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Abstract. The proof of Witten’s finiteness conjecture established that the Kauffman

bracket skein modules of closed 3-manifolds are finitely generated over Q(A). In this paper,

we develop a novel method for computing these skein modules.

We show that if the skein module S(M,Q[A±1]) of M is tame (e.g. finitely gener-

ated over Q[A±1]), and the SL(2,C)-character variety is reduced, then the dimension

dimQ(A) S(M,Q(A)) is the number of closed points in this character variety. This, in

particular, verifies a conjecture of Gunningham, Jordan, and Safronov, that relates the

dimension dimQ(A) S(M,Q(A)) to the Abouzaid-Manolescu SL(2,C)-Floer theoretic in-

variants, for large families of 3-manifolds.

We prove a criterion for reduceness of character varieties of closed 3-manifolds and use

it to compute the skein modules of Dehn fillings of (2, 2n+1)-torus knots and of the figure-

eight knot. The later family gives the first instance of computations of skein modules for

closed hyperbolic 3-manifolds.

We also prove that the skein modules of rational homology spheres have dimension at

least 1 over Q(A).

1. Introduction

Throughout the paper, M will denote an oriented 3-manifold and S(M,R) its Kauffman

bracket skein module with coefficients in a commutative ringR with a distinguished invertible

element A ∈ R. The most frequent choice of ring of coefficients in this article will be

R = Q(A), in which case we simply write S(M) for S(M,Q(A)).

Skein modules were originally introduced by Przytycki [Prz91] and Turaev [Tur88]. They

received particular attention in the recent years [BW16, FKBL19, GJS19, GJS23], due to

their connections to quantum groups, cluster algebras, quantum field theories, and other ar-

eas of mathematics and physics. Witten conjectured and Gunningham, Jordan, and Safronov

proved [GJS23], that the skein module S(M) is finite dimensional for any closed 3-manifold

M . However, their work doesn’t offer an effective method for computing the dimension

dimQ(A) S(M).

We prove that, under certain conditions, the dimension dimQ(A) S(M) coincides with the

number of SL(2,C)-representations of π1(M), up to conjugation. We make this statement

precise below.
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Given a connected manifold M , let

X (M) := Hom(π1(M),SL2(C))//SL2(C),

be the SL2(C)-character variety of M and let C[X (M)] be the coordinate ring of X (M). We

will consider X (M) as a scheme over C, as defined, for example in [LM85, BH95]. In this

setting C[X (M)] is the algebra of global sections of the structure sheaf of X (M). As a scheme

X (M) may be unreduced, that is C[X (M)] may have a nontrivial nil-radical. Examples of

3-manifolds with non-reduced character variety can be found in [KM17].

We denote byX(M) the algebraic set underlying X (M). Hence, C[X(M)] = C[X (M)]/
√

0,

where
√

0 is the nil-radical of C[X (M)]. We will write |X(M)| for the cardinality of X(M),

which can be finite or infinite. It is known that two representations ρ, ρ′ : π1(M)→ SL(2,C)

are identified in X(M) if and only if their traces coincide, trρ = trρ′. Hence, X(M) can be

considered as the set of all SL(2,C)-characters of π1(M).

We will say that a Q[A±1]-module S is tame if it is a direct sum of cyclic Q[A±1]-modules

and S does not contain Q[A±1]/(φ2N ) as a submodule, for at least one odd N , where φ2N

is the 2N -th cyclotomic polynomial. In particular, every finitely generated Q[A±1]-module

is tame.

One of the main results of the paper is the following:

Theorem 1.1. If M is a closed 3-manifold with tame S(M,Q[A±1]), then

|X(M)| ≤ dimQ(A) S(M) ≤ dimC C[X (M)].

In particular, if X (M) is reduced, then dimQ(A) S(M) = |X(M)|. Furthermore, S(M,Q[A±1])

has no (A+ 1)-torsion in that case.

The proof of Theorem 1.1 relies on major recent advances on the structure of skein modules

at roots of unity by Bonahon-Wong [BW16], Ganev-Jordan-Safronov [GJS19] and Frohman-

Kania-Bartoszyńska-Lê [FKBL19]. It also uses a result of [Det23] whose proof relies on

the theory of the non-semisimple sl2-quantum invariants of 3-manifolds developed by Con-

stantino, Geer and Patureau-Mirand [CGPM14].

Theorem 1.1 also provides new information about skein modules S(M) for 3-manifolds

with infinite X(M). Indeed, since dimQ(A) S(M) is finite, S(M,Q[A±1]) is not tame for any

closed M with infinite X(M). In fact, in Proposition 3.2, we are able to extract more detailed

information about the structure of S(M) in this case. By Culler-Shallen theory [CS83], such

manifolds contain incompressible surfaces. It is worth noting that if Conjecture (E) of

Problem 1.92 of [Kir97] holds then it implies the converse: if M contains no incompressible

surfaces, then S(M,Q[A±1])) is tame.
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Remark 1.2. In [GJS23, Section 6.3], it is conjectured that dimQ(A) S(M) is equal to the

dimension of the zero degree part of the Abouzaid-Manolescu homology HP •#(M) [AM20].

By [AM20, Theorem 1.4], if X (M) is finite and reduced, this later dimension is |X(M)|.
Therefore, Theorem 1.1 verifies the conjecture in [GJS23] in this case.

1.1. Tameness and reduceness under Dehn filling. Questions about reduceness of

X (M) and about tameness of S(M) are very difficult in general. However, we are able to

answer those questions for 3-manifolds EK(p/q) obtained by Dehn fillings on the figure-

eight knot K = 41, and on the (2, 2n + 1)-torus knots K = T2,2n+1. Here EK denotes the

complement of an open tubular neighborhood of K in S3, and EK(p/q) denotes its Dehn

filling with slope p/q, for coprime integers p, q. We prove the following:

Theorem 1.3. (a) For M := ET(2,2n+1)
(p/q), n ∈ Z, the skein module S(M,Q[A±1]) is

finitely generated (and, hence, tame) for p/q /∈ {0, 4n+ 2}. The variety X (M) is finite and

reduced for all slopes p/q, where p is either not divisible by 4 or coprime with 2n+ 1.

(b) For M := E41(p/q), the skein S(M,Q[A±1]) is finitely generated for p/q /∈ {0,±4}.
The variety X (M) is finite and reduced for all but finitely many p/q, including all slopes

with p = 1.

The proof of Theorem 1.3 combines different techniques and is spread out over Sections

4, 5, 6 and 8.

Note that for 3-manifolds M = EK(p/q), where K is the figure-eight or a (2, 2n+1)-torus

knot, our exceptions for S(M,Q[A±1]) being finitely generated are exactly these where M is

Haken. We postulate that this is the case for all closed manifolds in Conjecture 10.1 below.

Given a knot K, the natural embedding of the torus boundary ∂EK into EK induces a map

r : X (EK)→ X(∂EK). A choice a meridianm and longitude l in π1(∂EK) identifiesX(∂EK)

with the quotient of C∗ × C∗ by the involution τ(µ, λ) = (µ−1, λ−1). The A-polynomial of

K, denoted by AK(µ, λ), describes the r image of the non-abelian components of X (EK) in

X(∂EK) lifted to C∗ × C∗, [CCG+94].

In Section 5, we prove a stronger version of the following criterion for reduceness of

character varieties of Dehn surgeries on knots:

Theorem 1.4. Consider a knot K and a slope p/q ∈ Q such that each closed point χ ∈
X (EK(p/q)) belongs to a unique irreducible component of X (EK), denoted by Cχ. Suppose

furthermore that for any such character χ,

(a) the map r restricted to an open neighborhood of χ in Cχ is isomorphism 1 onto its image,

(b) the polynomial AK(x−q, xp) has no multiple roots, except possibly ±1,

(c) if (χ(l), χ(m)) ∈ {±2}2 then χ is abelian.

1The isomorphism is in the sense of algebraic varieties and, in particular, implies that Cχ is reduced at χ.
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Then X (EK(p/q)) is finite and reduced.

This criterion is partially inspired by results of Charles and Marché [CM15] and Marché

and Maurin [MM23]. Its utility is underlined by the fact that verifying reduceness of char-

acter varieties of 3-manifolds is hard in general. For instance, it is not known whether

character varieties of knot complements are always reduced.

1.2. Skein modules of surgeries on 41 and T(2,2n+1). For the knots discussed in Theorem

1.3, our methods allow to compute the dimensions of modules S(EK(p/q)) for infinitely many

slopes p/q. To state our result, for coprime p, q ∈ Z, define

d41(p/q) :=
1

2
(|4q + p|+ |4q − p|)− δ2-p,

where δ2-p = 1 for odd p, and 0 otherwise. Furthermore, let

τn,p,q := |p/2− (2n+ 1)q| − δ2-p/2 and dT(2,2n+1)
(p/q) := τn,p,q · n.

Using Theorems 1.1, 1.3 and a direct analysis of character varieties for surgeries on 41

and T(2,2n+1), partially relying on [BC06], we prove the following:

Theorem 1.5. We have

dimQ(A) S(EK(p/q)) = |X(EK(p/q))| = dK(p/q) + 1 +

⌊
|p|
2

⌋
,

for (a) K = 41 and for all but finitely many p/q, including all slopes with p = 1, and

(b) K = T(2,2n+1) and all n ∈ Z and all slopes p/q 6= 4n+ 2, where p is either not divisible

by 4 or coprime with 2n+ 1.

Even though skein modules have been around for more than three decades, for prime closed

3-manifolds with coefficients in Q(A), were only computed for a few Seifert manifolds: lens

spaces and S2×S1 [HP93, HP95], the quaternionic manifold [GH07], some prism manifolds

[Mro11a], trivial S1-bundles over surfaces [GM19, DW21], and the mapping tori of the 2-

torus [Kin]. In this paper we construct bases of skein modules over Q(A) of two new infinite

families of 3-manifolds, obtained on surgeries on the figure-eight and the knots T(2,2n+1).

The former family provides the first examples of closed hyperbolic manifolds where any

skein modules have been understood.

To give some more detail of our process, recall that by Przytycki-Sikora [PS00], the skein

module S−1(M) := S(M,Z[A±1]) ⊗Z[A±1] C, where C is identified with the Z[A±1]-module

given by A = −1, has a natural structure of C-algebra isomorphic with the coordinate ring

C[X (M)] of X (M). (A version of this result “up to nilpotents” was proved independently

in [Bul97].) In general, there are algorithmic methods to find bases of S−1(M) ∼= C[X(M)].

When S(M,Q[A±1]) is tame and X (M) is reduced, our Proposition 3.3 allows to lift those
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bases to bases of S(M). We use direct algebraic arguments to give explicit bases for

C[X(EK(p/q))], where K is either 41 or T(2,2n+1) in Theorems 7.3 and 8.8. Then we use

Theorems 1.1, 1.3, 5.1 and Proposition 3.3 to lift these bases to S(EK(p/q)). For details the

reader is referred to Sections 7 and 8.

1.3. Non-triviality of skein modules. At this writing the answer to the basic question of

whether there exists a 3-manifold with S(M) = 0 is not known. We propose the following:

Conjecture 1.6. For any orientable 3-manifold M we have

dimQ(A) S(M) ≥ 1.

By an application of Gilmer-Masbaum’s evaluation map [GM19] for skein modules with

Q(A)-coefficients and a theorem of Murakami about the SO(3)-Reshetikhin-Turaev invari-

ants of Q-homology spheres, we prove that Conjecture 1.6 holds for Q- homology spheres.

Theorem 1.7. Let M be a rational homology sphere, and ∅ be the empty link in M . Then

∅ 6= 0 in S(M) and, hence, dimQ(A) S(M) ≥ 1.

We generalize Theorem 1.7 to manifolds with boundary in Corollary 9.3.

1.4. Outline of contents. Sections 2 and 3 are devoted to the proof of Theorem 1.1, while

Section 4, 6, 7 and 8 focus on applications to Dehn-fillings on 41 and T(2,2n+1). Those

two parts can be read largely independently, though the second part refers to some of the

statements in Section 2. Section 5 contains the proof of Theorem 5.1, and some corollaries

of it, and may be of independent interest. Sections 6 and 7 study character varieties of

the Dehn surgeries on 41, with a focus on their reduceness and a construction of bases of

the coordinate rings of their character varieties. Section 8 achieves the same for T(2,2n+1).

These three sections may also be of independent interest, providing an extensive study of

the character varieties of those Dehn fillings, and the methods should be applicable to all

2-bridge knots.

Section 9, which is independent from the rest of the paper, studies the non-triviality

of skein modules, proving Theorem 1.7. Section 10 concludes the paper with some open

questions and remarks.

Acknowledgements: This work started during the conference “Quantum Topology and

Geometry conference in the honor of Vladimir Turaev” in Paris. The authors thank the

organizers for a stimulating conference and for excellent working conditions. They also thank

Charlie Frohman, Sam Gunningham, Julien Korinman, Thang Le, Julien Marché and George
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2. Skein modules at roots of unity

In this section we study Kauffman bracket skein modules of closed 3-manifolds M for roots

of unity A and we relate their dimensions to the SL(2,C)-character varieties of M , building

upon the work of [BW16] and [FKBL23]. Then we use this relation to prove Theorem 1.1

of the introduction.

