NONLINEAR ASYMPTOTIC STABILITY OF THE SEMI-STRONG PULSE DYNAMICS
IN A REGULARIZED GIERER-MEINHARDT MODEL
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Abstract. We use renormalization group (RG) techniques to prove the nonlinear asymptotic stability for the semi-strong
regime of two-pulse interactions in a regularized Gierer-Meinhardt system. In the semi-strong limit the localized activator pulses
interact strongly through the slowly varying inhibitor. The interaction is not tail-tail as in the weak interaction limit, and the pulse
amplitudes and speeds change as the pulse separation evolves on algebraically slow time scales. In addition the point spectrum
of the associated linearized operator evolves with the pulse dynamics. The RG approach employed here validates the interaction
laws of quasi-steady two-pulse patterns obtained formally in the literature, and establishes that the pulse dynamics reduce to a
closed system of ordinary differential equations for the activator pulse locations. Moreover, we fully justify the reduction to the
nonlocal eigenvalue problem (NLEP) showing that the large difference between the quasi-steady NLEP operator and the operator
arising from linearization about the pulse is controlled by the resolvent.
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1. Introduction. Pulse solutions are the building blocks for the analysis of complex patterns in reaction-
diffusion equations. Within the proper scaling limit, the dynamics exhibited by many reaction-diffusion sys-
tems are governed by the interactions of localized solutions of pulse type. A prototypical example is given
by the spatio-temporal chaotic dynamics of the one-dimensional Gray-Scott system for which numerical sim-
ulations indicate that the chaotic dynamics originate from the interactions and bifurcations of pulse solutions
[13].

In the context of singularly perturbed equations in one spatial dimension, there is a well-developed literature
addressing the existence and stability of stationary pulse solutions based on the geometric singular perturbation
theory and the Evans function methods (see [15, 5] and the references therein). There is no such general theory
for pulse interactions. In fact, strong pulse interactions, and especially the phenomena of pulse-replication and
annihilation, have been studied computationally, but are not yet understood mathematically. On the other
hand, there are methods to study the behavior of pulses in the weak interaction limit where the pulses are
so greatly separated that they can be considered at leading order as copies of a solitary pulse. In this regime
the exponentially weak interactions only affect the position of the pulses and has no leading order influence
on their shape or stability (see [8, 9, 14, 15] and the references therein).

Recently, an intermediate concept has been introduced in the context of singularly perturbed equations, the
semi-strong interaction case (see [6, 16] and the references therein). The semi-strong regime exists in systems
whose components decay at asymptotically distinct rates, so that some of the components of the system
approach the trivial background state between pulses, while others do not. Moreover, the pulse positions,
amplitudes, and shapes change at rates that are algebraically small in the perturbation parameter, see Figure
1.1, and may bifurcate due to the interactions [6, 16].

Up to now the semi-strong pulse interaction has only been studied formally (see Remark 1.3). In this
paper we show that the semi-strong interaction fits naturally into the framework of the renormalization group
(RG) methods developed to study the stability of slowly evolving patterns [14, 12]. For the Gierer-Meinhardt
equations, the geometric singular perturbation theory shows that the activator-inhibitor interaction reduces
the highly diffusive inhibitor to a local constant within each activator pulse. The value of this constant
determines the activator pulse interactions, in particular causing the pulse amplitudes to depend upon the
pulse positions, which evolve on an (9(8%) time scale. The RG analysis makes these statements rigorous, in
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particular fully justifying the reductions made in the non-local eigenvalue problem (NLEP) analysis which
arises in the linear stability analysis of the pulses.

The singular perturbation theory typically constructs a family of pulse type patterns which are approximate
solutions of a given system of equations [2, 3, 6, 11, 16]. The solutions are characterized by parameters € R¥,
which are often — but not exclusively — pulse locations. The linearizing about the global manifold of slowly
evolving pulse patterns for a particular choice of parameters p, allows one to decompose the phase space into
tangential (or active) and normal (or decaying) modes. In the RG approach, rather than using the exact
linearization, reduced linearized operators are identified at a discrete family of base points on the manifold.
These form a loose covering of approximate tangent planes, much like the scales of a fish form a piece-wise
linear envelope of the underlying body. In the current setting this gives two specific advantages: first, in a
neighborhood of each base point we identify a temporally constant linearized operator and associated phase
space decomposition, and second we are free to modify the governing linear operator in ways that simplify the
analysis. For the Gierer-Meinhardt equations, the singularly perturbed structure of the linearized operators
makes them strongly contractive on certain regions of the phase space, this permits a nontrivial replacement
of spatially varying potentials with delta functions, affording dramatic simplification to the analysis of the
principle linear operator. Indeed we replace the exact linearization with a putatively O(s~2) “perturbation”.
This reduced linear operator gives rise to exactly the NLEP operators introduced previously in the formal
linear stability analysis, [2, 6, 16], and justifying the observation that, at the linear level, the inhibitor equation
averages perturbations into a mean-field.

The RG method shows that the NLEP operators control the flow in a neighborhood of the pulse config-
urations, generating a thin absorbing set in the phase space. Moreover we recover the leading order pulse
evolution by projecting the flow onto the tangent plane of the manifold of two-pulse solutions. In this paper
we only consider two-pulse solutions. Although there are no new conceptual features, the generalization to
N-pulses is technical. In particular determining the amplitudes of each pulse within an N-pulse configuration
requires a nontrivial nonlinear computation, and the stability of the underlying pattern will depend sensitively
upon the pulse amplitudes and separations. These issues have been studied numerically in [11] and the con-
struction and interaction of N-pulses on bounded domains has been considered in [16]. However, the nonlinear
aspects of the stability approach we developed here generalizes directly from the two-pulse to the N-pulse case.
Our methods can also be applied to the weak and semi-strong N-pulse interactions in classes of singularly
perturbed reaction-diffusion equations as considered in [6] and in [17] on bounded domains. Nevertheless,
interesting additional issues may emerge in specific settings, such as the semi-strong evolution of pulses in the
Gray-Scott equation, see [4], in which the essential spectrum is asymptotically close to the origin.

The main result of this paper addresses the semi-strong evolution of two-pulse solutions ®, given in (2.5),
of the regularized Geier-Meinhardt equation (2.3). The solutions are parameterized by pulse positions T' =
(', T2)t, with pulse separation AT' = |I'; — I's|. In the application at hand the RG approach models the
the impact of transient initial perturbations on the semi-strong pulse evolution, and after the decay of the
transients, recovers the formal pattern evolution at leading order. For the Gierer-Meinhardt equation the
semi-strong regime is comprised of pulses whose separations satisfy AI' > AT'*(u), where AT* = O(e72)
is defined in (3.37) of Proposition 3.4. For AI' < AT one enters the strong interaction regime, the two-
pulse solution has quasi-stationary eigenvalues which are incompatible with the two-pulse manifold and pulse
splitting bifurcations are observed. Our approach works uniformly for the weak, AT > 72, and semi-strong
interactions, recovering prior results, [8, 9, 14, 15], for the weak interaction limit.

We introduce the norm || - ||x on H' x H! defined by
IGllx = ellGillzz + e |0eGal L2 + |G e, (1.1)
and remark that it controls the L> norm uniformly

Gl < (21G1ll2[10:Ghllz2)? < ellGallez + 7 [ 0:Gall2 < [IG]x- (1.2)
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We state below our main theorem for the pulses in the semi-strong interaction regime.

THEOREM 1.1. Let € be sufficiently small, let i1 > pnopt, and let the pulse separation satisfy AT' > AT (p),
where pinops and AT*(p) are given in Proposition 3.4. The manifold M of two-pulse solutions (2.6), of the
regqularized Gierer-Meinhardt equation (2.3) is asymptotically exponentially stable up to O(e%). That is, there
exists M and v > 0, independent of €, such that for all initial data ﬁo sufficiently close to the M, the
corresponding solution U= (U, V) of the reqularized Gierer-Meinhardt equations can be decomposed as

U(E,t) = O + W(E, 1), (1.3)

where the parameters T'(t) of the two pulse solution ® evolve at leading order according to (4.17). Moreover
the remainder W satisfies

IWllx < M [Wollx + ). (1.4)

In particular, after the perturbation W has decayed to O(e%), the pulse evolution is given by the ordinary
differential equations (4.75) which are equivalent at leading order to

d ) e—azAF\/ﬁ

Since the pulses are repelling, Theorem 1.1 governs the evolution of all two pulses solutions in the semi-
strong or the weak interaction regime. That is, any two-pulse solutions with AT'(0) > AT™*(u), will evolve
according to (1.5) for all subsequent time.

