (1-1)

A= maX{Q sup sup 05
(1= 8)vm
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Gu(e,e0) = sup Gu(z,e,e0), (1.2)
xeM

and
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(c) there exists N = Ny > 0 and €3 > 0 such that for all v € B.,(TR\R),

_ s (A1 —=g)™\a
s(T7 (@), T )*%( 2C, I2 )
for X given by (1.1) and where I and C,, are constants defined below in
Assumption 4(c).

We say that T': M — M is an almost expanding piecewise smooth map with
an indifferent fized point p if it verifies Assumption 1, 2 and 3(a), and s(p) = 1.

Remark 1.1. We first observe that Assumption 1 does not require any Markov
property of the partition {Uy,---,Uk}. Moreover, by Assumption 3(a), the
map T; : U; — T;(Uj) is noncontracting for each j, and therefore it is a local
dzﬁeomorphzsms Also by the assumption, for any x € Uy, Ty "x — p, because
the set of limit points of {T} "z} cannot contain any other pomt but p.

Remark 1.2. By Assumption 1(b), |detDT (x)| is bounded. This is because the
map x — |detDT(x)| is continuous on U; for each i, and U; is compact.

Remark 1.3. Assumption 3(b) is the main assumption that requires uniform
dilation outside R and gives condition on the relations between expanding rates
and discontinuity. It is proved in [S] (see the proof of Lemma 2.1) that if the
boundary of U; consists of piecewise C' codimension one embedded compact

submanifolds, then Gy(e,eq) < gy Jm-1 ﬁ(l + o(1)), where Y is the
m - 0

mazximal number of smooth components of the boundary of all U; that meet in
one point. We refer to [S] for more details about the meaning of Gy (e, o).

Remark 1.4. We do not require the boundary of U; to be piecewise smooth.
In fact, they could be fractals as analyzed in [S]. However, Assumption 3(b)
implies v(OU;) =0 for any j=1,--- , K. T

TIn fact, if v(0U;) > 0 for some j, then we take the set of the density points
B Nnou;
A:{xEM:limwzl}.
e—0 vB:(x)
By the Lebesgue-Vitali Theorem (see, e.g. [SG], Chapter 10), vA = v(9U;) > 0. In particular,
A # (). Therefore for any = € A, if ¢ is sufficiently small and € = (1 — s)eo, then
V(T; ' Be(0TU;) N B(1_)ey (@) _ 1(8U; N Be(x))
V(B(1—s)eq (7)) T v(Be(@))

is sufficiently close to 1, which contradicts the assumption.

Gy(z,e,€0) >



Remark 1.5. We allow that s(z,T) = 1 for some x other than p. However
we still need some expanding rate inside R. This is given by Assumption 3(c).
If (TN (), TN can be arbitrarily small by taking N sufficiently large, then
Assumption 3(c) is always true.

Denote Ry = TR\R. Clearly, Ry C U; because of the choice of R.
Assumption 4. (Distortions)

(a) There exists ¢ > 0 such that for any x,y € TU; with d(z,y) < e,
|det DTj_l(x) — det DTj_l(y)| < c|det DTj_l(x)|d(x, Y,
where £1 is given by Assumption 1(b);

(b) For any b > 0, there exist J > 0, 4 > 0 such that for any e € (0,e4], we
can find 0 < N = N(g) < oo with

| det DT " (y)|
=21 VW4 Je® Yy e Bo(z), z € B, (Ry), n < (0,N],
Aot DT (x)] = €% Vy & B.(z), v € B, (Ro), n € (0,N]

and
oo

sup |det DTy "(y)| < be™® Vz € B.,(Ro);
n=N yEB:(x)

(c) There exist constants I > 1, Cp, > 0, €5 > 0 such that for any 0 < g < €5,
n > 0, there is a finite or countable partition & = &, of Be,(Ro) such that
VAeg, 0<e<eg, diam(AN B, (0Ry)) < 5meo,

B.(0Ry) N A ¢
v(B-(0Ro) N 4)) c, <5> : (1.3)
v(B., (0Rg) N A) o
whenever 1/(Tf"(B80 (0Rp)) N A) #0, and for any z,y € A,
| det DT} (y)|| <1 (1.4)

| det DT, " ()

Remark 1.6. In fact, Assumption 4(a) is a consequence of Assumption 1(a)
since |detDT'(z)| is bounded from above as we mentioned in Remark 1.2. How-
ever we state it here independently due to its importance for our arguments.

Remark 1.7. If T has bounded distortion in B..(Rg) in the sense that for
any Jo > 1, there is € > 0 such that for any x,y € B, (Ro) with d(z,y) < e and
[ det DT, " (y)| < Jod(z,y)®, then Assumption 4(b) and (c) are
[det DT} " (z)] — 0 Y P
true with ¢4 = €5 = €9.

for anyn >0,



Remark 1.8. Actually, by our proof the condition diam(AN B.,(ORy)) < bmeg
in Assumption 4(c) can be replaced by

Al - 5)m>1/a

diam T (A N B, (9Ro)) < s( Tewe
p

for alln > N, where s and Ny are given by Assumption 3(b) and (c) respectively

(see (6.4)).

Remark 1.9. When we iterate the system, oscillations of the test functions
are produced by both discontinuities OU; and distortion of |det DT|. It is very
common for an expanding system in a multidimensional space with an indifferent
fized point to have unbounded distortion near the fixed point, (see Example 1 in

the next section). Assumption 4(b) requires that the distortion (namely the
ratio Idet b " (y)]
|det DT, ™ ()|

the points x and y are e-close and |det DT} "(y)| is summable for n > N(e)
with the sum which is small (of the order of a power of €).

) is uniformly bounded only up to some n = N(€) whenever

Remark 1.10. Assumption 4(c) is a usual bounded distortion estimate since it
|det DT " (y)]
|det DT ™ (2))|
close enough in an element of a partition depending on n.

controls uniformly the ratio when the points x and y are chosen

We are now ready to state our main result.

Theorem A. Suppose T : M — M satisfies Assumption 1 to 4. Then T admits
an absolutely continuous invariant measure p with at most finitely many ergodic
components 1, - - -, bs that are either finite or o-finite, and the density functions
of w; are bounded on any compact set away from p. Hence,

- 1 is finite if Z V(TT"R) < o0.
n=1
Moreover, if for any ball B.(z) in M, there exists N = N(z,¢) > 0 such that

TNB.(x) D M, then the density function is bounded below by a positive number.
Hence

- is o-finite if Z v(TT"R) = oc.
n=1

Remark 1.11. We will give an example in the next section showing that it is
possible for u to have both finite and o-finite ergodic components simultaneously,
and both contain the same indifferent fixed point p in their supports.

Since Assumption 4(b) and 4(c) are difficult to verify, we give some sufficient
conditions in the next theorems.

The conditions satisfied by the maps studied in the second part of both
Theorem B and C are the following:



There are constants v/ > v > 0, C;,C} > 0, i = 0,1,2, such that in a
neighborhood of the indifferent fixed point p = 0,

(1 = Colz|" + O(le[")) < |T 2| < |2|(1 = Cola[” + O(l2|")), (1.5
1= Cila|” < ||IDT7 (@) < 1= Cilal?, (1.6)
Cyla| ™! < |ID*T H(@)[| < Colz 7 (1.7

Remark 1.12. If a map T3 satisfies all of these inequalities, then | DT (p)| =
|DTy(p)~t|| =1, and DTy(p) is an isometry. If v > 1, then D*Ty(p) = 0.

Further, consider the space of C® maps that is expanding at every point x
in a neighborhood of p except at p itself and whose differential DTy (p) is an
isometry. Then it is easy to see that the maps satisfying (1.5) to (1.7) form a
generic set in the C3 topology.

We would like to point out that the local behaviors given by the inequalities
(1.5) to (1.7) allow us to apply the useful Lemmas 3.1 and 3.2 (see below), which
permit a good control of the iterates of the Jacobian of the map. This will allow
us to check assumptions 4(b) and 4(c) on the examples of the next section.