2.1. Definition of the Kauffman bracket skein module. Given a commutative ring

R and an invertible element A ∈ R, the Kauffman bracket skein module S(M,R) of M is

the quotient of the free R-module spanned by isotopy classes of unoriented framed (a.k.a

banded) links in M (including ∅) modulo the Kauffman bracket skein relations:

= A +A−1 L t = (−A2 −A−2)LK1: K2:

In this article, we will always make one of the following choices for the pair (R,A) :

either R = Z[A±1], R = Q[A±1], R = Q(A) or R = C and A = ζ ∈ C∗. We will write

S(M,Z[A±1]), S(M,Q[A±1]), S(M) := S(M,Q(A)) and Sζ(M) for the corresponding types

of the Kauffman bracket skein module. We will use an analogous notation, S(Σ,Z[A±1]),

S(Σ,Q[A±1]), S(Σ) and Sζ(Σ) for the skein algebra of a surface Σ. Moreover, we will often

abbreviate the Kauffman bracket skein module and algebra as the skein module and skein

algebra, since we will not discuss any other skein modules nor algebras in this paper.

2.2. Dimensions of skein modules at roots of unity. Important progress in our under-

standing of the skein modules Sζ(M) of closed 3-manifolds M at roots of unity ζ, was made

recently in the work of Bonahon and Wong [BW16], Frohman, Kania-Bartoszyńska and Lê

[FKBL19, FKBL23] and Ganev, Jordan, and Safronov [GJS19]. Building on these works,

which reveal deeper connections between the skein modules and their SL2(C)-character va-

rieties, and using a result from [Det23] that relies on the theory of the non-semisimple

quantum 3-manifold invariants of Constantino, Geer and Patureau-Mirand [CGPM14] we

prove the following important technical result of the paper:

Theorem 2.1. If M is a closed 3-manifold and ζ be a root of unity of order 2N with N

odd, then dimC(Sζ(M)) ≥ |X(M)|.

The proof is given in Subsection 2.4. We precede it with a preliminary result in the next

subsection.
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2.3. A construction of C[X(M)]-equivariant maps on Sζ(M). Given a closed 3-manifold

M and a 2N -th ζ root of unity with N odd, Bonahon and Wong [BW16] (see also [Lê15])

showed that Sζ(M) admits a natural structure of a module over S−1(M). To describe this

structure, for k ∈ Z let Tk(z) ∈ Z[z] be the k-th Chebyshev polynomial of the first kind,

defined by

T0(z) = 2, T1(z) = z, Tn(z) = zTn−1(z)− Tn−2(z).

The polynomial Tk is satisfying the identity Tk(X +X−1) = Xk +X−k.

For a framed link L in M , and i ∈ Z≥0, we write Li for the framed link in M which

consists of i parallel copies of L following the given framing. By replacing zi with Li,

and and by linearity, we can consider Tn(L) to be an element of Sζ(M). It is proved in

[BW16] (see also [Lê15]) for a simplified proof) that for two framed links L0 and L1, the

element TN (L0) ∪ L1 ∈ Sζ(M) depends on the homotopy class of L0 only, and that TN (L0)

satisfies the Kauffman relations for A = −1. Thus C[X (M)] = S−1(M) acts on Sζ(M) by

TN (L0)·L1 = TN (L0)∪L1 and this action provides a structure of S−1(M)-module on Sζ(M).

Furthermore, given a character χ ∈ X(M), the algebra C[X (M)] = S−1(M) also acts on

C through

C[X (M)]→ C[X(M)], by f · z = f(χ)z,

for any f ∈ C[X(M)] and any z ∈ C.

Theorem 2.2. Given a character χ ∈ X(M) that is the trace of a representation ρ, there is

a surjective map RTχ : Sζ(M) → C that is C[X (M)]-equivariant with respect to above two

actions.

Remark 2.3. By [Bar99], any choice of spin structure on M provides an isomorphism

between the modules SA(M) and S−A(M) which yields an algebra isomorphism S1(M) '
S−1(M). Hence instead of assuming that ζ is a 2N -th root of unity, as we do above, some

authors (e.g [GJS19] ) choose ζ to be a a primitive N -th root of unity. Note that in this

case the argument above will give a structure of S1(M)-module on Sζ(M).

Recall that an irreducible character is one that is the trace of an irreducible SL(2,C)-

representation of π1(M), and an abelian character is the trace of a diagonal SL(2,C)-

representation. Finally, a central character is the trace of an SL(2,C)-representation of

π1(M) with values in the center {±I} of SL(2,C). Theorem 2.2 follows from different

techniques and results according to whether ρ is irreducible, central or non-central abelian.

We discuss each of these cases separately below.

Irreducible characters: For an irreducible representation ρ, and a root of unity ζ, Frohman,

Kania-Bartoszyńska and Lê [FKBL23] defined the reduced skein module of M at ρ

Sζ,ρ(M) := Sζ(M)/Iρ,
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where Iρ is the 2-sided ideal of Sζ(M) generated by {f − f(ρ)∅ | f ∈ S−1(M)}, where we

consider each f ∈ S−1(M) = C[X (M)] as a function on X(M).

Recall that the skein module S−1(M) has a natural structure of C-algebra isomorphic with

C[X (M)]. The isomorphism ψ : S−1(M)→ C[X (M)] maps any framed link L = L1∪. . .∪Lk
in M to (−1)ktL where tL = tL1 ·. . .·tLk , where tLi is the trace function of Li with its framing

ignored, [PS00].

Therefore, Iρ is generated by skeins TN (L)− (−1)ktL(ρ) for links L ∈ Sζ(M). Note that

this notion of “reduceness” is unrelated to that of algebraic varieties also used in this paper.

Theorem 2.4. ([FKBL23, Thm. 7]) If ζ is a root of unity of order 2N with N odd, then

for any irreducible representation ρ, Sζ,ρ(M) is a non-trivial vector space over C.

In fact, by [FKBL23], Sζ,ρ(M) ' C, but for our purposes the non-triviality of Sζ,ρ(M)

suffices. Furthermore, we only need a small part of the sophisticated machinery of [FKBL23]

only. A key ingredient in the proof of the [FKBL23] result is the fact that the Azumaya

locus of Sζ(Σ) contains all the irreducible characters of X(Σ), for surfaces which are not

necessarily closed. This fact, for closed Σ, as in our case can be also deduced from [GJS19,

Thm 1.2]. With this result at hand, we can deduce Theorem 2.4 by the argument of Section

12 of [FKBL23].

For each irreducible character χ, let us realize it as the trace of an irreducible represen-

tation ρ and, using Theorem 2.4, let us fix an epimorphism Sζ,ρ(M) → C and denote the

projection Sζ(M) → Sζ,ρ(M) → C by RTχ. Recall that for any χ ∈ X(M), the algebra

C[X (M)] acts on Sζ(M) and on C. By the definitions of these actions it is easy to see that

the map RTχ : Sζ(M) → C is C[X (M)]-equivariant with respect to these actions. Hence

Theorem 2.2 follows for irreducible characters.

Central characters: Now we explain how to associate C[X (M)]-equivariant maps Sζ(M)→
C with central characters. Here, we can not appeal to the arguments of [FKBL23], since

central characters are not in the Azumaya locus of skein algebras at roots of unity. One

can however construct such C[X (M)]-equivariant maps using Reshetikhin-Turaev invari-

ants [RT91]. We will describe this construction by utilizing the skein-theoretic approach of

[BHMV92].

For i ≥ 0, let [i] = ζ2i−ζ−2i

ζ2−ζ−2 and let ei(z) ∈ Z[z] be the Chebyshev polynomials of the

second kind: e0(z) = 1, e1(z) = z and ei+1(z) = zei(z) − ei−1(z). We will denote by

〈L〉 the Kauffman bracket of a framed link L in S3. For a framed link L ⊂ S3 whose

components L1, . . . , Ln are colored by polynomials f1, . . . , fn ∈ Z[A±1, z], the Kauffman

multi-bracket 〈L, f1, . . . , fn〉 is defined as follows: if all fi’s are monomials zni then this

is just the Kauffman bracket of the framed link consisting of ni parallel copies of Li for

each i. These parallel copies have linking numbers zero between themselves. We extend
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this definition multilinearily to all polynomials f1, ..., fn. We will simply write (L, f) if all

components of L are colored by the same color f .

Let M be a closed 3-manifold obtained by a 0-surgery on a framed link LM in S3. For

another link L in M , the SO3-Reshetikhin-Turaev invariant of the pair (M,L) at the 2N -root

of unity ζ is defined by

RT ζ(M,L) =
〈(LM , ωN ) ∪ L〉
〈U+〉n+〈U−〉n−

,

where the components of LM are colored by the Kirby color ωN =

N−3
2∑
i=0

(−1)i[i+ 1]ei(z), the

link U+ (resp. U−) is the +1 (resp. −1) framed unknot, and the signature of the linking

matrix of L is (n+, n−). By [BHMV92], the above is a topological invariant of the pair

(M,L). It is clear from the definition that the map L ∈ M → RT ζ(M,K) satisfies the

Kauffman skein relations for A = ζ. Hence it induces a map

RT0 : Sζ(M) −→ C
L −→ RT ζ(M,L).

Now for any c ∈ H1(M,Z/2Z), we can also define a map

RTc : Sζ(M) −→ C
L −→ (−1)c(L)RT ζ(M,L).

Note that since the center of SL2(C) is {±I2}, central characters in X(M) can be identified

with cohomology classes in H1(M,Z/2Z).

Proposition 2.5. For any c ∈ H1(M,Z/2Z), the map RTc : Sζ(M) → C, is a surjective

C[X (M)]-equivariant map, where the C[X (M)]-action on C corresponds to the cohomology

class c.

Proof. Note that since for any link L we have RTc(L) = ±RT0(L), it will be sufficient to

prove that RT0 is surjective. Moreover, since N is odd, the N -th Chebyshev polynomial TN

is an odd polynomial. Hence,

RTc(TN (L0) ∪ L1) = (−1)c(L0)+c(L1)RT0(TN (L0) ∪ L1),

for any links L0 and L1 in M . Therefore, it will also be sufficient to prove that RT0 is

C[X (M)]-equivariant, for the C[X (M)]-action on C given by f · z = f(ρ0)z, where ρ0 is the

trivial representation.

Let us show that RT0 is surjective. Note that if K is a knot in S3 colored by ei, and if

mK is the 0-framing trivial knot which is a meridian of K, then, by for example [BHMV92,

Section 3],

〈(K, ei) ∪mK〉 = (−ζ2i+2 − ζ−2i−2)〈(K, ei)〉.
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We note that −ζ2i+2−ζ−2i−2 6= −ζ2−ζ−2 for 0 < i ≤ N−3
2 since ζ is a primitive 2N -th root

of unity. Let Q(z) be a polynomial such that Q(−ζ2i+2 − ζ−2i−2) = 0 for all 1 ≤ i ≤ N−3
2 ,

and such that Q(−ζ2 − ζ−2) = 1. Now let mL be the 0-framing unlink consisting of one

meridian of each component of L and LM be the 0-surgery presentation for M as before.

Then

〈(LM , ω) ∪ (mL, Q(z))〉 = 〈(LM , e0)〉 = 1,

which shows that RT0((mL, Q(z))) 6= 0.

Finally, let us show that RT0 is C[X (M)]-equivariant. We want to show that

RT0(TN (L0) ∪ L1) = (−2)]L0RT0(L1),

for any framed links L0 and L1 in M , where ]L0 is the number of components of L0. Then

〈(LM , ω)∪ (L0, TN (z))∪ (L1, z)〉 is preserved by homotopies of L0. Since we are considering

LM , L0 and L1 as links in S3, it is sufficient to look at the case where L0 is an unlink disjoint

from LM ∪ L1. Then,

RT0(TN (L0) ∪ L1) = RT0(L1)
(
TN (−ζ2 − ζ−2)

)]L0 = (−2)]L0RT0(L1),

as ζ2N = 1 and N is odd. �

Non-central abelian characters: The relation of non-central abelian characters in X(Σ).

to the Azumaya locus of Sζ(Σ) was studied in [KK22] however we don’t utilize this study

here. Instead we take a more direct approach, using a result proved by the first author of

this paper in [Det23], and which is the analogue of Proposition 2.5 for non-central abelian

characters.

A class ω ∈ H1(M,C/Z) defines π1(M)→ H1(M)→ C∗ = C/Z. Every abelian SL(2,C)-

representation arises in this way.

Theorem 2.6. ([Det23]) For any ω ∈ H1(M,C/Z), there is a map RTω : Sζ(M)→ C that

is a surjective C[X (M)]-equivariant map, where the C[X (M)]-action on C corresponds to

the cohomology class ω.