REMARK 1.2. The pulse dynamics (1.5) were obtained formally in [6].

REMARK 1.3. In [2, 3], slowly-modulated two-pulse solutions were constructed for the Gray-Scott model
on the infinite line, along with ODEs for the pulse positions, using the method of multiple scales. Various
bifurcations, including the bifurcation to self-replicating two-pulse solutions were identified. Moreover, the
NLEP method, which was initially developed for studying the stability of stationary, one-pulse solutions, see
[5] and the references therein, was (formally) extended in [2] to the stability analysis of two-pulse solutions.
For the generalized Gierer-Meinhardt equations on bounded domains, [11] presents ODEs for N —spike quasi-
equilibrium solutions in the semi-strong and weak interaction regimes. Also, the NLEP method is employed to
formally derive explicitly computable stability criterions. Further formal study of the instabilities (competition
and oscillatory) for two-pulse solutions of the Gierer-Meinhardt equations has been reported in [16]. The
analysis is primarily on a bounded domain, and results for the infinite line — some of which extend those
reported in [2, 3] — are obtained by taking the domain to be large. Semi-strong pulse interactions have
also been studied in [6] for a large class of reaction-diffusion equations, including for the generalized Gierer-
Meinhardt equations, the Gray-Scott model, the Thomas equations, the Schnakenberg model, and others.
Conditions were derived to determine formally whether adjacent pulses attract or repel, and the interactions
between stationary and dynamically-evolving N —pulse solutions were studied.

2. The Two-Pulse Solutions of the Gierer-Meinhardt equations. As proposed the Gierer-Meinhardt
model, [10], has an artificial singularity in its nonlinear term, which suggests infinite production of the ac-
tivator, V, in the absence of the inhibitor, U. While the singular model can be studied by working with
exponentially weighted norms which preserve positivity of the inhibitor, the behavior of the model for small
concentrations bears little resemblance to chemical reality. Moreover the singularity has vanishingly small
impact on both the two-pulse construction and their evolution. To avoid clouding the analysis, we truncate
the superfluous singularity of the Gierer-Meinhardt reaction term, replacing it with a variation of the classic
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Fia. 1.1. The two-pulse solution of the Gierer-Meinhardt equation, shown at t = 500 and t = 5000, in the slow spatial
variable. The figures are obtained from numerical simulation of (2.1) with €2 = 0.01 and pu = 5.

Rice-Hertzfeld mechanism typical of complex reactions with inhibition steps, see chapter 26 of [1]. In the slow
spatial variable x, the regularized Gierer-Meinhardt equation is given by,

Uy = ZUp —pU + V72 @)
v2 .
‘/t = 52sz —_ V + H(U)’

where U(x,t),V(z,t) : R x RT — R, > 0 is the main (bifurcation) parameter, and € > 0 is asymptotically
small, 0 < € < 1. The regularizing function « takes the form

s if s > 26,
“(S){ 5 f0<s<d (22)

and is smooth for s € (4, 29), with derivative less than two. In the absence of the inhibitor, U, the production
rate of the activator V reduces to V2/§, where § is a small parameter. The regularization introduces an

(9(6_872““‘”) perturbation to the pulse dynamics. The fast spatial scale is defined by { = £, so that (2.1)
transforms into

(2.3)

Ut = E%Ugg — /j/U + ELQV2,
2
Vi = Ve -V 4y
We denote the right-hand side of (2.3) by F(U,V). Since the regularizing term has only an exponentially

small impact on the pulse construction we carry over the asymptotic results for the singular Gierer-Meinhardt
equation without modification.

PRrROPOSITION 2.1. The construction and spectral analysis of pulse solutions for the classical GM model
given in [5] and the construction and formal dynamics of semi-strong two-pulses given in [6] hold up to
exponentially small terms for the reqularized models (2.1)/(2.3).

2.1. Notation. We write f = g+ O(g) in norm || - || if

1f = gll < ez, (2.4)
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and assume the || - ||x norm if no norm is specified. The solution (U, V') of the Gierer-Meinhardt equation is
denoted U. The two-pulse solutions are denoted by ®p = (Uy + e2Us + ..., Vo + €2Va +...)t, while the initial
data of the Gierer-Meinhardt equation is given by Uy. We denote by || f |7, and || f]| 72 the LP and H? norms
of the Fourier transform of f. We remark that ||f||z~ < c||f]|z. and conversely [|f|z. < c||f]lz1, and in

particular that the delta function resides in L but is not in L. Also the norm || <a>f|| 71 with <z>= 1+ |z|

controls the L* norm of the derivative of the fourier transform of f. We denote the mass of a function f
o0

by f = [ fd¢. The quantity [ﬁ] . will denote the k’th component of the vector F' when less cumbersome

notation is not available.

2.2. Asymptotic Pulse Solutions. Within the semi-strong pulse regime the two pulses interact strongly
through the inhibitor component, U, and weakly through the activator, V. The asymptotic family of semi-

strong two-pulse solutions is parameterized by the pulse location T' € K = {(1"1,1"2)’1"1 < To, Ty —Tg| >

AT*(u)}, where AT*(p) is defined in Proposition3.4. We denote the two-pulse solution by ®r(€) which we
expand as

~(®ra) _ (Uo(&T) +2Ua(&T) + eUs(T)
r(8) = (@E,g) —( O ED FenaT) ) (2:5)

and define the manifold M C H' x H! of two-pulse solutions by
M ={@r|T € K}. (2.6)

We first describe the leading order terms (U, Vp)! which were derived in [6]. Full resolution of the pulse
dynamics the renormalization procedure of section 4 requires a more accurate description of the two-pulse
solution which requires the construction of the higher order corrections, outlined in Lemma 2.1

The V-components of the two-pulse solutions are centered around the pulse-positions £ = T'y(¢), where

Iy (t) =Ty —52/0 é(s)ds, To(t) =Ty +g2/0 é(s)ds. (2.7)

In the two-pulse configuration each pulse moves away from their mutual center I'g with equal and opposite
speed given by

1 e~ AT VR
¢= 5\/1771 P (2.8)
where AT’ = AT'(¢) = |T'y — T'of, see (1.5).
The leader order term, Vj, of the V' component of ®r is given by the sum of two one-pulses
Vo(&T(1) = é1 + ¢2, (2.9)
where for £ = 1,2 the one pulse solution is
O1(6) = SA(T) sech® (€ ~ T (1), (210)

A key distinction between the semi-strong interaction depicted here and the weak pulse interaction is that the
pulse amplitude, A(T"), depends nontrivially upon the pulse separation, AT' = [I'y — I'y], via

A =YE_ L (2.11)
3 14 e 2AIVE
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The pulse regions Zj, = Zi(t), k = 1,2, are defined as regions outside which V; is exponentially small, and
such that Uy remains constant at leading order over a pulse region. We set the width of the pulse regions to
be O(1/4/¢), i.e. we define

I = (Fk(t) Lo+ i) L k=1,2. (2.12)

The choice of pulse region width is somewhat arbitrary but standard. Another distinguishing feature of the
semi-strong pulse interaction is that the slowly varying U-component of ®r is not the sum of two one-pulses.
To the left of Z; and to the right of Zs, Uy(z,t) decays slowly, while in the region between Z; and Zs it is
cosh-like, but again on the slow spatial scale,

Aes” VA(E=T1) for & <Ti—e3,
. _ COShE \/_(5—(1"1 +F2)/2) 1 1
Uo(f,r) = A COShEQ\/ﬁAF/Q for T1+e¢ < & <Tg—e72, (2.13)
Ae—<" VA(E-T2) for To+e 2 < £.

