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ABSTRACT. We construct a smooth hyperbolic volume preserving diffeomor-
phism on a four dimensional compact Riemannian manifold which has count-
ably many ergodic components and is arbitrarily close to the identity map.

0. INTRODUCTION

In 1978 Ya. Pesin proved that a hyperbolic volume preserving diffeomorphism
f on a compact Riemannian manifold M admits at most countably many ergodic
components (mod 0) by showing that almost every ergodic component has posi-
tive volume ([P]). Here hyperbolicity means nonzero Lyapunov exponents almost
everywhere. However, an example of a system which has infinitely many ergodic
components was unknown till 2000 when D. Doglopyat, Ya. Pesin and H. Hu con-
structed a diffeomorphism of the 3-dimensional torus that satisfies the properties
stated above (see [DHP]).

The construction starts with a product F' of a two dimensional toral automor-
phism A : T2 — T2 and the identity map on a circle, F = A x id. The space is then
partitioned into countably many subsets, M = T? x S = U2 (T? x [54+, %))
The diffeomorphism is then obtained by applying two small perturbations on each
subset, one for ergodicity, and the other one for hyperbolicity. The latter one is a
perturbation which removes the zero Lyapunov exponent along the interval direc-
tion. Since the original map F' is a product of Anosov and identity, the resulting
map will be away from the identity. In this paper we construct a system satisfying
the properties in [DHP] in the proximity of the identity map. Our map is a per-
turbed geodesic flow on a surface of constant negative curvature instead of a toral
automorphism. We will need three perturbations instead of two since there are two
zero Lyapunov exponents to remove.

There are two difficulties in this construction. First, to obtain ergodicity we
need accessibility. For this purpose we need to show that almost every point is
accessible to a given central leaf along the interval direction. Since both strong
stable and unstable leaves are one dimensional, the accessibility is easy to achieve
in a three dimensional space as in [DHP] and extra work is necessary in our case
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because the space we work with is four dimensional. Second, the technique to
remove the second zero Lyapunov exponent is more delicate. While we change the
last Lyapunov exponent, we need to keep all other exponents nonzero at the same
time. But the direction corresponding to the “small” nonzero exponent obtained
by the earlier perturbation is not stable under perturbation.

Our results show that systems which are hyperbolic, volume preserving, and
with countably many ergodic components exist in any neighborhood of the iden-
tity. However, the phenomenon may not be true for other properties of dynamical
systems. For example, it is generally believed that there is no uniformly hyperbolic
(Anosov) system in a neighborhood of the identity.

It is also interesting to compare our theorem with the results in [CS] and [X].
They show that on any manifold M of dimensional at least two, there are open
sets of volume preserving diffeomorphisms of M, all of which have positive measure
sets on which all of the Lyapunov exponents are zero. In the terminology used in
[BPSW], they prove that there are open sets of neutral volume preserving diffeomor-
phisms away from the identity, while we show that there are (fully) nonuniformly
hyperbolic systems near identity.

1. STATEMENT OF RESULTS

We prove the following result.

Theorem. There exists a four dimensional compact Riemannian manifold M such
that for any 6o > 0, we can find a C*° diffeomorphism f of M with the following
properties:

(1) If —idfle, < do;

(2) f preserves the Riemannian volume p on M;

(3) p is a hyperbolic measure;

(4) f has countably many ergodic components which are open (mod 0).

2. CONSTRUCTION

Let g* : Mg — My be a geodesic flow on a compact surface of a negative constant
curvature.

Choose a closed orbit C.

Take 0 < § < Jp/2 such that all points in C are periodic points of g°. Take
G =g°.

Let F = G x id be the map from M = My x S! to itself. We will perturb F to
obtain the desired map f.

Consider a countable collection of intervals {I,,}°2 ; on the circle S*, where

Ln=[n+27"(n+1)7", Lyai=10-mn+1)""1-n+2)""]

o0
Clearly, |J I, =(0,1) and int I,, are pairwise disjoint.
n=1

Choose §' > 0 small enough. By Main Proposition below, for each n one can
construct a C'*° volume preserving ergodic hyperbolic diffeomorphism f, : MyxI —
My x I satisfying: 1) [|F — follc, < 8'n™%; 2) for all 0 < n < 0o, DF fu|agx (s =
DkF|MOX{S} for s =0 or 1.

Let L, : I, — I be the affine map and w, = (id,L,) : My x I, — My x I.
Clearly, ||7,| < 5n? and ||m ;|| < 1.
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We define the map f by setting f|a <1, = m,  fnmyn for all n and then letting
f|M0><{0} = F|M0><{0}~ Note that

HFlMoXI” — 7T;1fn7rnHC1 < Hﬂ';l(F — fn)ﬂanl <&t 5n? =56n"2% <.

It follows that f is C°° on M and has the required properties.

3. MAIN PROPOSITION
The goal of this section is to prove the following statement.

Main Proposition. Let S = G x id be the diffeomorphism from N = My x I to
itself. For any § > 0, there exists a map P such that:
(1) P is a C* volume preserving diffeomorphism of N;
(2) IS = Plle, <6;
(3) for all0 <n < 0o, D"P|yyxisy = D™S|ayxisy if s =0 and 1;
(4)

P s ergodic with respect to the Riemannian volume and has non-zero Lya-
punov exponents almost everywhere.

