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ABSTRACT. We study framed links in irreducible Z-homology 3-spheres
and we provide sufficient conditions under which an invariant defined on
singular links with one transverse double point gives rise to an invari-
ant of framed links. Our results also hold for framed links in atoroidal,
@Q-homology 3-spheres. As an application we obtain a 2-variable for-
mal power series invariant for framed links that satisfies the axioms of
the Kauffman polynomial. For links in S our results provide a new
construction of the classical Kauffman polynomial. In general, the co-
efficients of the power series are finite type link invariants and can be
thought of as realizations of the Witten SO(n)-perturbative invariants
for links in 3-manifolds.

1. INTRODUCTION

The Kauffman polynomial is a 2-variable Laurent polynomial invariant
for links in S® [13] that has interesting applications and connections with
contact geometry. More specifically, the degree in one of the variables of the
Kauffman polynomial provides an upper bound for the Thurston-Bennequin
norm of Legendrian links [7], [20]. The inequality is known to be sharp for
several classes of links (e.g. alternating links) and the proof of this sharp-
ness has led to deeper connections between knot polynomials and contact
geometry [18].

The original constructions of the Kauffman polynomial rely heavily on
features of link projections in S3 which makes them hard to generalize in
other 3-manifolds [13]. However, the polynomial can be re-casted as a se-
quence of infinite power series the coefficients of each of which are Vassiliev
invariants (a.k.a. finite type invariants) [21]. The theory of finite type
invariants generalizes to links in 3-manifolds using algebraic topology [22]
or intrinsically 3-dimensional topology techniques [11]. As an application
of the approach of [11] in [12] we obtained a HOMFLY power series link
invariant for links in a large class of (Q-homology 3-spheres. In this paper
we study framed links in irreducible Z-homology 3-spheres and in atoroidal
@Q-homology 3-spheres. We give conditions under which an invariant that is
defined on singular links with one transverse double point gives rise to an in-
variant of framed links (Theorem 2.1). This allows us to construct a formal
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power series framed link invariant obeying the Kauffman polynomial skein
relations. The coefficients of this series are finite type framed link invariants
and can be thought of as realizations of the Witten SO(n)-perturbative in-
variants [23] . In principle, these coefficients should be recoverable from the
Le-Murakami-Ohtsuki universal perturbative invariant [16] by considering
weight systems corresponding to certain representations of the Lie algebras
so(n). Our approach here is quite different from this line and exhibits the
interplay between skein framed link theory and the topology of 3-manifolds.

For an orientable 3-manifold M let & denote the set of non-trivial conju-
gacy classes of 71 (M). An m-component link is a collection of m unordered
oriented circles, tamely and disjointly embedded in M. Hence a link is ho-
motopically equivalent to an unordered m-tuple of elements in 7 U {1}. In
every homotopy class of links, we will fix, once and for all, a link C'LL and call
it a trivial link. If C'L has k components which are homotopically trivial,
our choice will be such that CL = CL*[[U¥, where U* is the standard
unlink with & components in a small ball neighborhood disjoint from C'L*
and U' will be abbreviated to U later on. We will denote by CL* the set of
all trivial links with none of their components homotopically trivial. Every
link L is homotopic to a certain CL* [JU* for some CL* € CL*, possibly
empty. Link theory in the 3-manifold M seeks to understand how two links
can differ up to a (tame) isotopy if they are homotopic. In this paper we
need to consider framed links: To define a notion of link framing we will
consider our links as cores of embedded annuli in M. That is a framed link
will be a piecewise linear embedding L : P x I — M, where P is a disjoint
union of oriented S'’s. The framing on a component L; C L is the linking
number of a boundary component of the annulus with the core L;. Thus
the framing of an m-component link can be given as an m-tuple of inte-
gers f := (f1,...,fm). Two framed links are isotopic if the corresponding
thickened links are isotopic.

Let Ly, L_ , L, and Ly denote four framed links that are identical ev-
erywhere except in a 3-ball B in M. There, under a suitable projection of
the parts in B, Ly, L_ and L, intersect at a positive crossing, a negative
crossing, and an orientation consistent smoothing of a crossing, respectively.
The link L., intersects B at the smoothing that is not consistent with orien-
tation of Ly, L_. See Figure 1. Also for every framed link , we will denote
by L,, L; links that are identical to L everywhere except in a 3-ball where
they differ by full twists as shown in Figure 2.

KX X

FiGure 1. The parts Ly, L_ and L, and Ly in B.
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Let £ be the set of isotopy classes of framed links in M and let A =
Cl[z, y]] denote the ring of formal power series in variables x,y over C.

TLRY I
Now we consider the power series a := ey:1+y—|——2 +—6 +—24... and
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Theorem 1.1. Let M be an oriented, Q-homology sphere with mo(M) =0
and such that if Hi(M) # 0 , M is atoroidal. Suppose we are given values
Ry (U) and Ry (CL*) for every CL* € CL*, that are independent of the
orientation of the link. Then, there is a unique map Rys : L — A such that.
(i) Rar satisfies the Kauffman skein relation

Rar(Ly) — Rar(L_) = 2[Rar(Lo) — Rar(Lao)],

for every skein quartuple of links Ly, L_ and L, and Ly.
(i) Ry (Ly) = aRp(L) and Ry (L)) = a 'Ry (L)
(i1i) For every L € L, Ry (L) is independent of the orientation of L.

/\é<—>/\<—>/XL|

L

FIGURE 2. L, and L; are obtained by a full twist from L.

Let A := C[a™!, 2%!] be the ring of Laurent polynomials in a and z. As
we will discuss in Section 4, for links in S, if we choose the value Rgs(U)
to be in A then Rgs(L) € A, for every L € £. Thus Theorem 1.1 provides
another construction of the classical Kauffman polynomial [13]. This leads
to the following question:

Question 1.2. For which 3-manifolds M can we choose the trivial links
CL* € CL* so that if the values Ry/(U) and Ry (CL*) lie in A, then
Ry (L) € A for every L € L7

In [12] we constructed a formal power series invariant that satisfies the
HOMFLY skein change formula for (unframed) links in large classes of Q-
homology 3-spheres. In [5], Cornwell showed that in Lens spaces the ana-
logue of Question 1.2 for this HOMFLY series has a positive answer. Thus he
obtained a 2-variable HOMFLY polynomial for links in Lens spaces. Then,
generalizing the celebrated Franks-William-Morton inequality, he shows that
the degree of one variable of this polynomial provides upper bounds to the
Thurston-Bennequin invariant of Legendrian links in Lens spaces [6]. It is
plausible that the techniques of [6] can be applied to the study of the invari-
ants of the current paper and could lead to further connections with contact
geometry.
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For null-homologous links in 3-manifolds there is a natural framing com-
ing from self-linking number. When working in Z-homology 3-spheres the
notion of framing given above agrees with this natural framing. There are
several notions of self-linking number that have been considered for non
null-homologous links: For example Chernov [4] works with an integer self-
linking number while Baker and Etnyre [1] discuss a rational valued self-
linking number for links in @Q-homology 3-spheres. Here for Q-homology
3-spheres we work with an integer framing that is previously considered, for
example, in [16]. and is closer to the spirit to that of [4].

