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Role of Solvent in Cast-Driven Morphology
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Figure 5 Schematic diagram of the asymmetric film formation process. a, The
process begins with the casting of the dope on a glass plate. During a short
evaporation time, mainly THF evaporates from the film surface leading to a high
polymer surface concentration and self-assembly of the block copolymer in the top
layer (P4VP phase in blue, polystyrene in orange).b, The integrated SEM image
within the schematic diagram is not a real picture after 10 s evaporation time; the
picture illustrates that the formation and alignment of cylinders start within the first
ten seconds. c, Immersing the film in a water bath leads to a non-solvent-induced
phase separation and the formation of the porous sublayer; simultaneously the
P4VP-lined cylinders grow in length. The green arrows represent the evaporation of
THF; the red arrows represent the evaporation of DMF.

A fascinating opportunity for such membranes lies in the possibility
to introduce specific functionality by post-processing steps. This

will pave the way to form membranes for di!erent applications
based on the same precursor membrane.

METHODS

Synthesis of the PS-b-P4VP diblock copolymer was accomplished by sequential
anionic polymerization of the respective monomers in THF in the presence of
lithium alkoxides30 (overall monomer concentration 4.4%) at !62 "C
(refs 19,31,32). The polymerization of the first polystyrene block was initiated
with s-butyl lithium suspended in cylcohexane. After 2 h, 4-vinylpyridine
monomer was added and the temperature of !62 "C was maintained for a
further 2 h. The polymerization was quenched with methanol that
was argon gas saturated. After the addition of a few crystals of
2,6-di-tert-butyl-4-methyl-phenol (to prevent thermal decomposition), half of
the THF was removed by distillation at reduced pressure. Precipitation in a
10-fold excess of a 1:1 (v/v) methanol/water mixture a!orded the white
polymer at a typical yield of 67%. The composition of the block copolymer was
determined by means of 1H-NMR spectroscopy in deuterated chloroform
analogous to the method described by Bossé et al.33. Molecular weights were
determined by size-exclusion chromatography in THF using a polystyrene
calibration curve.

Measurement of water flux was carried out using a small dead-end
ultrafiltration test cell (Amicon 8010, membrane diameter 22 mm) at a
pressure of 0.5 bar. The e!ective pore radius of the membrane was estimated
using Hagen–Poiseuille’s law, dv/dt = (!R4!p)/(8!L), with pore radius, R,
and pore length, L, and the viscosity, !, of water at 25 "C (8.9#10!4 Pa s), all
other values in main text. The rejection of albumin was measured in aqueous
solution (c = 5 mg ml!1) at pH 5.2 (isoelectric point).

SEM was carried out on a LEO Gemini 1550 VP. The specimens were
coated with approximately 2.5 nm Au/Pd. Secondary electrons were detected at
an operating voltage of 3 kV.

AFM was accomplished using a Veeco MultiMode AFM (NanoScope IV
controller) operating in tapping mode at ambient conditions, using
commercial silicon TM AFM tips (model MPP 12100).

TEM was carried out with an FEI Tecnai G2 F20 operated at 200 kV in
bright-field mode. The sample was embedded in epoxy resin and thin sections
(thickness 50–100 nm) were cut using a Reichert–Jung Ultracut E microtome
equipped with a diamond knife. Selective staining of the P4VP microdomains
was accomplished by exposure of the thin sections to I2 vapour for 2 h.

Received 29 June 2007; accepted 21 September 2007; published 4 November 2007.

References
1. Whitesides, G. M. & Grzybowski, B. Self-assembly at all scales. Science 295, 2418–2421 (2002).
2. Ruzette, A. & Leibler, L. Block copolymers in tomorrow’s plastics. Nature Mater. 4, 19–31 (2005).
3. Stoykovich, M. P. et al. Directed assembly of block copolymer blends into nonregular device-oriented

structures. Science 308, 1442–1446 (2005).
4. Cheng, J. Y., Mayes, A. M. & Ross, C. A. Nanostructure engineering by templated self-assembly of

block copolymers. Nature Mater. 3, 823–828 (2004).
5. Bates, F. S. & Fredrickson, G. H. Block copolymers—designer soft materials. Phys. Today 52,

32–38 (1999).
6. Hamley, I. The Physics of Block Copolymers (Oxford Univ. Press, Oxford, 1998).
7. Abetz, V. & Simon, P. F. W. Phase behaviour and morphologies of block copolymers. Adv. Polym. Sci.

189, 125–212 (2005).
8. Krappe, U., Stadler, R. & Voigt-Martin, I. Chiral assembly in amorphous ABC triblock

copolymers—formation of a helical morphology in
polystyrene-block-polybutadiene-block-poly(methyl methacrylate) block copolymers.
Macromolecules 28, 4558–4561 (1995).

9. Li, M., Coenjarts, C. A. & Ober, C. K. Patternable block copolymers. Adv. Polym. Sci. 190,
183–226 (2005).

10. Hillmyer, M. A. Nanoporous materials from block copolymer precursors. Adv. Polym. Sci. 190,
137–181 (2005).

11. Yang, S. Y. et al. Nanoporous membranes with ultrahigh selectivity and flux for the filtration of
viruses. Adv. Mater. 18, 709–712 (2006).

12. Breiner, U., Krappe, U., Thomas, E. L. & Stadler, R. Structural characterization of the “knitting
pattern” in polystyrene-block-poly(ethylene-co-butylene)-block-poly(methylmethacrylate) triblock
copolymers. Macromolecules 31, 135–141 (1998).

13. Ott, H., Abetz, V. & Altstädt, V. Morphological studies of
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Figure 1 SEM images of the cross-sectional morphology of the asymmetric PS-b-P4VP diblock-copolymer film at different magnifications. a–c, The scale bars
correspond to 20µm (a), 1µm (b) and 0.5µm (c).

We used the diblock copolymer polystyrene-block-
poly(4-vinylpyridine), PS-b-P4VP, as the starting material19. We
chose this diblock copolymer for several reasons. It is well known
that this copolymer belongs to the class of non-ionic amphiphilic
systems. Poly(4-vinylpyridine) is a hydrophilic polymer that
dissolves only in dimethyl formamide (DMF), lower alcohols and
aqueous mineralic acids, whereas the hydrophobic polystyrene
may be dissolved in a number of organic solvents, for example,
toluene, tetrahydrofurane (THF) or chloroform. Thus, the
rich micellation behaviour of the PS-b-P4VP system has been
extensively investigated during the past decades15,20–22.

The pyridine’s high polarity and in turn the high degree of
dipolar polarization of the P4VP block leads to a strong repulsive
interaction between the polystyrene and the P4VP blocks23. In
fact the segmental interaction parameter, !, of PS-b-P4VP exceeds
the value of any other non-ionic system by at least one order of
magnitude24, which is corroborated by order–disorder transition
temperatures well beyond 300 !C (ref. 23). Hence, the PS-b-
P4VP diblock copolymers are strongly segregated and their bulk
morphology is controlled by the block ratio. According to mean-
field calculations, a hexagonally packed array of P4VP cylinders
embedded in the polystyrene phase can be expected for a volume
fraction of the P4VP block ranging from 0.12 to 0.31 (ref. 25).
Furthermore, this system enables tuning of the morphology by
blending. For example, PS-b-P4VP supramolecular assemblies
hosting amphiphilic guest molecules can be manufactured into thin
films with nanoscopic cylindrical channels perpendicular to the
film surface. Subsequent extraction of the amphiphilic molecules
led to films with well-ordered nanopores26,27.

Accordingly, we synthesized PS-b-P4VP by sequential anionic
polymerization in THF at "62 !C (ref. 19) with 15 wt.% of
P4VP. To obtain a su!cient mechanical stability of the polymer
membrane, we selected a polymer with a number-average
molecular weight of Mn = 191 kg mol"1. In this molecular weight
region, the polymers are well entangled leading to a good
mechanical stability; however, the chains are too short for chain
scission caused by mechanical stresses28.

The membrane-casting solvent was composed of DMF and
THF. DMF is frequently used as a solvent for the preparation of
porous asymmetric membranes by the phase-inversion process.
The addition of THF typically leads to membranes with a tighter or
pore-free skin. Owing to the high evaporation rate of THF before
immersion in the non-solvent (water), the polymer enriches at
the film surface. For the membranes described here, the casting
solution contained 20 wt.% polymer, 24 wt.% THF and 56 wt.%
DMF. One sample was cast from a pure DMF solution. In
contrast to the other samples, the membrane surface exhibited
a broad pore size distribution typical for membranes prepared

a b

Figure 2 SEM images of the surface of the asymmetric PS-b-P4VP
diblock-copolymer film. a, A view of the edge. b, A view of the top. The scale bars
correspond to 500 nm.

by phase inversion. The preparation process of asymmetric films
consisted of the following steps: (1) casting of a 200-µm-thick
film on a glass plate with a doctor blade, (2) solvent evaporation
at room temperature for typically 10 s, (3) immersion in a
non-solvent bath (water) at room temperature for 12 h, and
(4) drying at ambient conditions. The resulting films showed a non-
transparent white colour and had an average thickness of 90µm.
Their morphology was examined by scanning and transmission
electron microscopy (SEM and TEM) and atomic force microscopy
(AFM). Figure 1 shows SEM images of film cross-sections at three
di"erent magnifications.

