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Integration with several variables. 

Review: volume by 
slicing or rotation.  

--- single variable 
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General problem: find the volume 
below a surface over a 2-D region. 

Simple case: rectangular region. 
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Idea of Fubini’s theorem 
Computing each slice by integration 

with single variable 
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A(y) 

A(x) 

A(y) 

Fubini’s Theorem: 
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Review: Area between curves 

given. is  where
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(Conti.) 

(Conti.) 

Previous graph 

Rmk: For some problems, they can be  
solved either as Type I or Type II. 
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(Conti.) (Conti.) 

g2(x) 

g1(x) 

h2(y) h1(y) 
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Calculating the area as the volume 

Area 

Height 

Idea: Volume = Area * Height. If Height=1, then Volume=Area 

http://www.google.com/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=1yLKRa3uoiwTpM&tbnid=FeT-Hv-T72_6BM:&ved=0CAUQjRw&url=http://commons.wikimedia.org/wiki/File:General_Cylinder.PNG&ei=ictmUqCHBYnlyQG_sYDoBQ&bvm=bv.55123115,d.aWc&psig=AFQjCNF0_nnjfH3GG3ssh3YNu-RFDUn2BQ&ust=1382554631331539
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Rmk 

Rmk.: This part is the set-up we learned in Calculus I.  

(Continue) 
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(Continue.) 

   𝑟 𝑥 , 𝑟 𝑦 = 3

4
, 7

8
 --- Center of the mass. 

Bacterium population. 

If 𝑓 𝑥, 𝑦 =
10,000𝑒𝑦

1+ 𝑥 /2
  represents the population 

density of a certain bacterium on the xy-plane 
where x and y are measured in centimeters, 
find the total population of bacteria whithin 
the reactange: −5 ≤ 𝑥 ≤ 5,−2 ≤ 𝑦 ≤ 0. 

http://www.google.com/url?sa=i&source=images&cd=&cad=rja&docid=Je59Z1u1ScJL_M&tbnid=w8BOAzRw5L1cDM:&ved=&url=http%3A%2F%2Fwww.mindreadersdictionary.com%2Fcan-i-change-him%2Fcommunication%2Fseesaw%2F&ei=e_RnUu6UA8XuyQHSg4G4Aw&psig=AFQjCNHoeKNU0qLsLpM5iQELJh-NDQvr_g&ust=1382630907236539
https://www.google.com/imgres?imgurl&imgrefurl=http%3A%2F%2Fwww.bbc.co.uk%2Fbitesize%2Fks3%2Fscience%2Fenergy_electricity_forces%2Fforces%2Frevision%2F8%2F&h=0&w=0&sz=1&tbnid=Z6hKbS-KjpWN2M&tbnh=163&tbnw=310&zoom=1&docid=PX5WSZ5q-qoO9M&ei=8PRnUvHuJc7IkAeE4YDQBA&ved=0CAIQsCU
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Bacterium population. 

If 𝑓 𝑥, 𝑦 =
10,000𝑒𝑦

1+ 𝑥 /2
  represents the population 

density of a certain bacterium on the xy-plane 
where x and y are measured in centimeters, 
find the total population of bacteria whithin 
the reactange: −5 ≤ 𝑥 ≤ 5,−2 ≤ 𝑦 ≤ 0. 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:        𝑇𝑜𝑡𝑎𝑙 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 =  𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑑𝐴   

=   
10,000𝑒𝑦

1 + 𝑥 /2
𝑑𝑦𝑑𝑥 =  

10,000

1 +
𝑥
2

1 − 𝑒−2 𝑑𝑥
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= 104 1 − 𝑒−2  
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= 104 1 − 𝑒−2 −2𝑙𝑛 1 −
𝑥
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0
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+ 2𝑙𝑛 1 +
𝑥

2
 
5
0

 

 

=  4 ∗ 104 1 − 𝑒−2 ∗ ln
7

2
  ≅   43329 