The paper is organized as follows: In Section 2 we formulate the problem
of integrating singular link invariants to invariants of framed links. Then
we state an “integrability theorem” and prove it for atoroidal Q-homology
spheres. In Section 3 we treat manifolds containing essential tori and in
Section 4 we construct the Kauffman power series invariant. Finally, in
Section 5 we give some concluding remarks and questions.

Acknowledgement. I thank Chris Cornwell for his interest in this work
and for several stimulating questions about link theory in 3-manifolds that
motivated me to go back and work on this project.

2. LINK AND SINGULAR LINK INVARIANTS

2.1. Link Framings. Let P be a disjoint union of m oriented circles. A
framed link in an oriented 3-manifold M is a piecewise linear embedding
L : P — M such that each component, L; C L(P) is endowed with the
homotopy class of non-singular normal vector field. If M is a Z-homology
sphere (i.e. Hi(M) = 0) there is a natural choice of framing for links: For
every component L; of an oriented link L : P — M, let N(L;) denote a reg-
ular neighborhood of L;. There is unique simple closed curve L, C 9(N(L;)
that is homologically trivial in M~ N (L;); this curve bounds an embedded,
bi-collared surface S; in M~ N (L;) (a Seifert surface). The homotopy class
of any non-singular normal vector field along L; is determined by the alge-
braic intersection number of L; with the surface S;. Thus the framing of an
m~component link is determined by an m-tuple of integers f := (f1,...,fm).
Two m-component links L and L' (of the same framing) are equivalent if
there is an isotopy hy : M — M, t € [0, 1] such that hg = id, L' = hy(L)
and for every t € [0,1], ht(L) has the same framing as this of L and L'.

An m-component singular link of order n is a piecewise-linear immersion
L : P — M whose only singularities are exactly n transverse double points.
Given a double point of a singular link of order n we can obtain two singular
links L4 and L_ of order n — 1 by resolving the double point in two ways
(see below for more details.) For a singular link Ly with one double point
the resolutions L., L_ represent framed links. We note that if the double
point X occurs between two different components of P, then the framings
of L, L_ are the same. For a singular link L, with one double point the
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resolutions L, L_ represent framed links. We note that if the double point
x occurs between two different components of P, then the framings of L,
L_ are the same. We define the framing of Ly to be

f(Ly):=(f1,...,0,...,0,...,fm), (0)
where the entry 0 occurs at the indices corresponding to the components on
L involved at the double point of L. If the double point x occurs on a
single component, say P;, then we define the framing of L« by

f(Ly):=(f1,...,f(Ly) —fi(Lo), ..., fm). (1)
Then we continue inductively to extent the framing on singular links of any
order. With this understanding we will be considering framed singular links
in the rest of the paper.

Two framed singular links of the same order are equivalent if there is an
ambient isotopy of M that brings one to the other within the class of framed
singular links of order n. We will denote by £ (resp. L) the set of isotopy
classes of all framed singular links of order n (resp. links) in M.

Now suppose that M is a Q-homology 3-sphere (i.e. Hi(M) is finite). To
define a notion of link framing in M we will consider our links as embeddings
of annuli. That is a framed link will be a piecewise linear embedding L :
Px1I — M. The framing on a component L; C L is the linking number of a
boundary component of the annulus with core L;. Thus the framing of an m-
component link can be given as an m-tuple of integers f := (f1,...,fy,). Two
framed links are isotopic if the corresponding thickened links are isotopic.
Again we extend the framing on singular links as above.

2.2. Four resolutions of double points. Let p € M be a transverse
double point of a framed singular link L. Then L~!(p) consists of two
points p1, po € P. There are disjoint 1-simplices, o; and o9, on P with
p; € int(0;), i = 1, 2 such that for a small ball neighborhood B of p

LNB= L(O’l) UL(UQ)

Moreover, there is a proper 2-disc D in B such that L(o1), L(o2) C D
intersect transversally at p. One assumes that isotopies of singular links
carry the ball disc pair (B, D) through for all the double points of L [17].
We resolve a transverse double point of a singular link of order n in different
ways: L(o1) U L(o2) intersects 0D at four points and since o; inherits an
orientation from that of P we can talk about the initial point and terminal
point of ¢; and L(o;). Now choose arcs aj, ag, by, be with disjoint interiors
such that

(1) a1 and ag go from the initial point of L(o1) to the terminal point of
L(o1) and lie in distinct components of 0B~\0D; and

(2) by and by lie on D with b; going from the initial point of L(o1) to
the terminal point of L(o3) and be from the initial point of L(o3) to the
terminal point of L(o1). The complement of by U by in 9D consists of two
arcs, say c1, co. The orientation of M and that of L(o2) define an orientation
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of a1 U as; suppose this induced orientation agrees with the one of a; and is
opposite to that of as. Define

Ly = K~K(o2)Uay
L_ = K\K(Uz) U as
L,= K\(K(O’Q) U K(O’l)) U (b1 @] bg)
Lo = KN(K(02) UK(01))U (¢1 Uca)
Now Ly, L_ and L, are oriented framed singular links of order n — 1.
The link Lo, = K~ (K(02)U K(01)) U (c1 U ¢2), only makes sense as an

unoriented link. We will denote by £ (resp. L) the set of isotopy classes
of framed, oriented, singular links of order n (resp. links) in M.

