On the Clifford algebra of a binary form

Rajesh S. Kulkarni

Abstract. The Clifford algebra C_f of a binary form f of degree d is the kalgebra k{x, y}/I, where I is the ideal generated by {(αx + βy)^d − f(α, β) | α, β ∈ k}. C_f has a natural homomorphic image A_f which is a rank d^2 Azumaya algebra over its center. We prove that the center is isomorphic to the coordinate ring of the complement of an explicit Θ-divisor in Pic^{d+g−1}_{C/k} , where C is the curve (w^d − f(u, v)) and g is the genus of C.

1 Introduction

Let f be a form of degree d in n variables over a field k. Then the Clifford algebra C_f is the k-algebra k{x_1, . . . , x_n}/I where k{x_1, . . . , x_n} is the free associative algebra in n variables and I is the ideal generated by {(α_1x_1 + . . . + α_nx_n)^d − f(α_1, . . . , α_n) | α_1, . . . , α_n ∈ k}. If d = 2 this is the classical Clifford algebra of a quadratic form. If d > 2, then this is sometimes called the generalized Clifford algebra and has been studied by various authors including Roby [21], Revoy [20], Childs [3].

The first case of higher degree (that is, d = 3, n = 2) was studied by Haile in [8], [9]. He showed that the Clifford algebra of a binary cubic form over a field k, with characteristic ≠ 2, 3, is Azumaya with center the affine coordinate ring of an elliptic curve. Further, this elliptic curve is the Jacobian of the projective curve given by the equation (w^3 − f(u, v)).

The case of d > 3 displays different behavior. Namely, using results of [20], it is easy to see that C_f contains a free algebra on two variables. In particular, C_f is not finitely generated over its center (as a module) and hence is not Azumaya. However it has been shown that ([10]) the dimension of any representation is divisible by d. Further, C̃_f = C_f /(∩ker η) is Azumaya over its center, where the intersection is taken over all the kernels

Mathematics Subject Classification (2000): 16H05, 16G99, 14H40, 14K30

of dimension d representations. The question of describing the center is thus interesting from this point of view.

The main tool in understanding representations of the Clifford algebra (for d ≥ 3) was introduced by Van den Bergh in [22]. While previous results about representations in [8], [10] were global in nature, this idea gave a local result. To understand the statement we introduce some notation. Denote by C the projective curve given by the equation (w^d − f(u, v)). Let g be the genus of this degree d curve. Assume that k is algebraically closed of characteristic 0 and that the form f has no repeated factors over k. By a rd-dimensional representation of C_f , we mean a homomorphism from C_f to M_{rd}(k), the rd × rd matrices over k. Then the result ([22], Proposition 1 in Section 1 and Lemma 2 in Section 2.2) states that there is a one-one correspondence between equivalence classes of rd-dimensional representations of C_f and isomorphism classes of vector bundles E on C of rank r and degree (d + g − 1) such that H^0(C, E(−1)) = 0. It should be emphasized that this result is constructive in nature. Namely, for a vector bundle which satisfies the conditions of the theorem, we can construct an explicit representation of C_f (on the global sections of E) and vice-versa.

This result suggests that the center of C̃_f should be the coordinate ring of an affine open set in the (translated) Jacobian of the curve C. In fact, a closer inspection reveals that the open set is the complement of a Θ-divisor in Pic^{d+g−1}

C/k . The results of [8], [9] about the case of binary cubic forms give credence to this belief. In this paper, we prove this result under the assumptions that k is an infinite field, f has no repeated factors over an algebraic closure of k and char(k) does not divide d.

First consider the case when C has a k-rational point. For this case, we briefly describe the strategy to construct the required isomorphism. Let Z_k denote the center of C̃_f and A_k denote the coordinate ring of the complement of a Θ-divisor in Pic^{d+g−1}_{C/k} . We compute the graded module associated to the direct image of the universal bundle under the projection C ×_k Spec A_k → P^1_k ×_k Spec A_k. In fact, it turns out that this direct image is isomorphic to the pull-back of the direct image of the universal bundle under the projection on the second factor. This allows us to define a homomorphism φ from C̃_f to End_{Ak} P_0, where P_0 is the A_k-module of global sections of the direct image of the universal line bundle. This morphism has the important property that any d-dimensional representation of C̃_f factors through End_{Ak} P_0. This implies that the morphism φ is injective. Using the fact that A_k is integrally closed, we prove that φ maps Z_k to A_k. Then our goal is to show that this morphism on the centers is an isomorphism.

In our original approach ([12]), we showed that φ is an isomorphism by proving sufficiently many geometric properties of φ to use the Main theorem of Zariski. However it was pointed out to us that a more direct approach might be to construct a morphism η from Spec Z_k to Spec A_k using some of the ideas from [23]. Namely, we construct a natural transformation between functors which are represented by the schemes Spec Z_k and Spec A_k. This then yields the required morphism. It is then easy to show that the composition η ∘ φ : Spec A_k → Spec A_k is the identity morphism. Using the injectivity of φ : Z_k → A_k, we see that this is an isomorphism.

Now we discuss the case when C does not have a k-rational point. In this case, there exists a finite Galois extension k^′/k such that C(k^′) is non-empty. The results discussed in the previous paragraphs show that after this base extension, the center Z_k′ is isomorphic (via φ) to A_k′ , the coordinate ring of the complement of the Θ-divisor in Pic^{d+g−1}_{C′/k′} . We show that this morphism descends to k. For any element σ ∈ Gal(k^′/k), consider the automorphism μ = σ^{−1} ∘ φ^{−1} ∘ σ ∘ φ. Using a calculation of the universal bundle P, we show that the restriction of its pull-back under μ to a closed point y is isomorphic to P_y. This then shows that μ is the identity morphism giving us the required descent.