Obviously, the non-ordered graded porous structure typical for
phase-inversion membranes is covered by a layer of 200–300 nm
thickness exhibiting well-ordered cylindrical pores perpendicular
to the film surface. This asymmetric morphology is a direct
consequence of the combination of two di"erent processes—the
conventional non-solvent-induced phase separation and the self-
assembly of block copolymers. Figures 2 and 3 show the narrow
surface pore size distribution of the asymmetric films by SEM and
AFM, respectively. In particular, the AFM height image (Fig. 3a)
also confirms the existence of regular-sized pores.

The diameter of the vertically aligned cylinders at the
membrane surface is approximately 40 nm. The e"ective pore
diameter is smaller, because the pores are lined with P4VP. Owing
to the di"erent compatibilities of the two blocks with water, the
phase-inversion process will first lead to solidification of the water-
insoluble polystyrene phase, then the highly water-swollen P4VP
phase will freeze in. This leads to a depletion of the surface at
the locations of the latter component when the film is dried and
can be seen in the AFM height image (Fig. 3a). The height image
also shows some fine structure within the polystyrene phase, that
is, there are thin dark lines across it somehow connecting the
depletion areas of the P4VP domains. This feature becomes more
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Mix two miscible solvents (DMF and THF) with an amphiphilic di-
block co-polymer (PEO-poly vinyl pyridine) one of whose compo-
nents is soluble only in DMF. Evaporating off the THF changes the
”goodness” of the solvent. Then immerse in water.
K.-V. Peinemann, V. Abetz, P. F. Simon, Nature Materials (2007)
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Ionomer Membranes: Selective charge transport
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Ionomer Membranes: Incorporation of Solvation Energy
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Ionomer Membranes: Incorporation of Solvation Energy
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Ionomer Membranes: Incorporation of Solvation Energy
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Salt Molarity and Solvation
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Solution structure at high concentrations 
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Ion Size and Ion Packing
 

•  Ions in solutions typically differ in size 

 
•  Can we recover difference in ion size from CD?   
•  Expect: 

Different ion size % asymmetric action % asymmetric CD 

 
 
 

Possible application –ion size information 

!  In practice, water structure is significant  
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Non-primitive models 

Ionic sizes vary significantly, and at high molarity, packing of ions depends signif-
icantly on solvent type, and relative sizes of counter ions.
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Formulation of Solvation Energy
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2. MODEL

The partial molar volume, VX, of a solute, X, in a given solvent,
S, is the derivative of the overall volume, V, with respect to the
number of moles of solute, nX.

VX!
!V
!nX

! "

P,T
"2#

For dilute solutions, this can be replaced with a finite-difference
expression

VX ! V"nS, nX# $ V"nS, 0#
nX

"3#

That is, VX is defined by the difference between the volume of
solution and the volume of pure solvent divided by nX. We
propose to use constant-pressure molecular dynamics (MD)
simulations to obtain this difference for a single solute molecule
X (nX = 1/NA; NA is the Avogadro constant) and an N-particle
solventN 3 S (nS =N/NA). The volume of a single particleV(X) is
then given by

V"X# ! V"X % N 3 S# $ V"N 3 S# "4#

and VX = NA 3V(X). This method mimics the experimental
procedure of determining partial molar volumes of stable com-
pounds and is equally applicable to calculation of partial molar
volumes of short-lived TS species, for which such experimental
procedure is not feasible.

Figure 1 shows four hydrocarbons immersed in a model
solvent. In each case, the solvent trajectory demonstrates a clear
pattern of avoidance due to the short-range solvent$solute
repulsion, which results in the formation of a cavity around the
solute. The incremental increase in the volume of the overall
system due to cavity formation is described by eq 4. The size and
the shape of the cavity depend on the geometry of the solute, the
strength and type of the solute$solvent interactions, as well as
temperature and pressure.

Volume fluctuations in a constant-pressure MD run are quite
significant and exceed the value of an incremental volume
increase due to a single molecule. (See Figure 2.) However,
the average volume fluctuates much less, and the standard error
of the cumulative average decreases as the square root of the
length of the trajectory. As can be seen in Figure 3, the errors can
be reduced to an acceptable level if anMD run is sufficiently long.

3. COMPUTATIONAL DETAILS

MD calculations were performed using the GROMACS
package9 for a system of 256 solvent molecules in a cubic box
with periodic boundary conditions. The system was maintained
at a constant pressure of 0.1 MPa and a constant temperature
matching experimental conditions using Berendsen temperature
and pressure coupling.10 The MD trajectories were obtained using
leapfrog integrationwith 1 fs time stepwith interaction cutoff radius

Figure 1. Hydrocarbons immersed in a model solvent (clockwise from
the top left corner): hexane, cyclopentadiene, benzene, and toluene. The
solvent trajectory is represented by an overlay of solvent configurations
acquired at different instants of time. Solvent particles (white) avoid the
solute, thus forming a cavity of the matching size and shape.

Figure 2. Instantaneous and average MD volumes of a system of 256 cyclopentadiene molecules. The incremental contribution from a single molecule
estimated by the experimental molar volume of 82 cm3/mol is ca. 0.14 nm3. Large amplitude fluctuations of the instantaneous volume are somewhat
stabilized by averaging over 10 ps intervals. Further improvement is reached by using a cumulative average.
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FIG. 1: Smooth variation of the relative permittivity ✏ from
the vacuum value of one to the value of the solvent, e.g. 80
for water.

The parameter nc determines at what value of the elec-
tron density the dielectric cavity forms, and � is the pa-
rameter that determines the width of the di↵use cavity.
Figure 1 illustrates the dependence of the permittivity on
the solute electronic charge density. The above functional
form of the relative permittivity ensures that the value
of the relative permittivity varies smoothly from one in
the bulk of the solute to ✏b in the bulk of the solvent.
This gradual variation emulates the first solvation shell
e↵ects, i.e the value of the relative permittivity of the
solvent close to the solute is smaller than the equilibrium
bulk value due to the higher electric field near the solute
surface, a phenomenon known as dielectric saturation.

As shown by Refs. [10] and [13], the functional in
Eq. (9) can be optimized by first minimizing with re-
spect to the electrostatic potential, �(~r), and then with
respect to the solute electronic charge density, nsolute(~r).
Minimization with respect to �(~r) leads to a generalized
Poisson equation12

r · [✏(nsolute(~r))r�] =

� 4⇡ {Nsolute(~r) � nsolute(~r)} , (12)

where Nsolute(~r) consists of the e↵ective core charges
approximated by Gaussians as described below and
nsolute(~r) is the valence electronic charge density. Mini-
mization of Eq. (9) with respect to the electronic charge
density, nsolute(~r), yields the typical Kohn-Sham Hamil-
tonian with the following additional terms in the local
part of the potential

Vsolv =
d✏(nsolute(~r))

dnsolute(~r)

|r�|2
8⇡

+ ⌧
d|rS|

dnsolute(~r)
. (13)

Corrections to the Hellman-Feynman force terms
should also be made due the modifications of the Kohn-
Sham potential. The force corrections consist of two
terms,

Z
��

dNsolute

dRI
d3r +

Z
Vsolv

dnsolute

dRI
d3r. (14)

The first term is due to the change in the electrostatic
potential ��, which is the di↵erence between the solution
to Eq. (12) and the electrostatic potential when the rel-
ative permittivity is one. The second term is due to the
augmentation of the electronic charge density with the
pseudo-charge density at the atom locations to prevent
the fluid from entering in the core region, as described in
the following section.

III. IMPLEMENTATION OF IMPLICIT
SOLVATION MODEL

The implicit solvation model reviewed above has been
implemented into the Vienna Ab-initio Software Package
(VASP),22 a widely-used plane-wave DFT code. Com-
bined with VASP’s parallel scalability to large system
sizes and the availability of established and tested li-
braries of ultrasoft pseudo-potentials (USPP)23,24 and
projector-augmented wave (PAW) potentials,25 the MPI
compatible implementation extends the capabilities of
the software to study large solvated metallic and semi-
conducting systems in an e�cient manner.

The VASP code solves the Kohn-Sham equations
through self-consistent iterations to find the electronic
ground state. To include the description of the solvent
e↵ects, we modify the local potential of the Kohn-Sham
Hamiltonian and the expression for the total free en-
ergy. The solution to the generalized Poisson equation,
given by Eq. (12), must become part of the self consis-
tent loop as the valence charge density changes in each
self-consistent iteration.