As defined above, Uy would be non-smooth if extended into the pulse regions Z;. Rather we define the U-
component of the two-pulse solution inside Z as Uy + EQUg(f), where Uy = A, and Us(§) is a solution of
Uge + ¢2 = 0 — see (2.3). Using (2.13) as boundary or matching conditions and the pulse amplitude (2.11), we
find

[\/_ 314 fF1 d§2 d& for € €1,

2 I\ :A 2
Ug+e°Us(&T) +e A[JT — 3A](¢ fr2 D) dés dey for € €T,

(2.14)

which gives that Uy +&2Us(€) € C* N H?2. The C'-smoothness of Uy + £2Us(€) is equivalent to the amplitude-
pulse separation relation (2.11), i.e. Uy + £2Uz(€) can only be smooth for A(T') given by (2.11).

Relations (2.7), (2.8), (2.9), (2.10), (2.11), (2.13), (2.14) give a leading order description of the two-pulse
solution @ (§). The corrections Uy(€) and V2(§) can be obtained by a straightforward regular asymptotic
expansion and are both only defined in the pulse regions Z; 2 (see (2.23) in the proof of Lemma 2.1 below).
The residual of ®r,

R = F(¥r) = (Egg) , (2.15)

is determined by the right-hand side of (2.3), denoted by (Fi, F»)!, evaluated at ®r. Obtaining L!- and
L2-estimates on the residual is a key step to controlling the remainder in the renormalization process,

LEMMA 2.1. For the residual R = F(®r) defined in (2.15) we have,

Slﬂip|F2(‘1>r)| = 0(e?), o |F1(@r)| = O(eh), sup |F1(@r)| = O(eVe). (2.16)
More specifically
Ry(T) = 2e (¢} — ¢h) + O(*) in L*(R), (2.17)
while,
[R1(T)[|z: = O(e). (2.18)

The O(e1/€) bound on F; in (2.16) and the O(¢) bound on Ry in (2.18) deteriorate to O@(e~2) bounds, if
we do not introduce the leading order corrections e*U, and £2V3 in (2.5). Moreover, (2.17) no longer holds in
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that case. On the other hand, the bounds on Ry(I") given in the Lemma are sharp. The bounds on R;(T)
may be sharpened, but this does not lead to any improvements in the renormalization analysis of section 4.

Proof: In [6], ®r is constructed as the solution of the classical Gierer-Meinhardt system

_ 64 U, = U _ A4 U 2v2
{ ecpUe ce €% + e (2.19)

24 - v?
—e*cpVe = Vee =V +
with ¢; = —¢ < 0 for £ < T'g and éa = ¢ > 0 for £ < T, and ¢ = ¢(¢) as in (2.8). Note the factor e* difference

between the right hand sides of the U-equation here and in (2.3). We may employ a regular perturbation
expansion, writing

U t) = Uo(&T) +e2Ua(&T) + e*Us(&T) + 5U (€, 8 €2),
V() = Vo(&T) +e2Va(6 ) + 'V, (&, ¢ €2),

where A, Us and Vj are given in (2.9), (2.10), (2.11), (2.13), (2.14), and Uy and V5 have already been introduced
in (2.5). Likewise, we expand Fj and F, (Proposition 2.1),

(2.20)

Fi(Or) = & [Uzge + V7] + [Unge — nlUo + 2VoVa] + €2 [Upee — e*ulUy — FM(Uz, Voo,r5€7)]

&€
2 2 .
Fy(®r) = [VO& ~Vo+ ‘(;_%} +e? [L22V2 - V?]—?Z} + et [LooVy — FEMUo,2.4,€%Uy, Vo 2,62 Vis %)) (2:21)
where
V2
LoV =Vee =V + U—OV, (2.22)
0

and the expressions for F{%"(Ua, Vo 2,r;€%) and Fi5)(Uo 2,4, 62Uy, Vo 2,62 Vi; €2) follow directly by substitution

of (2.20) in (2.3). We obtain by (2.19) the following equations for Uy and V3,

V2U.

2 - aVoe, (2.23)
Us

Usee = nUp — 2VoVa, LaoVo =

for & € Z; 5. These equations can be solved uniquely by application of the natural boundary/matching
conditions. Note that Uy(€) grows as (€ — I'12)? for | —T'1 2| > 1 and that V5 decays exponentially to 0 as
|€ —T12/ > 1 (see (2.9)). The equations for the remainders U,.(¢,t;¢2) and V;.(€,t;¢2) are given by,

Uree —e*plU, = FMUsz, Voo,ri€?) — erlog — €26kUs e — e Use — 561Uy,

i A . 2.24
Las Vi, = FPV(Uopa,e?Ur, Voo, 62Ves?) — &k Vae — €28 Vg, (2.24)

for £ € R. It is a straightforward procedure to check that |V, and |Fi%"| are uniformly bounded for ¢ € R;
in fact, both V. and Fi%" decay exponentially to 0 as |[{ — 'y 2(¢)| > 1. Together with the definitions of Vo
and V5 ((2.9) and (2.23)), substitution of this result in the second equation of (2.21) yields (2.17). This also
implies the results on F5(®r) in (2.16).

Outside the pulse regions 7, all Vj 2, components are exponentially small, and Uy is constructed as a
solution of the equation Uge — etplU = 0, see (2.13). Therefore, the correction U, to Up in the U-component
of the two-pulse solution also varies like €2¢, and Uy and U maybe taken identically zero outside Z. This
implies by (2.21) and (2.24) that outside Z

Fl((I)F) = —EzékUQg = 0(54).
Since U, decays for £ — oo with the same slow rate as Uy, we find

g2
7

/ |Fy(®r)| dé = 1 x O(e*) = O(e%).
R\Z1UZ>



Inside Zj, we conclude from (2.24) and the fact that Us grows linearly with (§ —T';), see (2.14), that U, may
grow as (£—T;)%. Nevertheless, both Uy,¢c and F%(Uz, Vo 2,r; €%) only grow linearly in (§—T';). Since the width
of the 7}, interval is O(1/4/¢), see (2.12), we deduce from (2.21) and (2.24) that supz 7, |[F1(®r)| = O(e\/e)
(2.16). Hence, by (2.12),

. |F1(®r)| d§ = 7 O(eve) = O(e),

which yields the L!-bound (2.18). n

3. Linearization and the Reduced Operators. In a neighborhood of the two-pulse manifold M we
decompose the solutions of (2.3) as

(g) — Bp 4 WD), (3.1)

where the remainder W = (Wy, W2)! and T is taken as a function of time. In terms of the remainder introduced
in (3.1) the GM equation (2.3) can then be written as

P .
Wy + Z—FI‘:R+LFW + N (W), (3.2)

where R is the residual (2.15) and Lr is the linearization of F' about ®r, given by

6’4852 — 2e72Pr 5
Lr = 7(1)1%,2/-@’(@1171) 92 149 Br oy . (3.3)
H(@p11)2 € H((I)pﬁl)

In the linear operator above k(®r ;) = ®p,; except for those £ for which ®r »(§) = O(e== "1™md) Thus the
perturbation to the linearization introduced by the regularization is compact and exponentially small. The
final term, N (W), representing the nonlinearity is given at leading order by

NW) = o . (3.4)
O(W3) + O(VoW1Wa) + O(VEW?E)

From the asymptotic form of the pulse solution given in (2.9), (2.13), and (2.11), we calculate that

QHg_gZ o ng—gZ HggZHLw =0(e), (3.5)

while
g—l‘fz = —¢), + O(?), (3.6)

in L2

3.1. The Reduced Linearization. A key step in the renormalization group treatment is the replace-
ment of the exact linear operator with a reduced operator whose spectral and semi-group properties are easier
to analyze, yet such that the difference between the exact and the reduced operator, the secularity, does not
lead to growth of the remainder W. Due to the contractivity of the Li; component of L, the two-pulse
potential which comprises the L1 component can be replaced with § functions located at each pulse position.
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The mass of the delta function is chosen to equal the mass of the product of the original potential and the func-
tion it operates upon. We also replace the exact two-pulse solution &1 with its leading order approximation
(Uy, Vo)'. With these reductions the linearized operator becomes

_ 6*4852 —p 272 (5F1 ® ¢1 +dr, ® ¢2)

Lr = 2 (3.7)
Vi Vv ’
X 2 —1+2%
where the tensor product of f; and f5 is defined by
(f1® f2) W= (f2, W)p2f1. (3.8)

In particular dr, ® ¢ represents the tensor product of the ¢ function centered at & = I'y, with ¢r. In the
analysis below we use the notation

(W) = (¢, W) e, (3.9)

for k = 1,2. The scalar operators that appear in the upper left entry, respectively lower right, of the matrix L
(3.7) will be denoted by L1, resp. Laa, see (2.22). The reduced operator is ostensibly an O(¢~2) perturbation
of the original operator. However it is immediately clear that they share the same essential spectrum

Oess = {AER: XA <max (—1,—pu)} (3.10)

3.2. The Point Spectrum. The two-pulse profiles which comprise the manifold M are not stationary
solutions, and as such it is not self-consistent to determine their linear stability in terms of the spectrum
of the associated linearized operator. We say that the two-pulse solution ®r is spectrally compatible with
the manifold M if the spectrum of the associated linear operator can be decomposed into a part contained
within the left-half complex plane and a finite-dimensional part whose associated eigenspace approximates the
tangent plane of M at T.