Theorem B. Suppose T : M — M wverifies Assumption 1 to 8 and 4(a). Then
the Assumption 4(b) is satisfied if one of the following two conditions holds:

i) There exists a constant r € (0,1) such that |det DT| > k=1 > 1, and a
constant & > o such that T is C'T% in a neighborhood of p. In this case,
w is finite if Assumption 4(c) also holds.

i1) There exists an open region RCR containing p with TfLR C R for
some L > 0, and constants v > v > 0, Cy,C1,Cy > 0 such that the
second inequalities in (1.5) to (1.7) hold; and there exist constants 6,7 > 0,
Cs,Cr > 0 with

1 0—1
I < 1.8
71— «) "Smta (18)
such that for any x € Ry, n > L,
_ Cé _ CT
[det DTy ()| < 5. DT (@)l < - (1.9)

In Theorem C, part i) below, we use the partial order x < y between two
points = and y if |x;| < |y;| for every j =1,---,m, where z; and y; are the jth
component of z and y in R™ respectively. In part ii) we denote by E(vy, -+, v)
the subspace spanned by vectors vy, -+, vk, and by E,(S) the tangent space of
a submanifold S at a point « € S. Also, we may use a coordinate system (¢, ¢)
near p where t = |z| and ¢ € S™~ !, the m — 1 dimensional sphere.

Theorem C. Suppose T : M — M wverifies Assumption 1 to 8 and 4(a). Then
the Assumption 4(c) is satisfied if one of the following two conditions holds:



i) There is a partition of TR into finite or countable number of regions {D;}
such that v(R\ U;D;) =0, T(D; N R) = D, NTR and on each D; NTR,
with the partial order decribed as above, T satisfies the following: x < y
implies |det DT (x)| < |det DT (y)|; if x <y, then Ty 'a < Ty 'y; o < T
for any x € D; N R; and for any y € Ry N'D; there is x € OR N D; such
that x <y < Tx.

ii) Suppose T is C1™7 and satisfies (1.5) to (1.7) near p. There are two
families of cones {C} and {C.}, uniformly continuous in (t,¢) in the
tangent bundle over the set TR, where t > 0 and ¢ = S™~1 with (t,¢) €
TR, such that (a) DT,(C,) C Cry and DT,(C.) D C}, Yz € R; (b)
there exists a positive angle 6y such that for any x € TR and v € C, and

v’ € 'y, the angle between these two vectors is bounded from below by O;
(¢) 3d > 0, such that

det DTy e o
DT' ¢ ‘g;’“ L apap (1.10)
DT 5|l - [1DT| Bl

for any v,v" € Cy; and (d) C, contains the position vector from p to x for
all z € TR, C!, contains E,(0B:(Ry)) for all x € O(B:(Rp)), 0 < € < &5,
and

| T/ (1=0) .
DT goermmyll < a7 Ve e O(TT "R), n>0  (1.11)

for some 0 with (14 ~)(1—6) > 1.

Remark 1.13. The conditions in Theorem B.i) mean that DT, has at least one
eigenvalue with absolute value greater than 1.

Remark 1.14. In Theorem C. ii), the cones are not in general continuous with
x at the point p, though they are continuous in (t,¢). (See Example 1.)

Remark 1.15. The condition in Theorem C.ii) part (¢) implies that under DT,
vectors in the cone C, expands faster than that in C.. To see this, let us first
recall that if a 2 X 2 matriz has two eigenvectors v and vy with corresponding
etgenvalues Ay > Ao > 0 respectively, then under iterations all vectors, except
for va, move toward vy, up to a coefficient. So if two vectors are close to vy,
then the angle between these two vectors decreases under iterations of A, and if
we replace v1 by va, then the angle between them increases. In our case, cone
invariance in part (a) corresponds the fact that DT, has two eigenvectors and
(1.10) implies that the angle between v and v' becomes smaller under DT,,. (See
Lemma 4.2.)

Remark 1.16. If we write DT(z) = Ty(x) + Ty (z) + Th(x), where Ty = DT,
T, satisfies Ty(tx) = 7T, (z) Yt > 0 and |T(x)| = O(|z]""), v > ~, then
the construction of the cones {Cy} and {C.,} depends substantially on T, as x
near p: this is explicitly seen in the proof of Lemma 4.3. So it is easy to get
uniformity near t = 0.



2 Examples

Now we give three examples of maps for which all the assumptions of Theorem
A can be checked. Since we allow discontinuities, it is easy to construct a map
that satisfies Assumption 1 to 3 and 4(a). So our examples concentrate mostly
on the local behavior of the map in the neighborhood of the indifferent fixed
point p = 0, although a complete description is provided for example 1.

In the latter we show that the map has unbounded distortion, and the condi-
tions in part ii) of Theorem B and C can be verified, and then that the map can
have both finite and infinite components for the absolutely continuous invariant
measure.

Example 1. We let M C R? and near the fized point p = (0,0), the map T
has the form

T(z,y) = (z(1+2* +9%), y(1+2° +¢*)?) (2.1)

up to order O(|z|*), where z = (x,y) and |z| = /22 + y2.

It is easy to see that

(1432 + 2+ 0(l2Y) 22y +O(|2|Y)
DT(z,y) = ( day + O(|24) 1422+ 624001 )0 3P
and
det DT(z,y) = 1+ 52 + 7y + O(|z|Y), (2.3)

Note that in this example, T is locally injective and T~' will denote its
inverse.

Unbounded distortion

We begin to show that the distortion is unbounded even away from p = 0 in the
sense that there are uncountably many points z such that for any neighborhood
V of z, we can find Z € V such that the ratio

| det DT " (2)|/| det DT (%) (2.4)
is unbounded as n — oo.
Take z/ = (z9,0) and denote z/, = T~ "z’. By Lemma 3.1 in the next section,
a
we have |2/ | ~ ——, where a,, ~ b, means lim — = 1. Hence by (2.3) and
aal ~ lim. y (2.3
Lemma 3.2 with t; = z, r(t;) = |detDT(z;)], C' = 5 and vC = 2, we get
D/
|det DT~ (2")| < —7 for some D’ > 0. On the other hand if we take 2" =
nd

1 D//
(0,y0) and denote z// = T~"z", then |z]/| ~ T and |det DT~ "(2")| > e
det DT (2"
forSOHleD">O. So M—)OO&S”—)OO.

10



We take a curve from 2’ to 2z’ that does not contain the origin. If for every
z on the curve, there is a neighborhood V such that for all 2 € V, the ratio in
(2.4) is bounded for all n > 0, then the ratio | det DT—"(2")|/| det DT~ (2")]
should be bounded. This contradicts the above fact. So we know that there are
some points on the curve at which distortion is unbounded. By moving 2’ and
Z", we can get uncountably many pairwise disjoint curves and therefore we get
what we need.

Validity of Assumption 4(b)
For any z = (x,y), we put again z, = T~ "z.
Note that

[2](1+ 122 + O(|2[")) < T2] < [2](1 + 22> + O([2|)),
or
‘Zn|(1 + |Zn|2 + O(|Zn|4)) < |Zn—1| < |Zn‘ (1 + 2|Zn|2 + O(|Zn|4))~
So by Lemma 3.1, we have
1 /
O <2y € ———
dn+k) 2(n+k)

for some integer k, where 3/ > 1/2.
Since (2.3) implies that |det DT(z)|7! < 1 — 5|22 + O(Jz|*), by (2.5) and
Lemma 3.2 we get

+0(n™ "), (2.5)

|det DT~"(z)| < Dn=°/2, (2.6)
Also by (2.2),
-1 [ 1=322 =42+ 0(rY) —2zy+O(r?)
DT~ (=,y) = ( —4zy + O(r?) 1—22%2 -6y +0(rt) |-
So |DT~'(2)|| <1 —|2]* + O(|z]*), hence by Lemma 3.2,
IDT"(2)]| < D'n~ 12 (27)

for some D’ > 0. Now by (2.6), (2.7) and (1.9), we know that § = 5/2 and
7 =1/2. Since m = 2 and v = 2, we have (1.8) if @ = 1/2. By Theorem B.ii),
T satisfies Assumption 4(b).

Validity of Assumption 4(c)
It is easy to check that we can apply Theorem C.i) as we will do in Example 2
below. However, we use this map to show how to apply Theorem C.ii).