Theorem 2.2 follows at once from Theorem 2.6, in this case. Given a homology class

ω ∈ H1(M,C/Z) [CGPM14] constructs invariants of closed 3-manifolds based on represen-

tation theory of the unrolled sl2 quantum group. The proof of Theorem 2.6 uses these

non-semisimple versions of 3-manifold invariants in a way analogous as we did with the

skein theoretic Reshetikhin-Turaev invariants of [BHMV92] in Proposition 2.5 . The proof,

however, is more involved than this of Proposition 2.5 also partly because [CGPM14] works

with 2N -th roots of unity, where N is even, and the theory in the case where N is odd

has some subtle, but important for our purposes differences, that is worked out in detail in

[Det23, Theorem 1.2].
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Remark 2.7. Following Bonahon-Wong and Lê, [BW16, Lê15] a finite dimensional repre-

sentation f : Sζ(M)→ End(V ) is said to have classical shadow χ ∈ X(M), if for any framed

knot K and any framed link L we have

f(L ∪ TN (K)) = −χ(K)f(L).

From this view point, given a non-central abelian character χ ∈ X(M), Theorem 2.6 (and

its proof) uses the theory of [CGPM14] to construct an explicit finite diagonal representation

of Sζ(M) with classical shadow χ.

2.4. Proof of Theorems 2.1. Let us fix a root of unity ζ of order 2N with N odd, and

a closed 3-manifold M . Let X = {χ1, . . . , χn} be either X(M) if |X(M)| < ∞, or a finite

subset of X(M) otherwise. We define a C[X(M)]-equivariant map

RT : Sζ(M) −→ CX

L −→ (RTχ1(L), . . . , RTχn(L)),

where RTχi are the maps defined in Section 2.3 and C[X(M)] acts on CX by

f · (x1, . . . , xn) = (f(ρ1)x1, . . . , f(ρn)xn).

Theorem 2.1 follows immediately from the next lemma.

Lemma 2.8. The map RT is surjective onto CX . Hence, dimC(Sζ(M)) ≥ dimCCX = |X|.

Proof. Since the maps RTχi are surjective onto C, there are links L1, . . . , Ln such that

RTχi(Li) 6= 0, for each i = 1, ..., n. By an easy induction on k, for any 1 ≤ k ≤ n, we can

choose scalars t1, . . . , tk ∈ C such that RTχi(t1K1 + . . . + tkKk) 6= 0 for each 1 ≤ i ≤ k.

Indeed, given t1, . . . , tk, RTχi(t1K1 + . . .+ tkKk + tKk+1) can vanish for finitely many values

of t ∈ C only, since RTχk+1
(Kk+1) 6= 0.

Now take t1, . . . , tn such that RTχi(t1K1 + . . . + tnKn) 6= 0 for all 1 ≤ i ≤ n, and write

x = t1K1 + . . .+ tnKn. Let us pick functions fi ∈ C[X(M)] such that fi(ρj) = δi,j . Then by

the C[X(M)]-equivariance of RT , the elements fi ·x are mapped to non zero-scalar multiples

of the canonical basis of CX . Therefore the map RT is surjective. �

3. On dimensions and bases of skein modules

This section contains the proofs of our main general results about skein modules. In

Sections 6-8 we will apply thee results to study skein modules of 3-manifolds obtained

surgery on the figure-eight and the (2, 2n+ 1)-torus knots.

We define the (A+ 1)-torsion of S(M) to be

SA+1(M,Q[A±1])) := {x ∈ S(M,Q[A±1])) : (A+ 1)nx = 0 for some n ∈ Z>0}.
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Recall that a Q[A±1]-module S is tame if it is a direct sum of cyclic Q[A±1]-modules and

S does not contain Q[A±1]/(φ2N ) as a submodule, for at least one odd N , where φ2N is the

2N -th cyclotomic polynomial.

In this section, we use Theorem 2.1 to prove Theorem 1.1 of the Introduction, which we

restate here is a slightly different form:

Theorem 3.1. If M is a closed 3-manifold with tame S(M,Q[A±1])) then

(a) |X(M)| ≤ dimQ(A) S(M) ≤ dimC C[X (M)].

(b) dimQ SA+1(M,Q[A±1]) ≤ dimC
√

0.

In particular, when X (M) is reduced, then dimQ(A) S(M) = |X(M)| and S(M,Q[A±1])) has

no (A+ 1)-torsion.

Proof. Since S(M,Q[A±1]) is tame, by definition, we have

S(M,Q[A±1]) = F ⊕ (
⊕
i

Q[A±1]/(qsii )),

where F is a free Q[A±1]-module and the sum is over certain powers of certain monic

irreducible polynomials qi ∈ Q[A], qi 6= 1, possibly repeating themselves.

For any primitive 2N -th root of unity ζ, and qi
si as above, either qi is the 2N -cyclotomic

polynomial φ2N , or

Q[A±1]/(qi
s) ⊗

A=ζ
C = 0.

By our definition of tameness, there is N1 > 0 such that Q[A±1]/(φs2N1
) is not a summand

of S(M,Q[A±1]) for any power s. Hence, for any primitive 2N1-th root ζ of unity,

Sζ(M) = S(M,Q[A±1]) ⊗
A=ζ

C ' CdimF .

Thus, by Theorem 2.1, we have

dimS(M) = dimF ≥ |X(M)|,

proving the lower inequality of part (a) in the statement of the theorem. We have

(1) dimC C[X (M)] = |X(M)|+ dimC
√

0.

Since S(M,Q[A±1]) ⊗
A=−1

C = S−1(M) ' C[X (M)], we also have

(2) dimF + dimQ SA+1(M,Q[A±1]) = dimC C[X (M)]

Here, we use here the fact that Q[A±1]/(qs) ⊗
A=−1

C = 0 for a monic irreducible q ∈ Q[A]

unless q = A+ 1. Since the left side of (2) is

dimQ(A) S(M) + dimQ SA+1(M,Q[A±1]),
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the upper inequality of part (a) follows at once and part (b) follows from (a) and (1).

Finally, if in addition X (M) is reduced then dimC C[X (M)] = |X(M)| and the claim

follows from parts (a) and (b). �

Theorem 3.1 shows that if X(M) is infinite, then the skein module S(M,Q[A±1]) is not

tame. The next proposition provides more information about the structure of the skein

module of 3-manifolds in this case.

Proposition 3.2. For any closed 3-manifold M with infinite X(M), either S(M,Q[A±1]) is

not a sum of cyclic Q[A±1]-modules or it contains a submodule (Q[A±1]/(φ2N ))∞ for every

odd N .

Note that the first possibility holds for S(RP3#RP3), [Mro11b], while the second holds

for S(S1 × S2), [HP95].

Proof. Assume, for a contradiction, that S(M,Q[A±1]) is a sum of cyclic Q[A±1]-modules

and it does not contains a submodule (Q[A±1]/(φ2N ))∞ for some odd N . Then it contains

a finite number C summands of the form Q[A±1]/(φs2N ), for s ∈ Z, only.

Let F be the free part of S(M,Q[A±1]) as before. Then, by [GJS23], dimQ[A±1] F =

dimQ(A) S(M) is finite and

|X(M)| ≤ dimSζ(M) = dimF + C <∞,

contradicting the hypothesis that X(M) is infinite. �

The next proposition shows, in particular that when S(M,Q[A±1]) is tame and X (M) is

reduced the problem of finding a basis of the skein module S(M) is reduced to finding a

basis for the coordinate ring C[X(M)].

Recall that for a 3-manifold M and γ ∈ π1(M), the trace function tγ : X(M) → C
is defined by tγ([ρ]) = Trρ(γ). More generally, we define the trace function tc for any

unoriented loop c ⊂ M as tγ for any γ ∈ π1(M) in the free homotopy class of c. Since tγ

is preserved by conjugation and inversion of γ, this tc is well defined. For a simple closed

curve in ∂EK representing the slope p/q ∈ Q ∪ {1/0}, we will use tp/q to denote its trace

function. In particular, t1/0 denotes the trace function of the meridian of K.

Recall that the skein module S−1(M) has a natural structure of C-algebra isomorphic with

C[X (M)]. The isomorphism ψ : S−1(M)→ C[X (M)] maps any framed link L = L1∪. . .∪Lk
in M to (−1)ktL where tL = tL1 ·. . .·tLk , where tLi is the trace function of Li with its framing

ignored, [PS00].

Proposition 3.3. (a) Let M be a closed 3-manifold such that S(M,Q[A±1]) has no (A+1)-

torsion, and let {bi}i∈I be a subset of S(M,Q[A±1]) whose images under the natural map

S(M,C[A±1])→ S(M,C[A±1])⊗C[A±1] C ' S−1(M)
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are linearly independent in S−1(M) ' C[X (M)]. Then the natural map

S(M,Q[A±1])→ S(M,Q[A±1])⊗Q[A±1] Q(A) ' S(M)

maps {bi}i∈I to a linearly independent family in S(M).

(b) If, moreover, S(M,Q[A±1]) is tame and the image of {bi}i∈I in S−1(M) is a basis then

{bi}i∈I maps to a basis of S(M).

Proof. Let B = {bi}i∈I be a finite collection of elements of S(M,Q[A±1]) whose images in

S−1(M) form a basis of S−1(M). We claim that B must be Q[A±1]-linearly independent in

S(M). Indeed, assume that for some not all zero polynomials P1, .., Pn ∈ Q[A±1] one has

P1(A)b1 + . . .+ Pn(A)bn = 0.

Since there is no (A+ 1) torsion in S(M,Q[A±1]), by dividing P1, ..., Pn by a power of A+ 1

if necessary, one can assume that Pi(−1) 6= 0 for some i. Then, by evaluating at A = −1,

this contradicts the fact that the b1, .., bn are linearly independent in S−1(M,Q[A±1]). This

proves part (a).

To see (b) assume that S(M,Q[A±1]) is tame. By Theorem 3.1,

dimC S−1(M) ≥ dimQ(A) S(M).

If the bi are chosen to be a basis of S−1(M), since their images are linearly independent, we

actually have dimC S−1(M) = dimQ(A) S(M) and their images are a basis of S(M). �

As a corollary of Proposition 3.3, if

dimC S−1(M) = dimQ(A) S(M)

(for example, when S(M,Q[A±1]) is tame and X (M) is reduced) and the image of {bi}i∈I
in S−1(M) is its basis then {bi}i∈I maps to a basis of S(M).

Remark 3.4. Invariant theory provides an algorithm for a finding finite presentation of

the commutative algebra C[X (M)], based on the finite presentation of π1(M), see [BH95].

If C[X (M)] = C[x1, ..., xk]/I, then for any Gröbner basis of I, the set of standard mono-

mials with respect to that basis forms a C-basis of C[X (M)], see [Stu05]. Consequently,

Proposition 3.3 enables an algorithmic construction of bases of skein modules S(M) with

S(M,Q[A±1]) tame and X (M) is reduced.

4. Examples with tame skein modules

In this section, we give examples of closed 3-manifolds M with S(M,Z[A±1]) finitely

generated over Z[A±1], hence, tame S(M,Q[A±1]). We rely on results of the first author,
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[Det21], on skein modules of 3-manifolds obtained by surgery on knots and on the computa-

tions of the peripheral ideal of the figure eight-knot and the (2, 2n+ 1)-torus knots by Gelca

and Sain [GS04, GS03], cf. Theorem 4.3 below.

For any 3-manifold with boundary M , its skein module S(M,Z[A±1]) has a natural left

module structure over the skein algebra S(∂M,Z[A±1]) of the boundary, induced by the

homeomorphism

M t∂M'∂M×{0} ∂M × [0, 1] 'M.

Recall that for a knot K, the complement of an open tubular neighborhood of K in S3

is denoted by EK . Its skein module S(EK ,Z[A±1]) has thus a natural left S(T 2)-module

structure, where T 2 = ∂EK is the 2-torus with distinguished meridian m and longitude l.

The orientation of S3 induces an orientation of m and l up to simultaneous reversal.

The skein algebra of the torus has a nice description, originally discovered by Frohman

and Gelca [FG00]. For coprime integers p, q, let (p, q)T denote the simple closed curve on

T 2 of slope p/q (representing ±(pm + ql) in H1(∂EK)). Additionally, we set (0, 0)T , to be

the empty multicurve, ∅. More generally, for any p, q ∈ Z we set

(p, q)T = Td((p/d, q/d)),

where d = gcd(p, q) and Td(X) is the d-th Chebyshev polynomial of the first kind, as

before. Let Z2/{±1} denote the quotient of Z2 by the involution (p, q) → (−p,−q). Since

multicurves on T 2 without contractible components form a basis of S(T 2), the skeins (p, q)T

for ±(p, q) ∈ Z2/{±1} form a basis of S(T 2).

Let T = Z[A±1]〈µ, λ〉/(µλ − A2λµ) be the quantum torus and let θ : T → T be the

algebra homomorphism defined by θ(µkλl) = µ−kλ−l. Let T θ be the θ-invariant subalgebra

of T . Finally, for any p, q ∈ Z2, let ep,q = A−pqµpλq.

Theorem 4.1. [FG00, Sal99] The map S(T )→ T θ sending

(p, q)T −→ ep,q + e−p,−q,

for p, q ∈ Z, is an isomorphism of algebras.

For a knot K, the peripheral ideal of EK is the ideal of S(T 2) consisting of all elements

z ∈ S(T 2) such that z · L = 0, for all L ∈ S(EK). By Theorem 4.1, any non-zero element

z in the peripheral ideal of EK , can be viewed as an element of T θ ⊂ T , and thus can be

written as z =
∑

(p,q)∈Z2 z(p,q)ep,q. The Newton polygon of z is the convex hull of {(p, q) ∈
Z2 : z(p,q) 6= 0}. A slope of a polygon P with vertices in Z2 is the slope of a side of P .

