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ABSTRACT. For a closed, oriented 3-manifold M and an integer r >
0, let 7-(M) denote the SU(2) Reshetikhin-Turaev-Witten invariant of
M, at level r. We show that for every n > 0, and for r1,...,7, > 0
sufficiently large integers, there exist infinitely many non-homeomorphic
hyperbolic 3-manifolds M, all of which have different hyperbolic volume,
and such that 7, (M) =1,for i =1,...,n.
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1. INTRODUCTION

Throughout the paper, M will denote a closed orientable 3-manifold. The
Reshetikhin-Turaev-Witten SU(2)-invariants of M are complex valued num-
bers ([RT], [KiM]) parametrized by positive integers (levels). Given a pos-
itive integer r € N, let 7,.,(M) denote the SU(2) invariant of M at level r.
In the case that M is hyperbolic, let vol(M) denote the hyperbolic volume
of M. It has been speculated that vol(M) is determined by the entire col-
lection of the invariants Ty := {7.(M)| r = 1,2,..} (see [Mu]). However,
at the moment, it is not clear what the precise statement of a conjecture in
this direction should be. In this paper we are concerned with the question
of the extent to which the finite sub sequences of Tj; determine vol(M).
The main result is the following theorem that shows that for most finite sub
sequences the answer to this question is an emphatic no.

Theorem 1.1. Fiz n > 0. There is a constant C,, > 0 such that for
every n-tuple of integers ri,...,rn, > Cy, there exist and infinite sequence
of hyperbolic 3-manifolds { My }ren such that

(a) Fori=1,...,n, and every k € N we have 7,,(My) = 1; and

(b) ...>vol(My41) > vol(My) > ...vol(My) > g
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Given a framed link L in S2, there is a sequence of Laurent polynomials
{JNn(L,t)}nen; the colored Jones polynomials ([KiM]). For the trivial knot
U, if equipped with the 0-framing, we have

(N _ =N
Jn(U,t) = [N] := e

To prove Theorem 1.1 we need the following:

Theorem 1.2. Given integers n > 0 and r1,...,r, > 2, there is a knot
K c S? such that for any common framing on K and U we have

In(K,er,) = JIn(U,e,,) forall N eN.

2/ —1
Here, fori=1,...,n, e, :=¢e " 15 a primitive r;-th root of unity. For
fixzed n, if r, ..., are sufficiently large, then K can be chosen hyperbolic

with vol(S3\K) > n. Furthermore, if M is a hyperbolic 3-manifold obtained
by B—surgery on K, for some |q| > 12, then we have
q

vol(M) > (1- =" n. (1)

The proof of the first part of Theorem 1.1 uses a result of Lackenby ([L])
and a construction of [K|. For the remaining claims, we need Thurston’s
hyperbolic Dehn surgery theorem ([Th]) and a result proved jointly with
Futer and Purcell ([FKP]).

Corollary 1.3. Given an integer n > 0, there is a sequence of hyperbolic 3-
manifolds {M;}ien and an increasing sequence of positive integers {m;}ien
such that

vol(M;) > - and 7, (M;) = 1,

for alli € N.

Acknowledgment. I thank Oliver Dasbach for helpful discussions.

2. THE PROOFS

2.1. Some properties of the colored Jones polynomials. A crossing
disc of a knot .J is an embedded disc D C S® that intersects J only in
its interior exactly twice geometrically and with zero algebraic intersection
number. The curve 0D is a crossing circle for J. A knot K is said to be
obtained from J by a generalized crossing of order r € Z iff K is the result
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of J under surgery of S along D with surgery slope —.
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Definition 2.1. ( Definition 1.1, [L]) Let r € N and let J and K be two
0-framed knots in S3. We say K and J are congruent modulo (r, 2), iff
K is obtained from J by a collection of generalized crossing changes of
order r supported on disjoint crossing discs. In this case we will write

J = K(mod(r, 2)).

For j € N, let K7 denote the j-th parallel cable of K formed with 0-
framing and let J(K7,t) denote the Jones polynomial of K7. We need the
following result of Lackenby.

T/ —1

Lemma 2.2. (Corollary 2.8, [L]) Let r > 2 be an integer and let e, := e

denote a primitive r-th root of unity. Suppose that J and K are 0-framed
knots in S3. If J = K (mod(r, 2)), then,

J(K7, e.)=J(J,e.), forall jeN.

We recall that for a O-framed link L the value Jy (L, e,) is a linear combi-
nation of J(L/, e,), with the coefficients of the combination being constants
independent of L (Theorem 4.15, [KiM]). Using this fact and Lemma 2.2
we have:

Corollary 2.3. Let r > 2 be an integer and let e, = e%rﬁ denote a
primitive r-th root of unity. Suppose that J and K are 0-framed knots in S3.
If J = K(mod(r, 2)), then, for every integer ¢ > 0, we have Jy(K% e,) =
JIn(J9ey), for all N € N. In particular, we have Jn(K,e,) = In(J,e,), for
all N € N.