Note that S is not ergodic, and has two zero Lyapunov exponents. We perturb
S by three small perturbations h(® : Q; — Q;, i = 1,2,3, where Q; C N, to get
ergodicity and to remove zero Lyapunov exponents.

Proof of Main Proposition: Note that the tangent bundle of N can be written
as a direct sum of four one-dimensional S-invariant subbundles:

TN = E“(S)® E*(S) ® E°(S) ® E"(9),

where E*(S), E*(S) and E°(S) are the unstable, stable and flow directions of the
geodesic flow g* : My — My, and E™(S) is the tangent space of I. The correspond-
ing Lyapunov exponents of S at w € N are denoted by \*(w, S), A\*(w, S), A\(w, S)
and A" (w, S) respectively. It is clear that the Lyapunov exponents are constants
at almost every point w € N, though S is not ergodic. We simply denote them by
AU(S) ete. Also, we know that A*(S) > 0, A*(S) < 0 and A°(S) = A*(S) = 0. We
will often take local coordinate system w = (z,y,t,2) in N in such a way that

a u 6 C 6 n

(3.1) dp = dxdydtdz, where pr E“(S), prie E°(9), 5 = E™(S).

Fix 7 € (0,2/3).

Take ko € N such that for v < §, 70 = 1/4, some C > 0, and 6 = 7 /kg such that
the properties stated in Lemma 7.3 are satisfied.

Recall that C is the closed orbit taken in Section 2. Take another closed orbit
C' € My of gt.

Choose a set 2y and constant gy according to Lemma 7.2 with 71 = (1—1.37)(ko+
1)~L. Hence

(3.2) p( | G')<1-137
0<i<kg

We also assume that £y is small enough such that C and C’ are at least 3gq
separated.

Construction of h(Y) : O — Q.

Fix p € C, a periodic point of G with period m € N.

We assume further that g > 0 is small such that for any w € N,

(3.3) H(Blw,0)) < 2o
om
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FIGURE 1. Construction of h(1.

Here B(w,eo) denotes the ball in My of radius e centered at w.

We assume that G*(B(p,e0)) N B(p,e0) =0 fori=1,---m — 1.

For any z € My, let V¥(z) and V*(z) be the local unstable and stable one
dimensional manifold at z for G of “size” ey.

Since both W*(C’) and W*(C’) are dense in My, we can choose p1,ps € C’, and
the smallest integers n1,mn2 > 0 such that each intersection

G ™MV (G™p) NV%p)N B(p,eg) and G™ V(G ™pa) NV*(p) N B(p, o)

consists of a single point ¢; and ¢y respectively.
Take 1 < min{d,d(p, ¢1)/2,d(p, g2)/2}. Take £ > 2 such that

(3-4) G @) & Bp,e1), G TVM(qr) € B(p,e).
Then we take g5 € (0,e1) such that G=+D™(q1) € B(p, e3).
Let €4 = B(p,e0) x I. Denote
(35) Q=0 J(B(C e3) x I J(U5' G (B(p.20) x D)2 |,
where
Q) = B(UG™ V(G pr) ) X
Q) = B(UZ,G™ 'V (G~ py),e3) x I,
and B(Q,¢) is the e-neighborhood of the set © in My and &3 is chosen such that
(3.6) p < 0.17 k.

This is possible because of (3.3).
Take a coordinate system w = (z,y,t,2) in Q; satisfying (3.1). Take the y-
coordinate in such a way that a% = E*(S) along the path V*(p).
Choose a C* function ¢ = ¢(r) : Rt — RT which satisfies
(1) ¢(r) = ¢o if r € [0,£2], where ¢¢ is a positive constants;
(2) ¢(x) =0if x> ey
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(3) ¢'(z) <0 for any x;
) lgller < 0.

Choose a C'*° function 1 = (y) : R — R™ which satisfies
5. Y(z) =1 if x € (—e2,e2), where ¢y is a positive constant;
6. Y(z) =0if |z] > eq;

7 Yller < 6
8. foﬂl (s)ds = 0.
We also choose a C* functions € : I — R™ satisfying:
9. £(s) >0 on (0,1);
10. £€D(0) =€¢®(1) =0fori=0,1,2,---;
11 [|¢]ler < 6.
Then we define the vector field X on ; by

X(entd) = (~0(FFPEE) [ ol 0, 0 oI )

It is easy to check that X is a divergence free vector field supported in (—e1,£1) X
(—e1,61) x (—e1,61) x I € Q;. We define the map h(V) = h(ﬁl) on  to be the
time 3 map of the flow generated by X and we set h(!) = id on the complement of

Q1. Tt is easy to see that h(1) is a C> volume preserving diffeomorphism. Also, we
assume that £ is small enough such that || —id || < 6.

Let R = Rg = h(ﬁl) o S for some small 5 > 0. By Proposition 4.1, for any small
8>0, R: N — N is ergodic.

Construction of h2 0y — Q.

