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Abstract. We study the mixing property for the skew product F : Td ˆTℓ Ñ

Td ˆ Tℓ given by F px, yq “ pTx, y ` τpxqq, where T : Td Ñ Td is a C8

uniformly expanding endomorphism, and the fiber map τ : Td Ñ Tℓ is a
C8 map. We apply the semiclassical analytic approach to get the dichotomy:
either F mixes exponentially fast or τ is an essential coboundary. In the former

case, the Koopman operator pF of F has spectral gap in some Hilbert space
that contains all L2pTd ˆ Tℓq functions, and in the latter case the system is
semiconjugate to an expanding endomorphism crossing a torus rotation.

0. Introduction.

In this paper we study the mixing properties for torus extension of expanding
maps. The systems F we consider are of the form of skew products with expanding
T : Td Ñ Td on the base and torus rotations with rotation vectors τpxq, x P Td, on
the fibers Tℓ. (See (1.2) for the maps.) We obtain a dichotomy: either such a system
has exponential decay of correlations with respect to the smooth invariant measure,
or the rotation function τpxq over Td is an essential coboundary. The latter implies
that the system is semiconjugate to an expanding endomorphism crossing a torus
rotation, or simply semiconjugate to a circle rotation, and therefore cannot be weak
mixing (Theorem 3 (iii)) or stably ergodic.

The methods we use to get exponential mixing is the semiclassical analytic ap-
proach. Instead of the Ruelle-Perron-Frobenius transfer operators acting on some

Hölder function space, we study the dual operator, Koopman operator pF , given by
pFϕ “ ϕ˝F , acting on certain distribution space. By Fourier transform along Tℓ, the
fiber direction, the operator can be decompose to a family of operators t pFνuνPZℓ ,
where ν is the frequency. Such operators can be regarded as Fourier integral op-
erators. Using semiclassical analysis theory we can obtain that the spectral radius

of pFν is strictly less than 1 for all ν ­“ 0, and uniformly less than 1 for all ν with
|ν| large whenever τ is not an essential coboundary, while 1 is the only eigenvalue

of pF0 on the unit circle and it is simple. Hence the operator pF has a spectral gap,
and the system has exponential decay of correlations.

Dolgopyat established exponential mixing property for compact group extensions
of expanding maps under a generic condition called infinitesimally completely non-
integrability (see [3]). Faure used semiclassical analysis in [5] to obtain exponential
mixing for a simpler but intuitive model - a circle extension of an expanding map
of T - under a so-called partially captive condition. For the low dimensional case,
the dichotomy similar to that in Theorem 1 was obtained by Butterley and Eslami
recently in [1] and discontinuities are allowed at a finite set for maps T and τ there.
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Naud showed in [9] that such skew product cannot mix super-exponentially, not
even for analytic observables.

Similar results were also obtained in the context of suspension semiflows over
linear expanding maps. Pollicott [12] used Dolgopyat’s estimates [2] to show that
the generic suspension semiflows is exponentially mixing. Tsujii [15] constructed
an anisotropic Sobolev space on which the transfer operator has spectral gap.

This paper is organized as the following. The setting and statements of results
are given in Section 1. In Section 2 we introduce some notions and results from
classical and semiclassical analysis, including Fourier transform, Sobolev spaces,
Pseudo-differential operators, Fourier Integral Operators, Egorov’s Theorem, and
L2-continuity theorems. This section is not necessary for the reader who is familar
with the theory. We prove the theorems of the paper in Section 3 based on Propo-
sition 3.1 and 3.2, which give the spectral radius of the Koopman operator, the
dual operator of the transfer operator. The propositions are proved in Section 4,
using classical and semiclassical analysis. A key estimates in the proof, stated in
Lemma 5.1, is postponed in Section 5.

1. Statement of results.

Let T “ R{Z, and let T : Td Ñ Td be a C8 uniformly expanding map such that

(1.1) γ :“ inf
px,vqPSTd

|DxT pvq| ą 1,

where STd is the unit tangent bundle over Td. It is well known that T has a unique
smooth invariant probability measure dµpxq “ hpxqdx, where the density function
h P C8pTd,R`q. Further, T is mixing with respect to µ.

Given a function τ P C8pTd,Tℓq, we define the skew product F : Td ˆ Tℓ Ñ

Td ˆ Tℓ by

(1.2) F

ˆ

x
y

˙

“

ˆ

Tx
y ` τpxq pmod Zℓq

˙

,

which preserves the product measure dA “ dµpxqdy.
The mixing property of the system pTd`ℓ, F, dAq is quantified by the rates of

decay of correlations. We say that the skew product F is exponentially mixing
with respect to the smooth measure A for the observables ϕ P L8pTd`ℓq and ψ P

CαpTd`ℓq, α ą 0, if there exists ρ P r0, 1q such that the correlation function

Cnpϕ, ψ;F, dAq “

ˇ

ˇ

ˇ

ˇ

ż

ϕ ˝ Fn ¨ ψdA´

ż

ϕdA

ż

ψdA

ˇ

ˇ

ˇ

ˇ

.

satisfies Cnpϕ, ψ;F, dAq ď Cϕ,ψρ
n for all n ě 1, where Cϕ,ψ ą 0 is a constant

depending on ϕ and ψ.
Certain cohomological conditions might give obstructions to the exponential mix-

ing property.

Definition 1.1. A function τ P C8pTd,Tℓq is called a (directional) essential
coboundary if there exist ν P Zℓzt0u, c P T and a measurable function u : Td Ñ T
such that

(1.3) ν ¨ τpxq “ c` upxq ´ upTxq, µ´ a.e. x.

Remark 1.2. By Livsic theory (see [7] for example), we actually have u P C8pTd,Tq.

Our main result is the following.
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Theorem 1. Let pTd`ℓ, F, dAq be the skew product as described above. We have
the following dichotomy:

(1) Either the system is exponentially mixing;
(2) Or τpxq is an essential coboundary.

Remark 1.3. The second case is very rare in the sense that the set consisting of all
functions that are essential coboundaries is a countable union of finite and positive
codimension subspaces in C8pTd,Tℓq. It means that the first case that the system
is exponentially mixing is generic.

Parry and Pollicott [10] showed that pTd`ℓ, F, dAq is not mixing if and only
if τpxq is an essential coboundary. In other words, Theorem 1 asserts that F is
exponentially mixing whence it is mixing. If d “ ℓ “ 1, the result is proved by
Butterley and Eslami in [1]. They allow the circle expansion T and the rotation τ
have finite number of discontinuities.

We shall follow the semiclassical analytic approach in [5] to prove Theorem 1.
Instead of the Ruelle-Perron-Frobenius transfer operators acting on some Hölder
function space, we study the dual operator - Koopman operator - acting on certain
distribution space.

More precisely, recall that theKoopman operator pF : L2pTd`ℓ, dAq Ñ L2pTd`ℓ, dAq

defined by pFϕ “ ϕ ˝ F is a unitary operator. Note that dA is equivalent to

the Lebesgue measure dxdy, we instead study the action of pF on L2pTd`ℓq :“
L2pTd`ℓ, dxdyq as well as D1pTd`ℓq, the space of distributions on Td`ℓ.

We say that the operator pF from a Banach space to itself has spectral gap if the
spectrum

(1.4) Specp pF q “ t1u Y K,

where 1 is a simple eigenvalue and K is a compact subset of the open disk tz P C :
|z| ă 1u.

Theorem 2. If τpxq is not an essential coboundary, there is an pF -invariant Hilbert

subspace L2pTd`ℓq Ă W Ă D1pTd`ℓq such that pF |W has spectral gap.

We will specify the construction of the Hilbert space W in Subsection 2.3 (see
(2.4)), prove this theorem in Subsection 3.3, and then show how Theorem 2 implies
Theorem 1 in Subsection 3.4.