2.3. Integration of singular link invariants. Given an abelian group A,
and framed link invariant F' : £ — A, can extend it to an invariant of
framed singular links as follows: Let Ly € £() be a framed singular link
where x stands for the only double point. Then the two resolutions of L,
L_ € L represent links. We define

f(Lx) = F(Ly) = F(L-). (2)

Continuing inductively we can extend the invariant on singular links in £,
for all n € N. We are interested in reversing this process; the reverse
process is usually referred to as integration of the singular link invariant
to an invariant of links (cf [17], [12], [11]). In this section we deal with
the following question: Suppose that we are given an invariant of framed
singular links f : £) — A. Under what conditions is there a link invariant
F : L — A so that (2) holds for all singular links Ly € £1? We will
address this question for links in Q-homology 3-spheres with trivial .

Let N be an orientable, compact 3-manifolds with or without boundary.
A map ® : S x S — N is called essential if it induces an injection on
71 and it cannot be homotoped to a map ® : S' x S — ON. Otherwise,
® is called inessential. The manifold N is called atoroidal if there are no
essential maps S' x S1 — N.

Theorem 2.1. Suppose that M is a Q-homology sphere with wo(M) = 0
and such that that if Hy(M) # 0, then M is atoroidal. Let f : L) — A
be an invariant of framed singular links with one double point. Suppose that
A is torsion free and that the invariant f has the following properties.

f(Lxr) = f(Lrx)- (3)

f(Lx+)_f(Lx—) :f(L+x)_f(L—x)7 (4)
for every Ly € L®). Then there exists a framed link invariant F such that
f is derived from F via equation (2).
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Notation. The four singular links in £(!) appearing in (4) are obtained
by resolving the double points of Lxyx one at a time. The two singular
links in (3) only differ locally as shown in Figure 3; in particular they are
inadmissible. Note that (3) and (4) imply that f(Ly;) = f(Lix), where Ly
and L;y are also shown in Figure 3.

Aj ‘
N 1 )
F1GURE 3. From left to right: Ly, Lrx, Lxi, Lix

Definition 2.2. A singular link L is called inadmissible if there is a 2-disc
D C M such that LN D = dD and exactly one double point of L lies on
0D. Otherwise the singular link is called admissible. A crossing change on
a link that produces an inadmissible singular link as intermediate step will
be called an inadmissible crossing change. Notice that the links of Figure 3
are inadmissible.

Theorem 2.1 is similar to Theorem 3.16 of [11] and Theorem 3.1.2 of [12];
the difference is that the later results are about invariants of ordinary (un-
framed) link isotopy. For arguments and technical aspects that are similar
to these in [11], [12] we will often refer the reader in these manuscripts for
details and terminology.

2.4. Loop space and framing control. Let L € £ be a framed link in
M. We also use L to denote a representative L : P — M, of L. Let
ME(P, M) denote the space of maps P — M homotopic to L equipped
with the compact-open topology. For every framed link L' € M (P, M),
we choose a homotopy ¢; : Px[0,1] — M such that ¢y = L’ and ¢; = L.
After a small perturbation, we can assume that for only finitely many points
0 <t <teg <- - <ty <1, ¢ is not an embedding. Moreover, we can
assume that ¢, for ¢« = 1,2,...,n are singular framed links of order 1
(ie. ¢, € LW). For different t's in an interval of [0, 1]~{t1, t2, ..., tn},
the corresponding framed links are equivalent. When ¢ passes through t;,
¢¢ changes from one resolution of ¢;, to another. Since we are interested
in framed link equivalence invariants, for closed homotopies from a framed
link to itself the “total framing change” should be zero. Next we introduce
a measure of this framing change.

Definition 2.3. Let ® : P x [0, 1] — M be a generic homotopy between
m-component links L, L' as above. Let 0 < t; < --- < t, < 1, denote the
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values of ¢ for which ¢, € L) . Define
Afy = (Afq, ..., Afy),

where, for i =1,...,m,

Afy = Sesfi(or,), (5)

Jj=1

and the framings fij(¢;;) are given by the formulae (0)-(1). Here 5;- is 1 if
the double point of ¢;; lies on the i-th component and 0 otherwise, and
the sign €; = +1 is determined as follows: If ¢ 44, for § > 0 sufficiently
small, is a positive resolution of ¢, then €; = 1. Otherwise ¢; = —1. Thus,
Afgp records the total framing change along ®. We will say that a closed
homotopy ® is framing preserving iff we have Afg =0 := (0,...,0).

2.5. Beginning the proof of Theorem 2.1. Let L' € MY(P, M) be a
framed link. Choose a generic homotopy ¢; : Px[0,1] — M such that
¢o=Land ¢1 = L. Let 0 < t; <tg <---<t, <1 denote the points where
¢¢ is not an embedding. Recall that ¢;, € £ such that for different ¢'s
in an interval of [0, 1]\{t1, t2, ...,t,}, the corresponding framed links are
equivalent. When t passes through ¢;, ¢; changes from one resolution of ¢,
to another. We define

F(L) = F(L)+)_ef(¢r,) (6)
i=1

Here €; = £1 is determined as follows: If ¢;,s, for o > 0 sufficiently small,
is a positive resolution of ¢, then ¢; = 1. Otherwise ¢; = —1.

To prove that F' is well defined we have to show that modulo “the integra-
tion constant” F'(L), the definition of F'(L') is independent of the choice of
the homotopy. For this we consider a framing preserving closed homotopy
®: P xS — M from L to itself. After a small perturbation, we can
assume that there are only finitely many points 1, z2, ..., x, € S', ordered
cyclicly according to the orientation of S, so that ¢,, € £! and ¢, is equiv-
alent to ¢, for all z; < z,y < x;41. To prove that F' is well defined we need
to show that

n

Xo = ef(6n) =0 (7)

i=1

where ¢; = +1 is determined by the same rule as above.

The proof of (7), which occupies the remaining of Section 2 and Section
3, will be divided into several steps. In this section we will give the proof of
(7) for closed homotopies in atoroidal 3-manifolds and in the next section
we deal with essential tori.
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To continue, we first need to introduce some notation. Suppose that P
has m components; that is
m
r=]]~
i=1

where each P; is an oriented circle. Let L : P — M be a link. Pick a base
point p; € P; and let a; denote the homotopy class of L(F;) in m (M, L(p;)).
Finally, we denote by Z(a;) the centralizer of a; in m (M, L(p;)). We be-
gin with the following well known lemma (see, for example, the proof of
Proposition 4.3 of [17]).