2.2. A construction of hyperbolic Brunnian links. To prove Theorem
1.2 we will need the following lemma which summarizes results proved in [K]
and uses results proved jointly with Askitas in [AK]. Below we will sketch
the proof referring the reader to the original references for details.

Lemma 2.4. For every n > 0, there is an (n + 1)-component link L, :=
UUK; U...K, with the following properties:

(a) Ly, is Brunnian; that is every proper sublink of L, is a trivial link.
(b) Fori=1...,n, K; bounds a crossing disc D; C S* of U.

(¢) Ly, is hyperbolic; that is the interior of the 3-manifold M, := S3~n(Ly)
admits a complete hyperbolic metric of finite volume. Here, n(L,) denotes

a tubular neighborhood of Ly,.
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(d) For n > 1, any collection of generalized crossing changes along any
collection of discs formed by a proper subset of {D1,..., Dy}, leaves U un-
knotted.

(e) Ewvery knot obtained by a collection of n generalized crossing changes of
order ri,...,ry, > 0 along Dy, ...D,, respectively, is non-trivial.

Proof: For n =1, we take L := U U K7 to be the Whitehead link and
for n = 2, we take Ly := UUK;UK> to be the 3-component Borromean link
(see Figure 1). It is well known that they are both hyperbolic ([Th]). For
n = 2, condition (d) is clearly satisfied and for n = 1 and n = 2, condition
(e) is true since the resulting knot will be a non-trivial twist knot.

[j
K | <=l [k

FIGUuRrE 1. The link L,, for n =1 and n = 2.

For n > 2 the construction of a link L, as claimed above, is given in
the proof of Theorem 3.1 of [K]. We now outline the construction using
the terminology of [AK] and [K]. Recall that a knot K is n-adjacent to the
unknot, for some n € N, if K admits an embedding containing n generalized
crossings such that changing any 0 < m < n of them yields an embedding of
the unknot. A collection of crossing circles corresponding to these crossings
is called an n-trivializer. Theorem 3.5 of [K] proves the following: For
every n > 2, there exists a knot K that is n-adjacent to the unknot, and
it admits an n-trivializer K3 U ... U K, such that the link L = K U K; U
... UK, is hyperbolic. Let Dq,..., D, denote crossing discs corresponding
to K1, ..., Ky, respectively. Now let L,, denote the (n 4 1)-component link
obtained from L by performing the n generalized crossing changes (along
Dq,...,D,) that exhibit K as n-adjacent to the unknot, simultaneously.
We can write L, := U U K; U...U K, where U is the unknot resulting
from K after these crossing changes. Since the links Ly and L, differ by
twists along a collection of discs, they have homeomorphic complements.
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We conclude that L,, is hyperbolic. Thus L,, satisfies conditions (b) and (c)
of the statement of the lemma. Next, let us focus on a proper sub collection
of crossing discs; say, without loss of generality, D1,...,D,_1. Since K; U
... K, is an n-trivializer for K, by the definition of adjacency to the unknot,
K U.. . UK,_1 is an (n—1)-trivializer By Theorem 2.2 of [AK], and its proof,
U bounds an embedded disc, say A, in the complement of K1 U...U K,
such that D; N'A is a single arc properly embedded on A. It follows that
UUK; U...UK,_1 is the trivial link and that every collection of generalized
crossing changes supported along D1, ..., D, leaves U unknotted. This
proves (b) and (d). To see (e) suppose, on the contrary, that there is a
collection of n generalized crossing changes of order ry,...,r, > 0 along
Dy, ..., D,, respectively, that leaves U unknotted. Let U’ denote the result
of U after performing the crossings changes along Dy, ..., D,_; only, leaving
D,, intact. By (b) and (d), U' U K3 U ... U K, is the trivial link. Then,
a crossing change of order r, > 0 along D,, leaves U’ unknotted. By the
argument in the proof of Theorem 2.2 in [AK], we conclude that L, is the
trivial link. This is a contradiction since L,, is hyperbolic. ([

2.3. Proof of Theorem 1.2. Fix n € N and let L,, be a link as in Lemma
2.4. We will consider the component U of L,, as a O-framed unknot in S3.
Given an n-tuple of integers r := (ry,...,r,), with r; > 2, let M,,(r) denote
the 3-manifold obtained from M, as follows: For 1 < i < n, perform Dehn

1
filling with slope — along dn(Kj;). Let K := U(r) denote the image of U in
T

M, (r). Clearly, M,(r) := S3~n(U(r)). Note, that since the linking number
of K; and U is zero the framing on K induced by that of U is zero. Thus K
is a O-framed knot in S? that is obtained from U by a generalized crossing
of order ry,...,r, along Dy,...D,, respectively. By Lemma 2.4 (e), K is
non-trivial.

Claim: We have U = K (mod(r;, 2)), for every 1 < i < n.