The generalized Poisson equation is solved in each
electronic step to obtain the electrostatic potential of
the combined solute electronic charge density and ionic
charge density in the polarizable medium that describes
the solvent. Since VASP is a plane-wave DFT code,
we take advantage of fast Fourier transformation (FFT)
methods and approximate the nuclear point charges by
Gaussians of finite width,13

Nsolute(~r) =
X

I

ZI

(2⇡�)3/2
exp

 
� (~r � ~RI)

2

2�2

!
, (15)

where � is the width of the Gaussian, ~RI and ZI are the
positions and charges, respectively, of the nuclear species
I in the solute. As long as the width, � is su�ciently
small such that the Gaussians do not interfere with the
solvent, the interaction energy does not depend on the
Gaussian width. Figure 2 illustrates for the CO molecule
that the solvation energy is independent of the choice of
� over a range of values of �. For small values of �, i.e.
when � is of the order of the grid spacing or smaller, de-
viations occur because of the reduced numerical accuracy
of the integration of the Gaussians. For large values of
�, the deviations are caused by the Gaussians reaching
into the region of the solvent.

K. Mathew, R. Hennig et al, J. Chem. Phys.

Andreussi et al take the dielectic, ε = ε(nsolute), to be a function of the solute
electronic density, with electrostatic energy

Eel =

∫
ε(nsolute)|∇φ|2 dx,

and develop a free energy by adding “quantum surface” and “quantum volume”
∆Gsol = ∆Gel + η1S + η2V.

Andreussi, Dabo, Marzari, J. Chem. Phys. 136 (2012)
10



Direct Quote

“As for the remaining contributions to the solvation free energy, we have decided
to treat them in a simplified way, their explicit modeling being the subject of future
developments. In particular, similar to other models of solvation, the thermal mo-
tion contribution has been neglected, while we express the sum of dispersion and
repulsion free energies as a term linearly proportional to the quantum surface and
the quantum volume of the molecular cavity.”

Andreussi, Dabo, Marzari, JCP 136 (2012).
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Szostak: Primitive cell membranes

continuously, at the expense of neighboring vesicles, at a rate con-
trolled by the rate at which they could synthesize phospholipid.

We next asked whether phospholipid-driven growth could fa-
cilitate vesicle division, as has been demonstrated for the growth
of large multilamellar vesicles following fatty acid micelle addi-
tion (4). We prepared large (approximately 4 μ) multilamellar
oleate vesicles containing 10 mol % DOPA and an encapsulated
soluble dye (Fig. 2A). Upon mixing with a large excess of unla-
belled oleate vesicles, rapid growth was observed (Fig. 2B).
Remarkably, growth proceeded by the same pathway as pre-
viously observed (4) following the rapid addition of excess fatty
acid micelles: the extrusion of a thin tubular tail from the vesicle,
followed by the transformation of the original spherical vesicle

into a long, narrow filamentous vesicle (Fig. 3D). The cause of
this shape change is the lag between surface area growth and
volume growth, which is osmotically limited by the slowly per-
meating buffer in the medium (SI Appendix, Fig. S1). When a
mild shear force was applied to these filamentous structures by
gentle agitation, efficient vesicle division was observed (Fig. 3C).
This pathway allows for spontaneous protocell division without
the need for preexisting cellular machinery but is inaccessible by
osmotically driven competition, which leads to the growth of
swollen and therefore spherical vesicles. We obtained similar
results in experiments using a more prebiotically plausible lipid
mixture of 2∶1 decanoic acid: decanol and 10 mol % of di-
decanoyl-phosphatidic acid (DDPA) (SI Appendix, Fig. S2). This
mixture of short saturated single-chain amphiphiles mimics the
major products of the abiotic Fischer–Tropsch–Type synthesis
(10) and lipids extracted from the Murchison meteorite (11).

Mechanism of Competitive Growth. Monomer desorption is the
rate-limiting step in the exchange of fatty acids between vesicles
(12). We therefore hypothesized that phospholipids drive com-
petitive growth by reducing the efflux of fatty acid, leaving the
membrane while keeping the influx of fatty acids unchanged. In
principle, two effects could decrease the flux of fatty acids des-
orbing from a membrane: first, a decreased fatty acid off-rate in
the presence of phospholipids and, second, a decrease in the net
efflux from the membrane due to the reduced fraction of the
membrane surface area occupied by fatty acids.

To ask whether phospholipids decrease fatty acid off-rates, we
measured oleate desorption rates from mixed bilayer membranes
using a stopped-flow fluorescence assay (13). We measured fatty
acid desorption rates by monitoring the drop in fluorescence
over time of a pH-sensitive dye encapsulated within phospholipid
reporter vesicles. The decrease in fluorescence is caused by the
adsorption of fatty acids into the reporter vesicle membrane,
followed by flip-flop across the bilayer in a protonated form,
and subsequent proton release on the interior face of the reporter
vesicle (SI Appendix, Fig. S3). We found that oleate desorption
was progressively slowed by increasing DOPA content in the
donor vesicles, so that desorption from a pure fatty acid bilayer
was threefold faster than desorption from an almost pure phos-
pholipid bilayer (Fig. 3A). This latter rate is consistent with pre-
viously measured (13) oleate desorption rates from phospholipid
bilayers. Assuming that adsorption is unaffected, reducing the

Fig. 1. Phospholipids drive competition between fatty acid vesicles. (A and
B) Competition between vesicles was monitored by a FRET-based real-time
surface area assay. Growth of FRET-labeled 90∶10 oleate∶DOPA vesicles
(A) and shrinkage of FRET-dye labeled oleate vesicles (B) when mixed 1∶1
with buffer (black), unlabeled oleate vesicles (green), or unlabeled 90∶10
oleate∶DOPA vesicles (blue). (C and D) The dependence of vesicle growth
or shrinkage on vesicle stoichiometry. Final growth after equilibrium of
FRET-labeled 90∶10 oleate∶DOPA vesicles (C) and shrinkage of FRET-labeled
oleate vesicles (D) when mixed with varying amounts of unlabeled oleate (▪)
or unlabeled 90∶10 oleate∶DOPA (▴) vesicles. Error bars indicate SEM (N ! 3).

Fig. 2. Phospholipid-driven growth leads to a filamentous shape transition and vesicle division. (A) Large, multilamellar 90∶10 oleate∶DOPA vesicles, labeled
with an encapsulated soluble dye, are initially spherical. (B) Upon mixing with a 100-fold excess of unlabeled oleate vesicles, the mixed vesicles rapidly grow
into long, filamentous vesicles. (C) The fragile filamentous vesicles then readily divide into small daughter vesicles upon the application of gentle shear forces
(seeMethods). (Scale bar: 30 μm.) (D) Time course showing the shape transformation of a labeled 90∶10 oleate∶DOPA vesicle upon addition of unlabeled oleate
vesicles. Time in seconds. (Scale bar: 5 μm.)

5250 ∣ www.pnas.org/cgi/doi/10.1073/pnas.1100498108 Budin and Szostak
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Cahn-Hilliard Expansion
Fix Ω ⊂ R3, let u ∈ H1(Ω) denote the volume fraction of one component of a
binary mixture. Cahn and Hilliard (1958) expanded the free energy

E(u) =

∫

Ω

f(u, ε2|∇u|2, ε2∆u) dx,

=

∫

Ω

f(u, 0, 0) + ε2A(u)|∇u|2 + ε2B(u)∆udx.

Integrating by parts on theB(u) term yields the Cahn-Hilliard free energy

E(u) =

∫

Ω

ε2

2
|∇u|2 +W (u) dx.

For amphiphilic mixtures: Tuebner & Strey (1987) Gompper & Schick (1990)
added higher derivatives

F(u) :=

∫

Ω

f(u, 0, 0) + ε2A(u)|∇u|2 + ε2B(u)∆u+

≥0︷ ︸︸ ︷
C(u) (ε2∆u)2 dx.

For the primitiveA ofA, so that∇A(u) = A(u)∇u and integrate by parts

F(u) :=

∫

Ω

f(u, 0, 0) + (B(u)−A(u))ε2∆u+ C(u)(ε2∆u)2 dx,
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Complete the square

F(u) :=

∫

Ω

C(u)
(
ε2∆u−

W ′(u)︷ ︸︸ ︷
A−B

2C

)2

+

P (u)︷ ︸︸ ︷

f(u)−
(A−B)2

C(u)
dx.

When P � 1, then the energy is very degenerate, very special.

F(u) =

∫

Ω

1

2

(
ε2∆u−W ′(u)

)2
+ δP (u) dx.

The case δ = 0 was proposed as a target for Γ-convergence
study by De Giorgi, it transforms all critical points of the
Cahn-Hilliard free energy into global minima.
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Functionalized Cahn-Hilliard Energy

An unfolding of De Giorgi’s energy:

FCH(u) =

∫

Ω

1

2

(
ε2∆u−W ′(u; τ )

)2 − εp
(ε2η1

2
|∇u|2 +

η2W (u)︷ ︸︸ ︷
Π(u)

)
dx.

p = 1 Strong Functionalization
p = 2 Weak Functionalization

The parameters: η1 strength of hydrophilic portion of amphiphilic
component. Pressure jump Π(u) between phases – parameterize by
η2. Interfacial structure parameterized by “tilt” parameter τ .

No Tilt Slight Tilt Strong Tilt
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Bi-Layers: Co-Dimension One

Near a hypersurface Γ ⊂ Rn, the Laplacian becomes

ε2∆ = ∂2
z + εH∂z + ε2∆s

whereH is the mean curvature of the interface,
and ∆s is a surface diffusion.