Remark 1.4. It is well known that pF |L2pTd`ℓq does not have spectral gap. We get
the result of the theorem since the norm in W is weaker than that in L2pTd`ℓq.

Next we characterize the dynamical properties of F when τpxq is an essential
coboundary. The behaviors of the system in the Tℓ become very simple, as we see
in part (iii) of the next theorem.

A foliation L of a smooth manifold M is of dimensional m if the leaves of L are
m dimensional submanifolds. For a smooth dynamical system pF,Mq, a foliation
L of M is F invariant if F preserves the leaves, that is, F pLpzqq “ LpF pzqq for any
z P M , where Lpzq is the leaf of L containing z.

Let Π : Td ˆ Tℓ Ñ Td denote the natural projection.
A smooth dynamical system pF,Mq is semiconjugate to a smooth system pG,Nq

if there is a smooth map π :M Ñ N such that π ˝ F “ G ˝ π.
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Theorem 3. Let F : Td ˆ Tℓ Ñ Td ˆ Tℓ be defined as in (1.2). The following
conditions are equivalent.

(i) τpxq is an essential coboundary.
(ii) There is an F invariant d` ℓ´ 1 dimensional foliation L of Td ˆ Tℓ such

that restricted to each leave Lpzq, z P Td ˆ Tℓ, Π|Lpzq is a covering map.

(iii) F is semiconjugate to a diffeomorphism G “ T ˆ Rc : Td ˆ T Ñ Td ˆ T
through a map π “ idˆπ1, where Rc is a circle rotation with rotation
number c P T, and π1 : Tℓ Ñ T is a continuous map. Further, F is
semiconjugate to the circle rotation Rc : T Ñ T.

(iv) F is not weak mixing.

Remark 1.5. It is easy to see that if ℓ “ 1, then the leaves of the foliation L are
unstable manifolds, and restricted to each leaf Lpzq, the natural projection Π|Lpzq :

Lpzq Ñ Td is finite to one.

2. Semiclassical Analysis: Preliminaries

In this section we introduce some notions and basic properties in semiclassical
analysis which we are going to use. The distribution spaces and Sobolev spaces
will be used in construction of the Hilbert space W in Theorem 2. The pseudo-
differential operators (PDO) and Fourier integral operators (FIO) will be used to
prove Proposition 3.1 and 3.2, where the Egorov’s theorems and theorems for L2-
continuity are also used. For more information and details on this subject, one can
see in standard references (e.g. [4, 14,16]).

2.1. Distribution spaces. Let DpTd`ℓq “ C8pTd`ℓq. Its dual space D1pTd`ℓq is
the space of distributions on Td`ℓ. If ϕ P DpTd`ℓq Ă D1pTd`ℓq and ψ P DpTd`ℓq,
then the action of ϕ on ψ is given by standard L2-paring, i.e.,

pψ, ϕqD,D1 “ xψ, ϕyL2 “

ż

Td`ℓ

ψϕ dxdy.

Since pFDpTd`ℓq “ DpTd`ℓq, we define pF˚ : DpTd`ℓq Ñ DpTd`ℓq by the duality

x pF˚ψ, ϕyL2 “ xψ, pFϕyL2 for all ϕ, ψ P DpTd`ℓq. One can check that pF˚ is exactly
the RPF (Ruelle-Perron-Frobenius) transfer operator over F : Td`ℓ Ñ Td`ℓ, that
is,

pF˚ψpxq “
ÿ

F pyq“x

ψpyq

|JacpF qpyq|
, ψ P DpTd`ℓq.

Then we extend pF on D1pTd`ℓq via duality again by

pψ, pFϕqD,D1 “ p pF˚ψ, ϕqD,D1 , for all ψ P DpTd`ℓq, ϕ P D1pTd`ℓq.

2.2. Fourier transforms. The Fourier transform of φ P DpTdq is defined by

(2.1) pφpξq “

ż

Td

φpxqe´i2πx¨ξdx, ξ P Zd.

The inverse transform is given by

φpxq “
ÿ

ξPZd

pφpξqei2πξ¨x, x P Td.
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Let ω be the counting measure over the lattice Zd on Rd, i.e., ωpξq “
ÿ

nPZd

δpξ´nq

for ξ P Rd. Then the above equation becomes

(2.2) φpxq “

ż

Rd

pφpξqei2πξ¨xdωpξq, x P Td.

2.3. Sobolev spaces. Denote xξy “
a

1 ` |ξ|2, and introduce s-inner product

(2.3) xφ,ψys “
ÿ

ξPZd

xξy2s pφpξq pψpξq, φ, ψ P DpTdq.

The Sobolev space HspTdq is the completion of DpTdq under x¨, ¨ys.

Proposition 2.1. Sobolev spaces have the following properties:

(i) DpTdq Ă HspTdq Ă D1pTdq for any s P R;
(ii) H0pTdq “ L2pTdq, and HspTdq “ tφ : Dβ

xφ P L2pTdq, for any |β| ď su if
s P N, where Dβ

xφ are weak derivatives of φ;

(iii) HspTdq Ă Hs1
pTdq if s ą s1;

(iv) CspTdq Ă HspTdq, and if s ą d
2 , then H

spTdq Ă Cs´ d
2 ´εpTdq for any small

ε ą 0;
(v) the dual space of HspTdq, s ą 0, is H´spTdq, and the dual action is exactly

the standard L2-paring.

The Hilbert space W that we will use in Theorem 2 is of the form

(2.4) W “ HspTdq b L2pTℓq, s ă 0.

Remark 2.2. By Proposition 2.1(ii) and (iii), we have L2pTdq Ă HspTdq if s ă 0.
Since L2pTdq b L2pTℓq “ L2pTd`ℓq, by part (i) L2pTd`ℓq Ă W Ă D1pTd`ℓq.

For technical treatments, we will also use a different but equivalent inner product
on HspTdq. (See Subsection 4.1.)

2.4. Pseudo-differential operators. The cotangent bundle over Td can be iden-
tified as T˚Td – Td ˆ Rd.

Choose a Planck’s constant ~ P p0, 1s.
Let ω~ be the counting measure over the lattice p~Zqd. Note that ω1 “ ω is the

same as introduced in Subsection 2.2.

Definition 2.3. A (complex-valued) function a P C8pT˚Tdq is called a symbol of
order m P R if for any α, β P Nd0, there is a constant Cαβ ą 0 such that

|Bαx B
β
ξ apx, ξq| ď Cαβxξym´|β| for any px, ξq P T˚Td,

where xξy “
a

1 ` |ξ|2. We denote the space of symbols of order m by Sm.

Definition 2.4. Given a symbol a P Sm, the linear operator Op~paq : DpTdq Ñ

DpTdq defined by

Op~paqφpxq “

ż

T˚Td

apx, ξqei2π
ξ
~ ¨px´yqφpyqdydω~pξq

“

ż

T˚Td

apx, ~ξqei2πξ¨px´yqφpyqdydωpξq

(2.5)

is called an ~-scaled pseudo-differential operator (PDO) of order m corresponding
to the symbol a P Sm. We denote the space of ~-scaled PDOs of order m by OP~S

m.
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The formula with ~ “ 1 in (2.5) gives the definition of classical pseudo-differential
operator Oppaq “ Op1paq. We denote OPSm “ OP1S

m. In this way, the ~-scaled
PDO with symbol a P Sm can be regarded as the classical PDO with symbol
a~ P Sm, that is, Op~paq “ Oppa~q, where a~px, ξq “ apx, ~ξq.

We see by (2.1) and (2.2), that if apx, ξq “ 1, then Oppaq “ Id; and if apx, ξq “

i2πξ, then Oppaq “
B

Bx
.

By standard duality argument, we extend Op~paq : D1pTdq Ñ D1pTdq. Moreover,
Op~paq : HspTdq Ñ Hs´mpTdq is a bounded operator if a P Sm. Some properties
about symbols and PDOs are stated in Subsection 2.6-2.8.