Notice that if we take two vectors vog = (z,y)* and v) = (y,—x)* at the
tangent plane of z = (z,y), where the asterisk denotes transpose, then by (2.2)
we have

[ @+ 323+ 332 + O(|2])
DTZ(UO) == ( y+6x2y+6y3 +O(‘Z|5) )
vty +y3+O0(2)

DT (vy) = ( —x =223 —2zy® + O(|2]%) )~

11



This means that | DT, (v()| < |DT.(vo)|. We define C, at each point z as the cone
bounded by lines generated by vectors 3vg + 2v(, and 3vy — 2v(, and containing
vo, and define C/, as the cone bounded by lines generated by vectors 3v{ + 2vg
and 3v) — 2vp and disjoint with C,. We can check that part (a) and (b) in
Theorem B.ii) are satisfied. Also we can check that for all unit vector v" € C,
|DT.(v")| < |Tz|*5/|2|>°. So if we take R in such a way that the tangent
lines of (T} " R) are in the cones C’ for some ng > 0, then we use the fact
DT~1(C") C C' to get that part (c) is satisfied for all n > ng with 1 — 6 = 2/5.

Coezistence of finite and o-finite components

We now arrange this map in such a way that the absolute continuous invariant
measure 4 has a finite and a o-finite ergodic components simultaneously, and
both contain the same indifferent fixed point p = 0 in their supports. We assume
that our map satisfies Assumptions 1 to 3 and 4(a), besides the condition 4(b)
and 4(c) checked above. We also assume that there is a partition of M =
{Mi, M5} such that for i = 1,2, TM; = M; and for any ball B.(z) in M;, there
exists an integer N such that TV B_(x) = M;, and

{z=(z,9) € Bi(p) :y <a®} C M1, {z=(x,y) €Bilp):y>a"} C M.

This is possible since it is easy to check that TT'N By(p) = I', where I' =
{(z,y) € Bi(p) : y = 22}. The assumptions just required insure the applicability
of Theorem A. Since both M; and Ms are invariant sets, T has absolutely
continuous invariant measures p; and ps with respect to the Lebesgue measure
restricted to M; and M, respectively. Now we show pu1 M7 < oo and pe My = oo.

For this purpose we may assume that R = By(p). By (2.5), we know that
Ty "R C By, /5;(p) for all large n. So

4 4 \3/2
v(T{"RN M) < v{(z,y): 2* +y° < 20 ly| < |z*} < C(%)

(o)
for some C' > 0. It follows that Z v(Ty "RN M;) < co. Applying Theorem A

n=1
to the system 7" : M; — M, we get that py M; < oco.
Also, by (2.5), we have that Ty "R O By 5 /z;,(p) for all large n. Hence it

is easy to see that v(T] "R) > w/16n and therefore Z v(TT "R) = oo. Since

n=1
v(Ty"ROMy) +v(Ty "RNM,) = v(Ty "R), we get > v(Ty "RN M) = oo.
n=1
So we have po My = 0.

Full construction of the map
We now show how to arrange this map in order to verify all the assumptions
required by Theorem A.
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Let M = {(z,y) € R? : ||, |y| < 1000}. Take a partition {Uy,---, Uk} of M
such that

() Uy = {(z,9) € B : Jal, ly] < 10}

(i) diam U; < 10 if i # 1;

(iii) OU; are piecewise smooth curves; and

(iv) every point © € M is contained in at most 3 9U;s.

Let R = {(z,y) € R? : 22 + 4% < (3+¢1)?}, where ¢; was used to define s(x)
in Section 1.

We define T': M — M such that

(a) on the set {(z,y) € R? : 2% + y? < 42}, T has the form

T(w,y) = (2(1+2” +¢°), y(1+2° +y°)7"Y)

where 7 is a smooth function decreasing with 22 + 32 such that 7(z,y) = 2 if
2?2 +y? < 1; 7(z,y) = 1if 2 < 22 + y? < 3.5. So in the neighborhood of (0, 0),
T has the form (2.1);

(b) T; = Ty, is a C? map for all 4, and can be extended to an € neighborhood
of U,L';

(c) s(z) < 0.1,Vz &€ R;

(d) R ¢ T(0U;) for any i.

Note that on the boundary of R, s(z)~! > 10. In fact, observe that near the
boundary of R,

T(z,y) = (z(1+2° +y°), y(1+ 2% +5?)).

It is easy to see by the choice of €; that at the point = (3+¢1,0), s(x)~! > 10.
Observe that DT is the same at every point of R, up to a rotation. So we have
that s(x)~! > 10,Vz € R. This shows that such systems exist.

It is obvious that Assumption 1 to 2 are satisfied.

Note that TR = {(z,y) : 22 + y*> < (3+e1)(1 + (3+¢1)?)} C U;. So by (d)
the requirements for R in Assumption 3 are satisfied.

Assumption 3(a) is obvious.

Since for x € TR\ R, |T; "x| has the order n~1/2, we get | DT, (T "z)|| <
1 —¢/n for some ¢ > 0. So we have ||DT] "(z)| — 0. By Remark 1.5, Assump-
tion 3(c) follows.

Assumption 4(a) follows from (b).

Now we verify Assumption 3(b). By (c) we have s < 0.1. Note that o = 7,
v = 2. By (iv), we can choose Y = 3. Then

ds ,m 04,2 8

< —3—= < 0.85.
1—s v 09 « T

So by Remark 1.3, we make Assumption 3(b) holds.

The next example shows how to use part i) in Theorem B and C to verify
Assumption 4(b) and 4(c).
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Example 2. Let T : R3 — R? be given by
T(x,y,2)= (a:(l +at i+ 22, gL+ 2?2+ 2% 22+ 2% 2 + z2)3)
as (x,y, z) near the origin.

Note that by an argument similar to that given in the preceding example, we
can prove that for this map the distortion is unbounded away from the origin.

Since det DT(g,0,0) = 2 and T is C*° near the origin, by Theorem B.i),
Assumption 4(b) is satisfied.

Let D;, i = 1,---,8, be the eight octants in R3. Clearly all the requirements
in Theorem C.i) are satisfied. So we get Assumption 4(c) as well.

The last example shows that our results cover an open set in the space of
piecewise expanding maps T with an indifferent fixed point p such that DT(p)
is an isometry, and s(z) > 1 V& # p.

Example 3. Let T : R™ — R™ be given by
T(x)= Ex + H(z,z,x) + O(|z|*), (2.8)

where x € R™ is a column vector, E is an m X m orthogonal matriz, H :
R™ x R™ x R™ — R™ is a linear map close to the map Ho(x,z,r) = 27z (Ex),
and x7 denote the transpose of .

We first consider the case H = Hy. Then
T(x)= Ex(1 +z"2) + O(|z|*), (2.9)
and
DT(z) = E(I + |z|*I + 2z2") + O(|z|?),
where I denote the m x m identity matrix. It is easy to see that

|det DT (z)| = 1+ (m + 2)|z|> + O(|z|®),
IDT~H(2)[| 7" =1+ |z + O(|=]*).

So if H is close to Hy, then

|det DT, (z)| " <1 -z + O(J2f?),
DT p(a)|| =1 Cila? + O(|z)

for some C] close to m + 2 and C’{ close to 1.
Also note that if H is close to Hy, then

T4 (@) > [a|(1 = C'|z* + O(|=])),

14



for some C’ close to 1. So if we take z in a neighborhood of p and denote
Zp =T "z, then by Lemma 3.1,

1 1 )
(2C(n + k))1/2 (n+ k)%

for some k > 0 and § > 1/2. By Lemma 3.2, we get that
E \Ci/2C
2.10

=) (2.10)
for some D, D > 0. Hence, we get (1.9) for § = C /2C and 7 = C} /2C which are
close to 1+m/2 and 1/2 respectively. Since v = 2, we get (1.8) if « is close to 0.
The requirements of Thereom B.ii) are satisfied. This verifies Assumption 4(b).
For each x we let F, denote the one dimensional subspace spanned by the
vector z, and E!, be the orthogonal complement of E. Then we define the cones

|l‘n—1‘ Z

+0O(

k )01/20

| det DT} @n_p( —

. Ipr @)l < D(

Co={u+v :u€ E,u € E,u|<]ul/2}
C.={u+v :ueE;,uecE, u<|u]/2}

Note that if H = Hy, then we have |DT(x)(u)] = 1 + 3|z|?|u| for u € E,
and |DT(z)(v')| = 1 + |z|?|u/| for ' € E!. Using this fact we can check that
all requirements in Theorem C.ii) are satisfied. Also note that DT change
continuously with the third order term H of T'. So if H is close to Hy, then the
requirements of Theorem C.ii) are also satisfied. This verifies Assumption 4(c)
for these T

Remark 2.1. Consider the set S of all C* maps T defined in a neighborhood
of 0 in R™ satisfying T(0) = 0, DT(0) = E, an isometry map, and s(x) < 1
if x # 0, where s(z) is defined before Assumption 3. The condition s(z) < 1
implies D*T(p) = 0. Hence the Taylor expression of T has the form (2.8),
where H = 6D3T.