The variational derivative can be made small

ε2∆φb −W ′(φb) = O(ε),

if co-dim 1 inner structure, φb, solves

∂2
zφb −W

′(φb) = 0.

The residual of the squared-variational term is
(
ε2∆φb −W ′(φb)

)2
=

(
∂2
zφb −W

′(φb) + εHφ′b + . . .
)2

,

= ε2 (φb(z)′)
2
H(s)2.

1

s2

s

Γ

z

z

73 

Control of morphologies 
  Control by tilt parameter  

  bi-layer and pore networks 

  How to obtain micelle and clustered chain morphology? 

  Need additional control parameter 
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Single Layer 6= Bilayer

Γ

u=1

u=−1

Bilayers can open holes, modulate their width, and naturally form end-cap defects.
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Pores: Co-Dimension Two
Fix Γ ⊂ R3, a cylindrical geometry leads to
(R, θ, s) variables and the decomposition

ε2∆ = ∆R −
(
κ1

κ2

)
·
(
∂z1

∂z2

)
+ ε2D2

s.

With angular symmetry, the co-dim 2 inner
structure satisfies

∂2
Rφ2 +

1

R
∂Rφp = W ′(φp),

where (R, θ) are polar versions of (z1, z2).
The squared-variational remainder is
(
ε2∆φp −W ′(φp)

)2
= ε2

(
φ′p

)2

|κ|2.
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Morphological Competition

FCH(u) =

∫

Ω

1

2

(
ε2∆u−W ′(u)

)2 − εp
(
η1

2
ε2|∇u|2 + η2W (u)

)
dx.

Bilayer

φ0 1

Micelle
Pore

Wb

0 5 10 15

0

0.2

0.4

0.6

0.8

1

R

φ

Bulk−like Water

Waters of
Solvation

α =1

α =2

α =3

Co-dim 1 ∂2
zφb = W ′(φb)

∫
ΩW (φb) dx > 0

Co-dim 2 1
R
∂R(R∂R)φp = W ′(φp)

∫
ΩW (φp) dx = 0

Co-dim 3 1
R2∂R(R2∂R)φm = W ′(φm)

∫
ΩW (φm) dx < 0.
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Impact of Volume Term

FCH(u) =

∫

Ω

1

2

(
ε2∆u−W ′(u)

)2 − εp
(
η1

2
ε2|∇u|2 + η2W (u)

)
dx.

Proton mixing term 

€ 
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Bulk−like Water

Waters of
Solvation

α =1

α =2

α =3

For pores in Nafion, the parameter η2 could express the counter-ion’s (protons)
preference for bulk-like water verses waters of solvation.

M core
n (g/mol) 2500± 40 5850± 204

bilayer 8.7± 1.2 15.8± 2.8
cylinder 14.3± 1.6 25.4± 3.3
sphere (nm) 18.4± 2.6 38.8± 10.2

Key Prediction: A prefer-
ence for bulk-like water se-
lects pores over bilayers and
selects micelles over pores.

Jain and Bates, Macromolecules (2004)
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Small Sample of Parameter Space τ = −0.4, ε = 0.03

ut = ∆
δFCH

δu
=⇒

d

dt
FCH(u) ≤ 0

Figure 4: Network for ⌘2 = �2"

5

Figure 7: Network for ⌘2 = 1"

8

Figure 11: Network for ⌘2 = 5"

12

η2 = −2 η2 = 1 η2 = 3
Micelles - Pores Pore Network Bilayers
Co-dim 2 & 3 Co-dim 2 Co-dim 1

Identical, randomly±1 initial data. Co-dimension = choice of inner structure.
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Experimental Morphology

The samples were subsequently analyzed by TEM to assess
their copolymer morphology, as shown in Figure 6. The first
sample had an HPMA conversion of 53% as judged by 1H
NMR. This corresponds to a mean block composition of
PGMA56!PHPMA194 which is a predominantly spherical phase.
The second sample (PGMA56!PHPMA272) exhibited a mixed
sphere/short worm phase, while a pure worm phase is observed
at 75% conversion (PGMA56!PHPMA280). A predominantly
vesicular phase was obtained at 90% conversion (PGMA56!
PHPMA336), with pure vesicles being observed for all samples
taken after this point. In general, the observed evolution in
diblock copolymer morphology is consistent with that
previously reported by Blanazs et al.24,25 DLS analysis of the
diluted reaction solutions corroborated these TEM studies.
Thus, the spheres observed in Figure 6a had an intensity-
average diameter of 32 nm and a relatively low polydispersity
(0.085). The pure worm phase (Figure 6c) had a sphere-
equivalent intensity-average diameter of 52 nm and a rather
higher polydispersity of 0.133, while the vesicular phase shown
in Figure 6e had an intensity-average diameter of 316 nm and a
relatively broad size distribution (polydispersity = 0.215).
Similar DLS observations have been previously reported by
Blanazs and co-workers.24,26

Finally, it is perhaps worth emphasizing the complex phase
behavior exemplified by this facile one-pot formulation. During
the initial in situ hydrolysis of GlyMA, its rate of conversion
into GMA is significantly enhanced by the switch from a two-
phase emulsion to the formation of a single phase, since this
increases the GlyMA concentration in the aqueous continuous
phase. The GMA monomer is then polymerized in
homogeneous aqueous solution to produce a water-soluble
macro-CTA. During the subsequent RAFT polymerization of
HPMA using this PGMA macro-CTA, the rate of polymer-
ization of the hydrophobic monomer is enhanced by phase
separation, since nucleation leads to a relatively high local

HPMA concentration within the growing PHPMA-core
micelles.24

! CONCLUSIONS
A highly convenient atom-efficient one-pot synthesis of well-
defined PGMA!PHPMA diblock copolymer nano-objects
starting from glycidyl methacrylate (GlyMA) using RAFT
aqueous dispersion polymerization is described. This water-
immiscible commodity monomer is readily converted into
glycerol monomethacrylate simply by heating a 10% w/w
aqueous emulsion of GlyMA droplets at 80 °C in air for 9 h in
the absence of any catalyst. Remarkably, 1H NMR spectroscopy
indicates that this transformation is highly selective, with no
background evidence for either ester hydrolysis or polymer-
ization and only a relatively low level of dimethacrylate impurity
is produced. The kinetics of GlyMA hydrolysis is complex: a
significant rate enhancement is observed when the initial two-
phase aqueous emulsion eventually becomes a homogeneous
aqueous solution. Since GMA acts as a cosolvent for GlyMA,
this transformation occurs at a critical intermediate conversion
that depends on both the initial GlyMA concentration and the
reaction temperature. This leads to an unusual observation: the
rate of hydrolysis is actually faster when conducted in more
dilute solution. Construction of a GlyMA!GMA!water ternary
phase diagram sheds useful light on this system. Once formed,
the GMA is directly polymerized in situ via RAFT aqueous
solution polymerization to produce a PGMA macro-CTA,
which can be subsequently chain-extended with HPMA under
aqueous dispersion polymerization conditions to generate a
range of diblock copolymer nano-objects with well-defined
morphologies (e.g., spheres, worms, or vesicles). This new
approach augurs well for potential applications of these nano-
objects, since it significantly reduces their overall cost by
replacing the relatively expensive GMA monomer with a much
cheaper feedstock (GlyMA). It also offers a potentially cost-

Figure 6. Representative TEM images obtained at various reaction times for the RAFT aqueous dispersion polymerization of HPMA at 70 °C using
a PGMA56 macro-CTA when targeting a final diblock copolymer composition of PGMA56!PHPMA373 at 10% w/w solids. (a) PGMA56!PHPMA194
spheres (at 52% HPMA conversion) (b) PGMA56!PHPMA272 sphere/worm mixed phase (at 73% HPMA conversion), (c) PGMA56!PHPMA280
worms (at 75% HPMA conversion), (d) PGMA56!PHPMA298 worm/vesicle mixed phase (at 80% HPMA conversion), and (e) PGMA56!
PHPMA336 vesicles (at 90% HPMA conversion).
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The samples were subsequently analyzed by TEM to assess
their copolymer morphology, as shown in Figure 6. The first
sample had an HPMA conversion of 53% as judged by 1H
NMR. This corresponds to a mean block composition of
PGMA56!PHPMA194 which is a predominantly spherical phase.
The second sample (PGMA56!PHPMA272) exhibited a mixed
sphere/short worm phase, while a pure worm phase is observed
at 75% conversion (PGMA56!PHPMA280). A predominantly
vesicular phase was obtained at 90% conversion (PGMA56!
PHPMA336), with pure vesicles being observed for all samples
taken after this point. In general, the observed evolution in
diblock copolymer morphology is consistent with that
previously reported by Blanazs et al.24,25 DLS analysis of the
diluted reaction solutions corroborated these TEM studies.
Thus, the spheres observed in Figure 6a had an intensity-
average diameter of 32 nm and a relatively low polydispersity
(0.085). The pure worm phase (Figure 6c) had a sphere-
equivalent intensity-average diameter of 52 nm and a rather
higher polydispersity of 0.133, while the vesicular phase shown
in Figure 6e had an intensity-average diameter of 316 nm and a
relatively broad size distribution (polydispersity = 0.215).
Similar DLS observations have been previously reported by
Blanazs and co-workers.24,26