Lemma 2.4. Suppose that M is an orientable 3-manifold with mo(M) =0
and let the notation be as above. Then

7"'1(~A/IL(P7 M)’ L) = @:‘ilz(ai)'

2.6. Integrating around inessential tori. Here we show how to derive
(7) in the case where the closed homotopy ® represents a collection of
inessential tori in M. Since M = () this means that the induced map
(®;)s : T (P; x SY) — 71(M) has non-trivial kernel.

Lemma 2.5. Suppo;’e that a framing preserving closed homotopy ® can be
extended to a map ® : P x D> — M, where D? is a 2-disc with 0D?* =
{x} x S*. Then, X¢ = 0.

Proof. We perturb P, relatively 0D?, to be in almost general position in the
sense of Proposition 1.1 of [11]. Then the set

S; ={r e D? | ¢y := ®(P x {a}) is not an embedding},

is an 1-dimensional embedded sub complex of D? with properties (1)-(5)
given in Proposition 1.1 of [11]. The vertices of Sg in the interior of D? are
of valence one or of valence four (see Figure 4).

Each edge of Sy, corresponds to a singular link of order 1. So by using
the given invariant f we can assign an element of A to every edge of S; and
we can reduce (7) to local conditions; one around each interior vertex of
S;- Before we explain this better, we observe that the condition f(Lxy) —
f(Lx-) = f(Lyx) — f(L_x) implies that the value X4 does not depend
on the order in which the crossing changes around ¢ = <i>|P x 0D? are
made. Thus, without loss of generality, we may assume that the valence one
vertices of Sg correspond to inadmissible crossing changes on 0D?: More
specifically, with the notation as above, for i = 1,...,s, ¢,, € L is an
inadmissible singular link and for i = s,...,n, the singular link ¢,, € L' is
admissible. In particular, there are s edges of S5 emanating from z1, ...,z
respectively and ending at an interior vertex of valence one and these are
the only valence one vertices of Sj.

For every interior vertex of Sg we draw a small circle C' around it, so that
the number of points in C'N Sy is equal to the valence of the vertex. See
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> >

FIGURE 4. The set of singularities S3 with the types of dou-
ble points they represent.

o

X

o\ "

b

FIGURE 5. The singular links ¢5,, ¢4, form a pair of type
Ly, Ly (or Ly, Ljx) shown in Figure 3.

Figure 5. Let (', ..., Cs denote the circles encircling the valence one vertices
of Sz and let T" denote the disjoint union of the circles surrounding the
vertices of valence four. First we look at a vertex of valence four: Then the
four points in C'N.S; correspond exactly to the four singular links appearing
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in equation (4). Since (4) implies f(Ly4+)— f(Lx—)— f(Lix)+ f(L_x) =0,

we have
Z sz(ﬁgzv) =0 (8)

xEFﬂS(i)

where ¢, := ®(P x {z}). Now observe that

n

i=s+1 z€lNS;

Hence the last equation and (8) imply that
S
Xo =Y eif(¢u,)- (9)
i=1
Since ® is framing preserving, we have Afg = 0 := (0,...,0).
Claim: We have Afc = (0,...,0), for every loop C € T.

Proof of Claim: By Definition 2.3, the i-th coordinate of Afs can have
non-zero contributions only during crossing changes involving the i-th com-
ponent. Let Lyyx € £® and suppose that one of the double points occurs
between the components L, L; and the second double point occurs between
L, and L,,. If ¢ # k,l,7,w then Af; = 0, by definition. Next observe
that, by the definition of framing of singular links given in (0)-(1) , if in a
singular link Ly € £ the double point occurs between the components
Lo, Ly C Ly, then fi(Lyx) = 26°, for every i € {a,b} . This implies that
fi(Lxy) —fi(Lx—) = 0 for each ¢ € {k,l}. Similarly, f;(Lyx) — fi(L_x) =0
for each i € {r,w}. Based on these observations and Definition 2.3 an easy
case-by-case direct examination shows that Afy = 0, for all i € {k,{,r, w}:
For example suppose that both endpoints of Ly lie on the component
Ly = Lyx(P;). Then, by formula (5), we have Af; = 0 for i # k and
Afy =i (Lyt) — fic(Lx—) — £i(Lyx) + fi(L—x) which is equal to zero since
fiu(Lxy) —fi(Lpx—) = fi(Lyx) — fi(L_x) = 2.

To continue we note that the claim above implies that

Afp =" Afg =(0,...,0).
cel

Since we have
S

Afy =Y €if(¢s,) + Afp = (0,...,0),
i=1
we conclude that Y7, €;f(¢z,) = (0,...,0). This in turn implies that the
full twists on L resulting from the inadmissible crossing changes are divided
into pairs of twists of opposite sign and they can be eliminated by framed
link isotopy (see Figure 4). Now local condition (3) implies that the right
hand side of (9) must be identically zero. Thus we have verified the global
condition that X¢ = 0 as desired. |
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Lemma 2.6. Let M be a Q-homology sphere with wa(M) = 0. Suppose,
moreover, that m (M) is infinite and that the framed link L to begin with
has no homotopically trivial components. Let ® C M*(P, M) be a framing

preserving homotopy such that, for everyi = 1,...,m, the restriction ®|P; X
S1 — M is inessential. Then, exists a map ® : P x D> — M such that
Xpp = aXo

for some a € 7. Here d® = ®|P x dD? and D? is a 2-disc.

Proof. For i = 1,...,m, let T; := P; x S', ®; := ®|T}, l; :== P; x {*}, and
m; := {*} x S1. Since ®; is inessential we can find a closed curve \; C T}
such that the image ®;()\;) is homotopically trivial in M. Since we assumed
that 71 (M) is infinite and ma (M) = 0, it follows that (M) is torsion free
[8]. Thus we can take A; to be a simple closed curve, for alli =1,...,m. In
m1(T;) we have [\;] = a;[m;]+b;[l;], for some co-prime integers a;, b;. If a; = 0
for some i = 1,...,m, then ®;(l;) is homotopically trivial in M. Thus, one
of the components of the link ®(P x {x}) is homotopically trivial. Since we
assumed otherwise we have that a; # 0, for i =1,...,m. Let ¢; : TZ — T
be the covering of T; corresponding to the subgroup a;Z®Z of w1 (T;) = ZDZ.
Let l;-, 5\1-, m; denote the lifting of I;, \;, and m;, respectively. We have

(i) = [l + billi]. (10)
Note that the curve ®;(g;(\;)) is homotopically trivial in M. Thus we can
extend the map ®; o ¢; on a 2-disc D; with 0D; = ;. Since 732(]\{[) =0,
®;0q; : Ty — M extends to a map ®; : S* x D; — M , where [; x \; = T;.