2.5. Fourier integral operators.

Definition 2.5. An ~-scaled Fourier integral operator (FIO) Φ~ : DpTdq Ñ DpTdq

with amplitude a P Sm and phase S P C8pTd ˆ pRdzt0uqq is of the form

Φ~φpxq “

ż

T˚Td

apx, ξqei2π
1
~ rSpx,ξq´y¨ξsφpyqdydω~pξq

“

ż

T˚Td

apx, ~ξqei2πrSpx,ξq´y¨ξsφpyqdydωpξq,

where the phase function Spx, ξq satisfies the following conditions:

(1) Spx, ξq is homogeneous of degree 1 in ξ for all |ξ| ‰ 0;

(2) Spx, ξq is non-degenerate, that is, det

ˆ

B2S

BxBξ

˙

‰ 0.

The classical Fourier integral operator Φ “ Φ~ : DpTdq Ñ DpTdq is the one with
~ “ 1.

Remark 2.6. (i) If we take Spx, ξq “ x ¨ ξ, then Φ~ becomes an ~-scaled pseudo-
differential operator.

(ii) If apx, ξq “ apxq, a function independent of ξ, and Spx, ξq “ Rpxq ¨ ξ for any
map R : Td Ñ Td, then Φ~φpxq “ apxqφpRpxqq by (2.1) and (2.2).

By standard duality argument, we can extend Φ~ : D1pTdq Ñ D1pTdq. Further,
Φ~ : HspTdq Ñ Hs´mpTdq is a bounded operator if its amplitude a P Sm.

Definition 2.7. The canonical transformation associated to an ~-scaled FIO with
phase S is the transformation px, ξq ÞÑ py, ηq given by

(2.6) y “
BSpx, ηq

Bη
, ξ “

BSpx, ηq

Bx
.

In other words, the phase function S serves as the generating function of the canon-
ical transformation.

2.6. Principal symbol and symbol calculus. If m ă m1, then Sm Ă Sm
1
and

OP~S
m Ă OP~S

m1
. Set S´8 “

Ş

mPR S
m. If a P S´8, then Op~paq is a smoothing

(and hence compact) operator.

Definition 2.8. A symbol a0 P Sm is called a classical principal symbol of Oppaq P

OPSm if a ´ a0 P Sm´1 and a0px, ξq is homogeneous in ξ of degree m for all
px, ξq P T˚Td with |ξ| sufficiently large.
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A symbol a0 P Sm is called a semiclassical principal symbol of Op~paq P OP~S
m

if a~ ´ pa0q~ P ~Sm as ~ Ñ 0, that is, for any α, β P Nd0, there is Cαβ ą 0 and
~αβ ą 0 such that for all px, ξq P T˚Td and ~ P p0, ~αβs,

|Bαx B
β
ξ papx, ~ξq ´ a0px, ~ξqq| ď Cαβ~xξym´|β|.

Note that usually the classical principal symbol for Oppaq and the semiclassical
principal symbol for Op~paq do not coincide. Also, principal symbol is not unique
in Sm but unique in the quotient class Sm{Sm´1.

Theorem 2.9. For classical PDOs, we have the following.

(1) Adjoint: If A P OPSm has a principal symbol a0, then the adjoint operator
A˚ P OPSm has a principal symbol a0.

(2) Composition: If A P OPSm has a principal symbol a0 and B P OPSm
1
has

a principal symbol b0, then the compositions A ˝B,B ˝A P OPSm`m1
both

have a principal symbol a0b0.
(3) Inverse: If A P OPSm has a principal symbol a0 and is invertible, then

A´1 P OPS´m has a principal symbol a´1
0 .

The above rules are also true for semiclassical PDOs when A P OP~S
m with a

semiclassical principal symbol a0 and B P OP~S
m1

with a semiclassical principal
symbol b0.

2.7. Egorov’s Theorem. We first state the original version of Egorov’s theorem
in [4] for the invertible case.

Theorem 2.10. Let A P OPSm with principal symbol a0, and Φ be a classical
FIO with amplitude b P S0 and phase S. Let Fpx, ξq “ py, ηq be the canonical
transformation associated to Φ, and assume that there is a domain Ω Ă T˚Td such
that F : Ω Ñ FpΩq is bijective. Then the operator Φ˚AΦ|FpΩq P OPSm has a
principal symbol a0 such that

a0py, ηq “ a0pFpx, ξqq “ a0px, ξq|bpx, ξq|2
ˇ

ˇ

ˇ

ˇ

det

ˆ

B2S

BxBξ

˙ˇ

ˇ

ˇ

ˇ

´1

.

For our purpose, we need the following version of Egorov’s theorem.

Theorem 2.11. Let A P OPSm with principal symbol a0, and Φ be a classical FIO
with amplitude b P S0 and phase S. Let Fpx, ξq “ py, ηq be the canonical transfor-
mation associated to Φ, and assume that F is a surjective local diffeomorphism with
finite inverse branches. Then the operator Φ˚AΦ P OPSm has a principal symbol
a0 such that

(2.7) a0py, ηq “
ÿ

Fpx,ξq“py,ηq

a0px, ξq|bpx, ξq|2
ˇ

ˇ

ˇ

ˇ

det

ˆ

B2S

BxBξ

˙ˇ

ˇ

ˇ

ˇ

´1

.

Proof. Given an inverse branch G of F , denote ΩG “ GpT˚Tdq. By Theorem 2.10,

Φ˚AΦ “
ÿ

G
Φ˚AΦ|ΩG P OPSm

has a principal symbol of the form in (2.7). �

Remark 2.12. We can easily adapt the proof of Theorem 2.10 and 2.11 in the
semiclassical situation and show that the semiclassical principal symbol of Φ˚

~AΦ~
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is still given by (2.7), where A P OP~S
m has a semiclassical principal symbol a0

and Φ~ is the ~-scaled FIO with amplitude b P S0 and phase S.

2.8. L2-Continuity. We first state a version of L2-continuity for a classical PDO
of order 0 established in [6].

Theorem 2.13. If apx, ξq P S0, then Oppaq : L2pTdq Ñ L2pTdq is a bounded
operator. Moreover, for any ε ą 0, there is a decomposition

Oppaq “ K `R

such that K : L2pTdq Ñ L2pTdq is a compact operator and

}R}L2ÑL2 ď sup
x

lim sup
|ξ|Ñ8

|apx, ξq| ` ε “ sup
x

lim sup
|ξ|Ñ8

|a0px, ξq| ` ε,

where a0 is a principal symbol of Oppaq.

For a semiclassical PDO of order 0, we need a version of Carderon-Vaillancourt
theorem established in [8].

Theorem 2.14. If apx, ξq P S0, then Op~paq : L2pTdq Ñ L2pTdq is a bounded
operator. Moreover, let a0 P S0 be a semiclassical principal symbol of Op~paq, then
as ~ Ñ 0,

}Op~paq}L2ÑL2 ď sup
px,ξqPT˚Td

|a0px, ξq| ` ~Cpa, dq,

where the constant Cpa, dq only depends on the Ck-norms of the symbol a, 0 ď k ď

2d.

3. Spectral Gap and Coboundary: Proof of the Theorems

3.1. Decomposition of Koopman operator. In this subsection we decompose

the Koopman operator pF : W Ñ W according to fiberwise Fourier expansion, where
W “ HspTdq b L2pTℓq is given in (2.4).

Given ϕ P W, we write the Fourier series expansion along Tℓ-direction as

ϕpx, yq “
ÿ

νPZℓ

ϕνpxqei2πν¨y,

where the Fourier coefficients are defined by

ϕνpxq “

ż

Tℓ

ϕpx, yqe´i2πν¨ydy P HspTdq, ν P Zℓ.