The following theorem gives a criterion for Dehn fillings of EK to have finitely generated

skein modules over Z[A±1] or Q[A±1]. In particular, these skein modules are tame. Recall

that EK(p/q) denotes the Dehn p/q-filling of EK . We will always assume that p and q are

coprime.
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Theorem 4.2. [Det21] Let R be any commutative ring with a distinguished invertible A ∈
R. Assume that K is knot such that S(EK , R) is finitely generated over R[m]. Suppose,

moreover, that there is an element z in the peripheral ideal of EK such that the coefficients

corresponding to the corners of the Newton polygon P of z are invertible in R. Then for any

slope p/q which is not a slope of P , the skein module S(EK(p/q), R) is finitely generated

over R.

Although the above is stated in [Det21, Corollary 5.3] for Z[A±1]-coefficients only, the

argument applies to any ring of coefficients R as well.

As an application of Theorem 4.2 we will get the following:

Theorem 4.3. The skein module S(EK(p/q),Z[A±1]) is finitely generated over Z[A±1], if

(a) the knot K is the figure-eight and p/q /∈ {0,±4}; or

(b) the knot K is the (2, 2n+ 1)-torus knot for some n ∈ Z and p/q /∈ {0, 4n+ 2}.

Proof. First, we note that skein modules of two-bridge knot complements, which include both

the figure-eight knot and (2, 2n+ 1)-torus knots, are finitely generated over their meridian,

[Lê06, Theorem 2].

Gelca and Sain have computed the peripheral ideal of the figure-eight knot in [GS04]. In

particular, Proposition 5.4 of [GS04] states that the element

A−6(2, 3)T −A6(2,−1)T +A3(1, 7)T −A(1, 5)T

+(−A11 +A3 −A−1 +A−9)(1, 3)T + (A9 −A5 −A−7)(1, 1)T

+(−A11 + 2A7 +A3 −A−1 +A−9)(1,−1)T + (A13 +A)(1,−3)T

−A−1(1,−5)T +A8(0, 7)T + (−2A8 +A4 −A−4)(0, 5)T

+(−A12 +A8 −A4 − 1 +A−4)(0, 3)T + (A12 −A8 + 1 +A−4)(0, 1)T

is in the peripheral ideal of the figure-eight knot complement. It is important to note however

that we are using in this proof Gelca’s original sign convention which is opposite to that

in the rest of the paper. One can readily see that the Newton polygon associated to this

element is the convex hull of the points

(0, 7), (1, 7), (2, 3), (2,−1), (1,−5), (0,−7), (−1,−7), (−2,−3), (−2, 1) and (−1, 5),
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and that the corner coefficients are all of the form ±Ak. The slopes of this polygon are

0, 2, 4,−4 and ∞. Moreover, Proposition 5.4 of [GS04] also states that the element

A6(2,−3)T −A−6(2, 1)T +A−3(1,−7)T −A−1(1,−5)T

+(−A−11 +A−3 −A+A9)(1,−3)T + (A−9 −A−5 −A7)(1,−1)T

+(−A−11 + 2A−7 +A−3 −A+A9)(1, 1)T + (A−13 +A−1)(1, 3)T

−A(1, 5)T +A−8(0, 7)T + (−2A−8 +A−4 −A4)(0, 5)T

+(−A−12 +A−8 −A−4 − 1 +A4)(0, 3)T + (A−12 −A−8 + 1 +A4)(0, 1)T

is in the peripheral ideal as well. Now, the Newton polygon is the convex hull of the points

(0, 7), (1, 5), (2, 1), (2,−3), (1,−7), (0,−7), (−1,−5), (−2,−1), (−2, 3) and (−1, 7).

The corner coefficients are again invertible and the slopes of the polygon are 0,−2, 4,−4 and

∞. Therefore, by Theorem 4.2 Dehn fillings of the figure-eight knot of slopes different than

0,±4 and ∞ have their skein module finitely generated over Z[A±1]. Of course, the Dehn

filling of slope ∞ is S3, so one can exclude the slope ∞ from the exception list.

Similarly, it is proved in [GS03, Lemma 5.1] that the following element is in the peripheral

ideal of the (2, 2n+ 1)-torus knot for n ≥ 0:

z = (1,−2n− 3)T +A−8(1,−2n+ 1)T +A2p−5(0, 2n+ 3)T −A2n−1(0, 2n− 1)T

The Newton polygon of z is the convex hull of the points

(0, 2n+ 3), (1,−2n+ 1), (1,−2n− 3), (0,−2n− 3), (−1, 2n− 1), (−1, 2n+ 3)

and all corner coefficients are invertible and the slopes are −4n−2, 0 and∞, in Gelca’s sign

convention. In our sign convention the slopes are 4n+ 2, 0 and ∞. Again, by Theorem 4.2,

all Dehn fillings of (2, 2n+ 1)-torus knots for n ≥ 0, except for the slopes 0 and 4n+ 2, have

their skein modules finitely generated over Z[A±1].

Note that the Dehn p/q-filling of E(2,2n+1) is the mirror image of the Dehn −p/q-filling

of E(2,−(2n+1)) and their skein modules are related by the involution A → A−1. Therefore,

the statement holds for negative n as well. �

5. Reduceness of Character varieties

The goal of this section is to prove a reduceness criterion for character varieties of 3-

manifolds obtained by surgeries on knots. We precede the statement and the proof of

our criterion with some necessary preliminaries from algebraic geometry and representation

theory of knot groups. Readers eager to move to applications of our criterion to skein

modules may skip the proofs of the results and move to Section 6 with out disruption of

continuity.
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5.1. Preliminaries. All algebraic sets in this paper are affine, over C. We denote them

by capital letters and denote the coordinate ring of X by C[X]. Calligraphic letters, eg. Y,
denote algebraic varieties, (see for example [Mil17, Ch. 5]) which are also affine and over C,

however may be non-reduced. For consistency, we denote their algebras of global sections

by C[Y]. That can be any finitely generated commutative C-algebra. Dually, any variety

in this paper is secretly SpecA, for some finitely generated C-algebra A. Any algebraic

variety Y can be reduced to an algebraic set which we denote by Y . Then C[Y ] = C[Y]/
√

0.

Conversely, every algebraic set Y can be considered as a reduced variety (and we use the

same symbol for it.)

Note that for any knot K and a slope p/q ∈ Q∪ {∞}, representing a simple closed curve

on ∂EK , the character variety X(EK(p/q)) is a closed subvariety of X(EK) cut by the

equations tγmplq − tγ for γ ∈ π1(EK).

Consider C∗ × C∗ with coordinate system (µ, λ) and let τ be an involution on C∗ × C∗

sending (µ, λ) to (µ−1, λ−1). Then the character variety of the 2-torus T 2, is X(T 2) :=

(C∗ × C∗)/τ. Denoting a set of generators of π1(T 2) = Z2 by m, l the above identifies

tmplq : X(T 2)→ C with the function µpλq + µ−pλ−q on (C∗ × C∗)/τ for any p, q ∈ Z.
In what follows we use the canonical map X(M) → X (M) to identify points and irre-

ducible components of X(M) with the closed points and irreducible components of X (M).

Given a knot K, we identify ∂EK with T 2 so that m and l correspond to a pair of the

meridian and the canonical longitude of K. Then the natural embedding T 2 = ∂EK ↪→ EK

defines a morphism r : X(EK)→ X(T 2).

Given a polynomial f ∈ C[x1, ..., xn], let V (f) denote its zero set of f in Cn.
The A-polynomial of a knot K, denoted by AK , describes the image r(X(EK)) in X(T 2),

which is know to consist of 0- and 1-dimensional components [CCG+94]. However, no

example of K with r(X(EK)) having a 0-dimensional component is known. Let Y be

r(X(EK)) with the 0-dimensional components removed. Then AK ∈ C[µ±1, λ±1] is defined

as the polynomial without repeated irreducible factors whose zero set V (AK) ⊂ C∗ × C∗ is

the algebraic closure of the preimage Ỹ ⊂ C∗ × C∗ of Y ⊂ X(T 2) under the quotient

π : C∗ × C∗ → (C∗ × C∗)/τ = X(T 2).

Hence the polynomial AK(µ, λ) is describing the r image of the non-abelian components of

X (EK) in X(T 2) lifted to C∗×C∗[CCG+94]. More generally, for any irreducible component

C ⊂ X (EK) there is the A-polynomial AK,C describing r(C), as long as it is not a point.

5.2. Reduceness criteria. The goal of this section is prove the following generalization of

Theorem 1.4 of the Introduction:
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Theorem 5.1. Consider a knot K and a slope p/q ∈ Q such that each closed point χ ∈
X (EK(p/q)) belongs to a unique irreducible component of X (EK), denoted by Cχ. Suppose

further that for any such χ,

(a) the map r restricted to an open neighborhood of χ in Cχ is isomorphism onto its image

(b) the polynomial AK,Cχ(x−q, xp) has no multiple roots, except possibly ±1,

(c) if (χ(l), χ(m)) ∈ {±2}2 then χ is abelian.

Then X (EK(p/q)) is finite and reduced.

Note that condition (a) of Theorem 5.1 holds for the abelian component of the charac-

ter variety of every knot. It is known that the components C of X(EK) are at least one

dimensional while, as said above, r(C) must be at most 1-dimensional. Therefore condition

(a) implies that dim r(Cχ) = 1 and, consequently, AK,Cχ is well defined. Condition (b) is

satisfied for example when AK(x−q, xp) has no multiple roots, except possibly ±1. Hence

Theorem 1.4 is implied by Theorem 5.1.

Before we can complete the proof of Theorem 5.1 we need some preparation and a few

auxiliary lemmas.

Let H(p/q) := SpecC[µ±1, λ±1]/(µpλq − 1). It is easy to check that dim TχH(p/q) = 1

for all closed points χ of H(p/q) and, hence, H(p/q) is a smooth, reduced curve. By our

convention, we will write H(p/q) = H(p/q) when convenient, where

(3) H(p/q) = {(µ, λ) ∈ C∗ × C∗ | µpλq = 1}.

Suppose that two 1-dimensional subvarieties V, V ′ ⊂ C∗ ×C∗ intersect at χ. We say that

this intersection is transverse if V and V ′ are smooth at χ and Tχ V +Tχ V
′ = Tχ (C∗×C∗).

For (p, q) ∈ Z∗ × Z∗, the variety H(p/q) is parametrized by (µ, λ) = (x−q, xp), where

x ∈ C∗. Hence, for any Laurent polynomial A ∈ C[µ±1, λ±1], the set V (A) intersects H(p/q)

at points (x−q, xp) where x goes over all roots of A(x−q, xp).

Lemma 5.2. For A ∈ C[x±1, y±1], let (x−q, xp) ∈ C∗ × C∗ be a point in V (A) ∩ H(p/q).

Then, V (A) intersects H(p/q) transversely at (x−q, xp), iff x is a simple root of A(x−q, xp).

Proof. By differentiating the defining polynomial µpλq − 1 of H(p/q) and the defining poly-

nomial A of V (A), we see that the tangent space of V (A)∩H(p/q) at (x−q, xp) is the set of

(u, v) ∈ C2 such that ∂A
∂µ (x−q, xp)u+ ∂A

∂λ (x−q, xp)v = 0

px−q(p−1)xpqu+ qx−qpxp(q−1)v = 0

Taking the determinant, the tangent space is trivial if and only if

qx−p
∂A

∂µ
(x−q, xp)− pxq ∂A

∂λ
(x−q, xp) 6= 0,
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which is equivalent to A having a simple root at (x−q, xp). �

Given an affine algebraic set X and two algebraic subsets X1 and X2, let X0 denote their

intersection in the sense of algebraic varieties. That is, if C[Xi] = C[X]/Ii (i = 1, 2), then

C[X0] = C[X]/(I1 + I2). Note that X0 may be non-reduced, even though X1 and X2 are

reduced by default.

The second lemma we need for the proof of Theorem 5.1 is the following:

Lemma 5.3. Let X1, X2 ⊂ X and X0 := X1 ∩ X2 be as above. Then, any point x0 ∈ X0

such that Tx0 X1 ∩ Tx0 X2 = 0 is an isolated reduced point of X0.

Proof. The closed immersions X0 → Xi of varieties for i = 1, 2, induce embeddings Tx0 X0 →
Tx0 Xi. Hence, Tx0 X1 ∩ Tx0 X2 = 0 implies Tx0 X0 = 0. �

We are now ready to give the proof of Theorem 5.1.

Proof of Theorem 5.1: Let K be a knot and p/q ∈ Q a slope so that the assumptions of

Theorem 5.1 are satisfied.

Since X (EK(p/q)) is a closed subvariety of SpecC[X (EK)]/(tmplq − 2), it is enough to

show that each point of X (EK(p/q)) is isolated and reduced in SpecC[X (EK)]/(tmplq − 2).