The paper is organized in six sections. In the second section, we review some basic material about Jacobians of curves keeping in mind the audience for this paper. In Section 3, we study the restriction of the direct image of the universal line bundle on the complement of the Θ-divisor. In Section 4, the morphism φ is constructed and its properties are studied. In Section 5, we construct the morphism η. In the last section, the main theorem is proved identifying the center of C̃_f .

In the following, we assume that the binary form f has no repeated factors over an algebraic closure of k and that the characteristic of k does not divide d.

Notations and conventions

• All rings have an identity element.

• Let B be an A-algebra and X be a Spec A-scheme. We denote X ×_{Spec A} Spec B by X ×_A B. • All schemes are locally Noetherian and all morphisms are of locally finite type.

• (Sch/k) denotes the category of schemes over Spec k whose structure morphisms are locally of finite type. Also (Sch/X)_fl denotes the flat site on X. All sheafifications are with respect to the flat topology.

• (fppf) = faithfully-flat and of finite presentation.

• The projections of fibred products onto the i^{th} component X_i are denoted by either p_i, π_i or p_{Xi} , π_{Xi} .

• For any scheme X and a positive integer n, X^{(n)} denotes the n-fold symmetric product of X.

• The terms line bundles (respectively vector bundles) and invertible sheaves (respectively locally free sheaves) are used interchangeably.

• For any vector bundle E, χ(E) denotes the Euler characteristic of E.

• The translation morphism induced by an element a of an abelian variety A is denoted by t_a.

• All the fields are assumed to be infinite.

2 The universal property of the Picard scheme and the universal invertible sheaf

In this section, we recall some basic properties of Picard schemes of curves and the universal invertible sheaf associated with them. The general reference for this section is [2], Chapter 8, and [15].

Let S be a base scheme, X an S-scheme and f : X → S be the structure morphism. For any S-scheme T , let q denote the projection X ×_S T → T . The functor Pic_{X/S} which associates to any S-scheme T , the group Pic(X ×_S T ) is called the Picard functor. This functor is not representable as it is not a sheaf even respect to the Zariski topology. We consider its sheafification with respect to the (fppf)-topology (called the relative Picard functor). The sheafified functor is representable by a scheme which is also denoted by Pic_{X/S} . If f has a section, the sheafified functor is isomorphic to the functor which assigns to any S-scheme T , the group Pic(X ×_S T )/q^∗Pic(T ) (Proposition 4, [2], Chapter 8).

There is another description for the relative Picard functor for more restricted situations ([2], Chapter 8). We assume that f_∗(O_X ) = O_S holds universally (that is, this formula holds true after any base change) and that f admits a section ε : S → X. For a line bundle L on X, an isomorphism α : O_S^∼→ ε^∗(L) is called a rigidification of L. The pair (L, α) is referred to as a rigidified line bundle along the section ε. There is an obvious notion of morphisms of rigidified line bundles. Then we consider the functor (P, ε) : (Sch/S)^0 → (Sets) which associates to an S-scheme T the set of isomorphism classes of line bundles on X_T = X ×_S T which are rigidified along the induced section ε_T : T → X_T . The functor (P, ε) is canonically isomorphic to the relative Picard functor Pic_{X/S} .

Now consider a smooth projective curve C over field k of genus g. We call the open (and closed) subfunctor which considers only invertible sheaves L on C ×_k T whose restriction to C × {t} is of fixed degree n for any point t the relative Picard functor of degree n. The scheme which represents it is denoted by Pic^n_{C/k}. This is a smooth, projective scheme over k.

Next suppose the curve C has a k-rational point. Fix a section ε : Spec k → C corresponding to such a rational point. Let O1 be a very ample line bundle on C of degree d. Then the scheme Pic_{C/k} (respectively Pic^{d+g−1}

C/k ) also represents (P, ε) (respectively (P^{d+g−1}, ε), which is an open subfunctor of (P, ε) consisting of rigidified line bundles of degree (d + g − 1)). So the identity on Pic_{C/k} (respectively Pic^{d+g−1}_{C/k} ) gives a line bundle P (respectively P) on C ×_k Pic_{C/k} (respectively C ×_k Pic^{d+g−1}_{C/k} ) which is canonically rigidified along the induced section. The sheaf P is called the universal (or Poincaré) line bundle for (C/k, ε). In fact, it is easy to see that the universal line bundle corresponding on C ×_k Pic^{d+g−1}_{C/k} is the pull-back of the universal line bundle on C ×_k Pic_{C/k} under the canonical inclusion. The next proposition, which is adapted from [2], Chapter 8, 8.4, Proposition 4, justifies this terminology.

Proposition 2.1. With the notation as above, the functor (P, ε) is representable by a scheme which we denote by Pic_{C/k}. The universal line bundle P has the following property:

For any k-scheme X, and for any line bundle L on C ×_k X which is rigidified along the induced section ε_X , there exists a unique morphism g : X → Pic_{C/k} such that L, as a rigidified line bundle, is isomorphic to the pull-back of P under the morphism id_C × g. A similar statement is true for (P^{d+g−1}, ε) if the line bundle L |_{C×k{x}} is of degree (d + g − 1) for any point x ∈ X. Next we want to relate the schemes representing the relative Picard functors corresponding to C/k and C_K /K. Here K is an arbitrary field extension of k and C_K = C ×_k K. The next proposition is true for arbitrary base extensions as well. See [7], Section 3.

Let π : C → Spec k be the structure morphism. Let K be any field extension of k and f : Spec K → Spec k be the corresponding base extension. We continue to use the same notation as above in the following proposition.