Finally, it is perhaps worth emphasizing the complex phase
behavior exemplified by this facile one-pot formulation. During
the initial in situ hydrolysis of GlyMA, its rate of conversion
into GMA is significantly enhanced by the switch from a two-
phase emulsion to the formation of a single phase, since this
increases the GlyMA concentration in the aqueous continuous
phase. The GMA monomer is then polymerized in
homogeneous aqueous solution to produce a water-soluble
macro-CTA. During the subsequent RAFT polymerization of
HPMA using this PGMA macro-CTA, the rate of polymer-
ization of the hydrophobic monomer is enhanced by phase
separation, since nucleation leads to a relatively high local

HPMA concentration within the growing PHPMA-core
micelles.24

! CONCLUSIONS
A highly convenient atom-efficient one-pot synthesis of well-
defined PGMA!PHPMA diblock copolymer nano-objects
starting from glycidyl methacrylate (GlyMA) using RAFT
aqueous dispersion polymerization is described. This water-
immiscible commodity monomer is readily converted into
glycerol monomethacrylate simply by heating a 10% w/w
aqueous emulsion of GlyMA droplets at 80 °C in air for 9 h in
the absence of any catalyst. Remarkably, 1H NMR spectroscopy
indicates that this transformation is highly selective, with no
background evidence for either ester hydrolysis or polymer-
ization and only a relatively low level of dimethacrylate impurity
is produced. The kinetics of GlyMA hydrolysis is complex: a
significant rate enhancement is observed when the initial two-
phase aqueous emulsion eventually becomes a homogeneous
aqueous solution. Since GMA acts as a cosolvent for GlyMA,
this transformation occurs at a critical intermediate conversion
that depends on both the initial GlyMA concentration and the
reaction temperature. This leads to an unusual observation: the
rate of hydrolysis is actually faster when conducted in more
dilute solution. Construction of a GlyMA!GMA!water ternary
phase diagram sheds useful light on this system. Once formed,
the GMA is directly polymerized in situ via RAFT aqueous
solution polymerization to produce a PGMA macro-CTA,
which can be subsequently chain-extended with HPMA under
aqueous dispersion polymerization conditions to generate a
range of diblock copolymer nano-objects with well-defined
morphologies (e.g., spheres, worms, or vesicles). This new
approach augurs well for potential applications of these nano-
objects, since it significantly reduces their overall cost by
replacing the relatively expensive GMA monomer with a much
cheaper feedstock (GlyMA). It also offers a potentially cost-

Figure 6. Representative TEM images obtained at various reaction times for the RAFT aqueous dispersion polymerization of HPMA at 70 °C using
a PGMA56 macro-CTA when targeting a final diblock copolymer composition of PGMA56!PHPMA373 at 10% w/w solids. (a) PGMA56!PHPMA194
spheres (at 52% HPMA conversion) (b) PGMA56!PHPMA272 sphere/worm mixed phase (at 73% HPMA conversion), (c) PGMA56!PHPMA280
worms (at 75% HPMA conversion), (d) PGMA56!PHPMA298 worm/vesicle mixed phase (at 80% HPMA conversion), and (e) PGMA56!
PHPMA336 vesicles (at 90% HPMA conversion).
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The samples were subsequently analyzed by TEM to assess
their copolymer morphology, as shown in Figure 6. The first
sample had an HPMA conversion of 53% as judged by 1H
NMR. This corresponds to a mean block composition of
PGMA56!PHPMA194 which is a predominantly spherical phase.
The second sample (PGMA56!PHPMA272) exhibited a mixed
sphere/short worm phase, while a pure worm phase is observed
at 75% conversion (PGMA56!PHPMA280). A predominantly
vesicular phase was obtained at 90% conversion (PGMA56!
PHPMA336), with pure vesicles being observed for all samples
taken after this point. In general, the observed evolution in
diblock copolymer morphology is consistent with that
previously reported by Blanazs et al.24,25 DLS analysis of the
diluted reaction solutions corroborated these TEM studies.
Thus, the spheres observed in Figure 6a had an intensity-
average diameter of 32 nm and a relatively low polydispersity
(0.085). The pure worm phase (Figure 6c) had a sphere-
equivalent intensity-average diameter of 52 nm and a rather
higher polydispersity of 0.133, while the vesicular phase shown
in Figure 6e had an intensity-average diameter of 316 nm and a
relatively broad size distribution (polydispersity = 0.215).
Similar DLS observations have been previously reported by
Blanazs and co-workers.24,26

Finally, it is perhaps worth emphasizing the complex phase
behavior exemplified by this facile one-pot formulation. During
the initial in situ hydrolysis of GlyMA, its rate of conversion
into GMA is significantly enhanced by the switch from a two-
phase emulsion to the formation of a single phase, since this
increases the GlyMA concentration in the aqueous continuous
phase. The GMA monomer is then polymerized in
homogeneous aqueous solution to produce a water-soluble
macro-CTA. During the subsequent RAFT polymerization of
HPMA using this PGMA macro-CTA, the rate of polymer-
ization of the hydrophobic monomer is enhanced by phase
separation, since nucleation leads to a relatively high local

HPMA concentration within the growing PHPMA-core
micelles.24

! CONCLUSIONS
A highly convenient atom-efficient one-pot synthesis of well-
defined PGMA!PHPMA diblock copolymer nano-objects
starting from glycidyl methacrylate (GlyMA) using RAFT
aqueous dispersion polymerization is described. This water-
immiscible commodity monomer is readily converted into
glycerol monomethacrylate simply by heating a 10% w/w
aqueous emulsion of GlyMA droplets at 80 °C in air for 9 h in
the absence of any catalyst. Remarkably, 1H NMR spectroscopy
indicates that this transformation is highly selective, with no
background evidence for either ester hydrolysis or polymer-
ization and only a relatively low level of dimethacrylate impurity
is produced. The kinetics of GlyMA hydrolysis is complex: a
significant rate enhancement is observed when the initial two-
phase aqueous emulsion eventually becomes a homogeneous
aqueous solution. Since GMA acts as a cosolvent for GlyMA,
this transformation occurs at a critical intermediate conversion
that depends on both the initial GlyMA concentration and the
reaction temperature. This leads to an unusual observation: the
rate of hydrolysis is actually faster when conducted in more
dilute solution. Construction of a GlyMA!GMA!water ternary
phase diagram sheds useful light on this system. Once formed,
the GMA is directly polymerized in situ via RAFT aqueous
solution polymerization to produce a PGMA macro-CTA,
which can be subsequently chain-extended with HPMA under
aqueous dispersion polymerization conditions to generate a
range of diblock copolymer nano-objects with well-defined
morphologies (e.g., spheres, worms, or vesicles). This new
approach augurs well for potential applications of these nano-
objects, since it significantly reduces their overall cost by
replacing the relatively expensive GMA monomer with a much
cheaper feedstock (GlyMA). It also offers a potentially cost-

Figure 6. Representative TEM images obtained at various reaction times for the RAFT aqueous dispersion polymerization of HPMA at 70 °C using
a PGMA56 macro-CTA when targeting a final diblock copolymer composition of PGMA56!PHPMA373 at 10% w/w solids. (a) PGMA56!PHPMA194
spheres (at 52% HPMA conversion) (b) PGMA56!PHPMA272 sphere/worm mixed phase (at 73% HPMA conversion), (c) PGMA56!PHPMA280
worms (at 75% HPMA conversion), (d) PGMA56!PHPMA298 worm/vesicle mixed phase (at 80% HPMA conversion), and (e) PGMA56!
PHPMA336 vesicles (at 90% HPMA conversion).
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Blends of amphiphilic diblock copolymers with fixed lengths of hy-
drophilic block and differing lengths of hydrophobic chain. The
diblocks with the longest hydrophobic chains from coexisting mi-
celle/worm structures, while decreasing hydrophobic chain length
leads to worm only, and coexisting worm/bilayer (hollow) vesicles.
L. Ratcliffe, A. Ryan, and S. Armes, Macromolecules 46 (2013).
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Bifurcation Diagram10/4/13 F2.large.jpg (1280×857)

https://www.sciencemag.org/content/297/5583/967/F2.large.jpg 1/1

Bifurcation diagram for amphiphilic copolymers as function of weight percent of
copolymer (vertical log axis) and water volume fraction within water-dioxane sol-
vent blend (horizontal axis). Increasing water fraction drives bifurcations from
micelle (sphere) to pore (rod) to bilayer (vesicle), shaded regions indicate pearling
and co-existence, from D. Dicher and A. Eisenberg, Science 297 (2002).