Choose a point w* = (wg, z0) € N, where w§ € My and 2 is the midpoint of I.
Choose 0 < g4 < gg. Let Qy = B(w*,e4), where B(w,¢) denotes the ball in N of
radius € centered at w € N. We assume that wg and €4 is chosen in such a way
that Qs N (Ql UQoxI)=0and S™Q N (QUQ) =0 fori=1,---, Ny, where
Ny is an integer large enough such that (B. 19) in [DHP] holds for this Ny. We also
assume that ¢4 is small enough such that

(3.7) () < 2T

Let p(r) = (e4/€1)¢(re1/ea). To define h(?)| we take the cylindrical coordinate
system (r,60,y,t) in Qo, where x = rcosf, y = y, t = ¢t and z = rsinf. Define

h® =2 on N by
(3.8) KD (r,0,y,t) = (r, 0+ ap(\/y? + 2)p(r), y,t).

Then we extend h(?) to N by letting h(?) = id on Q5.

Let Q= Qap = Ry o hY = 1) 0 Sonl).

We denote by n,5(w) the expanding rate of Qnp along its unstable direction
E¥(Qap). By Proposition 5.1, we have [ log a0(w)dw < X*(S). Since 14 change
smoothly with 8 we conclude that for some small § > 0

/ log nas(w)dw < A*(5).
N

By Proposition 4.1, Qup is ergodic. So we denote by A*(Qag) the largest Lya-
punov exponent of Q,g. By the above inequality, A*(Q) < A“(S).

Note that both DA() and Dh() preserve E“"(S) bundle, and for any w € N,
\dechg)\Eun(sﬂ = |det Dh$)|Em(s)| = 1. So DQ preserves E*"(S) bundle,
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and | det DQuy|gun(s)| = |det DSy|gun(g)|. Let A"(Q) denote the other Lyapunov
exponent on E*"(S). Then we have
Q)+ A™(Q) = A"(S) + A"(S).
Since A\*(Q) < A*(S) and A™(S) = 0, we have A"(Q) > 0.
Note that the perturbations also preserve E““"(S) bundle. So we have
Q)+ A(Q) + A"(Q) = A*(S) + A°(5) + A"(S)

and therefore A\°(Q) = 0, where A\°(Q) is the third Lyapunov exponent of @ on
E*e"(S). Applying the same arguments, we also get A*(Q) = A*(S) < 0, though
the stable bundle E*(Q) may not be equal to E*(S).

Construction of h® : Q3 — Q.

Denote A = A\"(Q)). We assume that A is small in comparison with \*(Q).

Denote

N =N(K)={we N :|log|DQE | pn(wq)| — kA < 0.1kX,V|k| > 0.5K},

ko

and A = ﬂ Q7 'A. Note that A’ — 1 as K — oo. We assume that K satisfies
i=0

(3.9) K\ > max{2koA, 1.25log2, —10kolog(1l —4)},

(3.10) 0.00172X + pA¢log(1 — 4) > 0,

(3.11) uA€ <0.17,

where A€ is the complement of A(K) in N.
Note that if w € A’ then ||[DQ™ (v)|| > €%°"||v|| for n > 0.5K, v € E¥(Q).
Denote

ko
a=aJ(UQ (Quhium)).
=0
By (3.11), (3.2), (3.6) amd (3.7),
(3.12) pQ>1-017—(1-137) - 017 —0.17 = 7.

Choose a set IV € N such that Q'I'NIV =0, —K <i <57 'K —-2K —1,1 # 0.
Here we assume that 77! is an integer, otherwise we can use a smaller 7 instead.

Denote
57 1K—2K—1

r= \J ar.

i=—K
We also require that pf/ is close to 1 such that
(3.13) (1-057) -y >1—0.67.

The choice of such I is possible because of the Rokhlin-Halmos Lemma.
We define

To={Qw: wel',0<j<4r 'K — K — ko, Qw € Q°, Q'w ¢ Q° for i < j}.

In other words, I'g is the set of points from each trajectory {in}?;(;lK_K_ko that
enter the set Q¢ the first time.

Clearly Q'T, i = —K,---,K + ko, are pairwise disjoint. Let I'; = QT for
i=-K, - ,K+koTj,= Ufzjl“i for j < k, and in particular, T = ' g x,-
Since T is disjoint with €, it is clear that T'; N (2o U O U Q)=0fori=1,--- k.
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Since we are going to make perturbation h®) around the set I'o,ky—1, this condition
guarantees that the properties of () we mentioned above still remain.
Approximate I' = T'y by finitely many number of disjoint sets of the form

Aoj = B*(x5,75) x B*(y;,77) x B ((t),2)),75),

where w; = (v,y;,t;,2;) € N, vl >rjforj=1,---,J and B*, B* and B" are
the balls that correspond to the z, i and zt-coordinates. Denote A;; = Q' Ag;, A; =
U3‘IZ1Aij fori=—K,---, K+ko. We can pick Ag; in such a way that A;;NAg =0
for (i,5) # (k,1), =K < i,k < K +ko, 1 < 4,1 < Jand Aj; N (U UQ) =0
for0<i<ky0<j<J.

Also, denote A = UfialAi. Clearly, A; is an approximation of I'; for ¢ =
1,---,ko. We may assume that for each i =0, -- - , ko,

(3.14) w(T;AA;) < 0.05 max{pl';, pA;}.

Take Q3 = A. On each A;; we apply Lemma 7.3 to get a map h = h;; and a
subset Aj; C A;j such that ||h;; —id || <6, pA};/ul;; > 3/4 and restricted to Aj;,
h is a rotation of angle 7/2ky along the cn plane. Note that DS|gen = id, we can
require that QA}; = A, ; for j =0, ko — 1.