If T,, T, € S are close in C3 topology, then the corresponding H, and H,
are close. So the example implies that our results cover an open subset of S that
containing the map given in (2.9).

3 Proof of Theorem B
We first prove some lemmas.
For v >0, let 5 =1/7.
Lemma 3.1. If
o1 >ty + CEEY £ O Wn >0, (3.1)

where ' > v, then for all large n,

1 1

AR CETLL

tn < Yn >0 (3.2)
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for some ' > 3 and k € Z. The result remains true if we exchange “<” and
“>7. Therefore, if (3.1) becomes an equality, then so does (3.2).

Proof: We claim that if

b1 > by + CLY 4 Ot (3.3)
for some large n and
1 1
ty > 7<1 —) 4
"= 4Cn + nd (3.4)

for some &’ > 0, then

fr 2 70(;— 1) (1 * (n —11)6'>'

This gives the results since we can choose an integer k£ such that for some large
ng > 0,

t) < ! (1 + ! )
"= ~C(ng + k) (no + k)’
By relabelling the indices, the claim implies (3.2) for all n > nyg.
Now we prove the claim. Denote v, = v(1 + n"s/)fl. By (3.3) and (3.4),

£ 2t (1Ot + O > (1+ c , ¢ )
T ~ Cny, Cnyn  (Croy )Y/

To prove the lemma we only need to show that
1 1 c’
= ( 1

R 1
— + 7 ) Z )
nYn NYn (Cn’)/n)’y / (TL - 1)771—1

or, equivalently,

n—1 1 1 c’ T 14+ (n—1)""%
1+ — ) -
n ( + ny * nltd'ny + (Cnyp )Y /) = 1+n9

Take ¢’ < min{1,~'/y—1}. Then (ny,)~""/7) is of higher order. We can check
that as n — oo, the left side of the inequality is like 1 + n—1+) and the right
side is like 14 8"n~(+%) Since §' < 1, the right side is smaller as n is large. [

Lemma 3.2. If for alln > 0, t,, satisfies (3.2), and r(t,) < 1—C"t] +O(t1+7"),
where C' > 0, then there exists D > 0 such that for all ko > k,

n+ko—k k C'J~C
izl};[_k r(t;) < D(n - k) . (3.5)

The result remains true if we replace “<” by “>" in all three inequalities.
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Proof: Note that
C/

e 1= o) - (- D F (0

where v/ > 0. Then we take product. O

Lemma 3.3. Let § € (0,1) and C},Cy, Dy > 0, and let R C R™ be a bounded
region containing the origin. Suppose the map T : R — R™ is injective with
T~ 'R C R and satisfies

d(Tz,Ty) = (1 + Cfla|")d(z,y), (3.6)
det DT (x)

— < Oyl :
o8| qot pr(y) | < Colel" ™ dlaw) (3.7)

forallz,y € R with d(z,y) < |z|/2. Then there exists J' > 0 such that for all
x,y € TR with

d(xivyl’)176 SD1|$’L|7 ’L':17"',TL, (38)

where x; = T 'z and y; = Ty, we have

det DT™(x,)

1 R S A
8| det DT (y,)

< J'd(z,y)’. (3.9)

Proof: We prove by induction that for alli =1,---,n,

det DT (x,,)

S M < T @iy Yni)P 1
& det DT (y,,) < J'd(@n—i; yo-i) (3:10)

For i = 1, by (3.7), (3.8) and (3.6), we have

det DT'(,,)

— < Oy Dyl Y d(2n, yn)? < CoDilzm—1"d(zn—1,yn_1)°.
©8 det DT (y,) | = 72 120 |7 d(zn, yn)” < CoDrlwn 1| d(Tn—1,yn-1)

So if J' > sup{CyD;|z|” : x € R} then the right side of the inequality is less
than J'd(z,,,y,)? because |x,| < |z|.
Suppose (3.10) is true up to ¢ = k — 1. Then similarly we have

o det DT*(x,,)
& et DT* ()

o det DT*=Y(z,,)
= 8| Qet DT*1(y,,)

o det DT($n7k+1)
. det DT (yn—k+1)

< Jd@n—ti1,Yntt1)’ + Colzn i1 d(@n—ks1, Ynkt1)
CoDy A(Tr—kt1, Yn—tt1)’
= J’(l e 7). ’ ATty Yroe 0
+ T |£L' k+1| d(xn—kayn—k)a (il' kY k)
CyD, 1
< J’(l—i—ixn_ 7)- = d(Tn—t, Yn—r)?.
> J | k?+1| (1 I C{|$n—k+1|’y)0 ( kY k)
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Clearly if J' is large enough, then the right side is bounded by J'd(xy g, yn—)°.
We get (3.10) for ¢ = k. O

We are finally ready to prove the theorem of this section.

Proof of Theorem B:
Part i). We assume that 7 is C1*% and |det DT| > x~! > 1 on TR. We also
regard @ < 1. So there exist ¢; > 0 such that

| det DTy ()|

<1+ cd(z,y)®
|detDT1_1(x)\ sl+ad@y)

for all 2,y € TR. Let 2; = T} 'z and y; = Ty 'y. Clearly, d(x;,v;) < d(z,y). So
if d(x,y) <eand 0 <n < N, then

| det DT " (y)| A\ A\ N
VAP W o (1 4 eyd(, )™ < (1 + 1) 3.11
| det DT, " ()| < (L+ad(,y)®)" < (1+ae?) (3.11)

Also, there exists C' > 0 such that for any y € B.(Rp), | det DT} "(y)| < Cr™.
Hence,
o
C N
sup |det DTy "(y)| < 1 v
n=N yGBs(I) -k

Let b > 0 be given.
Consider the function

(1 + 018(3()]\]0—02 loge

ole) = 1+ Je ’
where Ny = 1 + log(C~'b(1 — k))/logk and c; = —(m + «)/logk. Since
lim (1 + cre®)Nomezlose — 1 we have lim o(c) = 1. Note that if
(No — caloge)dc et (14 Je®) — aJe® - (1 +¢16%) <0, (3.12)

then o’(g) < 0. Since & > a, the first term in (3.12) is of higher order. So
we can choose J > 0 and g4 > 0 such that for all ¢ € (0,e4], (3.12) holds and
therefore o(e) < 1.

Now for each e € (0, 4], we take N = N (e) as the integer part of Ng—cz loge.
Clearly, for such N we have

So the second inequality in Assumption 4(b) is true. For the first inequality,
note that
(1 +C1EQ)N < (1+Clea)N0—0210g5 < 14 Je.

Then by (3.11) we get what we need.
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Part ii). Let us put 8 =1/ and 8 = «. Take p > 0 such that

1-6 TP m4+a

(3.13)

Let b > 0 be given.
Note that by Lemma 3.1, (1.5) implies that there exists Cy > 0 such that

1
for any = € Ry, |z,| > —=——. Take N}, > L such that for all n > N,
(Con)P

= e 1 1 1
b*ﬁ(zﬁ) e« < 7 (3.14)

GRS Tt

where Cs and C; are as in (1.9). The inequality is possible because of (3.13).

Note that (1.6) and (1.7) imply (3.6) and (3.7) respectively. By Lemma 3.3
we can take J' > 0 such that (3.9) holds for any = € Ry, n > 0 whenever (3.8)
holds with D; =1 for all z;,vy;, i =1,---,n.

Take &) > 0 such that for all z,y with z € Ry, d(z,y) < &), n=1,---, Ny,
we have d(z,,,yn)' "% < |z,|. By the choice of J’, (3.9) holds for all 1 < n < Nj,.
Then we take e4 = min{e},1/N/'}, and J > 0 such that el <14 Jeb.