Note that for each Fourier mode ν P Zℓ,
pF pϕνpxqei2πν¨yq “ rϕνpTxqei2πν¨τpxqsei2πν¨y,

and it can be shown that ϕνpTxqei2πν¨τpxq P HspTdq.1 This observation suggests an
pF -invariant decomposition

W “ HspTdq b L2pTℓq “
à

νPZℓ

Hs
ν ,

1This fact is easy to show for s P N Y t0u, and hence is also true when s is a negative integer

by duality. For the general case, treat Hs as the interpolation between Htsu and Htsu`1. See
Section 4.2 in [14] for details.
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where Hs
ν :“ tφpxqei2πν¨y : φ P HspTdqu – HspTdq. Correspondingly, we decom-

pose pF “
À

νPZℓ
pFν , where each pFν “ pF |Hs

ν – pF |HspTdq acts by

(3.1) pFνφpxq “ φpTxqei2πν¨τpxq, φ P HspTdq.

In the case when s ă 0, using the fact that HspTdq is the dual space of H´spTdq

via L2-paring, we get

(3.2) pF˚
ν ψpxq “

ÿ

Ty“x

e´i2πν¨τpyq

|JacpT qpyq|
ψpyq, ψ P H´spTdq.

In other words, pF˚|H´spTdq is the RPF transfer operator over T : Td Ñ Td for
the complex potential function ´ log |JacpT q| ´ i2πν ¨ τ . In the case when ν “ 0,

we have that pF˚
0 h “ h, that is, the density function hpxq of µ w.r.t. dx is provided

by the eigenvector corresponding to the leading simple eigenvalue 1 of pF˚
0 . See [13]

for more details.
We shall use the fact pF˚

0 h “ h in the following particular form:
ÿ

Ty“x

Apyq “ 1, for all x P Td,

where

(3.3) Apyq “
1

|JacpT qpyq|

hpyq

hpTyq
.

Similarly, we have for all n P N,
ÿ

Tny“x

Anpyq “ 1, for all x P Td,

where

(3.4) Anpyq “
1

|JacpTnqpyq|

hpyq

hpTnyq
.

3.2. Spectral gap. Recall that the notion of spectral gap is given right before
Theorem 2 is stated (see (1.4)).

According to the decomposition of pF : W Ñ W, the spectral gap property follows
from the following propositions. The proof of the propositions will be given in the
next section, using the classical and semiclassical analysis theory.

Proposition 3.1. Let s ă 0 and ν P Zℓ. There are C1 ą 0 and ρ1 P p0, 1q such

that pFν : HspTdq Ñ HspTdq can be written as

pFν “ Kν `Rν ,

where Kν is a compact operator and

(3.5) }Rnν |HspTdq} ď C1ρ
n
1 , n P N.

Proposition 3.2. Let s ă 0 and assume that τ is not an essential coboundary.
There are ρ2 P p0, 1q and ν1 ą 0 such that for any ν P Zℓ with |ν| ě ν1, the spectral
radius

(3.6) Spp pFν |HspTdqq ď ρ2.
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Remark 3.3. (i) The quasi-compactness property is well known for Ruelle-Perron-
Frobenius transfer operator on Hölder function spaces over expanding maps. Propo-
sition 3.1 can be regarded as its dual version. The estimate in (3.5) shows that the

essential spectral radius of pFν is no more than ρ1;

(ii) Proposition 3.2 shows that the operator pFν |HspTdq is essentially a contraction

when the Fourier mode ν is very large, since the spectral radius of pFν is no more
than ρ2.

3.3. Proof of Theorem 2. Recall that the space W “ HspTdqbL2pTℓq is defined
in (2.4), where s ă 0.

Lemma 3.4. The spectral radius Spp pFν |HspTdqq ď 1 for ν P Zℓ.

Proof. The proof is similar as in [6], as we sketch here.
Choose ρ3 P p0, 1q such that maxtρ1, ρ2u ă ρ3 ă 1, where ρ1 and ρ2 are given in

Proposition 3.1 and 3.2 respectively. By Proposition 3.1, we can rewrite

pFν “ Kν `Rν “ pK1
ν `K2

ν q `Rν “ K1
ν ` pK2

ν `Rνq “ K1
ν `R1

ν

such that the spectral radius of R1
ν is less than ρ3. This can be done by defining

K1
ν and K2

ν to be the spectral projection of Kν outside and inside the circle tz :
|z| “ ρ3u respectively. K1

ν has finite rank since Kν is compact. The general Jordan
decomposition of K1

ν can be written

K1
ν “

k
ÿ

i“1

˜

λi

di
ÿ

j“1

vij b wij `

di´1
ÿ

j“1

vij b wipj`1q

¸

where di is the dimension of the Jordan block associated with the eigenvalue λi,
with vij P HspTdq and wij P H´spTdq. We arrange eigenvalues such that |λ1| ě

|λ2| ě ¨ ¨ ¨ ě |λk|.
Now if |λ1| ą 1, we can choose φ,ψ P DpTdq such that v11pψq ‰ 0 and w11pφq ‰ 0

since DpTdq is dense in both HspTdq and H´spTdq. On one hand,

|pψ, pFnν φqH´s,Hs | “

ˇ

ˇ

ˇ

ˇ

ż

Td

ψ pFnν φdx

ˇ

ˇ

ˇ

ˇ

ď |ψ|C0 |φ|C0 .

On the other hand,

|pψ, pFnν φqH´s,Hs | ě |pψ, pK1
ν qnφqH´s,Hs | ´ |pψ, pR1

νqnφqH´s,Hs |.

The second term converges to 0 since }pR1
νqn|HspTdq} “ Opρn3 q, while the first term

(3.7) |pψ, pK1
ν qnφqH´s,Hs | “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

k
ÿ

i“1

minpn,di´1q
ÿ

r“0

ˆ

n

r

˙

λn´r
i

di´r
ÿ

j“1

vijpψqwipj`rqpφq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

has a leading growth |λ1|n|v11pψq||w11pφq| Ñ 8 as n Ñ 8, which is a contradic-
tion. Therefore, all eigenvalues of K1

ν are of modulus no more than 1, and so are

eigenvalues of pFν . �

Lemma 3.5. If τ is not an essential coboundary, then the spectral radius Spp pFν |HspTdqq ă

1 for ν P Zℓzt0u. Moreover, 1 is the only eigenvalue of pF0 on the unit circle, which
is simple with eigenspace of constant functions.



11

Proof. The proof is essentially due to Pollicott [11]. Let λ be an eigenvalue of pFν
with modulus 1, and φ P HspTdq Ă Hs´ d

2 ´1pTdq be a corresponding eigenvector

such that pFνφ “ λφ. It is sufficient to show that ν “ 0, λ “ 1, and φ is a constant
function.

By duality, there is ψ P H´s` d
2 `1 Ă C1pTdq such that pF˚

ν ψ “ λψ. Let λ “ ei2πc

for some c P T, and set ψ “
ψ
h , where hpxq is the density function of µ w.r.t. dx.

By the definition of pF˚
ν in (3.2) and Apyq in (3.3), we have

(3.8)
ÿ

Ty“x

Apyqei2πrc´ν¨τpyqsψpyq “ ψpxq.

Now choose z such that |ψpzq| obtains maximum. Since
ř

Ty“z Apyq “ 1, we must

have |ψpyq| “ |ψpzq| for all y P T´1pzq. By induction, we get that |ψpyq| “ |ψpzq|

for all y P
Ť8
n“1 T

´npzq. Since T is mixing, the set
Ť8
n“1 T

´npzq is dense in Td,
and hence |ψpxq| “ |ψpzq| is constant. Thus (3.8) is a convex combination of points
of a circle which lies on the circle. From this we deduce that

ei2πrc´ν¨τpyqsψpyq “ ψpTyq

for all y P Td, and hence

ν ¨ τpyq “ c`
1

2π
argψpyq ´

1

2π
argψpTyq.

Since τ is not an essential coboundary, we must have ν “ 0. By integrating w.r.t.
dµ, we also have c “ 0 and argψ ” constant. Thus, λ “ 1 and ψ ” constant. �

Now we are ready to prove the spectral gap property for pF : W Ñ W.