Proposition 2.2. The Picard scheme Pic_{CK /K} is isomorphic to the scheme Pic_{C/k} ×_k K as a K-scheme. Let g : Pic_{CK /K} → Pic_{C/k} ×_k K be such an isomorphism and P be the universal line bundle for (C/k, ε). Then h^∗_1h^∗_2(id×g)^∗(p_1 ×id)^∗P is the universal line bundle for (C_K /K, f ∘ε), where the morphisms are described in the following sequence C_K ×_K Pic_{CK /K}^{h1}−→ C ×_k K × Pic_{CK /K}^{h2}−→ C ×_k Pic_{C/k} Remark 2.1. The first part of the above proposition remains true even if the curve C/k does not have a k-rational point. Namely, the formation of the Picard scheme is compatible with the base change. This follows because, in fact, the usual construction of the Picard scheme is to construct it after a base extension so that the curve has a rational point (over the extended field) and then to use descent. For example, see [15]. Also the above proposition remains true if we restrict to the open subfunctor of degree (d + g − 1). This is clear since the degree of a line bundle does not change under a pull-back via base extension of fields.

Remark 2.2. We have considered in the above discussion only the open subfunctors corresponding to degree (d + g − 1). But all the facts about representability remain true for any degree. The facts about the universal line bundle also remain true as long as the curve under consideration has a rational point over its base field. The proofs of these assertions are identical to the case of degree (d + g − 1).

The Picard scheme is a group scheme (variety) over the base field. The Picard scheme of degree 0 is the Jacobian variety of C/k and is also denoted by J. The group operation corresponds to tensoring of line bundles. We define specific Θ-divisors in Picard schemes of degree (g − 1) and (d + g − 1).

Definition 1. Let C/k be a curve with the hypothesis as above (we do not need C to have a k-rational point). The Θ-divisor (of degree (g − 1)) is the schematic image of the canonical morphism (C)^{(g−1)} → Pic^{g−1}_{C/k}, D_T → [D_T ], where, for any k-scheme T and for any T -valued point D_T of (C)^{(g−1)}, [D_T ] denotes the element of Pic^{g−1}_{C/k} corresponding to D_T .

Recall that the curve C is equipped with a (very ample) line bundle O(1) of degree d. This give a canonically defined Θ-divisor in Pic^{d+g−1}_{C/k} , as the image of the Θ-divisor under the morphism Pic^{g−1}_{C/k}^{⊗O(1)}−→ Pic^{d+g−1}_{C/k} . Now let K be a field extension of k. By considering the commutative diagram

(C_K )^{(g−1)} Pic^{g−1}_{CK /K}

(C)^{(g−1)} Pic^{g−1}_{C/k} μ

it follows that the pull-back of the Θ-divisor under the morphism μ is the Θ-divisor for C_K /K. In fact, the same is true about the complement of the Θ-divisor as well.

Proposition 2.3. Let C/k be a curve as before and K be a field extension of k. Let L be a rigidified line bundle on C_K of degree (d + g − 1). Then the image of the unique morphism Spec K^i→ Pic^{d+g−1}_{C/k} corresponding to L lies in the complement of the Θ-divisor if and only if h^0(C_K , L(−1)) = 0.

Proof. One direction is immediate once we note that the fibre over a closed point x under the composite morphism C^{(g−1)} → Pic^{g−1}_{C/k} → Pic^{d+g−1}_{C/k} is either empty or is exactly the linear system H^0(C ×_k k(x), L_x(−1)), where L_x is the line bundle corresponding to the point x in Pic^{d+g−1}_{C/k} . This idea can be formalized by using the Poincaré bundle.

For the other direction, if h^0(C_K , L(−1)) ≠ 0, then we may choose a global section s of L(−1). Then the divisor D_s of this section gives an element of C^{(g−1)}. Using the canonical morphism, this gives an invertible sheaf L_2 on C_K which has a global section whose divisor is D_s. Further, the image of Spec K to L is by definition in the Θ-divisor. But since their global sections have same divisors, the invertible sheaves L and L_2 must be isomorphic. This gives the other direction.

We record an easy corollary for future reference.

Corollary 2.1. With the hypothesis as above, the pull-back (or the inverse image) of the complement of the Θ-divisor in Pic^{d+g−1}_{C/k} under the canonical morphism

Pic^{d+g−1} C_K /K −→ Pic d+g−1 C/k is the complement of the Θ-divisor in Pic^{d+g−1}_{CK /K} .

Remark 2.3. Note that our idea of the proof of the corollary depends on C having a k-rational point. However by Remark 2.1, the same question can be asked if C does not have a k-rational point. We consider a finite Galois extension k^′/k (with Galois group G) so that C(k^′) is non-empty. Let C^′ = C ×_k k^′. Then Pic^{d+g−1}_{C′/k′} has a G-action and gives, by descent, Pic^{d+g−1}

C/k . The morphism (C^′)^{(g−1) hk′}−→ Pic^{d+g−1}_{C′/k′} is G-equivariant and so the image of h_k′ is G-invariant, which descends to the Θ-divisor in Pic^{d+g−1}_{C/k} . Hence the complement of the Θ-divisor in Pic^{d+g−1}_{C′/k′} descends to the complement of the Θ-divisor in Pic^{d+g−1}_{C/k} .

2.1 The Universal line bundle on C ×_k Pic^{d+g−1}_{C/k} In this section, we would like to explicitly construct the universal line bundle on C ×_k Pic^{d+g−1}_{C/k} . Though we consider only curves of degree d in P^2, most of the calculations remain valid for arbitrary curves. Our goal is to find a formula which relates the universal line bundle to its pull-back under a Galois automorphism of the base field.