We show that J and g4 satisfies the requirement. Let ¢ € (0,e4]. Take
N = N(eg) > N, such that
1 1

o <e<
Ne SES N1

By the first inequality of (1.9) and (3.14),

o0

|

g 1 m—+ta
<b- N <be .

sup |det DT F(y)| < Z
h—N YEB:(x) k=N

k

On the other hand, if © € Ry and d(x,y) < &, then by the last inequality of
(1.9) and (3.14), for any Ny <n < N,

20, 20, 1 _ 1

1
>~ ~ S |:I;n| 1-6
nr nt (N=1)P 7 a1, 2

d(Zn, yn) <

So we know that (3.9) holds for all 0 < n < N. Then by the choice of J and
the fact 0 = «a,

det DT™(z,,)

< J'd(z,y)? < J'e® <14 Je<.
det DT () | = © s slhde

This is what we need. U
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4 Proof of Theorem C

The proof consists again of two parts.
Proof of Theorem C:
Part i). For x € OR, denote

D(z)={z€Ry: v <z=<Tx}.

Clearly the collection {D(z) : = € IRND;} form a cover of D; N Ry. Note that
by the meaning of < Tx, every D(x) contains an open set in D; N Ry. So we
can construct a finite or countable partition £ of Ry such that every element of

¢ belongs to the closure D(z) of some D(z).
Note that for any =z,

|det DT " ()] |det DT'(x)]
|det DT, ™(Tz)| | det DT(zy,)|

< |det DT(z)|

is always bounded. So for any y, z € D(x), we have

|det DT (y)| _ | det DI ()] _
|det DT "(z)| — |det DTy "(Tx)| —

|det DT ()]

Hence (1.4) follows. Obviously we can arrange the partition ¢ in such a way
that (1.3) also holds. Therefore £ is a desired partition for any n.

Part ii). First, we take § > 0 such that
DT, (v') < (|Tx|/|a[)"/ "=

for all z € O(T; "R) and v € E,(9(T; "R)). This is possible because of the
assumption stated in part (d) of Theorem C.ii). So for any n > 0, if we take
x,y € ORy such that d(z,,y,) < Di|z,|"/~9, we have

d(.’E“yz) S D1|$i|l/(1_9) Vi = ].,"',TL. (41)
By Lemma 3.3, we get that there exists I; > 0 such that

[det DT, ()| _ ;- (4.2)
| det DT] " ()]

That is, (1.4) holds for all such z,y.

We construct £ = &,. Note that we only need do it for n sufficiently large.
Since the family of cones C., are uniformly continuous in x = (¢, ¢), we can find
to > 0 such that for any z,y € TR with d(z,y) < to, the Hausdorff distance
between C; and C, is less than 6y/2. Then we take N > 0 large enough such
that for any = € Ry and n > N, |z,| < to. Note that for any x, the position
vector from p to x, denoted by wu,, is contained in C,. By part (a) and (d)
in the conditions of the theorem we know that at x € T; "(0Ry), C, contains
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the tangent plane of the surface. Hence, if v’ € E,(T] "(0Ry), then the angle
between u, and v’, denoted by Z(ug,v’), is larger than 6y, and therefore for
any v’ € E,(T7 "(0Ry), we have Z(uy,v") > 6y/2, whenever y € T} "(0Ry)
with d(z,y) < to. So for any z,y € Ty "(0Ry) with d(z,y) < to, we have
ds(z,y) < d(z,y)/sin(fy/2), where dg(-,-) is the distance restricted to the sur-
faces {T;"(ORo)}. This means that we can take a partition £ on T, "(9Ry)
such that every element of £(™) is contained in a ball of radius |,/ =% and
containing a ball of radius |z, |*/(*=% /10m sin(6y/2), with respect to the metric
on T] "(0Ryp), and these elements are close to (m—1) dimensional disks. Denote
¢ = Tm¢M . Clearly, it is a partition of dRy. Then we can take a partition &
of Ry whose elements has the form U,e 4/ F, N Ry, where A’ is an element of £’,
and F, is given in Lemma 4.1.

Now we prove that £ satisfies (1.3) and (1.4). Condition (1.6) implies
IDT (p)|| = 1. We first consider the case that DT(p) = id.

By (1.5), we know that d(x, Tx) < Clz|**7 for some C > 0. So the “width”
of the annulus T, *(B.,(Rp)) is bounded by C’|T; *z|**7 for some C' > 0.
By part (b) and (d) of the condition in the theorem, for 0 < ¢ < ¢35, z €
T, “(0B.(Ry)), the angle between the tangent space of T, *(0B.(R)) and the po-
sition vector u, is larger than y. So the length of the curve le—im ﬁTl_iB65 (Ro)

is bounded by C|T; ‘z|'*7 for some C' > C’. Hence, for any z,y € B.,(Ro) with
y € Fp, we can get

d(w;,y:) < Clag|'™ (4.3)
and therefore by applying Lemma 3.3 we get

| det DTl_ (y)] <1 (4.4)
| det DT} ™ ()]

for some I > 0. Also, the construction of £ implies (4.1) and therefore (4.2)
for any x,y € A’, where A’ € £¢’. So by the construction of £, we get (1.4) with
I = 1L1I2 for any x,y € A.

On the other hand, for any z,y € B.,(Ry) with y € F,, we have (4.3). So we
can apply Lemma 4.4 to get that inside A, distortion of | DT'| ()| is bounded. It
means that for each x € A, the ratio of the length of 7] "(B.(0Ry) N A)) N Fy,
and the length of T7 "(B.,(0Ry) N A)) N F,, is uniformly bounded by &/
multiplied by a constant. Notice that the angle between the tangent vectors
of F and the tangent space of T; "(0B:(Ry)) are greater than y. Also notice
that by the construction of €', for any A € &, the size of the set T, " A along the
fiber direction is much smaller than the size of T} " A’. Hence, the ratio between
v(Ty "B:(0Rg)NA)) and v(T] "B.,(0Ry) N A)) is bounded by a constant times
e/eo < (g/20)® for some a € (0,1]. Now we use (1.4) to get (1.3).F

fLet us make this argument more precise. We denote with A/, and A, (¢) respectively the
backward iterates T, ™ A’ of some A’ € £’ and of the set ANB:(0Ro) where A = U, ¢ 4r FxNRo.
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If DT, # id, then it is a rotation, say S. Hence near p we can write Tz =

Sz 4T, (x) where |T,(z)| < Clz|' ™. If we write T) = id +S~ 0T} 0S8, then
n=8"oT™ o...oTW, Tt implies that the “width” of the annulus T} *Ry is
bounded by C|T; *z|'*7. Then we apply the same arguments to get (1.4) and
(1.3). O

Lemma 4.1. There is a foliation on {F,} on TR\ {p} consisting of curves
from p to points on O(T'R) such that for any x € TR, the tangent line of F,
lies in Cy, and TF, NTR = Frpy.

Proof: Denote £, = ng()DTn;"x(CT;"z) for all z € TR\ {p}. By Lemma 4.2,
we know that sine of the angle between any two vectors in DT”{% (CT;%) is less
than (1 —d|z,|7) - (1 —d|z1]7). By (1.5) and Lemma 3.1, the product diverges
asn — 00. So {E,} is a subbundle of the tangent bundle over TR\ {p}. Further,
we have DT, (F,) = Er, for all x € R. By Lemma 4.3, we know that {E,}

Since the angles between the tangent spaces of the curves F, and the tangent spaces of the
e-neighborhood of the boundary of R are uniformly bounded away from zero, the length of
the curve Fz N Be(ORp), when z € A’ is of order e Its n-backward iterate in A, (g) will be
therefore bounded by a constant tlmes € times d , where d, ps is the maximum over the

e-compact neighborhood of Rp of [T} ac| (see above, equivalently we set dy , the minimum

of |Tf1z| over the e-compact neighborhood of Rg). Let us call this upper bound ln,. We
construct then the Iy e-neighborhood of A7, By, . (A7,). Clearly

V(An(e)) S v(By, (A7) < V(A ln e

where A}, . = {z € T] "A’;d(2,A},) < ln} and v/ denotes the Riemannian volume on

T, "ORo. Since A

ne is contained in a ball of radius d1 9 [YiRs ln,e and A’ by construction

1
a0 sin6g/2

Tom , we have that v/(4], ) < const(d1 =7 Flne)™ T mot

contains a ball of radius
1

=
0

and v/ (Al) > (%ﬂop)m Yom—1. But dy a1, dn,m are of order n=5, with 8 = 1/ (see

Lemma 3.1), and since (14 v)(1 — 0) > 1, we see immediately that for large n:

v(An(e)) < C/V/(Aﬁl)ln,e

where C’ is a suitable constant, depending on m Let us now define the following objects:
An(eo): the backward iterate of AN Be,(0Ro), I}, ., : the minimum length of the backward

’ n 2€0 "
images of the curves Fy N Bey (ORp), when z € A’; A, o = ={z € A};d(2,04}) > 1}, ., } and
By o (A7, c,) the I . -neighborhood of A7, _ | bemg Uy e = Un,e, sinfo. Moreover by what

we already said above and which follows from Lemma 4.3, the bounded distortion property
along the points of the backward images of the curves AN Be, (0Ro), will imply that I}, ., will
be of the same order as ln ¢, (the maximum length of the backward images of the Curves),
Taking this into account we get:
=
V(An(a())) > V(BZ’TZYEO (An 50)) = ((%:100/2 - l',ri eo)m 1'Ym 1ln €0

By using as above the uniform bounds on d, ar, dn,m when n is large, we see that v(Ay (eg)) >
C"V'(A])ln, ey, where C" is a suitable constant depending on m. By dividing v(Ay(e)) and
v(An(e0)), we get the desired result.
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satisfies the Holder condition near each x with Holder constants depending on
x. Note that {E,} determines a vector field. We can integrate it to get a family
of curves {F, } from p to boundary points of TR that satisfies TF,NTR = Fr,.
By our assumption, {F,} is the “strong unstable manifold” at .