To determine the point spectrum of L we invert the U component of the eigenvalue equation, eliminate the
inhibitor from the activator equation, reducing the eigenvalue problem to a scalar equation for the activator
component of the eigenfunction. We call this the NLEP equation, see (3.23), and denote the corresponding
linear operator by £(A, AT). The NLEP operator controls the point spectrum of L, to leading order.

PROPOSITION 3.1. Up to multiplicity we have o, (L) = {A\|Ker(L(N)) # 0}(1 + O(e?)). That is, for each

eigenvalue, A € o,(L), with corresponding eigenvector ¥ = (U1, W), there is a Az and corresponding v such
that LI = Aet, [N = Az = O(e?) with ¥y = (14 O(e?)) and ¥y given by (3.12) up to O(e?). Moreover
the small eigenvalues of L and L are both exponentially small.

Proof: The eigenvalue problem for the reduced operator is written as

LU = \V, (3.11)

where U = (¥, ¥5)! is a possibly complex two-vector. Since L1; — A is invertible for A\ ¢ (—oo, —u], we may
solve for ¥, as

\Ifl == 72672 (Oél(Lll - )\)71(&‘1 + O[Q(Lll - )\)7151‘2), (312)
where the ay = (¢x, Us)2 are as yet undetermined. From the Fourier transform we find

5 62(aleikF1+a2eikF2)

V2r K+t (p+ )
9
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From the integral relation

€2€zkr

[ T VAT
— e’ = e , 3.14
V2r / k? 4 et(n+A) 2(p+A) (3.14)

we may invert the Fourier transform of ¥, explicitly,

Ui(€,t) =a1HNE—T1) +aoH(NE—T2), (3.15)
where
HO\2) = < lalVire X, (3.16)

Viet+ A

Eliminating ¥y, the equation for ¥, reduces to

V2
(Lay = \)Ws = 2503, (3.17)

see also (2.22). Since Uy is a slowly varying function of &, while each term in Vj decays exponentially to zero
at an O(1) rate in £, we may reduce the equation for ¥y to

2

(Log — \) U5 — % (anHAE —T1) + asH(A\€ — T)), (3.18)
_ At o poe—T H(M € — Ty)) + O(e=T 3.19
== 1HAE=T1) +aH(AE—T2)) +0(e™), (3.19)
=L (8014 mB) + B (E + )] +OE), (3.20)

A2+ X

where
E = E(AT;\) = ¢~ VATAAT, (3.21)

In the tensor product notation this is written as

(Loa — A\)Wq = [qbf ® (¢1 + Edo) + 32 @ (B¢ + ¢2)} Us. (3.22)

1
A2+ X
We define the NLEP operator

LA AT) = Lo — ¢ @ (¢1 + Edz) + 63 @ (Edy + ¢2)] . (3.23)

1
A2+ X [
This is a compact perturbation of Lss and thus is Fredholm, with the same essential spectrum, but is no-longer
self adjoint, indeed its adjoint exchanges the roles of the potentials in each tensor product. 0

PROPOSITION 3.2. FExcept for the exponentially small eigenvalues, the point spectrum of the NLEP operator
L is given, up to multiplicity, by the zeros of the equation

73VU+/\ 14 e Viar

R()\) \//7 1 j: e_azmAF

=0, (3.24)

where R is an explicitly known meromorphic function on C\(—oo, —1] given by (3.33).
10



Proof: The spectrum of the NLEP operator £ can be determined explicitly as the zeros of an analytic equation
using the methods developed in [5], which we outline below. We introduce wp, () > 0 as the scaled homoclinic
solution of

wee —w +w® =0 (3.25)

with its maximum at £ = 0. For k = 1,2 we introduce the translates wy, x(§) = wp(§ —T'x). Since ¢ () =
Awp, 1 (§) the equations (2.10) and (3.22) can be written as

d?0, 1
T2 T4 N) = 2(wp g+ who)] Uy =
T [( ) = 2(wn,1 + wh,2)] V2 ED)

where ar = ax(¥2) (3.9). Since both the potential of the Schrodinger operator on the left-hand side of the
equation, and the inhomogeneous term on the right-hand side consist of disjoint parts localized about I'; and
T's, it is natural to decompose ¥5 into

[wil (a1 + a2 E) + w,QL2 (anE 4+ 042)} , (3.26)

Wy = 1(§) + 92(8), (3.27)

where 9y, is localized about 'y, and decays exponentially as & moves away from I'y. The equation (3.26) is
equivalent, up to exponentially small terms, to the coupled system,

2

2 w

ddgél — [T+ X)) —2wpa]yr = \/‘L% (a1 + o E), (3.28)
2 )

Lo (14 N) — 2wpo]thy = Yho (a1 E + az) .

S , Vit

We define 1) = 1(&; \) as the uniquely determined bounded solution of

2
% — [T+ X)) = 2wy = w,QL; (3.29)

and its translates ¢ (€) are defined by 1y (£) = (¢ — I'y). The functions 7/ can be determined explicitly, see

[5].

We first consider the solution of (3.29) for A & oreq = {2,0, —2} U (—o0, —1], the spectrum of the operator

4
Lyea = @ (1 = 2wp()). (3.30)
Clearly,
P1(€) = Crn(€), ¥a(€) = Carha(€) (3.31)

for some constants Cj that depend on A and AT'. Recalling that here oy = (¢, U2)r2 and using (3.27), we
find

oo oo

ay :/_ Gk (Y1 + 2)dE :/_ Awp, 1(C191 4 Cotpy)dé = ACk/ wp kPRdé = ACk/ wppdé  (3.32)

— 00 —

up to asymptotically small corrections. The quantity

R(\) = /oo wppde, (3.33)



is meromorphic for A € C\(—oo, —1], with poles at A = 2 and A = —3, see [5]. Note that in [5] a more general
function, R(\; 51, 32), has been defined and studied; (3.33) is related to [5] by R(A) = 216R();2,2). The
system (3.28) can be written as

Ly (140 =20l = AR o4 oyp
de2 Wh,1] Y1 = \/m 1 2 s (334)
T [(1+A) -2 _ AR gy
r — (1 + ) —2wpp]p = ﬁ( 1E+Cs).
Comparing the equations for ¢4 2(§) to (3.29), we obtain the following relations for C; and Cs,
AR AR
Ci = (Cl + CQE) , Cy = (ClE + 02) s (335)

Vit A Vit A

or, equivalently,

%_ % <01><0)_ (3.36)
Vo Sl S A :

For (3.26) to have non-trivial solutions the determinant of the matrix on the left-hand side of (3.36) must
be zero. Isolating R(A) from the resulting expression and using (2.11) and (3.21), we obtain the equation
(3.24) whose zeros are the eigenvalues of the NLEP equation (3.22) up to multiplicity, outside of o,eq. These
eigenvalues lie on curves A\(ATl'), parametrized by the pulse separation.