We start by recalling the construction of the universal line bundle for degree 0. Let C be a smooth curve over a field k such that C^′ = C ×_k k^′ has a k^′-rational point. (k^′/k is a finite Galois extension.) Let J denote the Jacobian variety Pic^0_{C′/k′} . Fix a rational point P on C^′. Denote by Θ_0 the theta divisor in J obtained by translation of the usual Θ-divisor in Pic^{g−1}_{C′/k′} by L([−(g − 1)P ]). This is same as the divisor of L(Θ)(−1) ⊗ L(−(g − 1)P ), where Θ is the theta divisor in Pic^{d+g−1}_{C′/k′} defined earlier . We have the morphism ([15], Section 2) h : C^′ −→ J, which maps a closed point Q to L([Q−P ]). For any divisor D in the Jacobian variety, we denote by L^′(D), the line bundle m^∗L(D)⊗p^∗L(D)^{−1}⊗q^∗L(D)^{−1} on J ×_k′ J, where m is the multiplication morphism on J and p, q are the projections on the first and second factors respectively. Finally, write Θ^−_0 for the image of Θ_0 under the morphism (−1)_J : J → J, and (Θ_0)_a for t_aΘ_0 = Θ_0 + a. Denote (Θ^−_0 )_a by (Θ_0)^−_a .

With this notation, [15], Lemma 6.8 says the following:

Lemma 2.1. The sheaf L = (h × (−1)_J )^∗L^′(Θ^−_0 ) is isomorphic to the universal invertible sheaf given by the universal property of J.

Using the line bundle of the last lemma, we construct the universal line bundle for C^′ ×_k′ Pic^{d+g−1}_{C′/k′} . This construction is well known, see, for example, [1], Chapter 4, Lemma 2.2 and the discussion preceding it. Denote by L_0 the line bundle L(−(g − 1)P )(−1) on C^′ and by p_1 the projection of C^′ ×_k′ J onto the first factor. The morphism η is defined as

Pic^{d+g−1} C^′/k^′ η J L → L ⊗ L_0 We can now state the lemma about the universal bundle of degree (d+g−1).

Lemma 2.2. With the above notation, the line bundle P = (id_C′ × η)^∗L ⊗ p^∗_1(L^{−1}_0 ) is the universal line bundle of degree (d + g − 1).

Proof. Let ε denote the section of C^′ → k^′ and ε_{Pic}d+g−1_{C′/k′} , ε_J denote the induced sections. Then it follows that (id_C′ × η) ∘ ε_{Pic}d+g−1_{C′/k′} = ε_J ∘ η. This gives that (id_C′ × η)^∗L is rigidifiable. Also, p^∗_1(L^{−1}_0 ) is rigidifiable along ε_{Pic}d+g−1_{C/k} . Thus P is a rigidifiable line bundle. By Remark 2.4, this is sufficient and we may make any choice of rigidification.

Now let T be any k^′-scheme and L_T be a rigidified line bundle on C^′ ×_k′ T such that for any t ∈ T , the restriction (L_T )_t is of degree (d + g − 1). Then L^′_T = L_T ⊗ p^∗_1(L^{−1}_0 ) is a rigidified line bundle on C^′ ×_k′ T such that its restriction to any C^′_t is of degree 0. This determines a unique map μ : T −→ J, and hence a map η^{−1} ∘ μ : T → Pic^{d+g−1}_{C′/k′} . Using the universal property of J and L and the fact that the projection p_1 commutes with (id_C′ × η), we see that the line bundle (id_C′ × (η^{−1} ∘ μ))^∗P is isomorphic to L_T . Further, the morphism η^{−1} ∘ μ is unique with respect to this property. This is the universal property of P.

Now let σ be in Gal(k^′/k). If this induces an automorphism of a k^′-scheme, then it is also denoted by σ. For future purposes, we want to compute σ^∗P ⊗ P^{−1}. First we prove a computational lemma.

Lemma 2.3. With the notation as before, the following commutation relations hold: 1. σ∘t_{(g−2)[P σ}−1_{−P ]} ∘m∘(h×(−1)_J )∘(id×η) = m∘(h×(−1)_J )∘(id×η)∘σ 2. σ ∘t_{(−1)[P σ}−1_{−P ]} ∘p∘(h×(−1)_J )∘(id×η) = p∘(h×(−1)_J )∘(id×η)∘σ 3. σ ∘t_{(g−1)[P σ}−1_{−P ]} ∘q ∘(h×(−1)_J )∘(id×η) = q ∘(h×(−1)_J )∘(id×η)∘σ. Proof. We prove only the first relation as the others are proved is a similar way. Let μ_l (respectively μ_r) denote the left (respectively the right) side of the first equation. Let μ = m ∘ (μ_l, (−1) ∘ μ_r). Fix a closed point Q on C^′ and a divisor D associated to a line bundle which corresponds to a closed point in Pic^{d+g−1}_{C′/k′} . Let E denote the divisor of a section of L((g − 1)P )(1). Then μ(Q, D) = μ_l(Q, D) − μ_r(Q, D) = σ ∘ t_{(g−2)[P σ}−1_{−P ]} ∘ m ∘ (h × (−1)_J )(Q, D − E) − m ∘ (h × (−1)_J ) ∘ (id × η)(Q^σ , D^σ) = σ ∘ t_{(g−2)[P σ}−1_{−P ]} ∘ m([Q − P ], E − D) − m ∘ (h × (−1)_J )(Q^σ , D^σ − E) = σ ∘ t_{(g−2)[P σ}−1_{−P ]}([Q − P ] + E − D) − m ∘ (Q^σ − P, E − D^σ) = [Q^σ − P^σ + E^σ − D^σ + (g − 2)(P − P^σ)] − [Q^σ − P + E − D^σ],

which is the empty divisor. (This follows from the observation that we may take E^σ − E = (g − 1)[P^σ − P ].) This means that μ(Q, D) is the trivial line bundle. So, by the rigidity lemma ([14], Theorem 2.1), the two morphisms are the same.

