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Intuitive idea: A tangent plane is a plane which touches the surface at one point 

such that the plane contains any tangent line to a smooth curve on the surface  
through this point. 

Tangent planes and linear 
approximation 

The tangent plane at a saddle point. Note that the plane  
touches the surface at infinitely many points. 

Review: Equation of a tangent line 

𝒓 𝑡 = 𝑥 𝑡 , 𝑦 𝑡 , 𝑧(𝑡) : parametric curve in space. 

Assume that all functions are differentiable. 

Equation of the tangent line at 𝑥 𝑡0 , 𝑦 𝑡0 , 𝑧(𝑡0)  : 
 

 

𝑥 = 𝑥(𝑡0) + 𝑥′ 𝑡0 𝑡

𝑦 = 𝑦(𝑡0) + 𝑦′ 𝑡0 𝑡

𝑧 = 𝑥(𝑡0) + 𝑧′ 𝑡0 𝑡

 

Review: Equation of a plane in space 
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Idea 

𝒓 𝑡 = 𝑥 𝑡 , 𝑦 𝑡 , 𝑧(𝑡)  

 𝑧 𝑡 = 𝑓 𝑥 𝑡 , 𝑦 𝑡  𝑓 𝑥 𝑡 , 𝑦 𝑡 − 𝑧 𝑡 = 0  

 𝑓𝑥𝑥
′ 𝑡 + 𝑓𝑦𝑦

′ 𝑡 − 𝑧′ 𝑡 = 0 

 𝑓𝑥 , 𝑓𝑦 , −1 ∙ 𝑥′ 𝑡 , 𝑦′ 𝑡 , 𝑧′ 𝑡 = 0 

 

Tangent direction 

𝒓 𝑡 = 𝑥 𝑡 , 𝑦 𝑡 , 𝑧(𝑡)  

 𝑧 𝑡 = 𝑓 𝑥 𝑡 , 𝑦 𝑡  𝑓 𝑥 𝑡 , 𝑦 𝑡 − 𝑧 𝑡 = 0  

 𝑓𝑥𝑥
′ 𝑡 + 𝑓𝑦𝑦

′ 𝑡 − 𝑧′ 𝑡 = 0 

 𝑓𝑥 , 𝑓𝑦 , −1 ∙ 𝑥′ 𝑡 , 𝑦′ 𝑡 , 𝑧′ 𝑡 = 0 

 

ANY Tangent direction 

𝒓′ 𝑡 = 𝑥′ 𝑡 , 𝑦′ 𝑡 , 𝑧′(𝑡) : tangent 

𝑓𝑥 , 𝑓𝑦 , −1 : Normal 

𝒓 𝑡 = 𝑥 𝑡 , 𝑦 𝑡 , 𝑧(𝑡)  

𝑓𝑥 𝑥0, 𝑦0 𝑥 − 𝑥0 + 𝑓𝑦 𝑥0, 𝑦0 𝑦 − 𝑦0 − 𝑧 − 𝑓 𝑥0, 𝑦0 = 0 
  𝑧 = 𝑓𝑥 𝑥0, 𝑦0 𝑥 − 𝑥0 + 𝑓𝑦 𝑥0, 𝑦0 𝑦 − 𝑦 + 𝑓 𝑥0, 𝑦0  

Z=L(x,y): Equation of the tangent plane 

𝒓′ 𝑡 = 𝑥′ 𝑡 , 𝑦′ 𝑡 , 𝑧′(𝑡) : tangent 

𝑓𝑥 , 𝑓𝑦 , −1 : Normal 

: (𝑥0, 𝑦0, 𝑓(𝑥0, 𝑦0) 
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Z = 
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Example  

The total differential of the function: 

 𝑧 = ln 𝑥𝑦 + 𝑥2 + 𝑦,  is  

    

 

If x changes from 1 to 1.05 and y changes from 2 

to 1.98, then the values of dz and ∆𝑧 are:  
    
    

Non-differentiable functions 

2-D 

1-D 
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(continue) 

(continue) 


