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Recall: Chain rule 
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Exponential and logarithm chain rules:  
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)('*tansec'),(,sec

)('*cotcsc'),(,csc

)('*csccsc'),(,cot

)('*secsec'),(,tan

)('*sinsin'),(,cos

)('*coscos'),(,sin

22

22

xguuyxguuy

xguuyxguuy

xgu
dx

du
uyxguuy

xgu
dx

du
uyxguuy

xgu
dx

du
uyxguuy

xgu
dx

du
uyxguuy















10/9/2013 

2 

Inverse trig derivatives + chain rule Derivatives of hyperbolic functions 

dt

dx
x

dt

dx

x
x

dt

d

dt

dx
xx

dt

d

txx
dt

dx
xx

dt

d

2

2
sech

cosh

1
tanh

sinhcosh

)(,coshsinh









10/9/2013 

3 

Idea of the proof: 
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∆𝑡
+ 𝜀1

∆𝑥
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+ 𝜀2

∆𝑦

∆𝑡
 

 
∆𝑡→0

      
𝑑𝑧

𝑑𝑡
= 𝑓𝑥

𝑑𝑥

𝑑𝑡
+ 𝑓𝑦

𝑑𝑦

𝑑𝑡
, 𝑤ℎ𝑒𝑟𝑒 𝑥 = 𝑥 𝑡 , 𝑦 = 𝑦(𝑡) 

Recall the definition of differentiability: 
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Recall: Recall 

Recall Recall 
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A 3-D example 

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓 𝑥, 𝑦, 𝑧 = 𝑥2 + 3𝑦2 + 2𝑧2 
Find its partial derivatives on the surface given by: 

Why is it a surface? 

General idea 

• 𝑟 𝑡 = 𝑥 𝑡 , 𝑦 𝑡 , 𝑧(𝑡)    
     represents a curve in space 𝑅3 

• 𝑟 𝑠, 𝑡 = 𝑥 𝑠, 𝑡 , 𝑦 𝑠, 𝑡 , 𝑧(𝑠, 𝑡)    
     represents a surface in space 𝑅3 

• 𝑟 𝑡 = 𝑥 𝑡 , 𝑦 𝑡    
     represents a curve in plane 𝑅2 

• 𝑟 𝑠, 𝑡 = 𝑥 𝑠, 𝑡 , 𝑦 𝑠, 𝑡   ? 
Represents change of variables (coordinates) in 𝑅2 

One more theorem 
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Chain rule for higher dimensions 
Case-1.  𝑓 = 𝑓 𝑥, 𝑦 :   𝑅2→ 𝑅,  
               𝑥 = 𝑥 𝑡 : 𝑅 → 𝑅,   𝑦 = 𝑦 𝑡 : 𝑅 → 𝑅 

𝑑𝑓

𝑑𝑡
=

𝜕𝑓

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑓

𝜕𝑦

𝑑𝑦

𝑑𝑡
. 

Case-2.  𝑓 = 𝑓 𝑥, 𝑦 : 𝑅2 → 𝑅,  
               𝑥 = 𝑥 𝑡, 𝑠 : 𝑅2 → 𝑅, 𝑦 = 𝑦 𝑡, 𝑠 : 𝑅2 → 𝑅 
 

𝜕𝑓

𝑑𝑡
=

𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝑡
+

𝜕𝑓
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𝜕𝑦

𝜕𝑡
 

 

                              
𝜕𝑓

𝑑𝑠
=
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𝜕𝑥

𝜕𝑥

𝜕𝑠
+
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. 

 

NO need 
for “^” 

notation 

𝑃𝑟𝑜𝑜𝑓:   𝐿𝑒𝑡 𝑥 = 𝑥, 𝑦 = 𝑦 𝑥    
 

treating 𝑥 as the parameter in the chain rule ,  
 

𝑡ℎ𝑒𝑛        
𝑑𝐹

𝑑𝑥
= 𝐹𝑥

𝑑𝑥

𝑑𝑥
+ 𝐹𝑦

𝑑𝑦

𝑑𝑥
= 0. 

 

= 1 
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Unit directions in 2-D and 3-D 

𝒖 = 𝑢𝑥𝒊 + 𝑢𝑦𝒋,  𝒖 = 𝑢𝑥
2 + 𝑢𝑦

2 = 1 

𝒖 = 𝑢𝑥𝒊 + 𝑢𝑦𝒋 + 𝑢𝑧𝒌, 𝒖 = 𝑢𝑥
2 + 𝑢𝑦

2 + 𝑢𝑧
2 = 1 

(𝑥0, 𝑦0) 

(𝑥0 + 𝑡𝑢𝑥, 𝑦0 + 𝑡𝑢𝑦) 

Change along the direction 𝒖 

http://www.google.com/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=ief3VpanHo33mM&tbnid=QndY1ir_wr7z4M:&ved=0CAUQjRw&url=http://en.wikibooks.org/wiki/Calculus/Vectors&ei=TlZUUqC8BMLpqgGC7ID4Dw&bvm=bv.53760139,d.aWM&psig=AFQjCNFTxwobJTPfzikyJehOtC9Ml7QCbw&ust=1381345120093337
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3 

3 



10/9/2013 

10 



10/9/2013 

11 

View as a dot product of 2 vectors 

𝐷𝑢𝑓 = 𝑓𝑥𝑢𝑥 + 𝑓𝑦𝑢𝑦 
 

= 𝑓𝑥 , 𝑓𝑦 ∙ 𝑢𝑥, 𝑢𝑦  

𝒖 𝛁𝒇 

Gradient vector 

Recall contour curves: 
𝑓 𝑥, 𝑦 = 𝑥2 + 𝑦2 = 𝑐𝑜𝑛𝑠𝑡. 

→ 𝟐𝒙
𝒅𝒙

𝒅𝒕
+ 𝟐𝒚

𝒅𝒚

𝒅𝒕
=0 

→ 𝛻𝑓 ∙ 𝑥′ 𝑡 , 𝑦′(𝑡) =0 

Gradient vector Tangent vector 
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𝛻𝑓 𝑥′ 𝑡 , 𝑦′(𝑡)  