Now let P be the universal bundle on C^′ ×_k′ Pic^{d+g−1}_{C′/k′} and σ be as above.

Lemma 2.4. Let x be a closed point in Pic^{d+g−1}_{C′/k′} and i : Spec k(x) → Pic^{d+g−1}

C^′/k^′ be the corresponding morphism. Then, with the above notation,

we have that the line bundle (id_C′ × i)^∗(σ^∗P ⊗ P^{−1}) on C^′ × k(x) is trivial. In other words, (σ^∗P ⊗ P^{−1}) is isomorphic to p^∗_2L, where L is a line bundle on Pic^{d+g−1}

C^′/k^′ and p2 is the projection on the second factor.

Proof. We first compute σ^∗(id_C′ × η)^∗L ⊗ (id_C′ × η)^∗L^{−1}. To this end, consider σ^∗(id_C′ × η)^∗L. Using the definition of L and the relations of the last lemma, we have that

σ^∗(id_C′ × η)^∗L = σ^∗(id_C′ × η)^∗(h × (−1)_J )^∗L^′(Θ^−_0 ) = σ^∗(id_C′ × η)^∗(h × (−1)_J )^∗(m^∗L(Θ^−_0 ) ⊗ p^∗L(Θ^−_0 )^{−1} ⊗ q^∗L(Θ^−_0 )^{−1}) = (id_C′ × η)^∗(h × (−1)_J )^∗(m^∗L((Θ_0)^−_{(g−2)[P σ−1 −P ]+(g−1)[P σ−1 −P ]}) ⊗ p^∗L(−(Θ_0)^−_{[P σ−1 −P ]+(g−1)[P σ−1 −P ]}) ⊗ q^∗L(−(Θ_0)^−_{(g−1)[P σ−1 −P ]+(g−1)[P σ−1 −P ]})) = (id_C′ × η)^∗(h × (−1)_J )^∗(m^∗L((Θ_0)^−_{[P σ−1 −P ]})

⊗ p^∗L(−(Θ_0)^−_{g[P σ−1 −P ]}) ⊗ q^∗L(−(Θ_0)^−)

Now consider the line bundle m^∗L((Θ_0)^−_{[P σ−1 −P ]} − Θ^−_0 ). By [14], Proposition 10.1, the line bundle L((Θ_0)^−_{[P σ−1 −P ]} − Θ^−_0 ) lies in Pic^0(Pic^0_{C′/k′} ). But, by [14], Proposition 9.2, for any line bundle L^′ on Pic^0_{C′/k′} which lies in Pic^0(Pic^0_{C′/k′} ), m^∗L^′ ∼= p^∗L^′ ⊗ q^∗L^′. Combining this fact with the above calculation, we have

σ^∗(id_C′ × η)^∗L ⊗ (id_C′ × η)^∗L^{−1} = (id_C′ × η)^∗(h × (−1)_J )^∗

(p^∗L((Θ_0)^−_{[P σ−1 −P ]} − (Θ_0)^−_{g[P σ−1 −P ]}) ⊗ q^∗L((Θ_0)^−_{[P σ−1 −P ]} − Θ^−_0 )). Recall that we are interested in the restriction of this line bundle to C^′ ×_k′ k(x). Since

q ∘ (h × (−1)_J ) ∘ (id_C′ × η) ∘ (id_C′ × i) = (−1)_J ∘ η ∘ i ∘ q, it follows that the pull-back of the q^∗-component of the above line bundle to C^′ ×_k′ k(x) is trivial and so we may consider only the p^∗-component. Note that p ∘ (h × (−1)_J ) ∘ (id_C′ × η) ∘ (id_C′ × i) = h ∘ p_1.

This gives that

(id_C′ × i)^∗(σ^∗(id_C′ × η)^∗L ⊗ (id_C′ × η)^∗L^{−1}) ∼= p^∗_1h^∗L((Θ_0)^−_{[P σ−1 −P ]} − (Θ_0)^−_{g[P σ−1 −P ]}). (2.1)

Now let h^{(g)} denote the morphism (C^′)^{(g)} → Pic^0_{C′/k′} , which maps an effective divisor D of degree g to the line bundle associated to [D−gP ]. Then it is clear that h^{(g)}(P^{σ−1} +(g−1)P ) = [P^{σ−1} −P ] and h^{(g)}(gP^{σ−1} ) = g[P^{σ−1} −P ]. So by [15], Lemma 6.8, the invertible sheaf h^∗L((Θ_0)^−_{[P σ−1 −P ]}) is isomorphic to L([P^{σ−1} +(g−1)P ]) and h^∗L((Θ_0)^−_{g[P σ−1 −P ]}) ∼= L(g[P^{σ−1} ]). Using Eq. 2.1 and these remarks, we get

(id_C′ × i)^∗(σ^∗(id_C′ × η)^∗L ⊗ (id_C′ × η)^∗L^{−1}) ∼= p^∗_1L(P^{σ−1} + (g − 1)P − gP^{σ−1} ).

(2.2)

Now we consider the line bundle (id_C′ × i)^∗(σ^∗P ⊗ P^{−1}) on C^′ ×_k′ k(x). To finish the lemma, we consider the line bundle p^∗_1(L_0)^{−1}. (Note that this p_1 is the projection of C^′ × Pic^{d+g−1}_{C′/k′} onto the first factor. We continue with this notation to avoid complicating notation further.) It follows from the definition of L_0 that

(id_C′ × i)^∗(σ^∗p^∗_1(L_0)^{−1} ⊗ p^∗_1(L_0)) ∼= (id_{C′} × i)^∗L((g − 1)(P^{σ−1} − P )) ∼= p^∗_1L((g − 1)(P^{σ−1} − P )).