For \ € 0..q we analyze the eigenvalue equation case by case. For \ = f% or %, equation (3.29) does not

have a bounded solution since the right-hand side is not orthogonal to the kernel of the L,eq, and so these
values cannot be eigenvalues. However, the eigenfunction d%wh of Lyeqg at A = 0, is L? orthogonal to wy,.
The equation (3.32) implies that a; = s = 0 and the system (3.28) has a double eigenvalue at A = 0 with
a two-dimensional eigenspace spanned by {d%wh (&-Ty), d%wh (¢ = T3)}. These eigenvalues do not occur as
solutions of (3.24), rather they correspond to exponentially small eigenvalues of the original NLEP system
(3.22), whose corresponding eigenfunctions, derived in Lemma 3.7, form the key spectral projection onto the

active tangent plane. 0

REMARK 3.3. Proposition 3.2 is equivalent to Principle Result 5.3 of [16].

We identify conditions on p and I' such that the reduced linearized operator, Lr, is spectrally compatible
with the manifold M of two-pulse solutions.

PROPOSITION 3.4. For each AT" € (0,00), the NLEP eigenvalue problem (3.22) has two exponentially small
eigenvalues, denoted Ay, and 4 or 6 eigenvalues X (AT) and X'~ (AD), ju =1,...,Jy,Jo = Jo(u) =2 or 3.
There exists a unique firops > 0 such that for all p > pwopt, there is a AT*(u) and a v > 0 such that

Re[N (AT)] < —v < 0 for all AT > AT*(u), jx =1,..., J+.

For all > prp = 0.62 (the tangent point), AT* takes the exact form

1
AT (p) = ———=1og3, 3.37
)= 7z (3.37)
while for p € (Uropt, ), AL (1) increases with decreasing p, with AT* () — 00 as g | fropt-

Since the two pulses of ®r(£) move away from each other ((2.7), (2.8)), this result implies that the spectrum
of the NLEP operator £ remains in the stable half-plane for all ¢ > 0 if AT'(0) > AT'™*.

12
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Fic. 3.1. (a) The orbits of the zeroes A(ATL') of (3.24) plotted parametrically in the complex plane as a function of AT
for uw = 1. The eigenvalues )\ir’Q(AF) are closed loops attached to the homoclinic limit A\ =~ —0.48 + 1.20¢; the curves )\EQ(AF)

approach the homoclinic point in the limit AT' — oo, but )\l_’Q(AF) collide on the real axis, becoming real as AL decreases

approaching the limits )\EQ(AF) — —%,% as AT' — 0. The third pair of eigenvalues satisfies )\i(AF) < —% with A3 (AT)
disappearing into the essential spectrum of (3.22) as AT decreases through a critical value. All eigenvalues AiQ’j (AT) have

negative real part for AT' > AT'*(1) given by (3.37). (b) The closed )\#(AF)—loops for five values of p: p = 0.7 > prp,
1 =0.6,0.5,0.4 € (upops, pTP) and p = 0.3 < ppopt- The Al-region (Afi*(u), Afi’*(,u)) in which Re[AL (AT)] > 0 grows as
1 € (BHopf, wTP) decreases, so that AT™*(u) = AFi’*(u) Jor p < p* € (UHopt, HTP)-

Proof: We can distinguish two limits, AI' — oo and AI' | 0. The first case represents the situation in
which the two pulses of ®p(£) are so far apart that the two-pulse solution can be considered as two one pulse
solutions, i.e. the two-pulse solution is in the weak interaction limit. In this limit, (3.24) reduces to

RO\ = 3 VAT (3.38)

NG

for both Ay (AT'). This is the relation that determines the point spectrum of the solitary one-pulse solution
of (2.1), independent of the regularization. It was shown in Theorem 5.11 of [5] that there exists a unique
HHope > 0 such that all solutions of (3.38) have Re(A) < 0 for > propr and that (3.22) always has incompatible
eigenvalues if 1 < pHops. Numerical evaluation shows that preps &~ 0.36. Moreover, (3.38) has 2 or 3 nontrivial
eigenvalues, i.e. A # 0, depending on p — the third (compatible) eigenvalue is created in an edge bifurcation as
p increases through fieqge ~ 0.77 [5]. There also are 2 or 3 curves A" (AT') and M- (AT), ie. jx =1,...,J4,
J+ (1) = 2, respectively 3, for jt < feage, 1€SP. > fledge. The eigenvalues A3 (AL') are real and A} (AT') < —2.

For small values of AT there are two mechanisms to generate incompatible point spectrum, one which occurs
for g > prp and the other for p € (propt, rp). The first occurs when the eigenvalues AL and A% collide and
become real. Indeed in the limit AI' | 0, it follows from Proposition 3.2 that )\}F’Q(AF) again approaches a
solution of (3.38), i.e. the A}gQ(AF)—branches are closed curves. On the other hand, |R(A"?(AT))| becomes
unbounded in this limit. By evaluation of (3.24), we see that R(\) becomes unbounded as AL (A') — —2,
the stable pole of R(\), and as A> (AT') — +2, the other, unstable pole of R()). The passage of the real
eigenvalue A2 (ATl') through zero corresponds to AI' given by (3.37) since R(0) = 6 [5]. In particular, the
eigenvalue problem (3.22) has incompatible eigenvalues for all AT < log3/(e?\/n), for pu > prp.

In the second case, the )\iQ(AF)—branches may cross through the imaginary axis. For the tangent point
value, ;4 = prp, the )\1’2 curves are tangent to the imaginary axis. For p € (umopt, prp), a part of the closed,
complex conjugate AijQ(AF)—curves lies in the unstable half-plane, while the endpoints of the curve, i.e. the
eigenvalues associated to the stationary homoclinic one-pulse limit, lies in the stable half-plane, see Figure

13



3.1(b). More specifically, Re[\}*(AT)] > 0 for AT € (ADL* (i), ATT* (1)), where

1.32
lim ALY (u) =0, lim AT (p) = lim ALY (p) = lim AT (u) = —-
ALY (1) =0, ALY () =oco, lm ALY (u)= lim AT (p)~—5,
so that AT*(u) = AFi’*(M) > log3/(e?\/1) for p € (pHopt, 1) for a certain p% € (UHopt, TP ). 0

The orbits of the eigenvalues A of (3.22) as function of AT' can be determined by a direct evaluation of R(\)
[5], see Figure 3.1.

REMARK 3.5. Competition instabilities and synchronous oscillatory instabilities were identified for the
Gierer-Meinhardt equations in [17, 16], see especially Section 5.2 of [16]. The presence of these two instabilities
is related to the two multipliers in the NLEP, as also found here.

REMARK 3.6. Proposition 3.4 implies that ®p(£) is not spectrally compatible with the manifold M if
AT(0) < AT™*(p). However this lower bound on the admissible pulse separation distance does not limit the
semi-strong character of the pulse interaction in ®r(¢), since the U-component of ®r (&) evolves on the slow £2¢
space scale. To quantify the lower bound on pulse separation we determine the corresponding maximum value
of the minimum Up,in(t) of the inhibitor U between the two pulses I'y 5 — see also Figure 1.1. Since Upin (t; )
decreases monotonically in time (by (2.11) and (2.13)), we find that a spectrally compatible two-pulse solution
must satisfy
A(AT™) 3

1o 3:“’7

Umin(0) < Unin) = S35 7oRT73 ~ 16

if w > prp (3.37). In the context of Figure 1.1, in which g = 5, it follows that Up;in(0) must be less than
0.72.... The evolution shown there is thus governed by Theorem 1.1.

REMARK 3.7. The lower bound (3.37) on the pulse separation distance does not contradict the pulse-
splitting behavior observed in the Gierer-Meinhardt equation [7], in which a stable two-pulse solution is
observed with an O(1) pulse separation distance at the onset of splitting. It is shown in [7] that pulse splitting
only occurs for u = O(1/e*). For these values of u, AT*(u) = O(1) (3.37), which implies that the two V-pulses
of ®r(€) are no longer well-separated. Thus, the lower bound (3.37) agrees with the analysis of [7], since it
implies that p must be O(1/e?) in order to have two-pulse solutions that are not well-separated.

3.3. The Resolvent Estimates and the Semi-group. To establish estimates on the semigroup gen-
erated by the reduced linearization L we begin with preliminary bounds on the resolvents of L7 and £ in the
norms defined in Section 2.1. A key point is that the resolvent of L1y is strongly contractive on zero-mass
functions.