It is easy to see that the curve passing through x is unique, and therefore
{F.} forms a foliation. In fact, if there are two such curves F, and F,, that pass
through z, then we can take a curve I' close to z joining y € F, and y' € F,
such that the tangent line of T is in C’. Let us denote by A, the area of the
“triangle” bounded by the curves Ty "T', T} "F, , and Ty "F, ., and by L,, and
L;, the lengths of the curves 7 "F, , and T} "F, , respectively, where F , is
the part of the curve in F, between x and y, and ]-';’y, is understood in a similar
way. By the assumption stated in part (c), the ratio between A, and L, - L,
tends to infinity, which is a contradiction. O

Lemma 4.2. For any v,v’ € C,,
sin Z(DTy,(v), DT, (v")) < (1 — d|z|”) sin Z(v,v"),

where the symbol Z(v,v") denotes the angle between the vectors v and v’.

Proof: Note that

DT, (v)| - |DT,(v")| - sin Z(DT(v), DT (v’
|det DT | po.un| = |DT;(v)] - [DTy (v")] (DT, (v) (v'))

[v] - [v'] - sin Z(v, v)

e DT, (v) DT, (v)
v v
DTl gl = =7,  IDTlewyll = ———-
(v) | (v') 4
Then the results follows from (1.10). O

Lemma 4.3. There exist constants H > 0, a > 0, and 7y € (0,1), such that for
all x € TR\{p},

Hd(xz,y)™

[

d(EIaEy) S Vy € B(x,a|x|), (45)
where d(E;, Ey) is defined by d(Ey, Ey) = sinZ(vg,vy), vy and vy are the
tangent vectors of F, and F, at x and y respectively chosen in the way that
0 < ZL(vg,vy) < 7/2.

Proof: We note that we only need prove (4.5) for all z in a small neighborhood
R C R of p, because DT, (E,) = Er., and then the results can be extended to
TR.

Take d € (0,d). Then for each & we can extend C, to C, such that (1.10)
holds with d for all v € C, and v/ € C,. By (1.5) and the fact that 7 is C1+7,
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we can write DT(z) = To(x) + Ty (x) + Th(z), where Ty = DT, T, satisfies
T, (tx) = t"Ty(x) ¥t > 0 and |T(x)| = o(|z|7). So it is easy to see that we can
find e, > 0 such that C, N S™~! contains an e,-neighborhood of C; N S™! in
S™=1 for all x with |x| small. Moreover, since C, is uniformly continuous in (¢, ¢),
we can take a > 0 and R small such that for all z € R, with d(z,y) < a|z|”,
C, C Cy. Soif v € C, and v’ € C,, we have

|det DTx|E(U v’)| ~
: <1-—d|z|".
DT g || - 1DTe| gl

Hence, by the same arguments used in Lemma 4.2 we have
sin Z(DT,(v), DT, (v')) < (1 — d||?) sin Z (v, v"). (4.6)
Take 71 € (0,1) such that

(1 _ gmv) ('T;T' . M)ﬁ <1 (4.7

for all z € R close to p with d(z,y) < alz|.
Take 0 < a; < a such that if d(x,y) < a1|x|, then

IDT () = DT(y)|| < Cola|" ™ d(a,y)" (4.8)

for some Cy > 0. This is possible because of (1.7).

Take H > 0 such that Hd > 2C,.

Let £ = {L, : € R\{p} } be the set of all line bundles in the tangent bundle
over R. Clearly DT induces a map D : £ — L given by (DL), = DT;L-(LTI—I:E),

and & = {E,} is the unique fixed point of D contained in C. Denote

Hd(x,y)™
[

We show that D(H) C ‘H. This implies the result since {E,} = N,>oD"C.
Take {L,} € H. Let z,y € R with d(z,y) < ai|z|. Take unit vectors

er € Ly, ey € L. SosinZ(e,,ey) < H|z|"™d(x,y)™. By (4.6) and (4.8),
sin Z(DTy(eq), DTy (ey))

H= {{Lz}eﬁﬂc:d(Lz,Ly) < Vy € B(z,a1z|) } (4.9)

< sinZ(DT,(es), DTy (ey)) + sin Z(DTy(ey), DTy(ey))
< (1- CZ|5U|’Y) sin Z(ex, €y) + |DTx(ey) — DTy(ey)|

~ Hd T
< (1= dap) 2B | o pp-tage,

[
d(Tz, Ty)™  d(z,y)™ |Tz|™

= Q= dieMH + Calal | 0= G 1oy o

By the choice of H, the quantity in the bracket is less than 1 — d|#|? /2. Then
by (4.7) the right side of the inequality is less than H|Tx| ™d(Tz,Ty)™. We
get the desired results. O
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Lemma 4.4. There exists J* > 0 such that for any x,y with d(x;,y;) < |z;|7
for somey >1,i=1,--- n,

DT ™ (y)|e, ()l

— < J*. (4.10)
\DT1 (x)|Ew(}')|

Proof: Take an integer 7 > 2C(/Cy, where Cy and C}, are as in (1.6). We
assume that zo < 1/(yChko)? for some kg > 1. Then we take k; = (7 — 1)k
fori=1,---,£ -1, where £ — 1 is the largest number j such that k; < n. Let
k¢ = n. By Lemma 3.1, we know that

|27 < 2/(vCo (ko + 4))- (4.11)
Hence, (1.6) implies
o 20, o 1 \C
it 1 om= 11 (e sgreg) < 11 0o gh)

for some C' larger than 2C/vCY{ if k; is large enough. So the choice of 7 gives

ko + k; )CSFC

DTki_ki—l <(
DTS < (et ke

(4.12)

for all i > 0.
Let e, be the unit tangent vector of F at x. We have

DT W)le, | IDTE (en )l |DTE, (ea,)]  |DTE, (ey,)]
|DT " (2)|E, ()| |DT3. (ey,, )| IDT” (ey,)|  |DTy (ey,)|
2 ki—ki—
f[ ‘DTﬁbk )| H |DTwJ e’L[J
i=1 ‘DTJLM )| j=1 |DT’£/J eyJ)|

By the results of Lemma 4.3 and (4.12), each factor in the first product is
bounded by

ki—ki— ki—ki—
14 |DTxk (6 )| - |DTIk (ey’%)|
k: —ki—1
| DTy, ™ ey, )l

ki—ki_ ki—ki_
|DTIk (eliki B eykl)| <1+ ”DTrk ' H ) |e$k,i B eyki|
ki—ki— - ki—ki—
|DTzy, ™ ey, ) [DToy, ™ ey, )

14 e BHd(xkz ) yk'i)Tl

<14 7°BH|z, |*07Y,

where we use the fact that [e;, — ey, | < BsinZ(es, ey, ) for some B > 0.
Also note that by (4.11) and the choice of ki, {|zk,
fast as ¢ — oco. Since 4 > 1, the first product in above equality is convergent.
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For the second product, by (1.7) each factor is bounded by

|Dij (eyj)| - |DTyj (eyj)| <14 C|xj|7—1d(x’y) <14 C|xj|’7+"/—1

1+ < — 7L —
|DTyg (eyj)| |DTyj (eyj)| |DTyj(6yj)‘

By (4.11) and the fact 5 > 1, we know that ) |2;[7"7~" converges. So the
product is also bounded. We get the result. 0

5 Proof of Theorem A

In this section we first introduce a subspace V,, of L' = L'(R™, v) with compact
unit ball that contains the density function of the invariant measures of the
induced map of T' with respect to the relatively compact subspace M\R. Here
we only give a brief description and list some properties we use. We refer to [S]
and [K] for more details.