Proof of Theorem 2. To sum up, by Proposition 3.1, 3.2 and Lemma 3.4, 3.5, we

have Specp pF0q “ t1uYK0, where 1 is an simple eigenvalue of pF0 and K0 is a compact
subset of the open unit disk. Thus, there is ρ4 P p0, 1q such that K0 Ă tz P C :
|z| ă ρ4u. Also,

Spp pFνq

#

ď ρ2, for all |ν| ě ν1,

ă 1, for all 0 ă |ν| ď ν1,

where ν1 is given in Proposition 3.2. Hence we can assume that
Ť

ν‰0 Specp pFνq is
inside tz P C : |z| ă ρ4u (by enlarging ρ4 if necessary). Adding the spectrums of

t pFνuνPZℓ together, we get that pF “ ‘ pFν has spectrum

Specp pF q “ t1u Y K,

where K “ K0 Y
Ť

ν‰0 Specp pFνq Ă tz P C : |z| ă ρ4u. �

3.4. Proof of Theorem 1. Now we use Theorem 2 to prove Theorem 1. What we

need to do is to show that if pF : W Ñ W has a spectral gap, then it is exponentially
mixing. In the proof we regard the observables ϕ and ψ as elements in W and W 1

respectivly, and use the fact that the dual action is standard L2-paring.

Proof of Theorem 1. Since pF : W Ñ W has a spectral gap, we can write pF “ P`N
such that

(1) P is a 1-dimensional projection, i.e., P2 “ P ;
(2) N is a bounded operator with spectral radius SppN q ă 1;
(3) PN “ NP “ 0.
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From the proof of Theorem 2, we know that 1 is the greatest simple eigenvalue for
pF0 with eigenvector 1 as well as for pF˚

0 with eigenvector h, and therefore, P “ 1bh.
Further, SppN q ď ρ4 ă 1, then there is C2 ą 0 such that }Nn} ď C2ρ

n
4 for all n P N.

Suppose ϕ P L8pTd`ℓq and ψ P CαpTd`ℓq are given. Pick s P r´α, 0q and let
W “ H´spTdq b L2pTℓq. Then the dual space of W is W 1 “ H´spTdq b L2pTℓq.
Note that CαpTd`ℓq Ă W 1 and L8pTd`ℓq Ă L2pTd`ℓq Ă W. We have ϕ P W and
ψ P W 1. Hence,

ż

pϕ ˝ FnqψdA “pψh, pFnpϕqqW 1,W

“pψh,PpϕqqW 1,W ` pψh,NnpϕqqW 1,W

“1 b hpψh, ϕq ` pψh,NnpϕqqW 1,W

“

ż

ψdA

ż

ϕdA` pψh,NnpϕqqW 1,W .

That is, the correlation function

Cnpϕ, ψ;F, dAq “ |pψh,NnpϕqqW 1,W | ď }Nn}}ψh}W 1 }ϕ}W ď Cϕ,ψρ
n
4

where Cϕ,ψ “ C2}ψh}W 1 }ϕ}W . �

Remark 3.6. Using some Sobolev inequalities, it is not hard to get that }ψh}W 1 ď

C3}ψ}Cα}h}C1 and }ϕ}W ď C4}ϕ}L8 , and hence Cϕ,ψ ď C5}ϕ}Cα}ψ}L8 .

3.5. Proof of Theorem 3. Now we show the characters of the system in the case
that τpsq is an essential coboundary.

Proof of Theorem 3. (i)ñ(ii). Suppose τpxq is an essential coboundary. For any
px, yq P Td ˆ Tℓ, we define

Lpx, yq “ tpx1, y1q P Td ˆ Tℓ : ν ¨ y1 ` upx1q “ ν ¨ y ` upxqu,

where ν P Zℓzt0u and u : Td Ñ T is given by Definition 1.1. Since u is a smooth
map, Lpx, yq is a smooth d ` ℓ ´ 1 dimensional manifold, and tLpx, yq : px, yq P

Td ˆ Tℓu form a foliation of Td ˆ Tℓ.
For px1, y1q P Lpx, yq, the definition of F gives

F px, yq “ pTx, y ` τpxqq and F px1, y1q “ pTx1, y1 ` τpx1qq.

By (1.3) we get

ν ¨ py ` τpxqq ` upTxq “ ν ¨ y ` ν ¨ τpxq ` upTxq “ ν ¨ y ` c` upxq

and similarly ν ¨ py1 ` τpx1qq ` upTx1q “ ν ¨ y1 ` c` upx1q. Hence we obtain

ν ¨ py1 ` τpx1qq ` upTx1q “ ν ¨ py ` τpxqq ` upTxq.

By definition of L, we get F px1, y1q P LpF px, yqq, that is, the foliation is F invariant.
(i)ñ(iii). Define a continuous map π : Td ˆTℓ Ñ Td ˆT by πpx, yq “ px, ν ¨ y`

upxqq and a diffeomorphism G : Td ˆ T Ñ Td ˆ T by Gpx, yq “ pTx, y ` cq, where
both ν and c are given by Definition 1.1. So by (1.3) we have

π
`

F px, yqq “π
`

Tx, y ` τpxq
˘

“
`

Tx, ν ¨ py ` τpxqq ` upTxq
˘

“
`

Tx, ν ¨ y ` c` upxq
˘

“ G
`

x, ν ¨ y ` upxq
˘

“ G
`

πpx, yq
˘

.

It is obvious that the map G “ T ˆ Rc : Td ˆ T Ñ Td ˆ T is semiconjugate to
the circle rotation Rc : T Ñ T.
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(ii)ñ(iii). Let p P Td be a fixed point of T . Restricted to tpu ˆ Tℓ, the leaves
of the foliation L become pℓ ´ 1q dimensional tori, and F : tpu ˆ Tℓ Ñ tpu ˆ Tℓ
preserve the leaves. Hence the quotient space Tℓ{ „ is a circle T, where y „ y1 if y
and y1 are in the same leave of L|tpuˆTℓ . Let π|tpuˆTℓ : tpu ˆ Tℓ Ñ tpu ˆ T be the
quotient map, and G|tpuˆT : tpu ˆ T Ñ tpu ˆ T be the map induced by F . Clearly
π|tpuˆT is continuous and G|tpuˆT is a rotation, denoted by Rc, where c P T.
π|tpuˆT and G|tpuˆT can be extended to map π : Td ˆ Tℓ Ñ Td ˆ T and G :

TdˆT Ñ TdˆT in a natural way such that π “ idTd ˆπ|tpuˆT andG “ TˆRc, where

π1 is a map from Tℓ to T. That is, for any px, yq P TdˆTℓ, let y1 P Lpx, yqXptpuˆTdq,
and define πpx, yq “ px, π|tpuˆTℓpy1qq; and for any px, ȳq P Td ˆ T define Gpx, ȳq “

pTx,GtpuˆTpȳqq “ pTx,Rcpȳqq. It is easy to check that π ˝G “ F ˝ π.
(iii)ñ(iv). This is because the circle rotation is not weak mixing.
(iv)ñ(i). If the map is not mixing, it cannot be exponentially mixing. Then we

use the dichotomy in Theorem 1. �

4. Spectrums of pFν : Proof of Proposition 3.1 and 3.2

We shall use the classical formulation to prove Proposition 3.1, and the semi-
classical one to prove Proposition 3.2.

4.1. The spaces and operators. We first construct a particular symbol on T˚Td
as follows. Choose

(4.1) R ą
maxt1, 2}Dτ}u

γ ´ 1
,

where γ is given in (1.1), and let g0 P C8pR`q be such that

(4.2) g0ptq “

#

1, t ď R,

t, t ě R ` 1,

and g0ptq is strictly increasing for t P rR,8q. Set gpξq “ g0p|ξ|q for ξ P Rd. Given
s ă 0, define a symbol

(4.3) λspx, ξq “ hpxq
1
2 gpξqs P Ss,

where hpxq is the density function of µ w.r.t. dx.
Denote Λs,~ “ Op~pλsq P OP~S

s and Λs “ Λs,1. We define a parameter family
of inner products on HspTdq by

xφ,ψyΛs,~ “ xΛs,~φ,Λs,~ψyL2 , φ, ψ P HspTdq, ~ P p0, 1s.