We will set
~ m ~
o =[]
i=1

Claim: We have that

Xpp = aXo
where |a| = max{|ai|, ..., |am|}.
Proof of Claim: We identify the curves i by a common parameterization,
and call the result A. The parameterization should be such that correspond-
ing points on the \;s map, under the ¢;’s, to the same point on the param-

eter space of ®. This induces a common parameterization of the curves m;.
Identify them and call the result m. Now, ® induces a map [ x m — M,

where .
=i
i=1

We continue to denote this map by ®. Clearly, we have

®(l x {z}) = [T ®:(Pi x {ai(2)})
1=1
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for every = on m. Notice that each point on the parameter space of ®,
for which ®(P) is not an embedding, corresponds to |a| points =z € m for
which ®(I x {x}) is not an embedding. We observe that, because of (10),
the quantity X 4 doesn’t change if we replace the parameter space m, by

A. Now, the claim follows easily.
O

2.7. Theorem 2.1 for atoroidal manifolds. Before we can proceed with
the proof of the theorem we need two additional lemmas.

Lemma 2.7. Consider ®,® : S' — MZE(P, M) two framing preserving
closed homotopies from L to itself. Suppose that ®, D" are freely homotopic
as loops in MY (P,M). Then X¢ = Xg. Furthermore, there is a group
homomorphism 1 : w1 (ME(P, M), L) — A defined by ¢([®]) = Xo.

Proof. As in the proof Lemma 3.3.2 of [12] we show that there is a map
® : D? — ML(P, M) such that if we let ¥ := ®|D?, then ¥ : S! —
ME(P, M) is a framing preserving closed homotopy from L to itself with

Xy = Xo — Xo.

Then Lemma 2.5 implies Xy = 0 and thus X¢ = X¢. Next observe that
71 (ME(P, M), L) can be represented by framing preserving a closed homo-
topy from L to itself. For, suppose that ® is a closed homotopy from L to
itself as an unframed link: That is the links L := ¢o(P) and Ly = ¢1(P)
have different framings. We can adjust ¢;(P) by a sequence of inadmissible
crossing changes so that it achieves the same framing as L. This changes
® to a framing preserving closed homotopy that represents the same ele-
ment of 71 (MY(P,M), L). Now define ¢ : m1(M~*(P,M), L) — A by
Y(a) = Xg, where ® is a framing preserving homotopy representing the
class a € m (MY (P, M), L). It follows easily that 1 is a group homomor-
phism. U

The next lemma is proved as Lemma 3.2.5 in [12] where one replaces
Lemma 3.3.2 of that proof by Lemma 2.7 above. We point out that the
proof of this lemma uses the hypothesis that the group A in which the
invariants take values is torsion free.

Lemma 2.8. Suppose that M is a Q-homology 3-sphere, with mwo(M) = 0.
Let L : P — M be a framed link and let ® : PxS' — M be a framing
preserving closed homotopy from L to itself. Moreover, assume that for
some 1 < i < m, we have a; = 1. Let P' := P~ P; and let ® denote the
restriction of ® on P'. If X¢ =0, then X¢ = 0.

We are now ready to give the proof of Theorem 2.1 in the case where M
is an atoroidal Q-homology 3-sphere.

Theorem 2.9. Suppose that M is a Q-homology 3-sphere, with mo(M) = 0.
Then the conclusion of Theorem 2.1 is true for M.



14 E. KALFAGIANNI

Proof. As before, P is a disjoint union of oriented circles and
d:PxS'— M

is a closed framing preserving homotopy from some link L : P — M to
itself. Let f : £L! — A be a singular link invariant satisfying (3) and (4) of
the statement of Theorem 2.1. We have to show that

X =0

where Xg is the signed sum of values of f around & defined in (7).

First suppose that 71 (M) is finite. By Lemma 2.4, the fundamental group
71 (ME(P, M), L) is finite and, by Lemma 2.7, there is a group homomor-
phism  : w1 (M¥(P, M), L) — A, with 1 ([®]) = Xg . Since A is torsion
free 1 is the trivial homomorphism and thus Xg = 0.

Now suppose that 71 (M) is infinite. If the link L to begin with con-
tains no homotopically trivial components, then since we assumed that
M is atoroidal, Lemma 3.4 applies to conclude that X,; = aXg, where
®: P xD?— M. By Lemma 2.5, Xy = aXe = 0 and thus, since A is
torsion free, X¢ = 0.

Next suppose that all the components of L are homotopically trivial; that
isa; =1, fori=1,...,m. Then, by Lemma 2.4,

T (ME(P, M), L) = @"r (M, L(p;).

Since Hq(M) is finite, the above equality implies that the abelianization
of m(M¥(P,M), L) is a finite group. By Lemma 2.7 we have a group
homomorphism v : (MY (P, M), L) — A, with 1([®]) = Xg. Since A is
abelian, 19 factors through the abelianization of 71 (M¥(P, M), L); a finite
group. But since A is torsion free, v is the trivial homomorphism. This
Xg = 0 for all framing preserving loops ® in M¥(P, M).

To handle the general case let i(L) denote the number of components of
L that are homotopically trivial. The proof is by induction on i(L). In the
light of our discussion above the conclusion is true if i(L) = 0 or i(L) = m.
Thus we may assume that (L) # 0,m. Let L; C L be a component that is
homotopically trivial and let L' := L~ L;. Also let ® be a framing preserving
closed homotopy from L to itself and let ®' denote the restriction of ® on
P’, where P’ := P~ P;. Since i(L') < i(L), by induction, X¢ = 0. Then,
by Lemma 2.8, X¢ = 0. O

3. INTEGRATION OF INVARIANTS IN TOROIDAL 3-MANIFOLDS

To study the question of integrability of singular link invariants in toroidal
3-manifolds we need several results from the theory of characteristic sub
manifolds of Jaco-Shalen [9] and Johannson [10]. The statements of the
results from these theories, in the form needed in our setting, are summarized
in Section 2 of [11] and in Section 2 of [12]. It will be convenient for us to
recall the statements we need below from therein, instead from the original
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references. In particular we will need the Enclosing Theorem and the Torus
Theorem both stated on pp. 679 of [11]. The later, in the form needed for
our purposes, is due to Scott, Casson-Jungreis and Gabai. The proof of
Theorem 2.1 will be completed once we show the following.