Proof of Claim: Fix 1 < ¢ < n. Consider U (i) the knot obtained from
U as follows: For every 1 < j # i < n, perform a generalized crossing
change of order r; along D;. By Lemma 2.4 (d), U(4) is a (O-framed) trivial
knot. Since by construction, K is obtained from U := U (i) by a generalized
crossing change of order r; along D;, we have U = K(mod(r;, 2)). This
proves the claim.

Now by Corollary 2.3 we have that, if both U and K are given the 0-
framing, then Jy (K, e,,) = Jn(U,er,) , for i = 1,...,n. Suppose now that
U and K are given any framing f € Z. By Lemma 3.27 of [KiM], under the
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frame change from 0 to f both of Jy(K,t) and Jn(U,t) are changed by the
factor t/(N*~1_ Thus, the equation Jy (K, er,) = JN(U, er,) remains true
for every framing. This proves the first part of the theorem.

Now we prove the remaining claims made in the statement of the theorem:
By Thurston’s hyperbolic Dehn filling theorem ([Th]), there is a constant
Cy := C(Ly) > 0, such that if r, ..., 7, > C, then M, (r) admits a complete
hyperbolic structure of finite volume. Thus K := U(r) is a hyperbolic knot.
By the proof of Thurston’s theorem, the hyperbolic metric on M, (r) can be
chosen so that it is arbitrarily close to the metric of M, provided that the
numbers r; >> 0 are all sufficiently large. Thus by choosing the r;’s large
we may ensure that the volume of M, (r) is arbitrarily close to that of M,,.
Since M, has n + 1 components, the interior of M,, has n + 1 cusps. By
[Ad], we have vol(M,,) > (n + 1)vs, where vz(~ 1.01494) is the volume of
regular hyperbolic ideal tetrahedron. Thus for rq,...,r, >> C,, we have

vol(S3\K) = vol(M,,) > nvs > n. (2)

Now we turn our attention to closed 3-manifolds obtained by surgery of
53 along a knot K as above: Suppose that M is a hyperbolic 3-manifold
obtained by E—surgery on K. In Theorem 3.4 of [FKP] it is shown that if

q

lg| > 12, then vol(M) > (1 — %)%VOI(SB\K). Combining this with (2)
above we immediately obtain (1). This finishes the proof of the theorem. O

2.4. Proof of Theorem 1.1. Fix n > 0 and rq,...,7, > 2 and let K
be a knot as in Theorem 1.2. For a positive integer ¢, let M = M,(K)
denote the 3-manifold obtained by surgery of S® along K with surgery slope
%. Let L := K? denote the ¢-th cable of K formed with the O-framing
as before. Similarly let U? denote the ¢-th cable of the unknot U. By
Corollary 2.3, if both L and U? are considered with 0-framing, we have
In(L,er,) = In(U%ey,), for all N € N. Now by Kirby calculus M can be
obtained by surgery on the link L := K9 and where the framing on each
of the ¢ components is 1 (see, for example, Figure 8 of [G] for details.) By
formula (1.9) on page 479 of [KiM], 7,,(M) is a linear combination of the
values {Jn(L,ey,) | N < r;} with the linear coefficients depending only on
r; and the linking matrix of L. From this and our earlier observations, the
value of 7, (M) remains the same if we replace L with U? and keep the same
framings. But then the 3-manifold obtained by surgery on this later framed
link, which is the same as this obtained by %—surgery on the unknot U, is



clearly S3. Since, by [KiM], 7.(S%) = 1, for every r > 0, we have
7 (M) =7,,(8%) =1, for i=1,...,m.

Next suppose that we have chosen the values rq,...,r, > 2 large enough
so that K is hyperbolic. By Thurston’s hyperbolic Dehn filling theorem,
if ¢ >> 0 then the 3-manifold M is also hyperbolic. We may, without
loss of generality, assume that |¢| > 12. Now Theorem 1.2 implies that
vol(M) > (1— %)%n, and for ¢ >> 12, we can assure that

127

7 )
Next we show that the set Ax = {M,(K) | ¢ € Z}, contains infin-
itely many non-homeomorphic 3-manifolds. By [Th], for ¢ >> 0, we have
vol(M,(K)) < vol(S3\K) and q&rglo vol(M,(K)) = vol(S*\K). Thus we can

find a sequence {Mj }ren as claimed in the statement of Theorem 1.1. O

njw

vol(M) > (1— n> g

2.5. Proof of Corollary 1.3. We will use the notation and the setting
established in the proofs Theorems 1.2 and 1.1: Fix n > 1 and choose
ry,...,7, >> 0 as in the proof of Theorem 1.2, so that for K := U(r) we
have vol(S3\K) > n, for every r := (r1,...,r,) with r; > 7. For i € N set

ri:=(+ry,...,m) and K;:=U(r;).
By the arguments in the proof of Theorem 1.1, we have
vol(S3\K;) > n and K = U(mod(m;, 2)),

where m; := i 4+ r1. Thus Corollary 2.3 and the argument in the proof of
1.1, imply that there is a 3-manifold M; obtained by surgery along K; such
that: i) 7,,,(M;) = 1; and ii) M; is hyperbolic with vol(M;) > % O
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