
Multivariable calculus 

• MTH132 & 133: 𝑓: 𝑅 → 𝑅  

    one-dimensional functions 

    Examples: 𝑦 = 𝑥2, 𝑦 = sin 𝑥, … 

 

• MTH234: 𝑓: 𝑅2 → 𝑅  𝑜𝑟 𝑓: 𝑅3 → 𝑅  

                     or 𝑓: 𝑅 → 𝑅2, 𝑅 → 𝑅3 

    Examples:  𝑧 = 𝑥2+𝑦2, 𝑥, 𝑦 = (sin 𝑡 , cos 𝑡) 



3-dimensional coordinate system 

• Left-handed (LH) system • Right-handed (RH) system 

//upload.wikimedia.org/wikipedia/commons/e/e2/Cartesian_coordinate_system_handedness.svg


Right-handed coordinate system 

Note: In this course, we will use the right-handed system. 



Right-handed coordinate system 

http://www.google.com/url?sa=i&rct=j&q=right hand coordinate system&source=images&cd=&cad=rja&docid=qACo1ieaMhAUXM&tbnid=k02jlhQpaQFM8M:&ved=0CAUQjRw&url=http://surveying.wb.psu.edu/sur351/CelestialCoords/astroCoordsys.htm&ei=zn8SUvKOKvCWyAGajYFI&bvm=bv.50768961,d.aWc&psig=AFQjCNFmnUfX_LHuNcAlkT1yIXg9peBNtw&ust=1377029901885253






Distance between 2 points: 





Sphere equation 

(𝒙 − 𝒙𝟎)
𝟐+(𝒚 − 𝒚𝟎)

𝟐+(𝒛 − 𝒛𝟎)
𝟐= 𝒓𝟐 

(𝑥0, 𝑦0, 𝑧0) 

http://www.google.com/url?sa=i&rct=j&q=sphere&source=images&cd=&cad=rja&docid=GcB_6w7yUYg4UM&tbnid=4T27aY_wf8GrZM:&ved=0CAUQjRw&url=http://volumes.co/calculate-sphere-volume/&ei=fooSUqitAujOyAGrv4A4&psig=AFQjCNF2OsqHTouFMzPVP21bDGBHWO4rcQ&ust=1377033191147238






Vectors in R2 and R3 

Definition: A vector is a directed line, 𝐴𝐵 from  
point A (initial point) to point B (terminal  

point) and has its length denoted by 𝐴𝐵 . Two  

vectors are equal if they have the same length  
and direction. 



Note 

• Initial point and terminal point are not unique.  

• 𝐴𝐵 and 𝐵𝐴 are of the same length but of 
opposite in directions.  
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Standard position 

𝑃1: (𝑥1, 𝑦1) 

𝑃2: (𝑥2, 𝑦2) 

𝑃: (𝑥2 − 𝑥1, 𝑦2 − 𝑦1) 

(0,0) 

Standard vector (representative) 

v: 𝑣1, 𝑣2     or    𝑣 : 𝑣1, 𝑣2   or    𝑣: 𝑣1, 𝑣2  

Remark: Similar concepts can be defined in 3-D 



Vector algebra operations 

• Addition: 

           𝑢 =< 𝑢1, 𝑢2, 𝑢3 >, 𝑣 =< 𝑣1, 𝑣2, 𝑣3 > 
𝑢 + 𝑣 = 𝑢1 + 𝑣1, 𝑢2 + 𝑣2, 𝑢3 + 𝑣3  

 

• Scalar multiplications: Let r be a real number 

           𝑟𝑢 =< 𝑟𝑢1, 𝑟𝑢2, 𝑟𝑢3 > 













Vector decompositions 

• 𝑣 = 𝑣1𝑖 + 𝑣2𝑗 + 𝑣3𝑘 

 

• 𝑣 = 𝑣  
𝑣

𝑣
 

Length 

Direction 

Length 

Length=1, direction 



Law of cosines 



Theorem 
Let 𝑢 = 𝑢1, 𝑢2, 𝑢3  and 𝑣 = 𝑣1, 𝑣2, 𝑣3  be two 
vectors (standard position) and  θ be the angle 
between the two vectors. Then, 

          𝑢 𝑣 cos 𝜃 = 𝑢1𝑣1+𝑢2𝑣2+𝑢3𝑣3  
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Idea of the proof: 
Law of cosines 
→ 2 𝑢 𝑣 cos 𝜃 = 𝑢 2 + 𝑣 2 − 𝑢 − 𝑣 2 

 
Also recall: 𝑢 2 = 𝑢1

2 + 𝑢2
2 + 𝑢3

2 



Definition: 
Let 𝑢 = 𝑢1, 𝑢2, 𝑢3  and 𝑣 = 𝑣1, 𝑣2, 𝑣3  be two 
vectors (standard position) and  θ be the angle 
between the two vectors. Then, 

          𝑢 ∙ 𝑣 = 𝑢 𝑣 cos 𝜃 = 𝑢1𝑣1+𝑢2𝑣2+𝑢3𝑣3  

Is call the dot product of these two vectors 

θ 
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Definition 

• Geometric definition: 

 𝑢 ∙ 𝑣 = 𝑢 𝑣 cos 𝜃 

• Algebraic definition: 

𝑢 ∙ 𝑣 = 𝑢1𝑣1+𝑢2𝑣2+𝑢3𝑣3  
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Projection of one vector onto the 
other vector 
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Projection of 𝑢 onto 𝑣   Projection of 𝑢 onto 𝑣   

𝑢 cos 𝜃 =  
𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑑 𝑎𝑟𝑟𝑜𝑤, 𝜃 < 𝜋/2
−𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑑 𝑎𝑟𝑟𝑜𝑤, 𝜃 > 𝜋/2

 

----- Scalar component of  u in the direction of v.                      
(Definition) 



Definition 

𝑝𝑟𝑜𝑗𝑣𝑢 = 𝑢 cos 𝜃 𝑣
𝑣

 

Signed length 
Scalar component 

Unit vector in the  
direction of 𝑣  



Definition (continue) 

𝑝𝑟𝑜𝑗𝑣𝑢 = 𝑢 cos 𝜃 𝑣
𝑣

 

=
𝑢 𝑣 cos 𝜃

𝑣 

𝑣 

𝑣 
 

         =
𝑢∙𝑣

𝑣 2 𝑣   





Properties of dot product 

1.     𝑢 ∙ 𝑣 = 𝑣 ∙ 𝑢 

2.     𝑐𝑢 ∙ 𝑣 = 𝑢 ∙ (𝑐𝑣 ) 

3.      𝑢 ∙ 𝑣 + 𝑤 = 𝑢 ∙ 𝑣 + 𝑢 ∙ 𝑤 

4.      𝑢 ∙ 𝑢 = |𝑢|2 

5.      0 ∙ 𝑣 = 0 
 



Work 

θ 
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𝑑   
θ 
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Projection of 𝑢 onto 𝑣   Projection of 𝑢 onto 𝑣   

𝑊𝑜𝑟𝑘 = 𝑆𝑐𝑎𝑙𝑎𝑟 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑡 ∗ 𝑑 = 𝑓 cos 𝜃 ∗ 𝑑  

                = 𝑓 ∙ 𝑑  