23



Merging of Dumb-bell Structures into Pore Network

(a) (b) (c)

(a) Random initial data coarsens into micelles,
(b) over-sized micelles are unstable and grow
into dumb-bells,
(c-d) dumb-bells elongate, merge and form a
pore network.
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Spectra of Functionalized Bilayers
For strong functionalization the bilayer dressing of hypersurface Γ:

ub(x) = φb(z) + ε(γ1 + φ1,loc(z)) + O(ε2)

Stability of bilayers is determined by the
eigenvalues of the second variation

L :=
δ2F
δu2

(ub),

= (∂2
z −W

′′(φb) + ε2∆s)
2 +O(ε),

whose eigenfunctions separate toO(ε),

Ψj,n = ψj(z)Θn(s) + O(ε).

Instability can come from pearling (ground-
stateψ0 withλ0 > 0) or meander eigenval-
ues (ψ1 = φ′b with λ1 = 0).

�(LL)

n

⇤0,n

⇤1,n

�2
0

�

Im Ip
Λ0,n = (λ0 − ε2βn)

2 + ε[λ0(η1 − η2)− γ1S] + O(ε2).

The sign ofS =
∫
RW

′′′(φb)ψ
2
0(z) dz determines if pearling absorbs or liberates

lipids, connecting background level γ1 to the pearling bifurcation.
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Functionalization = Swift-Hohenbergization

Recipe for Functionalized Spectra in co-dim 1:Hayrapetyan & P., ZAMP (2014)
Unstable 1D eigenvalues generate “Swift-Hohenberg” spectrum in the FCH.

1D− inner Rn Functionalized

L0 = ∂2
z −W

′′(φb) 7→ L = L0 + ε2∆s 7→ L = −L2 + O(ε)Nonlinear Stability of Bi-layers 11

L0[s] := �@2
z + q0(z) A := �"2� + q(x) ⇠ L0 � "2�s L := A2 + "q̃(x) ⇠ (L0 � "2�s)
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Figure 1. Caricature of spectrum verses the in-plane wave number k for the 1D
operator, L0, its extension, A�, to H2(Rd), and the linearization, L�, about a bilayer
dressed interface, �, for a well with unequal-depth minima. Eigenvalues ⇤j,k denote
the spectra of L� associated to the k-th 1D eigenvalue �k and the j-th Laplace-
Beltrami eigenvalue. The spectrum of A� which is O(") (blue boxes of center frame)
are mapped onto the smallest eigenvalues of L� ⇠ A2 + O("), (blue boxes of right
frame). The center-unstable spectrum of L� drives the geometric dynamics (near
j = 0) and modulational or pearling instabilities (for |j| 2 [m0, M0]) of bilayer inter-
faces.{LinSpec}

h⇧̃U⇧0Lw, A2wi � 1

2
kA2wk2

L2(⌦). (4.6){coercAW3}

Proof. By Theorem 2.5 in [1], there exist U, ⇢ > 0 such that for all w 2 Z?
U \ H4

n(⌦)

||A2w||L2(⌦) � ⇢U ||Aw||L2(⌦). (4.7)

The L2 coercivity in (4.5) is now a consequence of inequality

||Aw||L2(⌦) � ⇢U ||w||L2(⌦), (4.8)

also proved in [1]. Since Aw = �"2�w + W 00(�)w, the H2 coercivity follows from standard elliptic
estimates and the L2 coercivity above. Finally L = A2 + "q̃ and the estimates on the invariance of L
with respect to ZU (see (5.14), [?]) imply,

h⇧̃U⇧0Lw, A2wiL2(⌦) = hA2w, A2wiL2(⌦) + "hq̃w, A2wiL2(⌦) + (⇧̃U (⇧0 � 1)Lw, A2w)L2(⌦)

� hA2w, A2wiL2(⌦) � "||q̃||L1(⌦)||w||L2(⌦)||A2w||L2(⌦) � "||w||L2(⌦)||A2w||L2(⌦)

� ||A2w||2L2(⌦) � "
||q̃||L1(⌦)

⇢2U2
||A2w||2L2(⌦) � "

1

⇢2U2
||A2w||2L2(⌦)

and (4.6) follows for " su�ciently small. ⇤
We will also need the following proposition that establishes estimates on nonlinear term N(w) :=

F (� + w) � F (�) � Lw.
{NonLinEstProp}

Proposition 4.3. Fix � 2 Gs
K and the corresponding operator A. Then if w 2 Z?

U

||N(w)||L2(⌦)  C(K) "�2||Aw||2L2(⌦). (4.9) {NonLinEst}
In addition,

||N(Q)||L2(⌦)  C(K)"�1/2|q|21, (4.10) {NonLinEstQ}
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Pearling Spectra for Strongly Functionalized Bilayers

Theorem: (Kraitzman, K.P.) Fix γ2 ∈ R and Γ ⊂ Rd a smooth, closed, co-dim
one interface which is far from self-intersection, and let

ub(x) = φb(z) + ε(γ1 + φ1,loc(z)) + O(ε2)

be the associated quasi-steady bilayer interface with far-field values

lim
z→±∞

ub(z, s) = b− + εγ1 + O(ε2).

Then the only unstable eigenvalues associated to L arise from pearling or mean-
der eigenvalues. Moreover there exists N ∼ ε−ν such that all O(ε) pearling
eigenvalues are approximated by the eigenvalues of the matrix M ∈ RN×N

Mij = δij

[
((λ0 − ε2βn)

2 + ε[λ0(η1 − η2)− γ1S]
]

−2ε2〈H2,ΘiΘj〉Γ‖ψ′0‖
2
2 + O(ε3).

In particular stability to pearling depends upon the far-field value, γ1, the value
of η1 − η2, and the mean curvatureH = H(s) of Γ.

If H ∈ H4(Γ) then curvature effects perturb diagonal terms, if H /∈ H4(Γ),
then curvature effects are potentially dominant – implying loss of Canham-Helfrich.
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Numerical Validation: Initial data bilayer is too wide.

Images for ε = 0.1, η1 = 1, and η2 = 2 at times t = 0, t = 857, and
t = 3000. No pearling, convergence to equilibrium on theO(ε−3) time-scale.

(Szostak) ε = 0.1, η1 = η2 = 2 at times t = 0, t = 114, and t = 804.
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Rigorous Existence of Pearled Bilayers (with Q. Wu)

Construct small-amplitude, pearled solutions of the strong FCH equilibrium in R2

(
∂2
z −W

′′(u) + ε2∂2
s + εη1

) (
∂2
zu−W

′(u) + ε2∂2
su
)
+εη2W

′(u) = εγ.

The spatial dynamics approach writes this as a first-order four-dimensional system

∂sU = LU + F(U),

and projects onto the eight-dimensional center space (4-pearling/4-meander) of L.

The reversibility and structure of the FCH lead to the 1:1 resonant normal form.
Truncated to cubic order in the pearling subspace yields a 4-dim ODE

Ċ1 = C2 + iC1

[
ω0 + α7|C1|2 + iα8κ

]
,

Ċ2 = C1

[
−
µ5

2λ0

ε+ α1|C1|2 + iα2κ

]
+ iC2

[
|C1|2 + iα8κ

]
,

where the conserved quantity κ = C1C2 − C1C2. The system uncouples to a
2nd order scalar system for the real r1 under the transformation

C1(s) =
√
εr1e

i(ωs+θ),

C2(s) = εr2e
i(ωs+θ).
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Degeneracy of Circular, Pearled Bilayers

Assume Ω ⊂ R2. Fix η1, η2 ∈ R and R− > 0. Assume that W is a non-
degenerate double well potential and that

α0 = −γ1S + λ0(η1 − η2) > 0.

Then, subject to a non-degeneracy condition then there exist positive constants
ε0 > 0, κ0 > 0, and n− > 0 such that, for all ε ∈ (0, ε0] and each

n ∈ Z+ ∩ [n−/ε,+∞),

the stationary FCH admits a smooth one-parameter family of circular pearled solu-
tions, parameterized by κ ∈ [−κ0, κ0].

up,n(θ, r;
√
|κ|) = uh(r)+2

√
ε|κ|

4
√
α0

cos(nθ)ψ0(r)+O
(
ε(
√
ε+

√
|κ|)

)
,

where the radius of the circular bilayer

R0,n = nε
[
1−
√
α0ε+O

(
ε(1 +

√
|κ|)

)]
.

depends only weakly upon κ. The far-field limit of the extended pearled solution
lim
r→∞

up,n(θ, r) = lim
r→∞

uh(r) = u−(ε),

is independent of n. [O(ε2) pert to backgroundO(
√
ε) pert to amp.]
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Bifurcation Analysis – Szostak
For generic bilayers (arb Γb and S > 0) pearling occurs if

γ1 < Ap(τ )(η1 − η2),

while spherical bilayers are unstable to meander instability (“fingering”) if

γ1 > Am(τ )(η1 + η2).

Increasing γ1 (adding free lipids to back-
ground) induces fingering

Increasing η1 (photo-induced oxidation of
thiols) leads to pearling
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Geometric Evolution of Bilayers: Meander CM reduction

ut = −∆
δF
δu
,

At t1 = εt, for a bilayer Γ we obtain the Mullins-Sekerka flow for γ1:

∆γ1 = 0, in Ω\Γ,
γ1 = c(t1) +Hφ′b(0), on Γ,[[
∂nγ1

]]
= 0 on Γ,

with normal velocity

Vb = ∂nγ
−
1 − (γ1 − γp(τ ))H.