Theorem 3.1. Suppose that M is a Z-homology sphere with wo(M) = 0.
Let f: L) — A be an invariant of singular links with one double point.
Suppose that A is torsion free and that the invariant f satisfies (3) and (4)
of Theorem 2.1 Then there exists a framed link invariant F' such that f is
derived from F via equation (2).

Remark 3.2. The restriction to Z-homology spheres is necessary in The-
orem 3.1. As explained in Remark 3.13 of [11] and the discussion at end
of Section 3 in [12], in general, “local conditions” are not sufficient for the
integration of singular link invariants. When the characteristic sub manifold
contains Seifert fibered components over non-orientable surfaces one needs
to impose extra “non-local” conditions. Specific constructions demonstrat-
ing these phenomena are given by Kirk and Livingston in [15]. One can still
obtain results analogous to Theorem 2.1 in these cases (cf Theorem 3.4.1 of
[12]) ; for reasons of simplicity and clarity we’'ve chosen not to discuss these
cases here.

For the proof of Theorem 3.1 we will need the following.

Lemma 3.3. Let M be a Z-homology 3-sphere with mo(M) = 0 . Suppose
that ® : T = S' x S* — M is an essential map. Then, there exists a map
®y : T — M which is homotopic to ® and such that one of the following
holds:

(i) ®1(T) lies on an essential embedded torus in M.

(ii) There exists an oriented surface F with OF # (), such ®1 can be extended
to a trivial fiber bundle ® : S* x F — M so that the image ®(OF\T) is
contained on a collection of embedded tori in M.

Proof. By the Torus Theorem, and the discussion at the end of Section 2
of [12], either M is Haken or it is a Seifert fibered 3-manifolds that fibers
over S? with three or less exceptional fibers.

First, suppose M is Haken. Then by the Enclosing Theorem, there is
a Seifert fibered sub manifold S C M and a homotopy ®} : T — M such
that & = ® and ®|(T) C S. If ®|(T) can be further homotoped in S
so that it lies on a component of 9S then we have the conclusion of (i)
above. Otherwise, by the classification of essential tori in Haken Seifert
fibered spaces (Proposition 2.11 of [11]) we can homotope ®] in S to a map
®¢ : T — S which is vertical with respect to the fibration.

Next suppose that M is a Seifert fibered space. By Proposition 2.2.5 of
[12] , ® is homotopic to a map ®; : T — M which is vertical with respect
to the fibration of M.

Thus, in both cases, either (i) holds or we have a Seifert fibered manifold
S C M such that ® is homotopic to a map ®; : T' — M that is vertical
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with respect to the fibration of S. This means that ®; is a composition Wogq,
where ¢ is a covering map from the torus 1" to each self and ¥ : T — S
is an immersion without triple points. Then, there exists a decomposition
T = S' x S' such that

a) U(S! x {*}) maps onto a regular fiber h, of S

b) We have p(¥({x} x S1)) = p(T) on the orbit surface B of S.

Let H (respectively, Q) denote the curve S' x {x} (respectively, {*} x S*
on T'. Now « := p(T') is an immersed closed curve on B with singularities
finitely many transverse double points. A neighborhood N:=N(a) C B,
of a on B is an oriented planar surface. Choose N small enough so that
Y := p~!(N) contains no exceptional fibers of S. Now p: Y — N is an ;-
bundle and since H?(N) = 0 this fiber bundle is trivial. Choose a trivializa-
tion Y = S x N so that N is embedded as a cross section. Pick a base point
p € N and arcs from p to the components of N whose homotopy classes
freely generate m1(IN); we pick one arc for each such component. Assume
that these arcs intersect « only at its double points; let z1,...,zs denote
the resulting generators of (V). Write o as a word in these generators.
Say
k.

(7

We extend ®|{*} x S! to & : (F, OF) — (N, N) where F is a planar
surface such that: (i) 71(F') has a free generator for every copy of z;; in

k1, k
o] = afial o

the word above; (i) the induced map ®, : w1 (F) — m(N) is onto; (iii)
. ([Q]) = xfllej : xf: Now consider the pull-back ®*(Y) of YV via ®;
by assumption the pull-back of the cross-section « is a cross section of the

®*(Y). Extending this cross section over F' we have the desired conclusion.
O

We now recall that the proof of Theorem 3.1 is reduced to showing (7) for
every framing preserving loop ® € M¥ (P, M) (where, the loop is viewed
as a closed homotopy from the framed link L to itself.) The next Lemma is
proved by the argument in the proofs of Lemma 3.3.3 and Theorem 3.12 of
[12] where one replaces Lemma 3.3.2 of [12] by Lemma 3.3; we won'’t repeat
the details here. We note that the hypothesis that H;(M) = 0 implies that
the orbit space of the characteristic sub manifold of M is oriented. Thus
Lemma 3.3.1 of [12] applies. See remarks at the end of Section 3 in [12]
or Remark 3.13 of [11] for discussion on these hypotheses. We should also
remark that after ® has been homotoped to a map ®; : P x S — M that
is vertical with respect to the fibration of s Seifert fibered sub manifold of M
in Lemma 3.3 we may need to adjust by a number of inadmissible crossing
changes so that ®; is still framing preserving.

Lemma 3.4. Suppose M is a Z-homology sphere with mo(M) = 0 and let
& c ME(P, M) be a framing preserving loop. Suppose that L doesn’t
contain homotopically trivial components. Suppose moreover that if, for
somei = 1,...,m, ®P; x S' — M induces an injection on m then it
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cannot be homotoped on an embedded torus in M. Then, there exists a
map VU : P x D?> — M such that Xyy = aXe, for some a € Z. Here,

OV = U|P x dD? and D? is a 2-disc.

3.1. The completion of the proof of Theorem 2.1. As before, P is a
disjoint union of oriented circles and

d:PxSt—M

is a framing preserving closed homotopy from some link L : P — M to
itself. We have an invariant f : £! — A as in the statement of Theorem
3.1. We have to show that
Xe=0

where X is the signed sum of values of f around ® defined in (7).

Suppose that ®|P; x S — M represents an inessential torus for all i =
1,...,m. Then, using the argument used in the case of atoroidal manifolds
in § 2.7 we obtain Xg = 0.