It is easy to check that every inner product in this family is equivalent to the stan-
dard one x¨, ¨ys defined in (2.3) since λspx, ξq — xξys for |ξ| large. When equipped
with the inner product x¨, ¨yΛs,~ , H

spTdq is denoted by HΛs,~pTdq instead. The

Sobolev space HΛs,~ is unitarily equivalent to the L2 space, that is,

Λs,~HΛs,~pTdq – L2pTdq, or HΛs,~pTdq – Λ´1
s,~L

2pTdq.
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4.2. Proof of Proposition 3.1. Recall that pFν is given in (3.1).

Proof of Proposition 3.1. In Definition 2.5, we choose ~ “ 1, and choose ampli-
tude apx, ξq “ ei2πν¨τpxq P S0 and phase Spx, ξq “ Tx ¨ ξ. Then by (3.1) and
Remark 2.6(ii), we have

pFνφpxq “ apx, ξqφpTxq “

ż

T˚Td

ei2πν¨τpxqei2πrTx¨ξ´y¨ξsφpyqdydωpξq

for any ν P Zℓ. The canonical transformation px, ξq ÞÑ py, ηq associated to pFν is
given by

y “ Tx, η “ rpDxT qts´1ξ.

With Λs “ Λs,1 constructed in the previous subsection, we get the following
commutative diagram

HΛs
pTdq

pFν
ÝÝÝÝÑ HΛs

pTdq

Λs

§

§

đ

§

§

đ

Λs

L2pTdq
Qν

ÝÝÝÝÑ L2pTdq,

where Qν “ Λs pFνΛ
´1
s . Denote Pν “ Q˚

νQν . Then we have

Pν “ Q˚
νQν “ pΛ´1

s q˚
”

pF˚
ν pΛ˚

sΛsq pFν

ı

Λ´1
s : L2pTdq Ñ L2pTdq.

Note that
?
Pν and pFν share the same spectrum in modulus.

Denote by ppx, ξq the principal symbol of Pν (see Subsection 2.6 for definition).
By Theorem 2.9 and L2-continuity theorem (Theorem 2.13), the operator Pν :
L2pTdq Ñ L2pTdq is of order 0 and hence bounded such that Pν “ K ` R, where
K is compact. By Lemma 4.1 below, the definition of g in the previous subsection,
and the definition γ in (1.1), we get

}R}L2ÑL2 ď sup
x

lim sup
|ξ|Ñ8

|ppx, ξq| ` ε

“ sup
x

lim sup
|ξ|Ñ8

ÿ

x“Ty

Apyq

ˆ

gppDyT qtξq

gpξq

˙2s

` ε

ď sup
x

ÿ

x“Ty

Apyq lim sup
|ξ|Ñ8

ˆ

|pDyT qtξ|

|ξ|

˙2s

` ε

ď sup
x

ÿ

x“Ty

Apyqγ2s ` ε “ γ2s ` ε.

Choose ε small enough such that ρ1 :“
a

γ2s ` ε ă 1. By polar decomposition,
Qν “

?
PνUν for some unitary operator Uν : L2pTdq Ñ L2pTdq. By spectral

theorem, Qν also has a similar decomposition Qν “ K1 ` R1 such that K1 is
compact and }R1} ď ρ1. By unitary equivalence between Qν : L2pTdq Ñ L2pTdq

and pFν : HΛspTdq Ñ HΛspTdq, there is a similar decomposition pFν “ Kν `Rν such
that Kν is compact, and }Rν |HΛspTdq} ď ρ1. Choose C1 ą 0 such that

1
?
C1

ď
}φ}Λs

}φ}s
ď

a

C1 for any φ P HspTdq,

then we have

}Rnν |HspTdq} ď C1}Rnν |HΛspTdq} ď C1}Rν |HΛspTdq}n ď C1ρ
n
1 .
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This completes the proof of Proposition 3.1. �

Lemma 4.1. Pν P OPS0 has a principal symbol

ppx, ξq “
ÿ

x“Ty

Apyq

ˆ

gppDyT qtξq

gpξq

˙2s

,

where Apyq is defined in (3.3).

Proof. Note that Λs has a principal symbol λs. By Theorem 2.9, Λ˚
s P OPSs has a

principal symbol λs, and Λ´1
s , pΛ´1

s q˚ P OPS´s both have a principal symbol λ´1
s .

Further, Λ˚
sΛs P OPS2s has a principal symbol λ2s. Then by Egorov’s theorem 2.11,

pF˚
ν pΛ˚

sΛsq pFν P OPS2s has a principal symbol

a0py, ηq “
ÿ

y“Tx,

η“rpDxT qts´1ξ

λ2spx, ξq

ˇ

ˇ

ˇ
ei2πν¨τpxq

ˇ

ˇ

ˇ

2

| detpDxT qt|´1

“
ÿ

y“Tx

λ2spx, pDxT qtηq

|JacpT qpxq|
.

Use the composition rule again and recall the definition of λs in (4.3), we have
Pν P OPS0 with a principal symbol

ppy, ηq “
ÿ

y“Tx

λ2spx, pDxT qtηq

|JacpT qpxq|

1

λ2spy, ηq

“
ÿ

y“Tx

1

|JacpT qpxq|

hpxq

hpyq

gppDxT qtηq2s

gpηq2s

“
ÿ

y“Tx

Apxq

ˆ

gppDxT qtηq

gpηq

˙2s

.

This is what we need. �

4.3. Proof of Proposition 3.2. While we use the classical formulation to prove
Proposition 3.1, we use the semiclassical one to show Proposition 3.2. The key step
of the proof is the estimate stated and proved in Lemma 5.1 in the next section.

Proof of Proposition 3.2. Let ν P Zℓzt0u. Take ~ “
1

|ν|
.

In Definition 2.5, we choose amplitude apx, ξq “ 1 P S0 and phase function

(4.4) Sνpx, ξq “ Tx ¨ ξ `
ν

|ν|
¨ τpxq.

Then by Remark 2.6(ii), pFν is an ~-scaled FIO of the form

pFνφpxq “ φpTxqei2πν¨τpxq “

ż

T˚Td

ei2π
1
~ trTx¨ξ` ν

|ν| ¨τpxqs´y¨ξuφpyqdydω~pξq.

Inductively, we have

pFnν φpxq “φpTnxqei2πν¨
řn´1

k“0 τpTkxq

“

ż

ei2π
1
~ trTnx¨ξ` ν

|ν| ¨
řn´1

k“0 τpTkxqs´y¨ξuφpyqdydω~pξq,
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where the phase function now is

Sν,npx, ξq “ Tnx ¨ ξ `
ν

|ν|
¨

n´1
ÿ

k“0

τpT kxq.

The canonical transformation px, ξq ÞÑ py, ηq associated to pFnν is given by

y “ Tnx, η “ rpDxT
nqts´1rξ ´Wν,npxqs,

where

(4.5) Wν,npxq “ Wnpxq ¨
ν

|ν|
and Wnpxq “

n´1
ÿ

k“0

pDxT
kqtrDTkxτ st.

The following commutative diagram

HΛs,~pTdq
pFn
ν

ÝÝÝÝÑ HΛs,~pTdq

Λs,~

§

§

đ

§

§

đ

Λs,~

L2pTdq
rQn
ν

ÝÝÝÝÑ L2pTdq

suggests that we study the operator

rPν,n “ p rQnν q˚
rQnν “ pΛ´1

s,~q˚
”

p pFnν q˚pΛ˚
s,~Λs,~q pFnν

ı

Λ´1
s,~ : L2pTdq Ñ L2pTdq

since the spectral radius

(4.6) Spp pFν |HΛs,~pTdqq “ Spp rQν |L2pTdqq “ lim
nÑ8

2n

b

} rPν,n|L2pTdq}.