Let A} = U/_ | A},

Let h® = h;; on each A;; and h(®) = id otherwise. Take P = Qoh®. By Propo-
sition 4.1, P is ergodic. By Proposition 6.1, we have that for almost every w € N,
for allv € E*"(w, S), AM(w, v, P) > 0. So P has three positive Lyapunov exponents.
Since the foliation W"<"(S) is preserved, we have E““"(w, S) = E"“"(w, P). This
implies A*(P) = A*(S) < 0. O

4. ERGODICITY

Recall that for a diffeomorphism f: M — M, two points wy,ws € M are called
accessible (with respect to f) if they can be joined by a piecewise differentiable
piecewise nonsingular path which consists of segments tangent to either E*(f) or
E*(f). The diffeomorphism f is essentially accessible if almost any two points in
M (with respect to the Riemannian volume) are accessible.

Proposition 4.1. For any a, 3,7 > 0 sufficiently small, the diffeomorphisms R =
R., Q = Qap and P = P,gy of N are ergodic with respect to the Riemannian
volume.

Proof: By a result of Pugh and Shub, if a C? diffeomorphism is partially hy-
perbolic, center bunched, dynamically coherent and essentially accessible, then the
diffeomorphism is ergodic. (See [PS], Theorem A, also see [BPSW], Theorem 2.2.)

Clearly, all S, R, @ and P are partially hyperbolic and center bunched if o, 3 and
~ are small.

Note that S is dynamically coherent and its center foliation is plague expansive.
Since R, Q@ and P are C' close to S, they are all dynamically coherent if o, 3 and
« are small by a theorem of Pugh and Shub ([PS], Theorem 2.3).

By the lemma below, R, Q) and P are essentially accessible. So they are ergodic.
O

Lemma 4.2. Any two points w,w’ € int N are accessible with respect R,Q or P.
Therefore, R,Q or P are essentially accessible.
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Proof: Recall that p € C is chosen to construct h!). Denote I, = {p} x (0,1), and
I, = {p} x[0,1]. For T = R,Q or P, let Ar be the set of points that are accessible
to some point in fp with respect to T'. Since Ar is both open and closed in N, we
get Ap = N. Further, since &N is unperturbed by any of h(¥), i = 1,2, 3, any point
in int N is accessible to a point in Ij,.

By the Sublemma below, we know that any two points in I, are accessible. Since
the accessibility property is symmetric and transitive, we get that any two points
in int NV are accessible. O

Lemma 4.3. Let T = R,Q or P. For any s € (0,1),
(4.1) Ar(p,s) O I,

where Ar(p, s) is the set of points accessible to (p,s) € N with respect to T.

Proof: In the arguments below we only use the sets Q; defined in (3.5), Qg cho-
sen in Lemma 7.2, and the fact that the strong stable and unstable foliations are
continuous with the maps. Since Qs and Qs are disjoint with Qo and Qy, and h(®
are identity outside ; for ¢ = 2,3, the arguments work for all R, @Q and P. So we
drop the subscript T in Az(p, s) and simply write A(p, s) instead.

We use the coordinate system (x,y,t,z) in €; described as we construct AN

Denote h = h((ll). Since the map h preserves the leaf I, we have that

h(0,z) = (h*(0, 2), h(0, 2), R3(0, 2), h*(0, 2)) = (0, h*(0, 2))
for all z € (0,1), where 0 = (0,0,0). It suffices to show that for every z € (0,1),
(4.2) Ap,2) > {(p,2") : 2" € [(hy ) (p, 2), 2]},

where ¢ is chosen by (3.4). In fact, since accessibility is a transitive relation and
hy™(p,z) — (p,0) for any z € (0,1) as n — oo, (4.2) implies that A(p, z) D {(p, ') :
z' € (0,2]}. Since this holds true for all z € (0,1) and accessibility is a reflective
relation, we obtain (4.1).

Now we proceed with the proof of (4.2).

Recall that py,p2 € C', g1 € G V?3(p1) N V*(p) and g2 € G™2V"(p2) N V3(p).

For zy = z, we choose z;, i =1,---,5, such that
(CI1>Zl) € Vu((p>ZO) T) nlvs((p1722) ) (q17zl)7
(p2, 2z3) is accessible to (p1, 22),

(QQ,Z4) € GnQVu((p%ZB)aT)a VS((pa Z5)aT) (QQ,Z4).

This means that (p, z5) € A(p, 20).