(2.3)

Combining Eqs. 2.2, 2.3 and the definition of P, we see that the line bundle (id_C′ × i)^∗(σ^∗P ⊗ P^{−1}) on C^′ ×_k′ k(x) is trivial.

The last part of the statement now follows from the Seesaw Theorem, Cor. 6, Sect. 5, Chap. 2, [18].

2.2 Auxiliary lemmas about rigidifications of line bundles The following lemma will be used repeatedly in later sections.

Lemma 2.5. Let C/k be a curve as before with a k-rational point, ε : Spec k → C. Let K be a field extension of k. Then any two line bundles L_1, L_2 on C_K which are rigidified along ε_K are isomorphic as rigidified line bundles if they are isomorphic as line bundles.

Another lemma, which will be used later, concerns line bundles on C ×_k D, where D = k[t]/(t^2) is the ring of dual numbers. However, for later purposes, it is sufficient to consider the case when k is algebraically closed.

Fix a section ε : Spec k → C. We denote the induced section Pic^{d+g−1}_{C/k} → C ×_k Pic^{d+g−1}_{C/k} by ε_{Pic}d+g−1_{C/k} . Let x be a closed point of Pic^{d+g−1}_{C/k} and t_x : Spec D −→ Pic^{d+g−1}_{C/k} be a tangent vector at x. This gives a rigidified line bundle, L_1, on C ×_k D. Suppose L_2 is another line bundle on C ×_k D such that we have an isomorphism

η : L_1 −→ L_2

of line bundles. Further suppose that L_2 is isomorphic (as a line bundle) to j^∗L^′_2 for some line bundle L^′_2 on C where j is the morphism Spec D → Spec k corresponding to the natural morphism k → D.

Lemma 2.6. Under the above hypothesis and notation, we have the following:

There exists a rigidification on L^′_2 such that L_1 and j^∗L^′_2 are isomorphic as rigidified line bundles. Here j^∗L^′_2 is rigidified using the rigidification on L^′_2 in a natural way.

Remark 2.4. We omit proofs of these lemmas. The first lemma can be proved by comparing the set of rigidifications of L_2 with the automorphism group of L_2. The second lemma can be proved by comparing the sets of rigidifications of P, j^∗L^′_2 and L^′_2 with automorphism groups of O_{Pic}d+g−1_{C/k} , O_D and O_k. However the proofs are easier if we use yet another definition of the relative Picard functor. From [2], Section 8.1, the relative Picard functor is isomorphic to the functor which associates to an S-scheme T , the group Pic(X_T )/Pic(T ). In fact, this shows that the two rigidifiable line bundles on X_T which are isomorphic are isomorphic are rigidified line bundles.

3 The complement of the Θ-divisor and the universal line bundle

In this section, we discuss the complement of the Θ-divisor. However after some generalities, we consider only those curves which are of interest from the point of view of the Clifford algebra. In particular, the projection of the restriction of the universal bundle to C ×_k (complement of the Θ-divisor) on P^1_k ×_k (complement of the Θ-divisor) will be considered in detail. (The projection C → P^1_k is described below.) We continue with the notation and definitions from the last section.

We first prove that the complement of the Θ-divisor is an affine scheme. This is an immediate consequence of the well-known properties of the Θdivisor.

Proposition 3.1. Let C/k be a degree d, genus g smooth curve in P^2. (C need not have a k-rational point.) Then the complement of the Θ-divisor in Pic^{d+g−1}

C/k is an affine scheme.

Proof. First note that we may assume that C has a k-rational point. This is because the Θ-divisor and its complement were obtained by Galois descent on Pic^{d+g−1}

C^′/k^′ , where k

′/k is an extension so that C(k^′) is non-empty.

Suppose C has a k-rational point. Then the Θ-divisor is ample in Pic^{d+g−1}

C/k . See [15], Remark 6.5, Theorem 6.6. Now the proposition follows since the complement of any ample divisor in Pic^{d+g−1}_{C/k} is an affine scheme.

Remark 3.1. If C has a k-rational point, then the same proof shows that the complement of any Θ-divisor in Pic^m_{C/k} is affine for any m.

Notation. For any curve C/k as above, we denote by Spec A_k the open complement of the Θ-divisor in Pic^{d+g−1}_{C/k} .

For the rest of this section we assume that C has a k-rational point. Recall from the introduction that we are mainly interested in the curve C = Proj(k[u, v, w]/(w^d − f(u, v)). (Here f is the given binary form.) We prove that in the cases of interest, the curve C is always nonsingular.

Lemma 3.1. The curve C is nonsingular provided that f does not have repeated factors over an algebraic closure of k and that the characteristic of k does not divide d.

Proof. We may assume that k is algebraically closed. An easy computation shows that ∂(w^d − f(u, v)) ∂u = − ∂f ∂u , ∂(w^d − f(u, v)) ∂v = − ∂f ∂v and that^{∂(wd−f(u,v))}_{∂w} = dw^{d−1}. Also we have that u^{∂g}_{∂u} + v^{∂g}_{∂v} = dg for any polynomial g(u, v). Since the characteristic of k does not divide d, C is singular only if the system of equations {f,^{∂f}_{∂u} ,^{∂f}_{∂v} } has a solution. However, since f has no repeated factors, this is impossible.