 
 
 

Δµ=0 

Δµ=0 

Γ 
 

However, φ′b(0) = 0 and the back-
ground Lipid level γ1 is spatially con-
stant. Combined with conservation of
mass we obtain the coupled system

Vb = (γ1 − γb(τ ))H,

γ′1(t1) = −(γ1(t1)− γb)
∫

Γ

H2(s) ds.

The coupled system prevents singularity by driving γ1 → γb.
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Coupled Geometric Evolution of Bilayers and Pores

For pores we derive the normal velocity ~Vp of its co-dimension two curve Γp,

~Vp = (γ1 − γp(τ ))~κ,

!

For co-existing bilayers and pores, the common
value of the far-field lipid density, γ, couples the
evolution of the two morphologies:

Vn = (γ1 − γp(τ ))H

~Vp = (γ1 − γp(τ ))~κ
dγ1

dt1
= −(γ1 − γp)

∫

Γb

H2dS+

− ε(γ1 − γp)
∫

Γp

|~κ|2 ds.

Relative size of γp(τ ), γb(τ ), and the pearling point Ap(τ )(η1 − η2) is crucial
to dynamics.

33



Coupled Geometric Evolution of Bilayers and Pores

Vn = (γ1 − γp(τ ))H

~Vp = (γ1 − γp(τ ))~κ
dγ1

dt1
= −(γ1 − γp)

∫

Γb

H2dS+

− ε(γ1 − γp)
∫

Γp

|~κ|2 ds.

Relative size of γp(τ ), γb(τ ), and the pearling point Ap(τ )(η1 − η2) is crucial
to dynamics.

γp γb

Ap(τ )(η1 − η2)

γ1
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Coupled Geometric Evolution of Bilayers and Pores

Vn = (γ1 − γp(τ ))H

~Vp = (γ1 − γp(τ ))~κ
dγ1

dt1
= −(γ1 − γp)

∫

Γb

H2dS+

− ε(γ1 − γp)
∫

Γp

|~κ|2 ds.

Relative size of γp(τ ), γb(τ ), and the pearling point Ap(τ )(η1 − η2) is crucial
to dynamics.

γp γb

Ap(τ )(η1 − η2)

Bilayers growPores grow
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Coupled Geometric Evolution of Bilayers and Pores

Vn = (γ1 − γp(τ ))H

~Vp = (γ1 − γp(τ ))~κ
dγ1

dt1
= −(γ1 − γp)

∫

Γb

H2dS+

− ε(γ1 − γp)
∫

Γp

|~κ|2 ds.

Relative size of γp(τ ), γb(τ ), and the pearling point Ap(τ )(η1 − η2) is crucial
to dynamics.

γp γb

Ap(τ )(η1 − η2)

γ1Bilayers Pearl
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Coupled Geometric Evolution of Bilayers and Pores

Vn = (γ1 − γp(τ ))H

~Vp = (γ1 − γp(τ ))~κ
dγ1

dt1
= −(γ1 − γp)

∫

Γb

H2dS+

− ε(γ1 − γp)
∫

Γp

|~κ|2 ds.

Relative size of γp(τ ), γb(τ ), and the pearling point Ap(τ )(η1 − η2) is crucial
to dynamics.

γp γb

Ap(τ )(η1 − η2)

Invariant under dynamics
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Competition and Pearling in Bilayers
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τ = 0.1 τ = 0.15 τ = 0.25 τ = 0.3

Competition for the amphiphilic phase between spherical bilayer (beach
ball) and circular solid pore (hula hoop) as a function of the well-tilt. Well
with small tilt prefers bilayers, larger tilt prefers pores and drives bilayers
to pearl.
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Punctured Vesicle - ETD

28

T = 0 T = 0.5 T = 10.0 T = 15.0

Figure 1.11: Time evolution of a punctured vesicle.

Time evolution of a punctured Bilayer under ETD. Under convex splitting vesicle
failed to close.
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Meander induces Endocytosis
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Cross sections of a punctured vesicle with too wide initial profile. Meandering

induces endocytosis.
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Intrinsic Curvature
The Canham-Helfrich sharp interface limit characterizes interfacial energy in

terms of curvatures

ECan−Hel(Γ) =

∫

Γ

a0(H − a1)
2 + a2 + a3K ds.

The term a1 denotes the intrinsic curvature of the interface – and requires asym-
metry.

Bilayer Structure: Intrinsic Curvature

41
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MCFCH: Pearling and Intrinsic Curvature in Bilayers
The multicomponent FCH in densities U = (U1, . . . , UN−1) takes form

FCH(U) =

∫

Ω

1

2

∣∣ε2D∆U −∇UW (U)
∣∣2−εp

(
η1

ε2

2
|∇U |2 + η2W (U)

)
dx,

where the wellW : RN−1 7→ R.

Bilayers solve the leading order equa-
tion

Uzz = D−1∇UW (U),

which for a piece-wise smooth W can
be understood in a frictionless billiard
limit. It is easy to construct asymmetric
bilayers in MC-FCH

∂P

∂N
D

W (U) < 0

W (U) = W0

U1

U2
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Pearling in amphiphilic di-block blends
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ability to loop back on itself due to repulsive electrostatic inter-
actions on the chain which would prefer a more extended chain
conformation, thus possibly influencing the distribution of sepa-
rate B and C domains or even the morphology.

’MULTICOMPARTMENT MICELLES FROM LINEAR
MULTIBLOCK TERPOLYMERS

In the first example of a tetrablock strategy, Brannan and Bates
prepared ABCA tetrablock terpolymer vesicles from PEO-b-PS-
b-PB-b-PEO (or OSBO) terpolymers with varying PEO weight
fractions.75 The vesicles had microphase-segregated hydropho-
bic PS-b-PB cores and hydrophilic PEO coronas. The researchers
studied the multidomain features of the PS-b-PB vesicle bilayers
with classical staining techniques and cryo-TEM as shown in
Figure 5. Interpretations of the cryo-TEM results were based on
two vesicle structural models, which included vesicles with an in-
plane (nonconcentric) bilayer or an asymmetric (concentric)
bilayer. The in-plane bilayer was proposed to be either bicon-
tinuously or hexagonally segregated with both PB and PS
domains exposed to the inner and outer core/corona interfaces.
They went on to propose that this particular bilayer structure is
locked in a kinetically trapped state with the PB cylinders
stabilized by the surrounding glassy PS domain. The multi-
compartment in-plane bilayer could be a useful route toward
vesicles with a controlled distribution of recognition elements on
their outer surface, tunable membrane permeation characteris-
tics, and for the inclusion of incompatible agents within laterally
segregated compartments of the membrane. Each PB and PS
domain is also exposed to the exterior (as with other noncon-
centric multicompartment micelle morphologies) and thus may
facilitate the independent uptake and release of incompatible
payloads.

Other examples of multiblock terpolymer micelles include the
work of Th!unemann et al., who synthesized a linear ABCBA
pentablock terpolymer consisting of A blocks of PEO, B blocks of
poly(!-benzyl L-glutamate), and a poly(perfluoroether) central
block, C. The different components were mutually immiscible
and formed two-compartment micelles with a concentric core!
shell!corona arrangement of polymer domains and pre-
dominantly cylindrical shapes in aqueous solution with cylinder
lengths in the range 100!200 nm.76 Tsitsilianis et al. also used
the self-assembly of ABCBA pentablock terpolymers to give pH-
tunable multicompartment spherical micelles and hydrogels.77

This study extended their previous work on three-dimensional
network-forming ABC triblock terpolymers.78 Other research
groups along with our own have also reported on multicompart-
mentalized hydrogels, which significantly expand the scope and
utilization of the concept of multicompartmentalization within
different nanostructured materials.79!82

The groups of Schubert and Gohy investigated the sequential
and one-pot synthesis of well-defined triblock and tetrablock ter-
and quarterpolymers using the ring-opening polymerization of
2-oxazolines under microwave irradiation, leading to well-de-
fined poly(2-oxazoline) multiblocks.83 Such an approach holds
significant advantages for high throughput synthesis of terpoly-
mers for self-assembly, given the difficulties typically associated
with the stepwise synthesis and purification of multiblock ter-
polymers produced by other polymerization procedures. Upon
self-assembly of the terpolymers in water, spherical micelles were
found by atomic force microscopy (AFM), TEM, and DLS
measurements. Given the incompatible nature of the blocks,

multicompartment micelles were expected, and yet phase separa-
tion within the cores of the micelles was not observed. This
observation was ascribed to the miscibility of the core-forming
blocks due to their low molecular weights.84

Schubert and Gohy and co-workers also published two papers
on multicompartment micelles from linear multiblock terpoly-
mers (ABC and ABCD) with bis(terpyridine)ruthenium(II)
metal!ligand interactions serving as a linkage between the A
and B blocks.85,86 In both studies, the researchers utilized a
fluorinated block that displayed upper critical solution tempera-
ture (UCST) behavior in isopropanol; the polymer was found to
be insoluble in isopropanol below 48 !C. As a result, the ABC
triblock displayed interesting thermoreversible behavior in iso-
propanol, switching from vesicles below the UCST to spherical
and cylindrical micelles above the UCST. Future development of
this research area could be toward the utilization of the transition
metals within the specific interfacial regions of multicompart-
ment nanostructures for catalysis. Such supported catalysts may
display unique activity or selectivity due to their location and
proximity to different sequestration environments.87,88