Let 7 : N = My x I — My be a projection. Note that 7V*(w,T) = V* (7w, G)
it we {p} xI or G™V*((p1,G) x I, and 7V*(w,T) = V¥%rw,G) if w €
{p} x I or G™V"((p2,G) x I. In other words, V*(rw,T) € V*(w,G) x I and
Vi (rw,T) € V¥(w,G) x I. Hence we know that z1, 29, 24, 25 are uniquely deter-
mined by zg, 21, 23, 24 respectively. We will show that

(1) 21 = (h=")*(p. 20);

(2) Z9 = Z1;

(3) z3 can be chosen arbitrarily close to z;
(4) Z4 = Z23;

(5) z5 < z4.
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If so, we can get
(4.3) 2z < (hy ) (ps 20).
By continuity, we conclude that

{(p7 Zl) x4 € [25520]} C A(p7 ZO)
and therefore (4.2) follows.
By the construction of h = h

(4.4) h'(q.2) = h'(p, 2).
Recall that p is a periodic point of G with period m. We have

Tﬁm(p7 ZO) = hilsim(pa ZO) = hil(Gimp7 ZO) = (p7 (h71)4(p7 ZO)))
and therefore for any k& > 1,

(45) T_km(p> ZO) = (p> (h_k)4(p7 ZO))

On the other hand, G=*™¢q; ¢ B(p,¢) if k < £. It follows that T*™(q,2) =
S=km(qy, 21) = (G*™qq, 2,). Hence, by (3.4),

T=ED™ gy, 21) = h=LS~EFI™ (g, 1)
= AN GG z) = (¢, (WP, 1))
for some ¢(Y) € B(p,es) and therefore, for any k > 0,
(4.6) T~ (g, 20) = (g™, (A7) (p, 1))
for some ¢'*) € B(p,e2). Since (q1,21) € V¥((p, 20),T), by (4.5) and (4.6),
(T~ (p, 20), T~ (q1,21)) = d((p, (") (, 20)), (¢, (W) (p, 1)) — 0

as k — oo, and the convergence is exponentially fast. So by taking the z component,
we have that [(h=%)*(p, z0) — (h~¥T%)%(p, z1)| — 0 converges exponentially fast as
k — o0o. On the other hand, if 2’ # z”, then |[(h™F)*(p,2') — (h"%)*(p,2")| — O
with a subexponential rate because both (h=%)4(p,2’) and (h=%)*(p,2") converge
to (p,0), Dh = id at (p,0), and h is a C* diffeomorphism. So we get z; =
(h=9*(p, z0). This proves (1).

By using the same arguments, and the fact that h*(0,y,0,2) > z for any z €
(0,1), we can show that the z-coordinate of h is non-increasing from (p, z5) to
(g2, z4) along V*((p, z5),T). That is, z4 > z5. This is (5).

Since the periodic orbit C" and the sets U G~V ¢(G™ (p1), G) x (0,1) and

2 G2V Y(GT2(pg), G)x (0, 1) are unperturbed, we know that the z-coordinates
are constant along the stable leaves T~™V*((G™ (p1), ), T') and the unstable leaves
T2 V(G2 (p1),2),T). So we get z1 = 29 and z3 = 24, which are (2) and (4).

Now we prove (3).

Denote by C’(p1p2) the part of closed orbit C’ from p; to ps. By Lemma 7.2, for
any small € > 0, we can choose a closed orbit C. C Qg such that a part of C. is
in the e-neighborhood of C’(p1p2) in the sense that for any p’ € C'(p1p2), there is
p’ € CL with d(p/,p") < e.

Consider the map H = Here: from C'(pip2) to C' given in Section 7. Start-
ing from p;, we can apply the map consequently to get a sequence of points
H®M (py), HA (py),---, where HOTD(p,) = H(H®(p;)). Let k' be such a num-
ber that H*)(py) € C'(p1p2) and HF+D (py) & C'(p1ps). Clearly, p1 and p*) can
be joint by 4k’ local stable and unstable manifolds of G at points on either C’ or
C.. Recall that the neighborhoods of both C’ x I and C. x I are unperturbed, and

S), we know that for any ¢ € B(p, e2),
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so are the 4k’ local stable and unstable manifolds. We know then that (pi,z2) is
accessible to (H*)(py), z3) with respect to 7.

Note that H*) (p1) € C'(p1p2) and H*+1(p;) ¢ C'(p1p2). By continuity we can
find a closer orbit @ such that Hero (H*)(p1)) = py. Hence there is z3 € (0,1) such
that (H®*)(py), 22) and (pa, 23) are accessible. We can make H*)(p;) arbitrarily
close to ps by taking e sufficiently small. Also note that the strong stable and
unstable manifolds change continuously with respect to the diffeomorphism in the
space of partially hyperbolic systems. If H(k/)(pl) is sufficiently close to ps, then
the 4 strong stable and unstable leaves to construct Hero are sufficiently short.
Hence, z3 can be made arbitrarily close to zs. (|

5. HYPERBOLICITY OF THE MAP @)

Proposition 5.1. There exists ag > 0 such that for any « € (0, ap),

/ log a0 (w)dw < A*(S).
N

Proof: Since Dh(?)(E*™(S)) = E"*(S) for any w € N, given o > 0, there exists
a unique number a,(w) such that the vector v, (w) = (1,0,0, aq(w)) € E*(Qao)-
Hence DQqo(w)ve(w) = (No(w),0,0,nqaq(w)) for some n, > 1. The expanding
rate of DQ,o along its unstable direction is

V1 + aa(Qao(w))?
1+ aq(w)?
Let Ly = [y 1ognao(w)dw = [y logne(w)dw. The second equality is true be-

cause the map Quo preserves the Riemannian volume and therefore [ N log(l +
aa(anw)Q)dw = Iy 1og(1 + aa(w)Q)dw. We have that

) [ Alw,a) B(w,a)
Dhe|pen = ( C(w,a) D(w,a) >

rpCOSO — Tr0,SINC  T4COSTO — rogsino
rysinc +ro,cosc risinoc + ro;coso

Nao (W) = o (w)

where 7, = cos0, ry = sinf and o = 0 + ap(\/y® + 22)p(r) and then o, = S2¢ 4
ap(v/y? + 22)pl(r) cos and oy = <2 + ap(\/y? + 22)pl.(r) sin 6.