By Lemma 4.2 below, for all n P N and ν P Zℓzt0u, rPν,n P OP~S
0 has a principal

symbol rpν,npx, ξq given by (4.7). By Theorem 2.14 and Lemma 5.1 in the next
section, we know that there exist n0 P N and rp0 ă 1 such that

} rPν,n0 |L2pTdq} ď sup
px,ξqPT˚Td

rpν,n0px, ξq ` ~Cd ď rp0 `
Cd
|ν|

for some constant Cd ą 0. Choose ν1 ą 0 such that

ρ2 :“ 2n0

c

rp0 `
Cd
ν1

ă 1,

then sup
|ν|ěν1

} rPν,n0
|L2pTdq} ď ρ2n0

2 . By (4.6) and the subadditivity of the sequence

t} rPν,n|L2pTdq}unPN, we have the spectral radius

Spp pFν |HspTdqq “ Spp pFν |HΛs,~pTdqq “ lim
nÑ8

2n

b

} rPν,n|L2pTdq} ď ρ2.

This completes the proof of Proposition 3.2. �

Lemma 4.2. For each n P N and ν P Zℓzt0u, rPν,n P OP~S
0 has a principal symbol

(4.7) rpν,npx, ξq “
ÿ

x“Tny

Anpyq

ˆ

gppDyT
nqtξ `Wν,npyqq

gpξq

˙2s

,

where Anpyq is given in (3.4) and Wν,npyq “
ν

|ν|
Wnpyq is given in (4.5).
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Proof. Note that Λs,~ P OP~S
s has a principal symbol λs. By Theorem 2.9,

Λ˚
s,~ P OP~S

s has a principal symbol λs, and Λ´1
s,~, pΛ´1

s,~q˚ P OP~S
´s both have a

principal symbol λ´1
s . Further, Λ˚

s,~Λs,~ P OP~S
2s has a principal symbol λ2s. By

Remark 2.12 for Egorov’s theorem, p pFnν q˚pΛ˚
s,~Λs,~q pFnν P OP~S

2s has a principal
symbol

an0 py, ηq “
ÿ

y“Tnx,

η“rpDxT
nqts´1rξ´Wν,npxqs

λ2spx, ξq ¨ 12 ¨ | detpDxT
nqt|´1

“
ÿ

y“Tnx

λ2spx, pDxT
nqtη `Wν,npxqq

|JacpTnqpxq|
.

By composition rule again, rPν,n P OP~S
0 has a principal symbol

rpν,npy, ηq “
ÿ

y“Tnx

λ2spx, pDxT
nqtη `Wν,npxqq

|JacpTnqpxq|

1

λ2spy, ηq

“
ÿ

y“Tnx

1

|JacpTnqpxq|

hpxq

hpyq

gppDxT
nqtη `Wν,npxqq2s

gpηq2s

“
ÿ

y“Tnx

Anpxq

ˆ

gppDxT
nqtη `Wν,npxqq

gpηq

˙2s

.

This is what we need. �

5. The Principal Symbol: Proof of Lemma 5.1

The estimates given in Lemma 5.1 in the section is the most important step to

obtain the radius of the spectrum of pFν |HspTdq strictly less than 1.

Lemma 5.1. If τpxq is not an essential coboundary, then there exists n0 P N such
that

(5.1) rp0 :“ sup
νPZℓzt0u

sup
px,ξqPT˚Td

rpν,n0px, ξq ă 1.

Proof. Given ν P Zℓzt0u and x P Td, we consider the affine map Fν,x : Rd Ñ Rd
given by

(5.2) Fν,xpξq “ pDxT qtξ ` rDxτ st
ν

|ν|
,

and the n-th iterates

(5.3) Fn
ν,xpξq “

n´1
ź

k“0

Fν,Tkxpξq “ pDxT
nqtξ `Wν,npxq.

Therefore, we can rewrite (4.7) as

rpν,npx, ξq “
ÿ

x“Tny

Anpyq

„

gpFn
ν,ypξqq

gpξq

ȷ2s

.

By Sublemma 5.3 below, for any ν P Zℓzt0u, there is n0pνq ą 0 such that

sup
px,ξqPT˚Td

rpν,n0pνqpx, ξq ă 1.
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We can strength it as follows. By Sublemma 5.2 below, rpν,n0pνqpx, ξq ă 1 implies

that there is y P T´npxq such that |Fn0pνq
ν,y pξq| ą R. Since Fn0pνq

ν,y pξq depends on
ν

|ν|

continuously, there is εpνq ą 0 such that |Fn0pνq

ν1,y pξq| ą R whenever

ˇ

ˇ

ˇ

ˇ

ν1

|ν1|
´

ν

|ν|

ˇ

ˇ

ˇ

ˇ

ă

εpνq. Moreover, by proof of Sublemma 5.2, we know that

|Fn
ν1,ypξq| ě |Fn0pνq

ν1,y pξq| ą R,

for any n ě n0pνq. By Sublemma 5.2 again, we have

sup
px,ξqPT˚Td

rpν1,npx, ξq ă 1,

for any |ν1{|ν1| ´ ν{|ν|| ă εpνq and n ě n0pνq.
Since all tν{|ν|uνPZℓ lies on the unit pℓ´ 1q-sphere Sℓ´1, which is compact, there

are ν1, ν2, . . . , νk P Zℓ such that the finite collection of open balls tBpνj{|νj |, εpνjqu1ďjďk

covers Sℓ´1. Therefore, we obtain (5.1) if we set

n0 “ maxtn0pν1q, . . . , n0pνkqu.

Then we can obtain what we need. �

Sublemma 5.2. Let ν P Zℓzt0u.

(1) rpν,npx, ξq ď 1 for all n P N and px, ξq P T˚Td;
(2) rpν,npx, ξq ă 1 if and only if there is y P T´nx such that |Fn

ν,ypξq| ą R. In

other words, rpν,npx, ξq “ 1 if and only if |Fk
ν,ypξq| ď R for any y P T´nx

and 0 ď k ď n.

Proof. First recall that
ř

x“Tny

Anpyq “ 1, and every Anpyq is positive.

Given ξ P Rd with |ξ| ą R, we observe that all iterates Fk
ν,ypξq will be outside

the interval r´R,Rs. Indeed, by the choice of R in (4.1), we have |ξ| ą
2}Dτ}

γ ´ 1
. So

by (5.2)

|Fν,ypξq| ě |pDyT qtξ| ´

ˇ

ˇ

ˇ

ˇ

rDyτpyqst
ν

|ν|

ˇ

ˇ

ˇ

ˇ

ě γ|ξ| ´ }Dτ} ě γ|ξ| ´
γ ´ 1

2
|ξ| “

γ ` 1

2
|ξ|,

and hence for all k ě 0,

|Fk
ν,ypξq| ě

ˆ

γ ` 1

2

˙k

|ξ| ě |ξ| ą R.

By the definition of gpξq defined in (4.2), the quotient

„

gpFn
ν,ypξqq

gpξq

ȷ2s

$

’

&

’

%

“ 1 if |Fk
ν,ypξq| ď R for all 0 ď k ď n;

ă 1 otherwise.

In either case, we always get

„

gpFn
ν,ypξqq

gpξq

ȷ2s

ď 1 and hence

rpν,npx, ξq “
ÿ

x“Tny

Anpyq

„

gpFn
ν,ypξqq

gpξq

ȷ2s

ď
ÿ

x“Tny

Anpyq “ 1.
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Now clearly, rpν,npx, ξq “ 1 if and only if we are in the first case, that is, |Fk
ν,ypξq| ď R

for any y P T´nx and 0 ď k ď n. �

Next we show that

Sublemma 5.3. Suppose τpxq is not an essential coboundary. Then for any ν P

Zℓzt0u, there is n0pνq P N such that

sup
px,ξqPT˚Td

rpν,n0pνqpx, ξq ă 1.