’MULTICOMPARTMENT MICELLES FROM BLOCK
COPOLYMER BLENDS

Multiple compartments within a copolymer nanostructure
have also been achieved through the blending of AB and BC
block copolymers. This approach, while straightforward to carry
out, is not generally successful due to the likelihood of macro-
phase separation. However, the ability to simply mix blocks in
varying ratios does represent a powerful, yet straightforward way
to systematically tune the resultant micellar structures without
having to synthesize more complex multiblock terpolymers.
Concentric core!shell corona89 and nonconcentric nanostruc-
tures90 have been achieved with this approach. A nice example
of this strategy was investigated by Zhu et al., who produced
worm-like micelles with microphase-separated cores from an
(AB) diblock copolymer, PS-b-PEO, which was blended with
various hydrophobic BC diblocks, including PS-b-P4VP, PS-b-PI,

Figure 6. Bright field TEM images showing the evolution of structures
of multicompartment wormlike micelles formed from blends of
PS!PEO with PS!P2VP in weight ratios of (A) 80:20, (B) 70:30,
and (C) 60:40 as reported by Zhu et al.91 P2VP regions were stained
dark by exposure to I2 vapor. The worm-like micelles showed internal
microphase separation into (A, B) spherical and (C) cylindrical P2VP
cores surrounded by PS shells. (D) Strategy for the formation of
polymeric strands with internal microphase separation utilized by
Moffitt and co-workers.92 Reproduced with permission from refs 91
and 92. Copyright 2008 and 2009 American Chemical Society.
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ability to loop back on itself due to repulsive electrostatic inter-
actions on the chain which would prefer a more extended chain
conformation, thus possibly influencing the distribution of sepa-
rate B and C domains or even the morphology.

’MULTICOMPARTMENT MICELLES FROM LINEAR
MULTIBLOCK TERPOLYMERS

In the first example of a tetrablock strategy, Brannan and Bates
prepared ABCA tetrablock terpolymer vesicles from PEO-b-PS-
b-PB-b-PEO (or OSBO) terpolymers with varying PEO weight
fractions.75 The vesicles had microphase-segregated hydropho-
bic PS-b-PB cores and hydrophilic PEO coronas. The researchers
studied the multidomain features of the PS-b-PB vesicle bilayers
with classical staining techniques and cryo-TEM as shown in
Figure 5. Interpretations of the cryo-TEM results were based on
two vesicle structural models, which included vesicles with an in-
plane (nonconcentric) bilayer or an asymmetric (concentric)
bilayer. The in-plane bilayer was proposed to be either bicon-
tinuously or hexagonally segregated with both PB and PS
domains exposed to the inner and outer core/corona interfaces.
They went on to propose that this particular bilayer structure is
locked in a kinetically trapped state with the PB cylinders
stabilized by the surrounding glassy PS domain. The multi-
compartment in-plane bilayer could be a useful route toward
vesicles with a controlled distribution of recognition elements on
their outer surface, tunable membrane permeation characteris-
tics, and for the inclusion of incompatible agents within laterally
segregated compartments of the membrane. Each PB and PS
domain is also exposed to the exterior (as with other noncon-
centric multicompartment micelle morphologies) and thus may
facilitate the independent uptake and release of incompatible
payloads.

Other examples of multiblock terpolymer micelles include the
work of Th!unemann et al., who synthesized a linear ABCBA
pentablock terpolymer consisting of A blocks of PEO, B blocks of
poly(!-benzyl L-glutamate), and a poly(perfluoroether) central
block, C. The different components were mutually immiscible
and formed two-compartment micelles with a concentric core!
shell!corona arrangement of polymer domains and pre-
dominantly cylindrical shapes in aqueous solution with cylinder
lengths in the range 100!200 nm.76 Tsitsilianis et al. also used
the self-assembly of ABCBA pentablock terpolymers to give pH-
tunable multicompartment spherical micelles and hydrogels.77

This study extended their previous work on three-dimensional
network-forming ABC triblock terpolymers.78 Other research
groups along with our own have also reported on multicompart-
mentalized hydrogels, which significantly expand the scope and
utilization of the concept of multicompartmentalization within
different nanostructured materials.79!82

The groups of Schubert and Gohy investigated the sequential
and one-pot synthesis of well-defined triblock and tetrablock ter-
and quarterpolymers using the ring-opening polymerization of
2-oxazolines under microwave irradiation, leading to well-de-
fined poly(2-oxazoline) multiblocks.83 Such an approach holds
significant advantages for high throughput synthesis of terpoly-
mers for self-assembly, given the difficulties typically associated
with the stepwise synthesis and purification of multiblock ter-
polymers produced by other polymerization procedures. Upon
self-assembly of the terpolymers in water, spherical micelles were
found by atomic force microscopy (AFM), TEM, and DLS
measurements. Given the incompatible nature of the blocks,

multicompartment micelles were expected, and yet phase separa-
tion within the cores of the micelles was not observed. This
observation was ascribed to the miscibility of the core-forming
blocks due to their low molecular weights.84

Schubert and Gohy and co-workers also published two papers
on multicompartment micelles from linear multiblock terpoly-
mers (ABC and ABCD) with bis(terpyridine)ruthenium(II)
metal!ligand interactions serving as a linkage between the A
and B blocks.85,86 In both studies, the researchers utilized a
fluorinated block that displayed upper critical solution tempera-
ture (UCST) behavior in isopropanol; the polymer was found to
be insoluble in isopropanol below 48 !C. As a result, the ABC
triblock displayed interesting thermoreversible behavior in iso-
propanol, switching from vesicles below the UCST to spherical
and cylindrical micelles above the UCST. Future development of
this research area could be toward the utilization of the transition
metals within the specific interfacial regions of multicompart-
ment nanostructures for catalysis. Such supported catalysts may
display unique activity or selectivity due to their location and
proximity to different sequestration environments.87,88

’MULTICOMPARTMENT MICELLES FROM BLOCK
COPOLYMER BLENDS

Multiple compartments within a copolymer nanostructure
have also been achieved through the blending of AB and BC
block copolymers. This approach, while straightforward to carry
out, is not generally successful due to the likelihood of macro-
phase separation. However, the ability to simply mix blocks in
varying ratios does represent a powerful, yet straightforward way
to systematically tune the resultant micellar structures without
having to synthesize more complex multiblock terpolymers.
Concentric core!shell corona89 and nonconcentric nanostruc-
tures90 have been achieved with this approach. A nice example
of this strategy was investigated by Zhu et al., who produced
worm-like micelles with microphase-separated cores from an
(AB) diblock copolymer, PS-b-PEO, which was blended with
various hydrophobic BC diblocks, including PS-b-P4VP, PS-b-PI,

Figure 6. Bright field TEM images showing the evolution of structures
of multicompartment wormlike micelles formed from blends of
PS!PEO with PS!P2VP in weight ratios of (A) 80:20, (B) 70:30,
and (C) 60:40 as reported by Zhu et al.91 P2VP regions were stained
dark by exposure to I2 vapor. The worm-like micelles showed internal
microphase separation into (A, B) spherical and (C) cylindrical P2VP
cores surrounded by PS shells. (D) Strategy for the formation of
polymeric strands with internal microphase separation utilized by
Moffitt and co-workers.92 Reproduced with permission from refs 91
and 92. Copyright 2008 and 2009 American Chemical Society.

Changes in PS-PB and PS-PEO volume
fractions (A) 80:20, (B) 70:30, (C) 60:40,
drive pearling bifurcations in the internally
separated phase. Hayward et al Macro-
molecules (2008)
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Instrinsic Curvature = Melnikov parameter
More generic MC-FCH has non-conservative term –∇U × P (U) 6= 0

FCH(U) =

∫

Ω

1

2

∣∣ε2D∆U −∇UW (U)− εP (U)
∣∣2 − εpG(U,∇U) dx,

The persistence of asymmetric bilayer solution requires a Melnikov parameter (a1)

Vzz + εa1Vz = D−1 (∇UW (V ) + εP (V )) ,

where (asymmetry required!)

a1 :=

∫

R
D−1P (V ) · Vz dz 6= 0.

The co-dim one expansion of the square term takes the form

ε2D∆U−∇UW (U)+εP (U) = D(Uzz+εH(s)Uz)−∇UW (U)−εP (U),

when evaluated at the homoclinic V has residual

|ε2D∆V −∇UW (V ) + εP (V )|2 = ε2|DVz|2|H(s)− a1|2 + O(ε3).

Integrate out the through-plane direction, remainder is a Canham-Helfrich energy

E(Γ) = ε

∫

Γ

[
ε2‖DVz‖2

L2|H(s)− a1|2 − εp
∫

R
G(V,∇V )dz

]
ds
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