By the same arguments as in the proof of Proposition B.6 in [DHP], we can get
that

dL. d’L,
=0 < 0.
dr lr=0 ’ dr? lr=0
So we can choose ay > 0 so small that L, < log A*(.S) for any « € (0, ap). O

6. HYPERBOLICITY OF THE MAP P

Proposition 6.1. For almost every w € N, x(z,v, P) >0 Vv € E¥"(z,S).

Proof: Denote Aj = Aj N A. Then set
Uy =P EAs Uy=200\Aj, Uz =2, \P™A, Uy =P 5(A\AY).

Clearly, {U;,i = 1,2,3,4} are pairwise disjoint. Let U = U; U Uy U U3 U Uy. Note
that Ay D T NAf{. Let P = P™ : U — U be the first return map of P, where
7 = 7(w) is the first return time of w € U.
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In the proof below, for any w € U, we always assume v € E“"(w).
If w € Uy, then 7(w) > 2K + ko. By Lemma 6.2 and (3.9),

(6.1) log||DPy,(v)|| > 0.9KX — 0.51log2 + log ||v]| > 0.5K\ + log ||v].

By (3.14),
pUL = p(A5) = p(T' N Ag) = p(Ag) — p(TAA)
(6.2) > 2ulg — p(ToAAg) > (0.75 — 0.05) g = 0.7ul.
Note that ||[DP —id|| < 6. So if w € U, then P = P*o and
(6.3) log | DP, (v)]] > ko log(1 — 8) + log [[o].
Also,

1
pUz = M(Ao\A*) < (A0 \Ag) + 1(Ag\Ag) < Zu(Ao) +p(Ap\(I' N Ag))

Consider the case that w € Us. The construction of {I';} and {A;} implies that
7(w) > K. Also, observe that if P'w € Q3 for some i > 0, then P'w € A; for some
0<j <ky—1. Thatis, P" 7w € Ay. Hence we have either P" 7w € Uy C U or
Pi=i=Ky € U; C U, which implies that 7(w) > 4, and therefore the piece of orbit
{w,---, PT(®)=1y} does not intersect Q3. So we have P, (v) = Qu™ (v) because

P = Q on N\Qg
Let 7/(w) be the smallest positive integer such that Py e A for some 0 <
7' (w) < 7(w), and let 7/(w) = 7(w) if there is no such integer. Denote
Uy =UsN{w:7(w) — 7' (w) > 05K}, U =UsN{w:1(w)—7"(w) < 05K},
and
Uy ={Pw:welU},0<i<7(w)}, U)={Pw:welUj,0<i<t(w)}

Note that if n > 0.5K and w € A, then [|[DQZY (v)|| > ||v|| for any v € E**"(w).
Also note that P = @ on N\Q;.
If w € U3, then

IDPy(v)]| = PP )] = [DQRE) S (DPF W @)l = [DPL ) ()]

Hence,

7' (w)—1

(6.5) log [ DPy(v)]| = log [P, ™ ()| = D" xg (P'w)log(1 = 8) +log|Jvll,
=0

where xq(-) is the characteristic function of the set €.
If w € U}, we denote

Uy ={Pw: weUy,0<i<7(w)}
Clearly, we have

T(w)—1
(66)  log|[DP,)| > 3. gy (Prw)log(l —8) +log .
=0
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Lastly, we consider the case that w € Uy. We have 7(w) = K and P(w) € Us.
We define 7”7 and Uy, UY, Uy, Uy and U} in the same way as in the previous case,
and get similar inequalities. That is, if w € Uy, then

7(w)—1
(6.7) log||[DPy(v)| = Y Xy (P'w)log(1 — 8) + log |[v]|,
i=0
and if w € U/, then
- T(w)—1 ‘
(6.8) log || DPy(v)[ = > Xgy(P'w)log(1 — 6) + log ||o|],
i=0
Clearly, U}, Uy, U, Ul € A°. So
(6.9) w0 UF U, UUYY < pA®.
By the fact that 7,7 > 0.5K on U} and U} respectively, we have
(6.10) p(U3 VUY) < 2u(05 UUY) < 2uA°

Now we estimate the Lyapunov exponent of v at a typical point w. We may
assume w € U. Let n; = 7 (w ) be the ith return time of w. Then we have

DP} DPmi
Av,w, P) = lim —log I @l = lim 1 IDPG ()|
e O Tl T e T ol

Using the fact that the frequency of the orbit visiting a set U is equal to uU, and
noticing (6.1)-(6.10), we have

DRSS, 187 IDPpeu DR

= IDP;,(v)]|
uUy - 0.5K X\ + pulUs - kolog(1 — &) 4 (uUh + pUf + pUY + ul}) log(1 — 6)
0.7 - 0.5 KX+ 0.3ulq - ko log(1 — &) 4+ 3uA® - log(1 — §)

Using (3.10) and (3.11) we conclude that the right side of the above inequality
is greater than

e T =

>
>

0.33uA0 K\ — 0.00372)\.
Since Ao > ul' — u(DoAAg) > 0.0872K 1 — 0.05(0.0872K 1) by Lemma 6.3 and
(3.14), we conclude finally that A(v,w, P) > 0. O

Lemma 6.2. Let w € P~X(A} N A). Then for any v € E**(w, S),

_ 2
IDPu()] = L2 ol 2,

Proof: Note that on T'_x 1, h(®) =id, hence PX(w) = Q¥ (w). Also, since both
DM and Dh(® preserve the subbundle E**(S), we have E*"(w, Q) = E*"(w, S).
Write v = 0" + v¢, where v*" € E""(w, Q) and v¢ € E°(w, Q).