Corresponding to the inclusion k[u, v] → (k[u, v, w]/(w^d − f(u, v)) we have the projection C^{qk}−→ P^1_k. For any field extension K/k, we denote the morphism obtained as above by q_K . Let y be a closed point in Spec A_k and k(y) be its residue field. Then we denote by L_y the pull-back of the universal line bundle P under the canonical morphism C ×_k k(y) −→ C ×_k Pic^{d+g−1}_{C/k} . Proposition 3.2. The coherent sheaf F_y = (q_{k(y)})_∗L_y is isomorphic to the trivial vector bundle ⊕_dO_P1_{k(y)}.

Proof. We first assume that k is algebraically closed. Since P^1_k is a nonsingular curve over an algebraically closed field, any torsion-free coherent sheaf is a vector bundle. Since (q_k)_∗ respects torsion-freeness ([6] I, Proposition 8.4.1), F_y is a vector bundle on P^1_k. Since any vector bundle on P^1_k is a sum of line bundles, we can write F_y ∼= ⊕^d_{i=1}O_P1_k(n_i) for some integer n_i’s. Note that χ(L_y) = χ(F_y). Then, by [5], Cor. 15.2.1, χ(F_y) = (rank(F_y))(1 − g_P1_k) + deg(F_y), (1 − g_C ) + deg(L_y) = d + ∑ i n_i Here deg(E) denotes the degree of a vector bundle E. This gives ∑ i n_i = 0.

Since y is in the complement of the Θ-divisor, we have

h^0(P^1_k, (q_k)_∗(L_y ⊗_{OC} O_C (−1))) = h^0(P^1_k, (q_k)_∗(L_y(−1))) = h^0(C, L_y(−1)), which is zero. But by the projection formula, we have the identity (q_k)_∗(L_y ⊗_{OC} (q^∗_k)O_P1_k(−1)) ∼= (q_k)_∗L_y ⊗_{OP1k} O_P1_k(−1).

Using this and the previous equations gives h^0(P^1_k, ⊕_iO_P1_k(n_i − 1)) = 0 so n_i ≤ 0 for all i = 1, · · · , d and hence n_i = 0 (since ∑ i n_i = 0.)

So (q_k)_∗L_y ∼= ⊕_dO_P1_k. Now let k be any field and y be a point as before. Then we consider the (canonically rigidified) pull-back of the line bundle L_y under the canonical morphism C ×_k k̄^{jC}→ C ×_k k(y). Then by Corollary 2.1, the image of the point corresponding to j^∗_C L_y lies in Spec A¯_k. By earlier part of the argument, (q¯_k)_∗(j^∗_C (L_y)) = ⊕_dO_P1_{k̄}. To finish the proof we consider the following commutative diagram C¯_k j_C C_{k(y)}

P^1_{k̄} q¯_k

j_P1

P^1_{k(y)} q_{k(y)} (3.1)

Now (q¯_k)_∗(j^∗_C (L_y)) ∼= (j^∗_{P1})(q_{k(y)})_∗L_y by [11], Chapter III, Theorem 9.3. But Aut((j^∗_{P1})(q_{k(y)})_∗L_y) = GL_d(k̄) and H^1(Gal¯_{k/k(y)}, GL_d(k̄)) = 0 by Hilbert 90. So it follows that F_y ∼= ⊕_dO_P1_{k(y)}.

Next we want to consider the direct image of the universal line bundle on C ×_k Pic^{d+g−1}_{C/k} under the projection on the second factor. In general, there is no reason for this to be a vector bundle. For our purposes, the restriction of this direct image to Spec A_k is more important. With the help of the last proposition we prove the following.

Proposition 3.3. Let π : C ×_k Pic^{d+g−1}_{C/k} → Pic^{d+g−1}_{C/k} denote the projection on the second factor. Then (π_∗P) |_{Spec Ak} is a locally free sheaf of rank d.

Proof. First note that since Spec A_k → Pic^{d+g−1}_{C/k} is an open immersion, π_∗(P |_{C×kSpec Ak} ) ∼= (π_∗P) |_{Spec Ak} . For any point y in Spec A_k let k(y) be the residue field of y. We denote by P_y the line bundle (id × i)^∗P on C_{k(y)}, where i is the morphism Spec k(y) → Pic^{d+g−1}_{C/k} . We will prove that dim_{k(y)}H^0(C_{k(y)}, P_y) is constant. Since Spec A_k is an open set in an integral scheme Pic^{d+g−1}_{C/k} , it is itself irreducible and reduced. Then by [18], Corollary 2, p. 50, it follows that (π_∗P) |_{Spec Ak} is a locally free sheaf of rank d.

First we consider a closed point y in Spec A_k. Then with the notation from diagram (3.1), (q_{k(y)})_∗P_y is a trivial rank d vector bundle. So

h^0(C_{k(y)}, P_y) = h^0(P^1_{k(y)}, (q_{k(y)})_∗P_y) = d.

This holds for all closed points in Spec A_k. By the upper semicontinuity of the function y → dim_{k(y)}H^0(C_{k(y)}, P_y) and the fact that Spec A_k is a Jacobson scheme (in particular, any open set contains a closed point), it follows that dim_{k(y)}H^0(C_{k(y)}, P_y) is constant.

The locally free sheaf on Spec A_k in the statement of the previous proposition will be denoted by E. As part of the proof of the last proposition we proved that the function y → dim_{k(y)}H^0(C_{k(y)}, P_y) is constant. This, combined with [18], Corollary 2, p. 50 gives the following corollary.

Corollary 3.1. For all y ∈ Spec A_k, the natural map E ⊗_{OSpec Ak} k(y) −→ H^0(C_{k(y)}, P_y) is an isomorphism.