By the assumption of the statement, each such point χ belongs to a unique component

Cχ of X (EK). By condition (a), an open neighborhood of χ in Cχ is isomorphic to its image

under r in r(Cχ).

Therefore, it is enough to show that r(χ) is isolated and reduced as a point of the inter-

section r(Cχ) ∩X(p/q) (in the sense of algebraic varieties), where

X(p/q) := V (tmplq − 2) ⊂ X(T 2).

In other words, X(p/q) is the image of H(p/q) under the projection π : C∗ × C∗ → X(T 2).

By Lemma 5.3, it is enough to show that

Tr(χ) r(Cχ) ∩ Tr(χ)X(p/q) = 0.

If Cχ is the component of abelian characters in X (EK) then Cχ ' X (Z) and the fact that χ

is isolated and reduced follows from the fact that X(Z/p) is finite and reduced, cf. [PS00,

Thm 7.3(1)].

Hence, we can assume that Cχ is non-abelian, in which case, by condition (c), we have

(χ(l), χ(m)) 6∈ {±2}2. Consequently, r(χ) is not a branching point of π : C∗×C∗ → X(T 2).

Let χ̄ be a pre-image of r(χ) under π. By the above argument, π is étale in a neighborhood

of χ̄. By definition, π−1(r(Cχ)) ⊂ V (AK,Cχ). Note also that the pre-image of X(p/q) ⊂
X(T 2), under the map π : C∗ × C∗ → (C∗ × C∗)/τ = X(T 2) is H(p/q) ⊂ C∗ × C∗. Since

π induces an isomorphism of Zariski tangent spaces outside of branch points, by the above
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discussion it is enough to show that

(4) Tχ̄ V (AK,Cχ) ∩ Tχ̄X(p/q) = 0.

By condition (b) in the statement of Theorem 5.1, AK,Cχ(x−q, xq) is not the zero poly-

nomial and, hence, by Lemma 5.2, V (AK,Cχ) intersects H(p/q) transversally at (x−q, xq).

Consequently,

Tχ (V (AK) ∪H(p/q)) = T(x−qχ ,xpχ) (C∗ × C∗),
which indeed implies (4). �

The following provides a reformulation of condition (a) of Theorem 5.1, which we will be

useful for us later on.

Proposition 5.4. With the notation and setting of Theorem 5.1, condition (a) of is equiv-

alent to the following:

(a′) r is a birational map of Cχ onto its image.

Proof. (a′)⇒ (a): Since r is defined on χ it is an isomorphism of an open neighborhood U

of χ onto r(U).

(a)⇒ (a′): The proof of Theorem 5.1 shows that conditions (b) and (c) of Theorem 5.1 imply

that r maps X(EK(p/q)) to smooth points of r(X(EK(p/q)). Now [Har77, I.6.8] implies

that r is isomorphism of an open neighborhood of X(EK(p/q)) (onto its image). �

We call the images of torsion points under the map π : C∗ ×C∗ → (C∗ ×C∗)/τ = X(T 2)

the torsion points of X(T 2).

Theorem 5.5. Suppose that for a knot K,

(a) r is birational on every irreducible component of X (EK) onto its image in X(T 2),

(b) r maps singular points of X(EK) to non-torsion points in X(∂EK), and

(c) every χ ∈ X (EK) with (χ(l), χ(m)) ∈ {±2}2 is abelian.

Then, for all but finitely many slopes p/q, the character variety X (EK(p/q)) is finite and

reduced.

Proof. The proof follows that of Theorem 5.1. Since intersection points of irreducible compo-

nents of X(EK) are singular in X(EK), condition (b) implies that each point of X(EK(p/q))

belongs to a unique irreducible component of X(EK) for almost all slopes p/q. By the same

condition, the points of V (AK)∩H(p/q) are smooth in V (AK) for almost all slopes p/q. We

will consider those slopes p/q only for which these conditions hold. By [MM23, Theorem

3.2], V (AK) intersects H(p/q) transversally for all but finitely many p/q. Note that their

statement is for irreducible A but it generalizes to any A without repeated factors.

By Proposition 5.4, condition (a) above implies condition (a) of Theorem 5.1. Now the

statement follows from Lemma 5.3, along the lines of the proof of Theorem 5.1. �
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6. Dehn fillings of the figure-eight knot

In this section we study the character variety of 3-manifolds obtained by Dehn filling on

the figure-eight knot K = 41 and we prove part (a) of Theorem 1.5 stated in the Introduction.

6.1. Reduceness of character varieties. As discussed, for example, in [HS04], the A-

polynomial of the figure-eight knot is

A41(µ, λ) = −λ+ λ · µ2 + µ4 + 2λ · µ4 + λ2 · µ4 + λ · µ6 − λ · µ8.

By substituting µ = x−q, λ = xp we get

A41(x−q, xp) = −xp + xp−2q + x−4q + 2xp−4q + x2p−4q + xp−6q − xp−8q.

This last polynomial multiplied by x4q appears in [CM15, Prop. 5.8].

Our goal in this subsection is to prove prove two results. The first result is the following:

Theorem 6.1. If A41(x−q, xp) has no multiple roots other than ±1, then X (E41(p/q)) is

finite and reduced.

The proof of Theorem 6.1 requires a preliminary discussion that we will postpone it after

the proof of the second main result of this subsection concerning roots of A41(x−q, xp).

We recall that, as observed in [CM15, Sec. 5], the polynomial A41(x−q, xp) has double

root x = −1 when p is odd. We show the following:

Proposition 6.2. The only non-simple root of A41(x−q, x) is x = −1. Consequently, by

Theorem 6.1, X (E41(1/q)) is finite and reduced.

Proof. Let

P =
x8q−1 ·A41(x−q, x)

(x+ 1)2
.

By a direct computation, we have

P = x4q−1 − (x4q + x2q + 1) ·
(
x2q − 1

x+ 1

)2

.

We need to prove that P has no multiple roots. That can be checked for q = ±1 by direct

computation. Hence, assume that q 6= ±1 from now on.

Let us compute its derivative P ′ mod q. Since (x4q + x2q + 1)′ = 0,(
x2q − 1

x+ 1

)′
=

0− (x2q − 1) · 1
(x+ 1)2

= − x2q − 1

(x+ 1)2
,

((
x2q − 1

x+ 1

)2
)′

= −2

(
x2q − 1

x+ 1

)
· x

2q − 1

(x+ 1)2
,
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and

P ′ = −x4q−2 + 2(x4q + x2q + 1) · (x2q − 1)2/(x+ 1)3.

Then

(5) 2P − (x+ 1)P ′ = (x− 1)x4q−2 mod q.

Since q 6= ±1, it has a prime divisor d. Let us assume that α ∈ C is a multiple root of

P . Since P is monic, Z[α] projects onto a non-zero Fd-vector space, Z[α]⊗ Fd. Let α be the

image of α under that projection. Then P, P ′ considered as elements of Fd[α][x±1] have a

common divisor (x− α).

Then P and P ′ have a common divisor (x− α) in Fd[α][x], where α is the image of α in

Fd[α]. Since (x−α) divides (5) in Fd[α][x±1], we have α = 0 or 1 in Fd[α]. That means that

0 or 1 is a root of P mod d. But that is not the case. Indeed, x2q−1
x+1 is −1 for x = 0 and it

vanishes for x = 1 (mod d). Consequently, P (0) = −1 for x = 0 and it is 1 for x = 1 (mod

d). �

Let us now discuss properties SL(2,C)-representations of π1(E41) with the goal of proving

Theorem 6.1.

The fundamental group of the figure eight knot has a presentation 〈a, b | aW = Wb〉,
where a, b are generators associated with the two bridges in the standard realization of 41 as

a 2-bridge knot and W = b−1aba−1. See, for example, [HS04, Prop. 1], where 41 is denoted

by J(2,−2). A direct computation (for example using a computer algebra system) shows

that, for µ ∈ C∗ and τ ∈ C, the assignment

ψµ,τ (a) =

(
µ 1

0 µ−1

)
and ψµ,τ (b) =

(
µ 0

τ µ−1

)
,

defines a representation ψµ,τ : π1(E41) −→ SL(2,C), if and only if we have

(6) τ2 + (3− µ2 − µ−2)(1− τ) = 0.

(We note that our τ corresponds to −z in [HS04].) By another calculation, we see that

Tr([ψµ,τ (a), ψµ,τ (b)]) = 2 at τ = 2 − µ2 − µ−2 or at τ = 0. However, since the value

τ = 2− µ2 − µ−2 is impossible by (6), we obtain that

(7) Tr([ψµ,τ (a), ψµ,τ (b)]) 6= 2 for τ 6= 0.

Hence, by [CS83, Lemma 1.2.1], the representation ψµ,τ is irreducible for τ 6= 0.

Each irreducible SL(2,C)-representation of π1(E41) is conjugate to ψµ,τ for a unique

τ 6= 0, 2− µ2 − µ−2. Indeed, a and b are conjugated in our presentation of π1(E41), and one

can choose a basis of C2 consisting of an µ-eigenvector of ψµ,τ (a) and of an µ−1 eigenvector

of ψµ,τ (b). There is exactly one such basis for which the upper right coefficient of ψµ,τ (a) is

1.
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This shows that X(E41) consists of the abelian irreducible component Xab, and of a

single non-abelian component Xna, defined by (6). The non-abelian component contains

the SL(2,R) lifts of the monodromy of PSL(2,R)-representation of hyperbolic structures

on E41 .

Let Trψµ,τ (`) := λ + λ−1, where` represents the canonical longitude of E41 . Then, by

[HS04, Eg (5.9)] for instance, we have

(8) τ(λ+ µ2) = (µ2 − 1)(1− λ).

We now give the proof of Theorem 6.1.

Proof of Theorem 6.1. The proof relies on Theorem 5.1. In [LT14, section 5] it is proved

that X (K) is reduced for all 2-bridge knots and, hence, we will consider X(E41) instead of

X (E41) in the proof.

By the above discussion, any character in Xab ∩Xna is represented by ψµ,τ where τ = 0

and, by (6), µ must be irrational. On the other hand, (8) forces λ = 1. Therefore, µpλq 6= 1

for coprime p, q, implying that every point X(E41(p/q)) belongs to a unique irreducible

component Cχ of X(E41). By our earlier discussion either Cχ = Xab or Cχ = Xna.

Next we check that each χ ∈ X(E41(p/q)) satisfies conditions (a)-(c) of Theorem 5.1.

(a) Since this condition holds for the abelian component, assume that Cχ = Xna. Let

(9) φ : V (A41)− {λ = ±1} → Xna ⊂ X(E41),

send (µ, λ) ∈ V (A41) to ψµ,τ where

τ =
(µ2 − 1)(1− λ)

λ+ µ2
.

The map φ is well defined. Indeed, if λ+µ2 = 0, then, by Equation (8), (µ2− 1)(1− λ) = 0

and hence λ = ±1. Since tm = µ + µ−1 and τ = 2 − tab−1 , the map φ is a morphism of

varieties. By (8), it is the inverse to r.

(b) follows from the assumption of Theorem 6.1.

(c) The values χ(l), χ(m) ∈ {±2} correspond to (µ, λ) ∈ {±1}2 for which any correspond-

ing SL(2,C)-representation ψµ,τ of π1(E41) can be conjugated to ψ′ so that

ψ′(m) =

(
µ 1

0 µ−1

)
and ψ′(l) =

(
λ z

0 λ−1

)
,

for some z ∈ C. This representation factors through the parabolic PSL(2,C)-representation,

which must be the monodromy of the complete hyperbolic structure of the complement of
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the figure-eight knot. For such representation 1 and z are R-linearly independent, as the rep-

resentation is discrete and faithful. Hence, this representation cannot satisfy ψ(m)pψ(l)q = I

for any co-prime p, q ∈ Z since that implies p ± q · z = 0. This shows that condition (c) of

Theorem 5.1 is satisfied. �

6.2. Dimensions under Dehn fillings. For relatively prime integers let M = E41(p/q)

denote the 3-manifold obtained by p/q-of the figure-eight knot complement 41.

Recall that

d41(p/q) :=
1

2
(|4q + p|+ |4q − p|)− δ2-p,

where δ2-p = 1 for odd p, and 0 otherwise.

Next we prove the following theorem which immediately implies, in particular, part (a)

of Theorem 1.5:

Theorem 6.3. For any slope p/q 6∈ {0,±4}, and M := E41(p/q),

dimQ(A) S(M) ≥ d(p/q) + 1 +

⌊
|p|
2

⌋
.

Furthermore, with the exception of finitely many slopes p/q, X (M) is reduced and

dimQ(A) S(M) = |X(M)| = d(p/q) + 1 +

⌊
|p|
2

⌋
.

We will construct specific bases of skein modules S(M) for slopes for which X (M) is

reduced in Section 7. In contrast to Theorem 6.1, the statement of Theorem 6.3 does not

provide concrete slopes for which the equality of the statement holds since the excluded

slopes are not explicit.

Let Xirr(M) the set of irreducible characters in X(M).

Proof of Theorem 6.3: The proof utilizes the computation of the SL(2,C)-Casson invariant

λSL(2,C)(M), given in [BC06]. By Corollary 2.2 and Theorem 5.7 in [BC06] (where 41

corresponds to ξ = 2),

|Xirr(E41(p/q)))| = λSL(2,C)(E41(p/q)) = d(p/q),

for p/q 6= ±4.