We assume first ||v°|| < 7||v|| Hence |jv
E(Q%w, Q) and Q¥w € A, we have
[ || = [DQTF (DT v || < [ D v Je™ A,

> \/75||v|| Since DQX (vi™) €

Hence,

2
IDPR] = D@ 0] > [DQF™] > [ [ > Yo 0A@,
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Note that at the points PEw,--- , PEK+ko—1y the map Dh®) is a rotation, and
DQ|guen(piwy = DS|guen(piy) is noncontracting for i = K,--- K + ko — 1. So
DP*| guen (picyy is noncontracting. Further, since {P'w}_, , N Qs = 0 and
PE+koy € A’, we have that DP7—(K+ko)
is expanding, and DPT*(K+k°)|Eucn(px+kow) is noncontracting. So we have

— —(K+k
E""’(PK+k0w) == DQT ( + 0)|Eu,n(PK+k0w)

D T—(K+k T (K4k
IDPE)| = IDPE (DPE )] = [ DQL ) (DPE o))
> |DPE+ko(v)|| > |DPE (v)| = || DQE (v)|| > 2|jv||e®%™.

/5

2
Now we consider the case that ||v¢]] > 7HUH

Note that DQX (v¢) € E¢(Q¥w,Q). By the construction of h®), we see that
DPg‘}(w rotate the vector in E(Q¥w, S) by 7/2. It means that DPE+ko(y¢) =

DP* (DQ¥ (v°)) € Evn(PK+koy, Q). Using the fact that PX+koyw € A, we have

IDP(w°)|| = [ DPp SR (PE 4R (4[| > | DPE (DPE o (v9))|

PKJrkO'u)
2
Z ”DPKJrkO(,Uc)”eO.QK)\ Z ”,UCHEO.QK)\ Z %H’UHGO'QKA.
This is the result. |
Lemma 6.3. ul' > 0.0872K 1.
Proof: Let
571 K—2K—ko
F/ — U QZF/
i=0

Since 77! > 2 and K > 2kg, we have

ul” 57K — 2K — kg + 1 K—ko+1

— = =1l- 77— >1-057.

ul 57~ 1K - 2K —-1+K+1 571K - K

By (3.13), ul” = (1 — 0.57)ul’ > 1 —0.67. Then by (3.12),
uw(D\Q) > 0.47.

For w € I, we denote O(w) = {Q'w : i = 0,---, (5771 — 2)K — ko}, the piece
of orbit that start at w from time 0 to (57! — 2) K — kq. Let

I ={0w):wel ,0w)NQ°#0}, T, ={0(w): wel'Ow)NQ° =0}
Clearly, {I",,T"}} forms a partition of 7, and I', € © and therefore by (3.12),
pl! = b — uly >l — pQ > (1= 0.67) — (1 —7) = 0.47.
Note that T' consists of exactly one point from each orbit O(w) in T',. We get

r> uly . 0.47 S 0.47
P = 5r 12K —ke+1- (571 —2)K — 571K

This is the result. ]

=0.0872K~ L.




14 HUYI HU AND ANNA TALITSKAYA

7. PROPERTIES OF GEODESIC FLOWS

Let gt : My — My be the geodesic flow on a compact surface of a negative
constant curvature. We list some properties of the flow here.
1) d(g*x,x) < |t| for any t € R and z € Mo;
2) g* is a uniformly hyperbolic flow, that is, there is a decomposition of the
tangent bundle into
TMy=FE"® E°® E°
and a constant 17 > 1 such that for any z € My,
Dglw)| = o] veEY,
[Dg.*(w)l =77 "Jv]  veE,

and E€ is the one dimensional bundle tangent to the flow.
) The closed orbits are dense in My. Moreover, for any closed orbit C, both
WH(C) = U,ecW"(2) and W#(C) = U,ccW*(2) are dense in M.

4) g* preserves the Riemannian volume and for any ¢ # 0, g is ergodic with
respect to the volume,

5) g' has the accessibility property. That is, any two points can be joint by
a piecewise differentiable piecewise nonsingular path which consists of segments
tangent to either E" or E°.

6) g' is topologically conjugate to a symbolic flow that is a suspension of a
subshift finite type with a continuous roof function. More precisely, there is a
symbolic space ¥ 4, two sided left shift o4 : ¥4 — X4, a continuous function
t: ¥4 — RT and a finite to one map 7 : ¥, — M such that

o gt = 52 oT,
where
S = {(w,t) € Da x R}/ {(w, v(w)) = (0a(w),0) },
Ta(w,s) = (w,s +1).
Moreover, p € M is periodic under ¢' if and only if 77(p) is periodic under 7.
Also, ¥ 4 can be chosen in such a way that the size of mR,, can be arbitrarily small,

where R, = {w = ---w_qwowy -+ : wy = a} is a cylinder in ¥ 4. (See [B] and
[BR] for more details.)