Proof. Let us argue by contradiction. If

sup
px,ξqPT˚Td

rpν,npx, ξq “ 1

for all n P N, then according to the proof of Sublemma 5.2, we actually have

sup
px,ξqPT˚Td

rpν,npx, ξq “ max
px,ξqPTdˆr´R,Rs

rpν,npx, ξq “ 1.

So for each n P N, there is pxn, ξnq P Td ˆ r´R,Rs such that rpν,npxn, ξnq “ 1.
Using (5.3) and then Sublemma 5.2 (2), we get that

|Fk
ν,ypξnq| “ |pDyT

kqtξn `Wν,kpyq| “

ˇ

ˇ

ˇ
pDyT

kqt
´

ξn ` ĂWν,kpyq

¯ˇ

ˇ

ˇ
ď R,

for any y P T´npxnq and 1 ď k ď n, where

(5.4) ĂWν,kpyq “ rpDyT
kqts´1Wν,kpyq “

k´1
ÿ

j“0

rpDT jyT
k´jqts´1rDT jyτ st

ν

|ν|
.

By (1.1), we have

(5.5)
ˇ

ˇ

ˇ
ξn ` ĂWν,kpyq

ˇ

ˇ

ˇ
ď

R

γk
, @y P T´npxnq, 1 ď k ď n.

We would like to rewrite ĂWν,kpyq in terms of xn as follows. Suppose the degree
of the expanding endomorphism T : Td Ñ Td is N . We denote

(5.6) ΣnN “ ti “ pi1, i2, . . . , inq : ij “ 0, 1, . . . , N ´ 1u, 1 ď n ď 8.

Let T´1
0 , T´1

1 , . . . , T´1
N´1 be the inverse branches of T . Given x P Td and i P ΣnN , for

any 1 ď k ď n, we denote T´k
i x “ T´1

ik
. . . T´1

i1
x. So T´k

i x is well defined whenever
k ď n ď 8.

For all x P Td, i P ΣnN and 1 ď k ď n ă 8, we define

Vν,kpi, xq :“
k

ÿ

j“1

Dx

„

ν

|ν|
¨ τpT´j

i pxqq

ȷ

“

k
ÿ

j“1

rpDT´j
i xT

jqts´1rDT´j
i xτ st

ν

|ν|
.(5.7)

Since for any x P Td,

(5.8)
8
ÿ

j“k

ˇ

ˇ

ˇ

ˇ

rpDT´j
i xT

jqts´1rDT´j
i xτ st

ν

|ν|

ˇ

ˇ

ˇ

ˇ

ď |Dτ |8

8
ÿ

j“k

γ´j Ñ 0 as k Ñ 8,

and the convergence is uniform, Vν,kpi, xq can be defined for i P Σ8
N and k “ 8.

We denote Vνpi, xq “ Vν,8pi, xq in this case.
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Comparing (5.4) and (5.7), we see ĂWν,kpyq “ Vν,kpi, xq whenever y “ T´n
i pxq.

Therefore, we can rewrite (5.5) as

|ξn ` Vν,kpi, xnq| ď
R

γk

for any i P ΣnN and 1 ď k ď n. Since tpxn, ξnqu lies in the compact region Td ˆ

r´R,Rs, there is an accumulation point px˚, ξ˚q. By taking n Ñ 8 and k Ñ 8 in
the above inequality, we get Vνpi, x˚q “ ´ξ˚, regardless of the choice for i P Σ8

N .
For x P Td, take w P t0, 1, . . . , N ´ 1u such that such that x “ T´1

w pTxq. For
any i P Σ8

N , we can check directly using (5.7), to get

(5.9) pDT´1
w xT qtVνpwi, xq “ Vνpi, T´1

w xq ` rDT´1
w xτ st

ν

|ν|
.

By Claim 1 below we know that Vνpi, xq is independent of i. Hence, we can
define a function Vν : Td Ñ Rℓ by

(5.10) Vνpxq “ Vνpi, xq, for any i P Σ8
N ,

if x P Td. Replacing x by Tx in (5.9), we get

(5.11) pDxT qtVνpT pxqq “ Vνpxq ` rDxτ st
ν

|ν|
.

By Claim 2, the function u : Td Ñ T given by

upxq “

ż 1

0

Vνptx1, tx2, . . . , txdq dt

is well-defined. Integrating (5.11), we get

upTxq “ upxq `
ν

|ν|
¨ τpxq ` c

for some constant c P T, which contradicts to the fact that τpxq is not a directional
essential coboundary. �

Claim 1. For any x P Td, Vνpi, xq is independent of i, that is, Vνpi, xq “ Vνpi1, xq

for all i, i1 P Σ8
N .

Proof. Take x “ x˚ and using the fact Vνpi, x˚q “ ´ξ˚ in (5.9), we can get

Vνpi, T´1
w x˚q “ ´pDT´1

w x˚T qtξ˚ ´ rDT´1
w x˚τ st

ν

|ν|
.

The right hand side is independent of i, and hence, Vνpi, T´1
w x˚q “ Vνp0, T´1

w x˚q,
where 0 “ p0, 0, . . . q P Σ8

N .
Inductively, one can show that Vνpi, xq “ Vνp0, xq for all x P

Ť8
n“1 T

´npx˚q and

thus for all x P Td, since the set
Ť8
n“1 T

´nx˚ is dense in Td. �

Claim 2. For any x “ px1, x2, . . . , xdq P Td “ pR{Zqd and 1 ď k ď d,

ż 1

0

Vνpx1, . . . , xk´1, t, xk`1, . . . , xdq dt “ 0.
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Proof. By (5.10) and (5.7), we rewrite for arbitrary M P N,

Vνpxq “
1

NM

ÿ

iPΣM
N

Vνpi0, xq

“
1

NM

ÿ

iPΣM
N

Vν,M pi0, xq `
1

NM

ÿ

iPΣM
N

rVνpi0, xq ´ Vν,M pi0, xqs

“
1

NM

M
ÿ

j“1

ÿ

iPΣj
N

Dx

„

ν

|ν|
¨ τpT´1

ij
. . . T´1

i1
pxqq

ȷ

`
1

NM

ÿ

iPΣM
N

rVνpi0, xq ´ Vν,M pi0, xqs.

For the first term, we have
ż 1

0

ÿ

iPΣj
N

Dx

„

ν

|ν|
¨ τpT´1

ij
. . . T´1

i1
px1, . . . , xk´1, t, xk`1, . . . , xdqq

ȷ

dt

“
ν

|ν|
¨

ÿ

iPΣj
N

”

τpT´1
ij

. . . T´1
i1

px1, . . . , xk´1, 1, xk`1, . . . , xdqq

´ τpT´1
ij

. . . T´1
i1

px1, . . . , xk´1, 0, xk`1, . . . , xdqq

ı

Since px1, . . . , xk´1, 0, xk`1, . . . , xdq and px1, . . . , xk´1, 1, xk`1, . . . , xdq are the same

point in Td, and both tT´1
ij

. . . T´1
i1

px1, . . . , xk´1, 0, xk`1, . . . , xdq : i P ΣjNu and

tT´1
ij

. . . T´1
i1

px1, . . . , xk´1, 1, xk`1, . . . , xdq : i P ΣjNu are the sets of all jth preim-

ages of the point. Hence they are the same on Td. Since τ is a function on Td, the
right hand side of the equality must be 0.

On the other hand, by (5.8) the convergence Vν,M pi0, xq Ñ Vνpi0, xq is uniform
in i as M Ñ 8. By choosing M large enough, the integral of Vνpxq is arbitrary
small and hence 0. �
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