LEMMA 3.1. Let A € C be an O(1) distance from o(L11) and set g = (L11 — A\)~Lf. Then the following
estimates hold uniformly in A,

ellglicz + e |0egllre < ce? || fll zoo- (3.39)
Moreover for small total mass, f we have the improved estimate,

ellgllze +e M IegllLe < e (€% f1+ e || <a>f]| ) - (3.40)

Proof: We take the Fourier transform of the equation (L1; — A\)g = f obtaining,
1 (k)

T Ve kR et tp)
14

g(k) (3.41)



Assuming that f € Z"O, the bound

7 4 2

9
— 0O

dk | <ee, (3.42)

k2 + et A+ p)

for some ¢ > 0, shows that ||g||z2 < ce||f||z- Replacing f with ikf in (3.41) and calculating an integral
similar to (3. 42) gives 10egllzz < c&3| f|l 7 Together these results yield (3.39). In the case that f has small

mass, the identify f(0) = f and the fact that the norm || <a>f||;: controls the L norm of the k-derivative of
the Fourier transform of f, imply that f is uniformly Lipschitz and small at zero, and so we have the estimate

AL
k 1. 3.43
Fo1 < ) <o (3.43)
This inequality, used in (3.41) leads to the bound (3.40). 0

We define V to be the eigenspace associated to the two exponentially small eigenvalues A% of LT, the
adjoint of L.

LEMMA 3.2. Assume that A\ € C is an O(1) distance from o(L)\{A+,A\_}. Then we have the following
estimate, uniformly in A, and for T € K.

1L =X flle < cll fllze, (3.44)
for all f L V.

Proof: The NLEP operator L is a finite rank perturbation of Los, a self-adjoint Schrédinger operator, and
hence is Fredholm. Moreover, away from its point spectrum, £ — X is boundedly invertible with O(1) inverse,
uniformly in AT for I' € K. If f 1L V then £ — X is uniformly invertible for A in a neighborhood of Ay. To
obtain uniformity in A for large |\| we observe that the resolvent of £ can be explicitly constructed in terms

of the resolvent of the self-adjoint operator Lay and that this later quantity decays like ( dist (A, J(ng)f1
That the resolvent of £ maps into H' follows from a classic argument by contradiction. 0

To study the resolvent of L we project off the eigenspace {¥, ¥_} associated to its small eigenvalues, A .

We introduce the space Xt = {U’ |\U||X < 0o and mplU = 0} , where the spectral projection is given in terms

of the adjoint eigenfunctions \I/jt by

L (U,v! U, vl
U = ( —T) U_+ ( +T) v, (3.45)
(\11*7\11—) (\II+7\II+)

The complimentary projection is 7ip = I — 7p. Assuming the spectral compatibility of ®r, the space Xr
is associated to temporally decaying solutions of the semigroup generated by Lp, while Xp = Rar is the
eigenspace associated to the two exponentially small eigenvalues Ai. To characterize the projections we need
asymptotics for these eigenfunctions.

LEMMA 3.3. The small eigenvalue eigenfunctions have the following asymptotic form
Uy = ( , 0 ,> + exponentially small , (3.46)
b1+ ¢

vl = ((b,l i%) +0 (%), (3.47)
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i the X -norm.

Proof: The expansion for the eigenfunctions follows from classical results. For the adjoint eigenfunctions we
present the case for a single pulse, the generalization to two-pulses is straightforward. The adjoint operator is
given by

e
- —
I
s
)

, (3.48)
2e 21 @0r, Lo

where L1 and Ly are given in (3.7). Writing ¥f = (\I/J{, \Ilg)t, and taking A} exponentially small, we solve
for the second component of ¥, noting that ¢ is in the range of Lo since it is orthogonal to its kernel, ¢/,

Wh = B¢ — 2e W (1) Loy (3.49)
where 3 is a free parameter. Solving for ‘lﬂ; we have

P
A2

20l (1))

¥ = Gl el - e L (6iL3'61) (3.50)

The function ¢?¢) has zero mass, so from (3.40) we have

L5 ¢1 6 [l e < ee™. (3.51)

It can be verified that ¢? Ly, ¢; is a positive O(1) function, thus we know L;! (qb%LQ_quﬁl) L is nonzero and
=

O(1). Evaluating (3.50) at £ = I'; and solving for ! (I';) shows that W{(I';) = O(¢%). Substituting this back

into (3.50) and choosing 8 = 1 yields the equivalent of (3.47) in the one-pulse case. 0

With these results we may estimate the resolvent of fm restricted to Xr.

PROPOSITION 3.8. Let A be an O(1) distance from o(L)\{\;, \_} and denote G = (L — \)"'F. For

F € Xr, we have the following estimates on the resolvent of L, holding uniformly in A\, and in I' € IC,
IGlx < c (I Fullpr + | Fallre) - (3.52)
If in addition the mass of Fi is small, then we have the improved estimate

IGlx < c(*[Ful + | <a>Fillor + | Fallz2) - (3.53)

Proof: By analogy with the eigenvalue problem we solve for G
Gi= (L1 =N '"Fi+arH\ E—T1) + asH(A\, € —Ty), (3.54)

where H is given by (3.16), and ay = (G2, ¢r) 2, for kK = 1,2. The second component of G satisfies

2

(Laz — \)Ga = Fy + % (L11 =N 'Fi 4+ aH(E —T1) + asH( — T)). (3.55)

Approximating the product VZH as in the eigenvalue problem, we find the equation
V2
(ﬁ—A) Gy =F) + 0 (Lu —)\)_lFl, (356)

A2
16



where the NLEP operator £ is defined in (3.23).

From the asymptotics on \Ifl the condition F' € Xr is equivalent to the right-hand side of (3.56) being

orthogonal to V. From Proposition 3.1 the point spectrum of L, less its exponentially small eigenvalues, agrees
with the point spectrum of £, less its exponentially small eigenvalues, up to O(g?). So \ is an O(1) distance
from o(£)\{A+} and the estimate (3.44) applied to (3.56) yields

1Gallm < e (I[Pl + IVE (L = )7 Filre)
<c(IBllpe + (L = )7 Fiflze) - (3.57)

From (3.39) and (1.2) we find that
1Gallm < e ([F2]lne + | Fillnr) - (3.58)
If F} has small mass, then applying (3.40) we have the improved estimate
1Galln < ¢ (|Fallz2 + €2[F1| + || <a>Fi|,.) - (3.59)
From (3.54) and (3.39) we find that

[Galze < e(ellFallss + Gz IH O z2), (3.60)

but since
HE N <c|l9—F—— 3.61
AN < €| i | (3.61)

we have ||[H(\)||z2 < ce™! and we obtain

1Gillzz < c (el Fallpy +e7 [ Fallze) - (3.62)
A similar argument yields

10eG1 |2 < ¢ (2| Fill + el Pl L2) (3.63)
which verifies (3.52)

If F} has small mass, then applying (3.40) to (3.57) yields the improved estimate
1G2llm < (|| Fallr2 + €% |F1| + || <e>Fi]| ) - (3.64)

Following the arguments laid out in (3.60-3.63) yields (3.53). 0

Since L is an analytic operator we can generate its semigroup from the Laplace transform of the resolvent.
We fix the contour C' in the complex plane as depicted in Figure 3.3 and generate the semigroup S associated

to L via the contour integral
Xr
1 -
tF =— [ eM\—L)"'Fdx 3.65
SOF = 5 [0 -1 Fax (3.65)
C

where we assume that F' € Xr. The semi-group inherits the following properties from the resolvent.