Since the number of reducible characters in X(E41(p/q)) is 1 +
⌊
|p|
2

⌋
, we have

|X(E41(p/q))| = d(p/q) + 1 +

⌊
|p|
2

⌋
.

Since S(E41(p/q)) is tame by Theorem 4.3(a), the inequality of the statement follows from

Theorem 3.1(a).

To prove the equality, we apply Theorem 5.5 to show that with the exception of finitely

many slopes p/q, X (E41(p/q)) is reduced. Note that the map φ defined in (9) in the proof
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of Theorem 6.1, is a birational morphism from Xna onto its image in X(T 2). Therefore

condition (a) is satisfied for all characters of E41(p/q). The proof of Theorem 6.1 shows that

the condition (c) is satisfied as well.

Therefore, it remains to check condition (b). As discussed earlier, X(E41) consists of the

abelian Xab and non-abelian components Xna.

The only singular point of X(E41) in Xab is at the intersection of Xab and Xna, which

by (7) corresponds to τ = 0, which by (6) corresponds to µ satisfying µ2 + µ−2 = 3, and,

hence, are not roots of 1.

It remains to be shown that the singular points in Xna are non-torsion either. These sin-

gular points correspond to points where the defining equation (6) and its partial derivatives

are simultaneously zero. That is, setting

f(τ, µ) := τ2 + (3− µ2 − µ−2)(1− τ),

we must have

f(τ, µ) =
∂f

∂µ
=
∂f

∂µ
= 0

at singular points. Note that

∂f

∂µ
= −2µ(1− µ−2)(1− τ) and

∂f

∂τ
= 2τ + µ2 + µ−2 − 3.

Hence, ∂f∂µ = 0 implies that µ = ±1 or τ = 1. (µ 6= 0 since it is invertible.) Condition ∂f
∂τ = 0

implies that τ = 1/2 in the first case, and µ2 + µ−2 = 1 in the second. Note that in each of

these cases f(τ, µ) 6= 0 and, hence, Xna has no singular points. �

7. Computings bases of coordinate rings

In this section we develop a method of finding bases for the coordinate rings C[X(EK(p/q)].

Then we apply it to computing bases for the coordinate rings of character varieties of 3-

manifolds obtained by Dehn fillings of E41 .

7.1. Bases of C[X(EK(p/q)]. Recall from Section 5 the map r : X(EK) → X(T 2) that is

induced by the inclusion T 2 = ∂EK ↪→ EK .

Let MV (K) denote the set of multiple-values of r : X(EK)→ X(T 2). That is

MV (K) := {χ ∈ r(X(EK)) : |r−1(χ)| > 1} ⊂ X(T 2).

Recall that X(p/q) = V (tp/q − 2) ⊂ X(T 2) and that ts/u denotes the trace function of a

simple closed curve on T representing the slope s/u ∈ Q ∪ {1/0}.
We say that a Dehn filling slope p/q of EK is excluded if X(EK(p/q)) is infinite or if

r(X(EK(p/q)) ∩MV (K) 6= ∅.
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Proposition 7.1. For any non-excluded slope p/q of a knot K with finite X(EK(p/q)), and

for any slope s/u such that pu− qs = 1, the set

B := {tjs/u | 0 ≤ j < |X(EK(p/q))|},

is a basis of C[X(EK(p/q))].

The proof of the proposition shows more generally that the elements of B are linearly

independent, even when X(EK(p/q)) is infinite. We precede the proof with the following

lemma:

Lemma 7.2. If pu− qs = 1, then ts/u is 1-1 on X(p/q).

Proof. After fixing a basis µ, λ of H1(T 2) we identify the mapping class group of T 2 with

SL(2,Z). Its left action of the mapping class group on T 2 induces a right action on X(T 2)

in which A ∈ SL(2,Z) maps ts/u to ts′/u′ where(
s′

u′

)
= A ·

(
s

u

)
.

Consequently, A =

(
p s

q u

)−1

maps ts/u to t0/1 and it maps X(p/q) to X(1/0).

Hence, it is enough to show that t0/1 is 1-1 on X(1/0). Since t0/1 = λ + λ−1, its value

determines λ up to inversion and λ±1 defines a unique point (1, λ±1) in X(1/0). Here, we

use the fact that

X(1/0) = ({1} × C∗})/∼,

where ∼ identifies (µ, λ) with (µ−1, λ−1), as before. �

Proof of Proposition 7.1: Since p/q is a non-excluded slope, r : X(EK(p/q)) → X(T 2) is

1-1, and, hence, the trace function ts/u is 1-1 on X(EK(p/q)).

To finish the proof, we use the fact that the following Vandermonde matrix

(ts/u(χ)j) for χ ∈ X(EK(p/q)) and 0 ≤ j < |X(EK(p/q))|.

has determinant

d := ±
∏

(ts/u(χ)− ts/u(χ′)),

where the product is over all 2-element subsets {χ, χ′} ⊂ X(EK(p/q)). Since ts/u is 1-1

on X(EK(p/q)), we conclude that d 6= 0, which means that the elements of B are linearly

independent. Since the cardinality of B coincides with the dimension of C[X(EK(p/q))], the

set B is a basis of C[X(EK(p/q))]. �
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Recall that a boundary slope of a knot K is the slope of each boundary component of

a properly embedded incompressible surface in (EK , ∂EK). Also recall that if X(EK(p/q))

is infinite, EK(p/q) contains a closed incompressible surface, cf. [CS83, Theorem 2.2.1].

Hence, if the only incompressible surfaces in EK are tori parallel to ∂EK , then excluded

slopes of the first kind form a subset of the set of boundary slopes of K. The set of such

slopes is finite by [Hat82].

7.2. A basis for C[X(E41)]. The fundamental group of the figure-eight knot has a presen-

tation

π1(E41) = 〈a, b|aW = Wb〉,

where a, b are generators associated with the two bridges in the standard realization of 41

as a 2-bridge knot and W = b−1aba−1.

Theorem 7.3. Let p, q, s, u ∈ Z such that pu − qs = 1, p/q 6= 0,±4 and M := E41(p/q).

Then, a basis of C[X(M)] is given by

(a) the set B = {tjs/u | 0 ≤ j < |X(M)|}, if p is odd, or q is odd and p ≡ 2 mod 4,

(b) the set B = {tab−1 , t2ab−1 , tab−1ts/u, t
2
ab−1ts/u} ∪ {t

j
s/u | 0 ≤ j < |X(M)| − 4}, otherwise.

Given a slope p/q, let MV (41) denote the preimage of MV (41) under the standard projec-

tion π : C∗ ×C∗ → X(T 2) and let I(p/q) denote the preimage of MV (41) ∩ r(X(EK(p/q)))

under π. Then

I(p/q) ⊂MV (41) ∩H(p/q) ⊂ C∗ × C∗,

where H(p/q) = {(µ, λ) : µpλq = 1}, cf. (3). For the proof of Theorem 7.3 we need the

following lemma that computes the sets I(p/q):

Lemma 7.4. (a) The set MV (41) consists of four points: (±1,−1) and (±i, 1).

Furthermore,

(b) I(p/q) = {(i, 1), (−i, 1)} for 4 | p and q odd,

(c) I(p/q) = ∅ otherwise.

Proof. (a) Recall from Section 6 that each irreducible representations of π1(E41) is conju-

gated to a unique representation ψµ,τ introduced in Section 6, where (µ, τ) satisfy Equation

(6) and τ 6= 0, 2− µ2 − µ−2.

By Equation (8), λ+ µ2 = 0 implies (µ, λ) = (±1,−1) or (±i, 1). Therefore, by Equation

(8), τ is determined uniquely by µ and λ, except possibly for the above values of (µ, λ).

In those cases, Equation (6) has solutions τ = 1±i
√

3
2 and τ = 5±

√
5

2 respectively, and in

both cases those two solutions correspond to irreducible representations since τ 6= 0, 2−µ2−
µ−2.
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Therefore, r is 1-1 on the irreducible characters of π1(E41), except for the two double

values corresponding to the above values of τ.

Since r is 1-1 on the abelian characters, it remains to be shown that r(χ) 6= r(χ′) for

an abelian character χ and an irreducible character χ′ other than the ones corresponding

to (µ, λ) = (±1,−1) and (±i, 1). This is indeed the case, because λ = 1 for all abelian

characters and Equation (6) implies µ = ±i in this case.

(b) Note that by the argument in the proof of Theorem 6.1, (µ, λ) = (±1,−1) does not

correspond to a representation of π1(E41(p/q)). Therefore, I(p/q) ⊂ {(i, 1), (−i, 1)}.
Let p ≡ 0 mod 4 now. Then q is odd, by the coprimness of p and q. To show that

I(p/q) = {(i, 1), (−i, 1)}, we need to establish that these points correspond to a character

Tr ρ of π1(E41) which factors through π1(E41(p/q)). To show it, note that Tr ρ(m) = i−i = 0

and, hence, ρ is diagonalizable. Since ρ(l) commutes with ρ(m), the representation ρ can be

conjugated so that both ρ(m), ρ(l) are diagonal. Since 4 | p, we have µpλq = 1 and, hence,

ρ(mplq) is the identity matrix.

(c) Since µpλq = 1 for all points of X(EK(p/q)), the set I(p/q) is empty unless p ≡ 0 mod

4. �

We are now ready to give the proof of Theorem 7.3.

Proof of Theorem 7.3. (a) Since the complement of 41 contains no closed incompressible

surfaces, such surfaces in M = E41(p/q) can only appear when p/q is a boundary slope.

Since the boundary slopes of 41 are 0,±4, [HT85, p. 231], X(M) is finite by the assumption

of the statement and by Culler-Shalen theory. Now the statement follows from Lemma 7.4(c)

and Proposition 7.1.

(b) Let us assume now that p ≡ 0 mod 4 and q is odd. Then I(p/q) = {(i, 1), (−i, 1)} by

Lemma 7.4(b). Let us denote the abelian characters corresponding to these points by χ+

and χ−, respectively. By the discussion in the proof of that lemma, there are two additional

non-abelian characters corresponding to each of these points, which we denote by χ′+, χ
′′
+

and by χ′−, χ
′′
−.

Since ts/u is 1-1 on Y := X(M) − {χ′+, χ′′+, χ′−, χ′′−}, by the Vandermonde matrix ar-

gument of Proposition 7.1, applied to Y the elements of B′ = {ts/u(χ)j}|Y |−1
j=0 are linearly

independent.

A direct computation shows that tab−1 = 2− τ on a representation ρµ,τ , and tab−1 = 2 on

abelian characters. Since χ′± and χ′′± represent different τ -values, tab−1 takes three distinct

values on χ+, χ
′
+, χ

′′
+ and three distinct values on χ−, χ

′
−, χ

′′
−.

Let

B′′ = {tab−1 , t2ab−1 , tab−1ts/u, t
2
ab−1ts/u}.
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We claim that the functions in B′′ are linearly independent on {χ′+, χ′′+, χ′−, χ′′−}. Indeed,

(c · tab−1 + d · t2ab−1) + ts/u(e · tab−1 + f · t2ab−1) = (c+ eµs)tab−1 + (d+ fµs)t2ab−1

takes the same value for χ′+, χ
′′
+ if and only if

c+ eis = d+ fis = 0,

and it takes the same value for χ′−, χ
′′
− only if

c+ e(−i)s = d+ f(−i)s = 0.

Since pu− qs = 1, s is odd and the above happens only if c = d = e = f = 0.

Since

ts/u(χ+) = ts/u(χ′+) = ts/u(χ′′+) and ts/u(χ−) = ts/u(χ′−) = ts/u(χ′′−),

no non-trivial linear combination of the functions in B′′ lies in the span of the powers

of ts/u. Consequently, the functions in B = B′ ∪ B′′ are linearly independent and, since

|B| = |X(M)|, they form a basis of C[X(M)]. �

8. Dehn fillings of (2, 2n+ 1)-torus knots.

8.1. Reduceness under Dehn filling. As before, let K = T(2,2n+1) denote the (2, 2n+1)-

torus knot, for any n ∈ Z.

As in [Hat82, Example 1.24], π1(EK) = 〈a, b | a2 = b2n+1〉, where the meridian and

longitude are given by

(10) m = a · b−n, and l = a2 ·m−4n−2.

The center of π1(EK) is generated by a2 = b2n+1. Hence, by Schur’s lemma, any irre-

ducible SL(2,C)-representation ρ of π1(EK) sends a2 to a scalar matrix, c · I. Furthermore,

c = −1 since ρ(a2) = I implies that ρ(a) = ±I and, hence, ρ is reducible.

Consequently, each irreducible representation of π1(EK) is conjugate to ρτ,ζ , given by

(11) ρτ,ζ(a) =

(
i 1

0 −i

)
and ρτ,ζ(b) =

(
ζ 0

τ ζ−1

)
,

for some τ, ζ ∈ C, where ζ2n+1 = −1.