Let f be an L'(R™,v) function. If  is a Borel subset of R™, we define
the oscillation of f over (2 by the difference of essential supremum and essential
infimum of f over Q:

osc(f, Q) = EsQupf - Egznff.

If B.(x) denotes the ball of radius € about the point z, then we get a measurable
function @ — osc(f, Be(z)). The function have the following properties.

Proposition 5.1. Let f, f;,g € L (R™,v) with g > 0, € > 0, and S be a Borel
subset of R™. Then

(i) OSC(Z fi» B(1)) < Zosc(f,-, B.(+)),

(ii) osc(fxs, Be(+)) <osc(f, SNB(-))xs(-) + 2[5122111(?) fIxB.(s)nB.(s%);

(iii) osc(fg, S)< osc(f, S)Esupg + osc(g, S)Eisnff.
s
Proof: See [S] Proposition 3.2. O

Take 0 < a < 1 and €y > 0. We define the a-seminorm of f as

|fla = sup e*a/m osc(f, Be(x))dv(x). (5.1)

0<e<eg

We will consider the space of the functions f with bounded a-seminorm, namely,

Va={f€eL:|fla <o}, (5.2)
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and equip V,, with the norm

I =l o+ Lo (53)
where || - ||; denotes the L' norm. This space does not depend on the choice
of eg. With the || - ||o norm, V,, is a Banach space; moreover according to

Theorem 1.13 in [K], the unit ball in V,, is compact in L'.

Proposition 5.2. Let f € V,,. Then

(1) [[fllo <

—||flla provided o <1,
TmEq

(ii) There exists a ball Bs(x) such that gi(nf) f>0.
(x

Proof: See [S] Proposition 3.4 and Lemma 3.1. O

To prove Theorem A we need one more ingredient, the so-called Lasota-
Yorke’s inequality, which will be proved in Section 6. This inequality provides
an upper bound on the action of the Perron-Frobenius operator on the elements
in V,. Such an operator will be defined on the subspace M\ R with a potential
given by the inverse of the determinant of the induced map. We denote it by
Pf. We will prove

|Pfla < nlfla+ DIfllx

for some 1 < 1 and D < oo. This, plus the compactness of the unit ball of V,
in L', allow us to invoke the ergodic theorem of Ionescu-Tulcea and Marinescu
([IM], see also [K], Theorem 3.3,) to obtain an invariant probability measure
u absolutely continuous with respect to v on M\ R. The measure p has finite
number of ergodic components, and is “unique greatest” in the sense that any
other measure absolutely continuous with respect to v is absolutely continuous
with respect to p.

Proof of Theorem A:

Recall that R is given in Assumption 3. We construct an induced system
(M,T). Denote M = M\R. Let T : M — M be the first return map of
T, so that T'(x) = T(z) if z ¢ T~'R, otherwise T'(z) = T"t'(z) = TiT;(x)
if x € T{lR, where i is the smallest positive integer such that T{T;(z) ¢ R.
We denote g(x) = |det DT(x)|™!, and similarly g(z) = g(z) if x € T7'R
and §(z) = |det DT(z)|~* = |det DT ()|~ if otherwise. Let o be the
renormalization of the Lebesgue measure v restricted to M.

Let P be the Perron-Frobenius operator of T' with the potential function

log g(x), i.e.
Pf(x)= > f@)9)-

Ty=x
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Then let P be the Perron-Frobenius operator of T with the potential function
log g(x), i.e

K oo
=N AT ) (T T ). (5.4)

j=11i=0

By the definition of the induced system, we know that if € M \ TR, then
i =0, and if z € TR\ R, then j # 1.

By Proposition 6.2 in the next section we have the Lasota-Yorke’s inequality
for the induced system (M, T) So T has an absolutely continuous invariant
probability measure i on M with density function h that has finitely many
ergodic components.

We extend h to R\{p} to get a density function h on M\{p}. That is, if
z € R\{p}, we let

K oo
+ 2T T (T T )g (T ) -+ g(T1 ). (5.5)

It is clear that h is well defined and nonnegative. Also, by this definition, for
z € TR\{p},

K
WIT ') = ST )g(T) T )

K oo
b Y S T (T T g (T ) - g(T ). (5.

Note that

K
Ph(x) = h(T;  2)g(Ty ) + 3 h(T;  a)g (T ).
j=2

So if 2 € R\{p}, we substitute h(T; 'z) in (5.6) and then compare it with
(5.5) to get that the right side is equal to h(x). If z € TR\R, we substitute
h(Ty 'x) and then compare it with (5.4), using the fact j # 1 and Q(ijleim) =
g(Tj*leix)g(Tfim) .- g(T7 ), to get Ph(z) = Ph(z), which is also equal to
h(z) = h(z). Since outside TR, Pf = Pf for any f and h = h, we obtain
Ph =h on M\{p}.

Let p be the measure on M with density h. Clearly, p is invariant under T'
and has the same number of ergodic components as i does.
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Next, we show that pM is finite if Z V(TT'R) < co. Recall Ry = TR\R,
i=1
and let R, = T} "Ry for n > 0. By Remark 1.1, diam R, — 0. So we have
R=73%", R, U{p}. Since p is invariant, we have

K/
PR = pRit1 + Z,M “'Ri),
Jj=2

where we assume that in addition to TflR C Ui, R has K/ — 1 preimages in
Uy, +,Ugr, where K’ < K. Take summation from i = n to infinity, we get

=Sty U m) = ot m)

Note that ||h||sc < oo since h € V,, and then note that the Jacobian of T{l
less than or equal to 1. We have

u(T; Ty "R) < Hh||ooz/( TITTMR) < ||h|\ooz/( ""R).

Hence

WR =S il < ] (K G (5.7)

n=1

Now we prove the last part of the theorem. By Proposition 5.2(ii), there is
a ball B.(z) € M \ R such that Einfh > h, > 0 for some constant h,. By

Be(z)
the assumption in the statement of Theorem A, there exists N >0 such that
TNB.(z) D M. So for any x € M, there is yo € B.(z) such that TNy, = x.
Since | det DT| is bounded above, we have g, := inf{g(y) : y € M} > 0. Hence,
for every x,

N—
h(z) = (P Zh H >hy0H Tiyo) > hugh.

By splitting R over the disjoint union (mod 0) of the R,, as in (5.7), we get

00 K’
uR = Z pR, > (hegN)ge Z v(Ty "R) =
n=1 j=2
This ends the proof. O

29



6 A Lasota-Yorke type inequality

Let R be as in Assumption 3. Denote T;; = T{T; and Uy; = T}, (Ro) = T; ' R;
for ¢ > 1 and Up; = Uj\Tj_lR. So if TU; & p, then U;; is undefined for any
i >0 and Uy = U;. Clearly, U;; C U; for all i > 0 and {U;;,7 > 0} are pairwise
disjoint.
Lemma 6.1. There exists 0 < eg < €5 such that for any eq < €6, € < g¢ and
Vr € M,

Koo v(T T 8R0) n B(l ) (m)) %
2 u TR < 1
ZZ B(l 8)60( )) n 58‘ ’ (6 )

j=11i=0

where X\ is given by Assumption 3(b).

Proof: Note that the sets U2,0U;;, j = 1,---, K, are pairwise separated. So
by Assumption 3(b) and the definition of A in (1.1) we only need prove that
there exists €4 > 0 such that for any given j, neighborhood if 0 < € < g < &g,
then

aRO)mB(l 3)56( )) /\i
QZ VB om@) (62)

Take

M1y

g6 < min{es, e3} - ( SToNE

where €3 is given by Assumption 3(c).

Recall that Ny is also given by Assumption 3(c¢). Reduce &¢ if necessary such
that for any z, the ball B(; )., () intersects at most one connected component
of the set {7} 1356 (0Ry),0 < i < N;,1 < j < K}, which, we remember, are
pairwise dlSJOlIlt. We also require € small enough such that for any 1 < 7 < K,
1 < i < Ng, the part 7:;18}%0 N B.,(z) are close to an (m — 1) dimensional
plane.