Proof. Now suppose that some component, say ®; := ®|P; x S' — M, can
be homotoped to lie on an embedded essential torus in M. Then a theorem
of Nielsen ([8], theorem 13.1) implies that after further homotopy, we may
assume that ®; is a covering map of an embedded torus. Then, using Lemma
2.7, we conclude that ®; doesn’t contribute to Xg. Thus, for our purposes,
we can assume that if a component ®; induces injection on 7; then it cannot
be homotoped to lie on an embedded torus.

Suppose, without loss of generality, that the components L; C L are
homotopically trivial in M for all ¢ < s, and homotopically essential for
every i = s+ 1,...,m. Let ® denote the restriction of ® on the disjoint
union of the components P; x S', i = s+ 1,...,m. Then by Lemma 3.4
and Lemma 2.5 we have a X = 0. Since we assumed that A is torsion free,
this implies that X¢ = 0. Thus, in particular, if s = 0, we have X¢ = 0.
Now inducting on s and using Lemmas 2.4 and 2.8 we obtain the desired
result. O

4. AN INTRINSIC DEFINITION OF THE KAUFFMAN POWER SERIES

For links in S3 the Kauffman polynomial is equivalent to a sequence of
l-variable Laurent polynomials {R,, = R,(t)}, cz. They are completely de-
termined by the following skein relations:

R,(U)=1
Ry (L) =t~ DR, (L)
R (L;) = t" VR, (L)
Rn(Ly) = Rn(L-) = (t =t )[Rn(Lo) — Rn(Loo)]
where Ly, L_, L,, L as in Figure 1 and L,, L; are as in Figure 2.
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Notice that the initial value R, (U) = 1 is just a normalization. Any choice
of the initial value together with the rest of the relations will determine a
unique R,.

Let
i . 75—(71—&—1)

By the relations above one obtains
Ry (L H U) = un(t) Ry(L)

where the link L] U is obtained from L by adding an unknotted and un-
linked component U. The coefficients of the power series R, (x), obtained
from R, (t) by substituting ¢ = e®, are invariants of finite type [?]. In the
theorem below we reverse this procedure, and guided by the axioms above
we will construct inductively power series invariants for links in 3-manifolds
generalizing the R, (z)’s.

Assume that M is as in Theorem 2.1. For every n € Z, we will construct
a sequence of knot invariants

0 1 m

Upy U

such that the formal power series
Riagny(L) = Y it (L)a™
m=0

satisfy the axioms above, under the change of variable t = e”, for every
LelLl.

We will construct our invariants inductively (induction on m) by using
Theorem 2.1. More precisely, each v,* is going to be obtained by integrating
a suitable singular link invariant determined by the v},’s with j < m.

Recall that a link invariant obtained by integrating a singular link invari-
ant is well defined up to a collection of “integral constants” . This means
that in order to define v2, v} vl uniquely, we need to make a choice

s Uny oo Uplye
of “trivial links”.

Let L be an n-component link and recall from §2 that M?* denotes the
space of maps [[S' — M which are homotopic to L. The spaces MF
corresponding to links with n components are in one to one correspondence
with the unordered n-tuples of conjugacy classes in 7 = m1(M). In every
such space we will fix, once and for all, a link CL and call it a trivial
link. If C'L has k components which are homotopically trivial, our choice
will be such that CL = CL*[[U¥, where U* is the standard unlink with
k components in a small ball neighborhood disjoint from C'L*. Let CL be
the set of all trivial links and CL* be the set of trivial links with all of their
components homotopically non-trivial.
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Theorem 4.1. Assume that M is an orientable, Q-homology 3-sphere with
mo(M) = 0 and such that if Hi(M,Z) # 0, then M is atoroidal . Let L
and CL* be as above. There exists a unique sequence of complex valued link
invariants v, vl ... v ..., with given values on the links in CL* U{U},
such that, for L € L, we have:

(i) The values v',(L) are independent of the orientation of L.

(ii) If we define a formal power series

[
(]2
4
3
=
8
s

then we have

Ry (L) = t" VR, (L)
Ry(Ly) = Ru(L-) = (¢t — til)[Rn(LO) — Rn(Loo)]
wheret =e* =1+ax 4+ 22+ ...

—_
[N}
—_ O T ~—

Notation: To simplify our notation, and throughout this proof, we will write
R, instead of Ry -

Proof. By our assumption, the values vQ(CL*),v}(CL*),..., o™ (CL*),...

are given for every CL* € CL*. Hence, we can form the power series
9y

R, (CL*). Also, we may form R, (U) using the given values v, (U)’s.
Guided by (12)-(13) we define

R, (CLY) =t~ ("VR, (CL*), and R,(CL})=t"tVR, (CL*). (15)

Now guided by these we can define the values of R, on all framed links
whose underlying isotopy class is C'L*. To explain this suppose that C'L*
has s components. If L represents the framed link obtained from CL*, with
framing f = (f1,...,fs) we will have

Ry(L(f)) = t" VTR, (CL*) where 7:=» f;.
i=1
Using (14)-(15), and inducting on k, we can check that

Ro(CL* [T U) = [un(®)]F ™" Rn(CL") (16)

where

Thus, R,, has been defined on all framed trivial links.
For every framing f = (fy, ..., f5) we define the link invariant v% by

vn(L(£)) = vp(CL(£)),

n

where C'L is the trivial link homotopic to L.
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Inductively, suppose that the invariants vQ, vl ... v™ 1 have been de-
fined such that if we let

m—1
m 1) Z U
i=1
then we have
Rgmfl) (L'r') — t*(nJFl)Rng*l) (L) mod z™ (17)
Rglmfl)(Ll) — t("+1)R$lm71)(L) mod z™ (18)
,1)(LHU) = up(t) Ry(L) mod ™ (19)

and

RID(Ly) = R D(L-) = (t— YR (Lo) — RE™(Loc)] mod 2™

n

Furthermore, suppose that these invariants do not depend on the orientation
of the links.
The last equation leads us to define