It is easy to check that ρτ,ζ(b)
k =

(
ζ 0

τ · φk(ζ) ζ−1

)
, where

φ1(ζ) = 1 and φk(ζ) = ζk−1 + ζk−3 + ...+ ζ−k+3 + ζ−k+1
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for k > 1. Since |φk(±1)| = 2k − 1 and φk(ζ) = ζk−ζ−k
ζ−ζ−1 , for ζ 6= ±1,

ρτ,ζ(b)
2n+1 =

(
ζ2n+1 0

τ · φ2n+1(ζ) ζ−(2n+1)

)
= −I = ρτ,ζ(a)2

holds if and only if ζ is a (2n + 1)-st root of −1, ζ 6= −1 which will be required from now

on. (The value of τ can be arbitrary.) In other words, (11) indeed defines an SL(2,C)-

representation of π1(EK) for all τ and these values of ζ 6= −1. By a direct calculation,

Trρτ,ζ(aba
−1b−1) = 2− ζ2τ(τ + 2i(ζ − ζ−1)).

Hence, ρτ,ζ is irreducible if and only if

(12) τ 6= 0,−2i(ζ − ζ−1).

Remark 8.1. Since Trρτ,ζ(b) = ζ + ζ−1, the representations ρτ,ζ and ρτ ′,ζ′ are conjugate

only if either ζ ′ = ζ or ζ ′ = ζ−1. Since Trρτ,ζ(ab) = iζ − iζ−1 + τ , we have τ ′ = τ in the first

case and

iζ ′ − i(ζ ′)−1 + τ ′ = iζ − iζ−1 + τ

in the second case. Note that these conditions are not only necessary but also sufficient.

Indeed, since C[X(〈a, b〉)] = C[ta, tb, tab], two irreducible representations of the free group

〈a, b〉 are conjugate if their traces agree on a, b, and ab.

To avoid non-uniqueness of ρτ,ζ let us require Im ζ > 0 from now on. Note that ζ cannot

be real since we assumed ζ 6= −1.

By (10),

(13) tm(ρτ,ζ) = Tr ρτ,ζ(µ) = iζ−n − iζn − τ ζ
n − ζ−n

ζ − ζ−1
.

Since tb(ρτ,ζ) = ζ+ζ−1 and tm(ρτ,ζ) determine ζ±1 and τ , each irreducible representation

ρ of π1(EK) is determined, up to conjugation, by tb(ρ) and tm(ρ).

Moreover, since ρ(a2) = −I, Eq. (10) implies ρ(λ) = −ρ(µ−4n−2) and, hence,

(14) tl = −T4n+2(tm),

where, as before, Tk(X) is the k-th Chebyshev polynomial of the first type.

Let us now fix coprime integers p, q. A representation ρ of π1(EK) that factors to a

representation of π1(EK(p/q)) satisfies ρ(mp · lq) = I. By (10), ρ(l) = −ρ(m)−4n−2 for

irreducible representations. Hence, the necessary and sufficient condition for ρτ,ζ factoring

to a representation of π1(EK(p/q)) is

(15) ρτ,ζ(m)p−(4n+2)q = (−1)q · l

Lemma 8.2. If Tr ρτ,ζ(m) = ±2, then ρτ,ζ does not factor to a representation of π1(K(p/q)).



32 RENAUD DETCHERRY, EFSTRATIA KALFAGIANNI, AND ADAM S. SIKORA

Proof. Suppose that ρτ,ζ(m) has trace ±2 and satisfies (15). By putting ρτ,ζ(m) in an upper

triangular position we see that its eigenvalues must both 1 or −1. Furthermore, since its

positive power is ±I, it must be ±I itself. Hence, we obtain ρτ,ζ(µ) = ±I. But by (10),

ρτ,ζ(m) =

(
i 1

0 −i

)(
ζ−n 0

−τ · φn(ζ) ζn

)
has ζn in its upper right entry, and hence, it cannot be ±I. �

Next recall that ρτ,ζ is reducible for τ = 0 and −2i(ζ − ζ−1).

Lemma 8.3. (a) If 4 | p then there are gcd(2n + 1, p) − 1 reducible representations ρτ,ζ

factoring to a representation of π1(EK(p/q)).

(b) There are no such representations when 4 does not divide p.

Proof. By Equations 12 and 13, ρτ,ζ is reducible if and only if Trρτ,ζ(m) = ±i(ζn − ζ−n).

Note that this trace is not ±2 and, hence, ρτ,ζ(µ) is diagonalizable. Consequently, ρτ,ζ(µ) is

conjugate to a diagonal matrix with eigenvalues (iζn,−iζ−n) or (iζ−n,−iζn). By (15) ρτ,ζ

factors through a representation of π1(EK(p/q)) iff ρτ,ζ(m)p−q(4n+2) = (−1)qI, which in our

case is equivalent to ρτ,ζ(m)p = I, since (iζ±n)4n+2 = −1.

Therefore, if ρτ,ζ factors through π1(EK(p/q)) then iζ±n is a p-th root of unity. However,

since its order is always divisible by 4, hence 4 must divide p. If p = 4p′, then iζ±n is a 4p′-th

root of unity for exactly gcd(2n+ 1, p′)− 1 = gcd(2n+ 1, p)− 1 choices of ζ 6= −1 such that

ζ2n+1 = −1.

Finally note that the representations ρ0,ζ and ρ−2i(ζ−ζ−1),ζ−1 are equivalent in the char-

acter variety because they have the same traces at a, b and ab. Consequently, there are

gcd(2n + 1, p) − 1 distinct reducible representations factoring through a representation of

π1(EK(p/q)) among the ρτ,ζ . �

We are now ready to prove the following theorem that deals with reducedness of character

varieties of 3-manifolds obtained by Dehn surgery on (2, 2n+ 1)-torus knots.

Theorem 8.4. Let p and q be coprime, such that if p is divisible by 4 then it is coprime

with 2n+ 1. Then X (ET(2,2n+1)
(p/q)) is finite and reduced.

Proof. The statement follows from Theorem 5.1 after we check the assumptions of this

reducibility criterion. Since (2, 2n+ 1)-torus knots are 2-bridge, X (ET(2,2n+1)
) is reduced by

[Lê06]. Hence we may work with X(ET(2,2n+1)
) instead of X (ET(2,2n+1)

) in the proof.

By the discussion above, the non-abelian components of X(ET(2,2n+1)
) are indexed by the

values of ξ which is (2n+1)-st root of −1 with Im ξ > 0. Consequently, they do not intersect

each other. By the assumptions of the statement and by Lemma 8.3, the non-abelian

irreducible components do not intersect the abelian one at points of X(ET(2,2n+1)
(p/q)).
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Consequently, each point of X(ET(2,2n+1)
(p/q)) belongs to a unique irreducible component

of X(ET(2,2n+1)
).

As we discussed earlier, condition (a) of Theorem 5.1 is satisfied for all abelian characters

of X(ET(2,2n+1)
(p/q)).

Let Uξ ⊂ X(ET(2,2n+1)
) be the set of characters Tr ρτ,ξ for all τ 6= 0,−2i(ζ − ζ−1). It is

an open set and each character of X(ET(2,2n+1)
(p/q)) belongs to Uξ for some ξ. Note that

each point of Uξ is determined by tb and tm. The first one is constant ξ+ ξ−1 on Uξ and the

latter one is linear in τ (c.f. (13)). Consequently, r restricted to Uξ is an isomorphism onto

its image. This shows that condition (a) of Theorem 5.1 is satisfied.

By [HS04],

A(2,2n+1) = 1 + λµ4n+2,

up to a multiplicative factor of a power of M , for n 6= ±1, and A(2,2n+1) = 1 otherwise.

(This also follows from our Eq. 14.) Note that A(2,2n+1)(x
−q, xp) = 1 + xp−(4n+2)q in the

first case. Hence, A(2,2n+1)(x
−q, xp) has simple roots only and condition (b) of Theorem 5.1

is satisfied.

Condition (c) of Theorem 5.1 follows immediately from Lemma 8.2. �

Remark 8.5. Theorem 8.4 shows, in particular, that X (ET(2,2n+1)
(4n + 2)) is finite, even

though the 3-manifold ET(2,2n+1)
(4n+ 2) contains incompressible surfaces, giving an infinite

family of Haken manifolds not detected by the Culler-Shalen theory.

8.2. Dimensions of skein modules under Dehn filling. Next we will apply our results

above to compute the skein modules S(M,Q(A)) for infinite families of 3-manifolds of the

form M := E(2,2n+1)(p/q). Define

τn,p,q := |p/2− (2n+ 1)q| − 1

2
δ2-p,

where we recall that δ2-p = 1 when p is odd, and δ2-p = 0 when p is even.

Theorem 8.6. Let p and q be coprime, such that if p is divisible by 4 then it is coprime

with 2n+ 1. Let M := ET(2,2n+1)
(p/q). If p/q /∈ {0, 4n+ 2}, then

dimQ(A) S(M,Q(A)) = |X(M)| = τn,p,q · n+ 1 +

⌊
|p|
2

⌋
.

Before we can proceed with the proof of the theorem we need some preparation: Observe

that Tr ρ(m)k = Tk(t), for t := Tr ρ(m). Hence, Eq. (15) implies

(16) Tk(t) = 2 · (−1)q, for k = |p− (4n+ 2)q|.

Given n and coprime p, q let k = |p − (4n + 2)q| and let Tn,p,q denote the set of roots of

Pk(t) := Tk(t)− 2 · (−1)q that are not equal to ±2.
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Lemma 8.7.

|Tn,p,q| = τn,p,q = |p/2− (2n+ 1)q| − 1

2
δ2-p.

Proof. For t = µ + µ−1, we have Tk(t) = ±2 if and only if µk + µ−k = ±2 if and only if

µk = ±1. Since t is preserved by the inversion of µ, it follows that Pk(t) has k+1
2 roots when

k is odd, and k
2 roots when k is even.

Since k has the same parity as p, the polynomial Pk has exactly one of 2, −2 as its root,

when p is odd, and neither when p is even. Hence, the statement follows. �

Let Zn = {ζ : ζ2n+1 = −1, ζ 6= −1, Im ζ > 0}, and note that |Zn| = n. Next we give the

proof of Theorem 8.6.

Proof of Theorem 8.6: By Theorem 8.4, X (ET(2,2n+1)
(p/q)) is reduced, and by Theorem 4.3,

S(ET(2,2n+1)
(p/q)) is tame. Hence, dimQ(A) S(M) = |X(M)|, by Theorem 3.1.

It remains to be shown that |X(M)| = τn,p,q ·n+
⌊
|p|
2

⌋
+1. To that end, consider the map

Ψ : Zn × Tn,p,q → X(ET(2,2n+1)
),

sending (ζ, t) to ρτ,ζ with τ determined by Tr ρτ,ζ(m) = t. Note that, for a given ζ ∈ Zn,
the equation t = Tr ρτ,ζ(m) is satisfied for a unique value of τ by (13). Hence, Ψ : Zn is

well-defined.

We claim that the image of Ψ lies in X(M) ⊂ X(ET(2,2n+1)
). Indeed, by the definition of

Tn,p,q, the trace t = Tr ρτ,ζ(m) satisfies (16). Furthermore, ρτ,ζ(m) is diagonalizable, because

t 6= ±2. Therefore, it also satisfies (15) (since its diagonal form does).

By Lemma 8.3, all characters in its image are irreducible. Furthermore, since each ir-

reducible representation of π1(ET(2,2n+1)
) is conjugate to a ρτ,ζ for some ζ ∈ Zn and some

τ ∈ C, the map Ψ is onto Xirr(M). Indeed, by (16) and Lemma 8.2, Trρτ,ζ(µ) is a root of

Pk(t) that is not equal to ±2.

Since Ψ is 1-1 onto Xirr(M),

|Xirr(M)| = |Tn,p,q| · |Zn| = τn,p,q · n.

Since H1(M) = Z/p, there are
⌊
|p|
2

⌋
+ 1 abelian characters of π1(M) and, hence, the state-

ment follows. �

For p, q, n > 0, the 1
q -surgery on the (2, 2n+ 1) knot yields a Brieskorn sphere

M = Σ(2, 2n+ 1, 2(2n+ 1)q − 1).

By [BC06], if a, b, c > 0 are mutually coprime integers then the SL(2,C)-Casson invariant

of the Brieskorn sphere Σ(a, b, c) is

λSL(2,C)(M) = |Xirr(M)| = (a− 1)(b− 1)(c− 1)

4
.
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The discussion above implies that π1(M) has τn,p,q · n irreducible representations. That

count agrees with the formula for [BC06].

8.3. Bases of coordinate rings. Next we give bases for C[X(EK(1/q))], for K = T(2,2n+1).

The fundamental group of K = T2,2n+1 has a presentation π1(EK) = 〈a, b | a2 = b2n+1〉,
where the meridian and the longitude are given by m = a · b−n and l = a2 · m−4n−2,

respectively.

For simplicity of notation, we set τn,q := τn,1,q = |(4n+2)q−1|−1
2 and we set Tn,q := Tn,1,q.

Theorem 8.8. For every q ∈ Z and M := ET(2,2n+1)
(1/q), there is a basis for C[X(M)]

given by B = {timt
j
b : 0 ≤ i < τn,q and 0 ≤ j < n} ∪ {tτn,qm }.