Definition 7.1. Let C. and C’ be two orbits, p € C', x € C. and d(p,x) is small.
Define the holonomy He: ¢, = Ber(p,8) — C' where Bei(p,d) is a 6-neighborhood of
point p in C'. Her e (x0) is constructed the following way (see Figure 2):

(1) = Ws(l”o) wee(z);

(2) .’£2 ($1)ﬂWcs( ) C W“(xl)ﬂC
(3) @3 =W?*(22) N W (x);

(4) xy=WH 1‘3) N ch(xo) C Wu(l‘3) n C/,'
(5) ffc/,cE (l‘o) = T4-

This holonomy map was used in [NT]. Note that in our case for any point
xo € C', Her e (x0) # xo because g is a geodesic flow on a compact surface of a
negative curvature.

Lemma 7.2. Let C' be a given closed orbits of gt. For any 71 € (0,1), there is
an open subset Qo C My containing C' with uQo < 71 and there exists a constant
g0 > 0 such that for any € € (0,¢0), there is a closed orbit C. with d(C',C.) < € and
B(C.,e) C Qo, where B(C.,e) denotes the € neighborhood of C in M.
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C’ Ce

T2

FIGURE 2. Holonomy on a closed orbit.

Proof: Let 04 : X4 — X4 be a symbolic flow that is conjugate to gt : My — M,
with the conjugacy 7 : X4 — M.

Foraword W = s, ---s;, 1 < j, we denote by C(W) the periodic orbit of o 4, and
by R(W) the cylinder determined by W. Abusing notations we denote by «C(W)
the corresponding closed orbit of g* and by m#R(W) the corresponding set in Mj.
More precisely, the latter means the set

{(mw,t) € My :w e R(W),0<te(w)}.

Let W’ be the word such that 7C(W') = C’ and W, be a subword. Take another
word W* that generates a periodic orbit of o4 and contains the same subword W,,.
Such word W* exists since the periodic orbits of o4 are dense. We may assume
that W/ = W,W}, and W* = W, W, for some word W} and W,. It implies that one
of the words W’ and W* can be followed by another.

Note that the maximal volume of all sets of the form 7R(W (n)) converges to 0
exponentially fast, where W(n) is a (2n + 1)-word of the form s_,, - - - s,. For any
71 > 0, we can take n > 0 such that u(7R(W(n))) < 71/(4n + 2) for any (2n + 1)-
word W(n). We may assume n > |W’|, |W*|, where |W| denotes the length of W.
Note that for any integer k > n/|W’|, there are at most 4n + 2 different (2n + 1)-
words of the form W (n) in the orbit of w = C((W')¥W*), where W* is the word
consists k£ consecutive W. Let Wy,--- , Wj, j < 4n + 2, denote these words.

Set

J
QO = U WR(Wl)
i=1

Clearly, MQO < 71/2. Choose gy > 0 such that /LB(Qo,&o) < 7. Then we set
Q() = B(Qo, E()).

Let € € (0,50). We take a word of the form (W’)*W* for some large k, and then
take C. = w(C((W')*W*). Clearly, C. C €, and therefore B(Ce,e) C € by the
choice of Q. Also if k is large enough, then the distance between C. and C’ can be
made arbitrarily small. Hence we have C' C B(Cq,¢). O
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Lemma 7.3. For any v > 0, 72 € (0,1) and C > 0, we can find a constant
0o > 0 such that for any number 0 € [0,00], any set of the form A = Agogr =
B¥(x,s") x B5(y,s") x B"((t,2),s), where s',s" > s and ', 8" < C, there exists a
set A©) and a map h : N — N with the following properties:

(a) h="Ty on A, and h =id on A;

(b) HA©)/uA >
(c) [[h—id] <,

where Ty is a rotation given by

To(x,y,t,2) = (x,y,tcosf — zsin b, tsin @ + z cos ).

Proof: Take x > 0 such that uA1_x1-w1-r/puA111 > 72. Hence, for any r >
0, v, r" > r, we have uA,_xrp'—grrrr—gr [ WDpprpn > To, since r'/(r' — kr) and
" /(r" — kr) are increasing.
Take a family of C* functions ¢, = (.(s) : RT — R*, for > 1 such that
1 Gi(s)=1ifs€[0,1—k]and (1(s) =01if s > 1;
2 G(s)=1lifse[0,r—1)and (. (s) =G(s—r+1)if s>r—1.
Clearly, ¢, have that same C'°*° norm for all r > 1.

Take coordinate system w = (x,y,t,2) as in (3.1). Then we define h : A — A
by

h(w) = T0(s,s/,s”)(w)7 9(37 3/7 SH) = ags//s("L'/S)Cs”/s(y/s)CI( V t2 + 22/8)'

By the construction, we see that h satisfies (a) and (b). For (c), note that if
6 = 0, then h = id, and note that the C' norm of h change smoothly with 6, we
get the result. O
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