R™(L,) := (t =t H[R"™(L,) — RV (Ly)] mod 2™+? (20)

n

We want to define the invariant v];, : Recall that it is already defined
on all the framed links C'L(f). Next we examine the right hand side of
(20). It is a polynomial of degree m, with the coefficient of ™ coming
from (t —t=1)] %m_l)(Lo) — R,(lm_l)(Loo)]. This term has no constant term
and thus the coefficient of 2™ is derived from the inductively well defined
invariants v, i = 1, 2, ...,m — 1. Thus the coefficient of 2™ in (20) is a
“new” singular link invariant. We are going to prove that it is derived from
a knot invariant by using Theorem 2.1. For that we need to check that
the local conditions given in (3) and (4) are satisfied. It is enough to check
them modulo 2 *!. In what follows the symbol “=”’ will denote calculation
modulo ™1

First we check condition (4): To that end, let Ly, and Ly_ € £ be
two singular links as in the left hand side of (4). From (20) we have

RUM™(Lyy)— RIM(Ly_) =

= <t—t-1>[R<m D(Los) = R (Looy) + o(2™)] —
— (- >[R<m1< )= B (L) 1 ofa™)] =
= (t—t")[R" TV (Loy) - R<m D(Lo-) + o(z™)] ~
(= Y[R (Lgy) — RO (Lo + ofa™)] =
= (t—tl)z[R%m 1;(L o) — RUm= ”g 000)] —
_ 41 m—1 m 1 —
_ g tl)a[R?m 1>(L o) = e 1>( oeos)] =
= (=t [RI V(L) + RV (Loooo)] —

(t =t [RY"D (Loo) + R (Lo
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Since the result is symmetric with respect to the two double points we
deduce that

R (Lxy) = RUM(Lx—) = RY™ (Lyx) = R{™ (L)

n
Before we can check local condition (3), we note that if we start with an
inadmissible singular link L' € £! and we let L be the link obtained by
cutting off the double point of L' and the disc containing it, then we have

R(M(L') =
= (t—t H[RVE]]U) - BRIV (Loo) + 0(a™)] =
= (t—t H[(un(®R V(L) — R{™ ”(Loo)] =
= (t—t H[(u®RM V(L) — (RD(L) + o(z™))] =
( [

n

t— 1) [un(t) — 1] RI™D(L)
= [t(n-i—l) 4 (n+1)]R7(1m 1) (L)

Here, to obtain the third equivalence we use the fact that L and L, are

isotopic links and thus by the induction hypothesis we have

R (L) = R V(L) modz™.

Next we will check (3): Let Ly, and L,x € LW that differ only locally
as shown in Figure 3. By (17) and (20) we have

" (L) = R (Lix)
(t ( +1) _ ("“))R( )(L ) — (D) — g RM( Y =
0
Thus, the singular link invariant defined above is induced by a link in-

variant. Using the given values {v,'(CL): CL € CL}, we can define a link
invariant v, such that if we let

m

RM(L)=> v

33
S
&S

we have
RYV(Ly) — RYV(L-) = Ry (Lx)
for L € £ and Ly € L.
Now its easy to check (18)-(19) mod z™*!.
To ﬁnish our proof we need to show uniqueness. Inductively, we assume
that v2, v}, ... 0™~ ! are uniquely determined by their values on CL, for
every n € Z. Then, the conclusion for v;* follows from the fact that

S
v (L) = v (CL) + Y +u (L)
i=1
where L1, ..., Ly are singular links in £', and CL is the representative of L
in CL. The non-dependence of link orientation follows similarly. (]
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Remark 4.2. To obtain Theorem 1.1 from Theorem 4.1 we set z := t—t~1 =
e’ —e * and a:= €Y, where y = (n + 1)z.

5. CONCLUDING COMMENTS AND QUESTIONS

5.1. Links in S are studied via projections on a sphere S? C S3. Let U™
denote the m-component unlink and U™ (f) denote then any m-component
link projection L C S? is transformed to framed unlink by a finitely many
crossing changes and regular isotopy moves on S? (i.e. isotopy using the
Reidemeister moves of type II and III only). For a link projection L C S2,
we define a complexity

s(L) = (u(L), <(L)),

where u(L) is the minimum number of crossing changes required to trans-
form L into a framed unlink and ¢(L) is the number of crossings of L. We
order the complexities lexicographically. Let R := Rgs : L — A the invariant
of Theorem 1.1.

Proposition 5.1. Define R(U(f)) = a "(a —a ')z~ ! + 1, where 7 :=
S fi. Then, R(L) € Zla™t, 2% for every for every link. In fact, R(L) is
the two variable Kauffman polynomial.

Proof. Note that the complexity s(L) defined above has the properties that
s(Ly),s(Li) < s(L) and from s(L_),s(Lo), (L), S(L4) always three terms
are strictly less that the remaining fourth one.

Thus, the skein relations of Theorem 1.1

R(Ly) — R(L-) = 2[R(Lo) — R(Lso)],

R(L,) = aR(L) and R(L;) =a 'R(L)
allow us to write the invariant R(L) of every link L as a finite sum of the
invariants of links of strictly less complexity that s(L) and with coefficients

in Z[a™!, 2*1]. Now the desired conclusion follows by induction on s(L) and
the observation that R(U(f)) € Z[a™!, z*1]. O

5.2. For an oriented 3-manifold M one can consider link projections a page
of an open book decomposition of Mand there are Reidemeister moves re-
lating projections that represent isotopic links [19]. It would be interesting
to study whether a complexity function, analogous to this described in §4.1
can be found to attack Question 1.2

5.3. In [5] Cornwell studies oriented links in Lens spaces through their grid
diagrams on the standard genus one Heegaard surface of the space as stud-
ied in in [2]. He develops a skein theory that allows him to prove that the
HOMFLY power series of [12] can be normalized to become Laurent poly-
nomials. Then he uses these polynomials to obtain upper bounds for the
Thurston-Bennequin norm of Legendrian links in Lens spaces [6] analogous
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to those obtained for links in S? in [20]. It is reasonable to expect that Corn-
well’s methods can be adapted in the non-oriented link setting to study the
invariants of this paper for links in Lens spaces. These could lead to new
applications to contact geometry in Lens spaces generalizing those of [18]
and [7].

5.4. Recall that an invariant f, is called of finite type if there exists an
integer k (the type of f) , such that the singular link invariant derived from
f is zero on all singular links with more than k£ double points. One can see
that the invariants v2, vl ... v ... constructed above are of finite type;
in fact the invariants v are of type k for all n > 0. It would be interesting
to find a direct relation of the invariants constructed here with these coming

from the SO(n)-perturbative Chern-Simons theory in the sense of [3], [23].
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