PROPOSITION 3.9. Let u > puopt and A" > AT™*(u) be given and let v > 0 be as given by Proposition
3.4. The solution U of U= S(t)F, where F € Xr, satisfies

1Tllx < Me™" (2| Fill s + || Fall2) (3.66)
17
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F1c. 3.2. The spectrum, o(L), of the reduced operator as determined by Proposition 3.8, and the contour C used to generate
the semi-group S. Depiction is for the case p > ppopr and AT > AL*(u) for which )\22 are within the left-half plane and
J+ = 2, see Proposition 3.4. The eigenspace corresponding to the small point spectrum {\+} is projected away and is not
contained within the contour.

for some M > 0 independent of AT > AT*(u). If in addition Fy has small mass, then we have the improved
estimate

1Ulx < Me™"t (2[Fa| + || <z>Fil|pr + || Fallz2) - (3.67)

Proof: By Proposition 3.4, the conditions on y and T' imply that o(L)\{\y,A_} is contained within the

interior of the contour C, and dist(c(L),C") = O(1). The estimates on the semigroup follow directly from the
contour integral representation (3.65) of S(t), the resolvent estimates (3.52-3.53), and the uniformity of these
estimates over the contour C. m

4. Nonlinear Stability via the Renormalization Group method. We adapt the renormalization
group method developed in [14] to the singular perturbation setting of the Gierer-Meinhardt equations. We
assume at time tg that our initial data Uy satisfies

|@r. — Uoll <6, (4.1)

for some I',, € K. The following Proposition, adapted from Proposition 2.2 of [14], permits us to choose our
base point I'y about which we develop our local coordinate system.

PROPOSITION 4.1. Fiz § < 1. Given Uy and T, € K satisfying |W.||x < 6, for W, = ®p. — Uy, then
there exists M > 0, independent of Uy and T'x, and a smooth function H : X +— K such that T' = T, + H(W,)
satisfies

Wo = (jo — &r € Xr. (42)
Moreover, if W, € Xy for some T € K then

D —T.| < Mo|[W.| x [T - E|. (4.3)

Proof: Since

Wo =W, + @r — @r,, (4.4)
18



the condition (4.2) is equivalent to
0=mnrWy=nmr (W*+(I)F7q)r*). (45)

Since W, are approximately spanned by (0,¢})" and (0,¢,)!, and ®ro = Vo + O(¢2), our equations A =
(A1, A2)t, are equivalent, up to O(g?), to

M1 (T W) = (Wae 4+ Vo(T) = V(). 61 (,T0)) | =0, (4.6)
Ao(T, W,) = (Wgy* V(D) — Vo (L), d4 (., Fg))LZ —0. (4.7)

Since A(T4,0) = 0 and the T" gradient of A given by

_ / 5 0
VA — H¢1HL )+O 2 , L8
e = (0" i) O (48)

is uniformly invertible, the implicit function theorem guarantees the existence of a smooth function H which
provides the solution of (4.2) and in a neighborhood about the manifold M defined in (2.6). The interval of
existence of H may be chosen uniformly in I' since the solution of (4.2) behaves smoothly as AT' — co.

If in addition we have W, € Xg, then (Wg,*, ¢);€(f‘k))L2 = O(g?) for k = 1,2. We see that

’(Wz*,gbk rk) ’<’(W2*,¢k(l“k) &, rk) ’<M0||W||L2|I‘ r. (4.9)

O

4.1. The Projected Equations. To begin the RG procedure we freeze I' = I'y in X, where I'g is the
base point provided by the proposition above, and change variables as

U(t) = o + W, (4.10)

where W € X, and T' = T'(¢). Comparing to (3.2), we write the evolution for the remainder W as

W, + gir R+ Lp,W + (LprrU)WJrN( ), (4.11)
W(¢,0) = W, (4.12)

where Wy = W, + @p, — @r,. The terms AL = Ly — iro include both the approximations made to the linear
operator and the secular growth implicit in the sliding of T" away from I'y.

To enforce W € Xp, we impose the non-degeneracy condition %WOW = 0, where myp = 7, is given by
(3.45). Since 7 is independent of time, the non-degeneracy condition is equivalent to moW; = 0, and moreover
as mp commutes with l~/p0 it follows that WOEFOW = EFOFOW = 0. The non-degeneracy condition is thus
equivalent to the two equations

02 gt} = i
<arr v )LZ - (R+AL W+N(W),\Ili)L2. (4.13)

From the form of the semi-strong pulse solutions, and assuming momentarily that T' = O(e?), we calculate

i (qsafl ! ¢>’2f2) * (8@) | (14
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component-wise in the L? norm. Using the form of the adjoint eigenvector (3.47) and (3.6), the equations
(4.13) may be written

T
(Il 2 9e) Il o (Rrarwenmw ), (415)

11172 + O(e*)  —llghll7. + O(e?) R+ ALW +NW), o
(w),wt) |

Again using the asymptotic form of the adjoint eigenfunctions \IlTi we may neglect the contribution from \IIZE 1
in the inner products on the right-hand side of (4.15). In particular, from the L' bounds on R; from (2.18),
we have

(Ry, W, e < IRl 90 4l = O(E). (4.16)

Inverting the matrix on the left-hand side, and using the expansions for \11172 we arrive at the equations of
motion for I' which show explicitly the coupling between the remainder W and the pulse evolution,

_ <R2+[AL Wiz +Nz,¢;(-;Fo)) ,
Iy = - — L+ 0, W ]x). (4.17)
(¢kv¢k)L2

To simplify the equation for the evolution of the remainder, W, we introduce the reduced residual

R = 7t <R &r>, (4.18)

and observe from the asymptotic description (2.17) of Ra, that the projection removes the leading order term

from the second component of the residual. By Lemma 2.1, the reduced residual enjoys the estimates
[B1]lzr < Ofe), (4.19)
| Rl 2 < O(?). (4.20)

The evolution for the remainder W is now given by

Wi =R+ LoW + 7 (AL W + N, (4.21)
W (o) = W, (4.22)

where INJO = fmo and 79 = I — 7r,. The point of the reduction of the Gierer-Meinhardt (2.3) to the pro-
jected residual equation (4.21), in the case of two-pulse dynamics, is that the asymptotically relevant and the
asymptotically negligible terms are now evident. The evolution for W is controlled by the first two terms on
the right-hand side of (4.21), we will show that the last two terms are asymptotically irrelevant, until T' — T,
is so large that the secularity implicit in AL forces an update of I'y.

4.2. Decay of the Remainder. We identify the duration of each renormalization interval, and quantify
the decay of the remainder W over this interval. To control the dynamics we introduce the quantities

To(t) = sup e’C0)||W(s)| x, (4.23)
to<s<t

Ti(t) = sup |T(s) — Ty (4.24)
to<s<t

The first enforces the decay of the remainder, W, the second measures the distance the pulse positions have
moved from their frozen base point. The variation of constants formula applied to (4.21) yields the solution

W(E,t) = S(A)Wo + /S(t —5) (R 7 (AL W +N)) ds, (4.25)

to
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where we have introduced At =t — tg.

To estimate the distance that the pulse locations, I', have moved from the base point, 'y we examine the
equations (4.17). We break AL in secular and reductive parts, AL = AL, + AL, where AL; = Lr — Lr, and

AL, = Lr, — Lt,, and remark that,

AL Wlallge < [ IAL Wy [z + | AL, Wy | 22, (4.26)
<c(I0 = Tol +&?) W], (4.27)
< o(Tu(t) + %)e "Iy (1), (4.28)

where the estimates on ALy and AL, are described in more detail below. From the form (3.4) of the regularized
nonlinearity it is straightforward to obtain the estimate

(N2, ) 2] < e W% (4.29)

With these bounds in hand, the drift of the pulses is controlled by their speed,

to+At to+At
n < [ Bl [ oe(IRale + €+ T DT + eI ds, (1.30)
t() t()
< c(®At + (2 + T1)To + T3). (4.31)

For Ty small enough we can eliminate 717 from the right-hand side, and neglecting Ty in the sum Ty + At, we
obtain

Ty < c(®At + TP). (4.32)

Turning to bounds on the remainder, we estimate the irrelevant terms first. The secular term takes the
form

AL, — 0 2e72 (Vo(-;I‘) - Vo(';ro)) 7 (4.33)
Via(T) — Via(+, To) Voo (i T') — Vao (1 Tp)

where V5 and Vas denote the potentials in the Elg and LQQ components of L. Since each potential Vg, Via,
and Vay decays rapidly away from the pulse locations, the difference between the potential centered at pulse
locations I'y and at I" scales like I' — I'y in any reasonable norm. In particular