Take ¢ and g such that 0 < e <egg < ¢q .

We first consider the case 1 < ¢ < N,. Note that f};lBg(aRo)ﬂB(l,s)g
Bsg(Ti;l8R0) N B(1—s)eo(z). The volume of the latter is close to v,

v(T;;' Be(OR) N B(1—s)e, (x
m—1_m—1

(
s)eg)™ ! 258 = 25ym_1e(1 — s)™ el S
0 V(B(1—5)€o (‘T))
2 _1e(1 — 25%m — .
close to =21 16— o)™ g — Zm—1e Hence, by Assumption 3(b),
Ym (1 — s)mel? (1 = s)vmeo
we know that it is less than Ae®/e.

Now we consider the case that i > Nj.

= o
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2 1'2 1/
Let 5:50<)\ Cp m) . We have ¢ < ¢5.

(1—s)
For each i, we take a partition §; = {A;1, A2, -+, } satisfying Assumption
4(c) with n =7 and € < e5. Denote A;;, = A;; N B:(ORy), A} = Aix N B:(ORy),
Ak = T YA and Al = iglAgk. Then we let

A= {Aiji: Alj, N Ba_ge, () # 0}, = {4} Ay € A}

By abusing notations, we may also think that A and A’ are the unions of the
sets they contain.
By the fact

vAijr = /A | det DTGl (x)|dv(z)
ik

and Assumption 4(c), we know that

VAL, < G 2 _ Cpl?e® A1 —s)™ _ A1 —s)™ (6.3)
VAZ]]C — ga 2C,1%c§ 2e8 '

Denote s* = sup{s(Tst(z),Tle) : z € Bz(Rp)}. Note that by Assumption

20,12 \1/«
P m) . Since ¢ > N, by Assumption

4(C), dlamAlk S 5mé § 5m50(m

3(c), we have

20,12 \Vo
m) +8 = 8&o

diam A;j, < 5meg <W

(6.4)

So if Ajjr € A, then Ajji N B(1_g)e, (x) # 0, and therefore A;jp C Be,(x). That

is,

A C B, (). (6.5)
Note that
U T, ' B(OR) N B(1_g)e,(z) C A'. (6.6)
By (6.3) to (6.6), we get
QZ BOR) N Bu9e(®@) ) vA _vA _ pBeya)
B(l 3)80( r)) vA VB, () V(B(l—S)Eo ()
2ef Ym (1 — s)mel? eg
This is (6.2), the formula we need to show. O
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Prop051t10n 6.2. Assume that T : M — M satzsﬁes Assumption 1 to 4, and
T : M — M is the reduced system with respect to M = M\R. Then there exist
n <1 and D < oo such that for any f € V, = Vi (go), we have Pf € V,, and

|Pfla <nlfla+ DIl flh

for all eg sufficiently small.

Proof: Take ¢ > 0 such that for any € < g4,
(14 Js%e")(1 4+ es%e®) <1+ (e, (6.7)

where ¢, J and ¢4 are given in Assumption 4(a) and (b) respectively.

Recall that by Assumption 3(b), s + A < 19 < 1. Take b > 0 such that
(s*+A) +3K'by,,! <1, where K’ is the number of preimages of p for the map
T. Recall also that €1, €2, €4 and g are given in Assumption 1(b), 3(b), 4(b)
and Lemma 6.1 respectively. Take €9 < min{ey,e2,€4,€6} such that

= (14 ¢e§) (s +A) +3K'by,,t < 1. (6.8)

Denote

K N o
V asz) mB(l 5)80( ))
Gr(z,e,60) =2
j; i—0 B(l s)a‘o( ))
Recall that Gy (x,¢e,e0) is given by (1.2) in Assumption 3(b). Note that if €

is small, then supp Gy (-, &,¢0) and supp Gg(+,€,€p) are disjoint. Also, by (1.1)
and Lemma 6.1, we know that

)\ «
G(e,e0) = sup{Gy(z,e,e0), Gr(z,e,e0)} < % (6.9)
zeM €0
Then we take
D =2¢ +2(1+ (%) sup G(eg,e0)e* + K'by, 1. (6.10)
e<eo
By (6.9), G(g,£0)e™® < Xy @ We have D < oo.
Let € < gg.
By Proposition 5.1,
osc(PF, Bo() €373 ose((f3) o T, » Bula)
j=1 =0
K oo
< ZZ(OSC((fﬁ) T, Be(@)) Xy, (@) + [2 Esyli(fg) 7 X oiu (@ ))
j=1i=0 x
K oo
1 2
=3 (REQ( D)Xy, (@) + B (@)X p. 010, (x)). (6.11)

<
Il
-
«
I
<
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Denote y;; = Tglx We can choose N = N(g) > 0 for each 0 < ¢ < g9
according to Assumption 4(b).

For Rz(]l)(x) with € TUjj, we first consider the case i < N(g). By
Assumption 4(a), (b) and (6.7), we have g(y;;)/9(yi;) < (1 + Js%*)(1 +
cs%e®) < 14 (e if d(T" y;, T yy;) < se. Hence j(y;) < (14 ¢e%)g(yij)
and osc(g OTZJ , Bo(x)) < osc(§, Bse(vij)) < 2¢e*G(yi;). So we get for almost
every z,

R (x) = osc(fg =1 B.(x) N Usy)

< osc(f, Bse(yij) NUij)  Esup g+ osc(g, Bse(yij) NU;;)  Einf
Si(yij)ﬁUij BSE(yij)mUij
< (1 + CEQ) OSC(f, ss(ylj) N Uzy) (yzj) + 2<€ f(yz])g(yzj)

If i > N(e), then we must have x € Ry, and therefore for almost every z,

R} (2) = ose(£3, T;;' B-(x) N U)
< osc(f,T;'Bo(z)NUi;))  Einf g+ osc(g, T;;' Be(x) NUy;) Esup f

TingE (z)NU;; Tings(m)
< ose(f, Bae(yi) NUi)3(yij) + Ifllesup g
T?Z B.(z)

By Assumption 4(b), for any x € Ry, Z( sup  §) < be™T. Hence,
i=N Tlngs(z)

M
WK

<
I
—
o
I
<

Rz(‘yl‘)(x)XT”Uij () < K'be™ | fll oo X Ry ()

+

M-
%

<
Il
-
-
Il
<

(14 ey ose(f. Buclyis) N Usg) i) + 26" S ()3 vis)

< K" flooxmo (@) + (14 Ce™) [Pose(f, Bse())] (2)+2¢"(Pf) ().

Since [, Pfdy = | xy Jdv for any integrable function f, we have

/ Z Z R(l)XTU v

j=11i=0

IN

K'bs"z+a||f||ooﬁRo+(1—|—§5°‘)/A osc(f, BSE(-))dﬁ+2C6a / fdv
jYs N
< (14¢e*)s% fla + 2¢e (| flln + K'be™ || fl| oo 2 Ro. (6.12)

As for RE? (z), if i < N(g), then we have

Esup(fg) o T;;' < [ Esup [f]]g(yi;)(1 + ¢e®).
B.(x) B (yij)
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Hence by the same method as in [S], we get that

K N(e)

33 R X, 87 < 21+ )G 20) (5 1o + 1]

Jj=1 i=0

If ¢ > N(e), then Esup(fg) oTi;1 <|Iflleo sup g, and

Be(x) 1B (x)
K oo oo
Z Z R” XB.(aTU,;) = 2K(| flloo Z _sup g.
J=li=N(e) i= N(E)T 'B. (z)

Again, by Assumption 4(b) it is bounded by 2K’'be™+%|| f||co. So we have

/ ZZRw XB. (dTU”)d

Jj=11=0
< 2(1+¢e")Gle,20) (€51 fla + I1f1l1) + 2K be™ (| £l oo B2 (ORo). (6.13)

We may assume that 2R + #B.(0Ry) < 1. By Proposition 5.2(i) and (5.3)
we have that €™ f|loo < V% || flla and || f]la = |fla + || f]|1 respectively. So
by (6.11), (6.12) and (6.13), we get

/A osc(Pf, B.(-))di < [(14¢e™)(s%™ +2G(e,€0)eq) + 3K'bv,,'e”] | fla
N

+ [2¢e* +2(1 + ¢e™)G(e, g0) + 3K by, e 1 -
Now the result follows by the choice of n and D in (6.8) and (6.10). O
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