Proof. By Theorem 8.6, |X(M)| = τn,q ·n+1. Thus the cardinality of the set B coincides with

that of X(M). Therefore, it is enough to show that the above set is linearly independent.

Assume that

ν · tτn,qm + Σ
τn,q−1
i=0 Σn−1

j=0λi,jt
i
mt

j
b = 0 on X(M),

for some ν, λi,j ∈ C. By restricting this identity to the setXt0(M) of classes of representations

ρ such that Tr ρ(m) = t0, for some fixed t0 ∈ C, we can think of the left side of the equation

above as a polynomial in tb. Assume t0 ∈ Tn,q now. By the proof of Theorem 8.6, for every

ζ ∈ Zn there is τ ∈ C such that the character of ρτ,ζ is in Xt0(M). There are n distinct

values

tb(ρτ,ζ) = ρx,ζ(b) = ζ + ζ−1

for these representations. Hence, by the Vandermonde determinant argument of Proposition

7.1, the powers t0b , ..., t
n−1
b are linearly independent on Xt0(M). Consequently, for every

1 ≤ j < n, we have

(17) Σ
τn,q−1
i=0 βi,j · ti0 = 0.

Since Equation (17) is satisfied for any element t0 ∈ Tn,q, a Vandermonde determinant

argument implies that βi,j = 0 for all j > 0 and all i.

It remains to be shown that α = 0 and β0,j = 0 for all i. Since tm = t0 on Xt0(M),

α · tτn,q0 + Σ
τn,q−1
i=0 βi,0 · ti0 = 0

for every t0 ∈ Tn,q.
Hence, by the Vandermonde determinant argument, it is enough to show that tm takes

τn,q + 1 distinct values. That is indeed the case: By the argument in the proof of Theorem

8.6, it takes all values of Tn,q. In addition, it also takes value 2 (which is not in Tn,q), because

of the trivial representation. �
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By Theorem 1.3 and Proposition 3.3 we obtain the following:

Theorem 8.9. Let K and B be as in Theorems 8.8 or 7.3 and let M = EK(1/q). Then

any collection of framed unoriented links in M that are mapped bijectively to B under the

isomorphism ψ : S−1(M)→ C[X (M)] forms a basis of S(M).

9. On the non-triviality of S(M,Q(A))

The goal of this section is to prove Theorem 1.7 stated in the Introduction and generalize

it to 3-manifolds with boundary.

We start by reviewing the definition of Gilmer-Masbaum’s evaluation map, defined in

[GM19]. Let U ⊂ C be the set of roots of unity of order 2N with N ≥ 3 odd. Let CU
a.e.

denote the set of functions C-valued functions that are defined on all but finitely elements

of U up to the following equivalence relation: two functions are equivalent if they coincide

on all but finitely many points of U. The set CU
a.e. becomes a Q(A)-vector space, by defining

R · f : ζ ∈ U→ R(ζ)f(ζ),

for any R := R(A) ∈ Q(A) and f ∈ CU
a.e.. Note that this operation is well defined, since any

R(A) ∈ Q(A) has finitely many poles and hence can be evaluated at all but finitely many

roots of unity.

Recall from Section 2.3, that for a framed link L in a 3-manifold M and a primitive 2N -th

root of unity ζ with N ≥ 3 odd, RT ζ(M,L) denotes the SO(3)-Reshetikhin-Turaev invariant

of the pair (M,L) at ζ.

Theorem 9.1. [GM19, Theorem 2] There is Q(A)-linear map

ev : S(M,Q(A)) −→ CU
a.e.,

defined by sending a framed link L in M to the function ζ ∈ U −→ RT ζ(M,L) ∈ C.

Note that a link L is mapped to 0 ∈ CU
a.e. if and only if RT ζ(M,L) = 0 for all but finitely

many primitive roots of unity ζ of order 2N with N odd.

Let M be a rational homology sphere and |H1(M,Z)| be the number of elements of

H1(M,Z). Let
(a
b

)
be the Legendre symbol for a, b ∈ N. For the proof of Theorem 1.7 we

will use following theorem of Murakami:

Theorem 9.2. [Mur95] Let M be a rational homology sphere and let h1 = |H1(M,Z)|. For

any odd prime p such that p - h1 and any primitive 2p-th root of unity ζ, we have

h1RT
ζ(M) ∈ Z[ζ2] and h1RT

ζ(M) =

(
h1

p

)
mod ζ2 − 1

We are now ready to prove Theorem 1.7 of the Introduction asserting that the empty link

does not vanish in S(M,Q(A)) for rational homology spheres M .
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Proof of Theorem 1.7. Theorem 9.2 implies that RT ζ(M) is non-zero for all ζ of order 2p

for sufficiently large primes p. Since there are infinitely many of them, ev(∅) = RT ζ(M) 6= 0

in CU
a.e. �

Theorem 1.7 generalizes to 3-manifolds with boundary as follows:

Corollary 9.3. Suppose that M is a 3-manifold with boundary whose first rational homology

is carried by its boundary. That is, the map H1(∂M,Q) → H1(M,Q) induced by inclusion

is onto. Then, dimQ(A) S(M,Q(A)) ≥ 1.

Proof. For any disjoint union of handlebodies H with boundary ∂H ' ∂M = Σ, and for

M̄ = M
⋃
Σ

H, the embedding M ↪→ M̄ induces an epimorphism S(M)→ S(M̄). Therefore,

by Theorem 1.7, it is enough to show that M̄ is a rational homology sphere for some H.

By the Mayer-Vietoris sequence,

H1(M̄,Q) = H1(Σ,Q)/(KM +KH),

where

KM = Ker (H1(Σ,Q) −→ H1(M,Q)) and KH = Ker (H1(Σ,Q) −→ H1(H,Q)).

It remains to be shown that KM +KH = H1(Σ,Q) for some handlebody H as above. Note

that the intersection form on H1(Σ,Q) is a symplectic and KM and KH are Lagrangian

subspaces of H1(Σ,Q) by the Poincaré duality. Hence it is enough to show that

(18) KM ∩KH = 0.

Note that the symplectic space H1(Σ,Q) is the direct sum of symplectic spaces H1(Σi,Q)

over all connected components Σ1, ...,Σr of Σ. Since any Lagrangian of H1(Σi,Q) is realized

as a KHi for a handlebody with boundary Σi, it suffices to prove that KM is transverse

to a Lagrangian of H1(Σ,Q) which is a sum of Lagrangians in each H1(Σi,Q). Hence, the

statement follows from the lemma below. �

Lemma 9.4. Let V1, . . . , Vk be finite dimensional symplectic vector spaces over Q, and L be

a Lagrangian of V =
⊕

1≤i≤k
Vi. Then there exists a collection of Lagrangians Li of Vi, such

that L is transverse to
⊕

1≤i≤k
Vi.

Proof. Let a1, b1, . . . , an, bn be a symplectic basis of V , i.e. the symplectic form on all pairs

of them vanishes, except for ω(a1, b1) = ... = ω(an, bn) = 1. We assume additionally that the

above basis is compatible with the decomposition. We will prove by induction on 0 ≤ k ≤ n
that L is transverse to an isotropic subspace Lk which is spanned by one of the vectors in

each of the pairs {a1, b1}, . . . , {ak, bk}.
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This fact is obvious for k = 0. If such a space Lk is constructed, assume that by contra-

diction that L contains both a vector of the form ak+1 +v and one of the form bk+1 +v′ with

v, v′ ∈ Lk. Then since Lk is isotropic, we have ω(ak+1 + v, bk+1 + v′) = 1, which contradicts

the fact that L is a Lagangian. So assume for example that ak+1 + v /∈ L for all v ∈ Lk.
Then Lk+1 ∩ L = {0}, where Lk+1 = Lk ⊕Qak+1. �

Remark 9.5. The generalized Chen-Yang volume volume conjecture [CY18] and its sim-

plicial volume generalization stated by Detcherry-Kalfagianni in [DK20, Conjecture 8.1],

imply that for any 3-manifold M whose JSJ decomposition contains hyperbolic pieces we

have RT ζ(M) 6= 0 for infinitely many roots of unity ζ. As noted in Sec. 9, the later state-

ment implies that the ∅ link in M represents a non-zero element in S(M,Q(A)) and, hence,

dimQ(A) S(M,Q(A)) ≥ 1. Consequently, the simplicial volume conjecture of [DK20] implies

Conjecture 1.6 for 3-manifolds with at least one hyperbolic piece in their JSJ decomposition.

10. Open questions and remarks

The hypothesis of Theorem 3.1 implies that the character variety X(M) is finite. On the

other hand, while X(RP 3]RP 3) is finite, [Mro11b, Proposition 4.19] shows that the skein

module S(RP 3]RP 3,Q[A±1]) does not split as a sum of cyclic Q[A±1]-modules and, hence,

it is not tame. However, we make the following conjecture, which implies that manifolds

with tame skein module are abundant:

Conjecture 10.1. Let M be a closed 3-manifold that is irreducible and contains no incom-

pressible surface. Then S(M) is finitely generated over Q[A±1].

The motivation behind Question 10.1 is that by Culler-Shalen theory [CS83], if M contains

no incompressible surface then X(M) is finite.

Note that Przytycki’s Conjecture E in Problem 1.92 of [Kir97] postulates that S(M,Z[A±1])

is free for closed, non-Haken M . In particular, S(M,Z[A±1]) is finitely generated by the

Gunningham-Jordan-Safronov finiteness theorem, [GJS23]. Hence, our Conjecture 10.1 is a

consequence of that of Przytycki.

Let us now discuss a possible generalization of Theorem 1.1 to the case of infinite X(M).

Since S(M,Q(A)) is always finite dimensional by [GJS23], the inequality of Theorem 1.1

cannot hold in this case. To propose a possible replacement for the right hand side of the

inequality, let us call isolated, reduced characters in X (M) rigid and denote their set by

X(M)rig. (Note that it is a finite subset of X(M).)

Conjecture 10.2. For every closed 3-manifold

dimQ(A) S(M,Q(A)) ≥ |X(M)rig|.
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We remark that by Theorem 1.4 of [AM20], the above inequality is satisfied if one replaces

dimQ(A) S(M,Q(A)) with dimC(HP 0
#(M)), hence the above conjecture is coherent with that

of [GJS23], which we recalled in Remark 1.2.

We conclude the section with a stronger version of Conjecture 1.6 for prime 3-manifolds.

Note that it was proved by Przytycki [Prz00] that for a connected sum M1#M2 one has

S(M1#M2,Q(A)) ' S(M1,Q(A))⊗ S(M2,Q(A))

Therefore, the set of closed manifolds such that dimQ(A) S(M,Q(A)) = 1 is closed under

connected sum. Moreover, S(S3) ' Z[A±1] and S(S2 × S1,Q(A)) ' Q(A), cf. [HP95].

Question 10.3. Is dimQ(A) S(M,Q(A)) ≥ 2 for all prime, closed connected 3-manifolds M

other than S3 and S2 × S1?
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[HP93] Jim Hoste and Józef H. Przytycki, The (2,∞)-skein module of lens spaces; a generalization of

the Jones polynomial, J. Knot Theory Ramifications 2 (1993), no. 3, 321–333.

[HP95] , The Kauffman bracket skein module of S1 × S2, Math. Z. 220 (1995), no. 1, 65–73.

[HS04] J. Hoste and P. D. Shanahan, A formula for the A-polynomial of twist knots, J. Knot Theory

Ramifications 13 (2004), no. 2, 193–209.

[HT85] A. Hatcher and W. Thurston, Incompressible surfaces in 2-bridge knot complements, Invent.

Math. 79 (1985), no. 2, 225–246.

[Kin] Patrick Kinnear, Skein module dimensions of mapping tori of the 2-torus, arXiv:2304.07332.

[Kir97] Robion Kirby, Problems in low-dimensional topology, Geometric topology (Athens, GA, 1993)

(Rob Kirby, ed.), AMS/IP Stud. Adv. Math., vol. 2, Amer. Math. Soc., Providence, RI, 1997,

pp. 35–473.

[KK22] Hiroaki Karuo and Julien Korinman, Non-semisimple invariants and abelian classical shadows,

2022, arXiv:2211.13700.

[KM17] Michael Kapovich and John J. Millson, On representation varieties of 3-manifold groups, Geom.

Topol. 21 (2017), no. 4, 1931–1968.



KAUFFMAN BRACKET SKEIN MODULES OF SMALL 3-MANIFOLDS 41
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[MM23] Julien Marché and Guillaume Maurin, Singular intersections of subgroups and character varieties,

Math. Ann. 386 (2023), no. 1-2, 713–734.

[Mro11a] Maciej Mroczkowski, Kauffman bracket skein module of a family of prism manifolds, J. Knot

Theory Ramifications 20 (2011), no. 1, 159–170.

[Mro11b] , Kauffman bracket skein module of the connected sum of two projective spaces, J. Knot

Theory Ramifications 20 (2011), no. 5, 651–675.

[Mur95] Hitoshi Murakami, Quantum SO(3)-invariants dominate the SU(2)-invariant of Casson and

Walker, Math. Proc. Cambridge Philos. Soc. 117 (1995), no. 2, 237–249.
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