Vo(-,T) = Vo(-,To)llar + [[Vo(-,T) = Vo (-, To) |21 < ¢|I' = Lo, (4.34)

and similarly for V32 and Vas. Using these estimates it follows directly that

AL Willpr < ce™?[Vo(, T) = Vo, To) [ a [Wal o=, (4.35)
<PV x. (4.36)
Similarly
[[ALs Wialz2 < el[Viz(-, T) = Viz (-, To) [l [Wallx + [[Vaz (-, T) = Vaz (. To) [l [Wellx (4.37)
< ||Wx. (4.38)

Combining these estimates with the unweighted semi-group estimate (3.66) we find

[1S(t — 8)To(ALs W(s))||x < Me "“=5)Ty(s)||W||x. (4.39)
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The small mass version of the semi-group estimate plays a key role in controlling the reductive term,
AL, W, given by

AL - 0 2e72 (Vo — 0, ® ¢1(To) — br, ® @(FO)) +0(0) , (4.40)
OV7) O(1o)

where here the O indicates point-wise estimates. The first component of the reductive term can be decomposed
as

[AL, W]y = 2(21 + %), (4.41)
where
Sk = ¢r — 0r, © ¢ + O(” ). (4.42)

That is, each X decays at an O(1) exponential rate away from z = T'y,, and moreover at leading order each
component ¥;Ws is mass-free for k = 1,2. In particular the total mass of the 1 component of AL, W arises
only from the higher order corrections,

[AL W] < ¢f[Wal|x. (4.43)
In the weighted norms we estimate
| <z — DS Wall 2 < E-Q(H <@ — T>0r, |2 + || <z — rk>¢k||p) [Wallpe < ce2|W|x,  (4.44)
for k = 1,2. For the second component we observe that
IAL Wzl < 22 [W i, (4.45)
so from the weighted semigroup estimate (3.67) we find
[S(t — s)wo(AL, W(s))|lx < Me " ==)e2||W ||, (4.46)
independent of the pulse spacing AT

Finally for the nonlinear term, given by (3.4), it is easy to verify,
15 — )N < Me¢ (W2l + (W3] e + W22 ). (4.47)
< M=) | W% (4.48)
From the bounds on the reduced residual (4.19-4.20) and the semi-group estimate we obtain
S(t — s)R||x < Me®e (=), (4.49)

Taking the X-norm of variation of constants solution for W, (4.25), and using the estimates outlined above
we obtain
t

IWOllx <M | e 2W(to) ] x + /6_”“_5) €%+ (€2 + Ta(s)) IW(s)llx + W ()[X] ds | . (4.50)

to

To estimate the decay of |W (t')||x for t' € (to,t) we evaluate (4.50) at ¢ = ¢/, multiply by e”*'~%) and
take the sup over t’ € (to,t) obtaining

t

To(t) < M | T(to) + / [E%V(s—tw + (24 Th (1) To(t) + e‘”STO(t)Q] ds | | (4.51)
< M(To(to) + %A 4 (2 + T (t)) At To(t) + To(t)Q). (4.52)
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From (4.32) we may eliminate 77 from the Tj estimate,
To(t) < M(To(to) + e3e’At 4 2 (AL + (A To(t) 4 To(t)? + At Tg) (4.53)
For At < min{e™1,T; "} the term Me2((At)2+ At) < & and we may eliminate the linear term in T} from the

right-hand side, in addition we may absorb the cubic term in 7j into the quadratic one. With these reductions
(4.53) becomes

Ty < 2M (To(to) + %™ + 7). (4.54)
The quadratic equation in Ty
1
= To(t BB Ty + T¢ 4.
0= To(to) +¢”¢ oz Lo+ 7o, (4.55)

has two positive real roots so long as Ty(to) + g3e¥At <« 1. The smaller of these roots, o takes the form

2
ro = 2M (To(to) + 362 + O(To(to) + 5%”“) , (4.56)
while the larger is
1
r= ot O(To(to) + 636”At). (4.57)

Thus if Tp(ty) < 1 and £3e”A < 1 then there is an excluded region, either 0 < Ty < 7o or 71 < Ty < oo.
Since Ty(to) < 1o and Tp is continuous in ¢, we see that

To(t) <rg < M(To(to) + EseuAt) (458)
so long as
1
A < 3Pllogel (4.59)
v

for any fixed § < 1. This condition on At prevents the secularity from dominating the linear operator, in
particular it is a stronger condition on At than that imposed after equation (4.53). This implies that

3051
W) x < M(e"’(t_t”)HW(to)HX + 53), for t € (to,to + M) (4.60)
and in particular for t; =ty + At we have
W )llx < M (W (to)llx + 7). (4.61)

4.3. The RG Iteration. We break the time evolution into a series of initial value problems, tracking

the decay of the remainder over the long-time scale of many RG iterations. We fix § < 1 and At = M.
The renormalization times are defined sequentially

tn =tn—1 + At. (4.62)
We break the evolution of W into disjoint intervals I,, = [t,, t,+1). On each interval I,, we solve the initial value

problem (4.21) with initial data W (t,,) € Xr,, with the quantities Ty ,, and T ,, corresponding to (4.23-4.24)
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over I,. The renormalization map, G, takes the initial data, W,_; = W(t,—1) for the initial value problem
on interval I,,_; and returns the initial data W, = W (t,,) for the initial value problem on the interval I,

GWp_1 = Wi, (4.63)
Arguing inductively, the initial data and the new base point '), are obtained from W (¢, ), the end-value

of the evolution of W over I,,_1, by applying Proposition 4.1. Indeed we know that W (¢, ) € Xr, , and so
from (4.3) we have

Tn = L(t,)| < MolW(t,)l| xIT () = T(tn-1)| < Mol[W ()| xT1.n-1(2). (4.64)
From the estimates on At, and T} ,—1, we bound the jump in I" at renormalization by
Ty — D(t;,)| < Mo (|logele? +T5,,—1) W (t,) |1 x- (4.65)
The solution at time ¢ = t,, is independent of the decomposition,
Ultn) = pg-) + W(ty) = Or, + W, (4.66)
and we may bound the jump in W at each renormalization
W (t7) = W(ta)llx = [Py — Pr, x < cln =Tt < Mo (|logele? + T3, 1) [W(t)lx,  (4.67)

where we used the fact that Up is O(1) X-Lipschitz in T', as follows from (3.5) and (1.2). From (4.58), using
the equality To n—1(tn—1) = ||[Wn—1||x, we have the estimate

Ty < My ([|[Wooallx +209) . (4.68)

Combining the estimates (4.67) and (4.68) with (4.61), we obtain a bound on GW,,_1 = W,
2 2 3(1 2 3 3
1GWslx < (1 T Mo [| log ele? + M2 ([ W (tao) 1 + 0 D M (W n)llx +) (69

Neglecting the terms involving positive powers of € within the first parenthesis on the left-hand side, we may
bound ||W (t,)|lx by nn, solution of the map

Mo = M1+ Mon?) (¥, 1 + €%, (4.70)
with no = ||[W (-, t0)||x, and My = MoMZE. Tt is easy to see for g = O(1) and ¢ sufficiently small that

M 3

T (4.71)

M —

as n — oo. Since |[W (-, tn)||x < nn, the estimate (4.61) yields the result (1.4) in Theorem 1.1.

4.4. Long-time Asymptotics. To recover the asymptotic pulse motion, we consider the situation where
t is sufficiently large that ||W|x < Me3. In this regime we see from (4.32) that T} < ce?|logel, and hence
from (4.27) that

|AL W2 < ce?|loge||W |2 < c£5|logel. (4.72)
Moreover from the form (3.4) of the nonlinearity we readily verify that

IN2(W)]| < e|WI% = O(e®). (4.73)
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In this regime the estimates (4.72) and (4.73) on the secularity and the nonlinearity show that the remainder
W has an asymptotically small influence on the pulse evolution equations (4.17) which reduce to

ACON
AR

Furthermore, the asymptotic form (2.17) for the second component of the remainder shows that

Di(t) = — L2 + O(|logele®). (4.74)

0 — 0. 0
% +0(eh) = (1) e%(T) + O, (4.75)
kL2

where ¢(I') is — by construction — the position dependent formal pulse speed given by (2.8). In particular the
pulse separation AT’ =T — I'y grows as given by (1.5) while the amplitudes increase according to (2.11).

Ik (t) = e2¢()
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