We have the following sequence of morphisms: C ×_k Spec A_k^{qAk}−→ P^1_{×k}Spec A_k^{pAk}−→ Spec A_k. We continue to denote by π the projection on the second factor of C × Spec A_k (so that p_{Ak} ∘ q_{Ak} = π). Let F denote the coherent sheaf (q_{Ak} )_∗P on P^1_k ×_k Spec A_k. The following lemma justifies this notation (compare Proposition 3.2).

Lemma 3.2. For any closed point y in Spec A_k, let i : Spec k(y) → Spec A_k be the corresponding inclusion. Consider the Cartesian square C ×_k Spec k(y) id × i C ×_k Spec A_k

P^1_k ×_k Spec k(y) q_{k(y)} id × i P^1_k ×_k Spec A_k q_{Ak}

Then the coherent sheaves (id × i)^∗(q_{Ak} )_∗P and (q_{k(y)})_∗(id × i)^∗P are isomorphic.

Proof. Since P is a coherent sheaf on the projective scheme C ×_k Spec A_k (over Spec A_k), there exists a graded (A_k[u, v, w]/(w^d − f))-module M such that M̃ is isomorphic (as an O_{C×k Spec Ak} -module) to P. Then the sheaf (id × i)^∗(q_{k(y)})_∗P is isomorphic to (_{k(y)[u,v]}(k(y) ⊗_{Ak} M))^∼. Also the sheaf (q_{k(y)})_∗(id × i)^∗P is isomorphic to the sheaf (k(y) ⊗_{Ak Ak[u,v]}M)^∼. These conclusions follow from [6] II, Proposition 2.8.10. But the graded k(y)[u, v]- modules (_{k(y)[u,v]}(k(y) ⊗_{Ak Ak} M)) and (k(y) ⊗_{Ak Ak[u,v]}M) are isomorphic. So the sheaves in question are isomorphic.

Our goal for this section is to find a graded A_k[u, v]-module whose associated sheaf is isomorphic to F. In fact, we will compute the module associated to F, which will be sufficient. The next proposition is the main tool in this computation. Recall that for any morphism g : X → Y and a sheaf G of O_X -modules, there is a natural morphism g^∗g_∗G → G. This follows from the adjointness of the functors g^∗ and g_∗.

Proposition 3.4. With the notation as before, the natural morphism

u : p^∗_{Ak} (p_{Ak} )_∗F −→ F

is an isomorphism.

Proof. Recall that (p_{Ak} )_∗F = E is a locally free sheaf of rank d. So the sheaf p^∗_{Ak} (p_{Ak} )_∗F is also a locally free sheaf of rank d on P^1_{Ak} (P^1_{Ak} = P^1_k ×_k Spec A_k). First we claim that F is a locally free sheaf of rank d on P^1_{Ak} . We prove that dim_{k(y)}F ⊗_{OP1Ak} k(y) is d for any closed point y in P^1_{Ak} . Indeed by the

upper semicontinuity of the dimension function and by the fact that P^1_{Ak} is of finite type over k, this will be sufficient.

Now for any closed point y in P^1_{Ak} , consider the following diagram Spec k(y)

P^1_{k(y)} id × i_y i P^1_{Ak} j

Spec k(y) p_{k(y)} i_y Spec A_k p_{Ak}

By the universal property of the fibre product, the dotted arrow i exists so that this is a commutative diagram. We prove that dim_{k(y)}F ⊗_{OP1Ak} k(y) = dim_{k(y)}j^∗F is d. But dim_{k(y)} j^∗F = dim_{k(y)} i^∗(id × i_y)^∗F.

From Lemma 3.2 and Proposition 3.2, it follows that (id × i_y)^∗F is a trivial vector bundle of rank d so that dim_{k(y)} i^∗(id × i_y)^∗F is d.

Now we go back to the morphism u defined earlier. Notice that it is a morphism of vector bundles of rank d. To prove that u is an isomorphism, it is sufficient to show that u_x : (p^∗_{Ak} (p_{Ak} )_∗F)_x −→ F_x is bijective for all points x in P^1_{Ak} . By [6] I, Corollary 0.5.5.7, it is sufficient to prove that u_x is surjective at closed points. The part about closed points follows from the fact that the set {x ∈ P^1_{Ak} | u_x is surjective} is open in P^1_{Ak} . Then by [6] I, Corollary 0.5.5.6, it is sufficient to prove that

u_y ⊗ id : (p^∗_{Ak} (p_{Ak} )_∗F)_y/m_y(p^∗_{Ak} (p_{Ak} )_∗F)_y −→ F_y/m_yF_y is surjective for all closed points y in P^1_{Ak} . But this homomorphism is surjective if and only if the morphism j^∗u : j^∗p^∗_{Ak} (p_{Ak} )_∗F −→ j^∗F, is surjective, which is the same as

i^∗(id × i_y)^∗u : i^∗(id × i_y)^∗p^∗_{Ak} (p_{Ak} )_∗F −→ i^∗(id × i_y)^∗F being surjective. So it is sufficient to prove that (id × i_y)^∗u : (id × i_y)^∗p^∗_{Ak} (p_{Ak} )_∗F −→ (id × i_y)^∗F is an isomorphism. But we have the isomorphism (id × i_y)^∗p^∗_{Ak} (p_{Ak} )_∗F ∼= p^∗_{k(y)}i^∗_y(p_{Ak} )_∗F.

Note that i^∗_y(p_{Ak} )_∗F is a trivial vector bundle of rank d and so p^∗_{k(y)}i^∗_y(p_{Ak} )_∗F ∼= p^∗_{k(y)}(⊕_dO_{Spec k(y)}) ∼= ⊕_dO_P1_{k(y)}.

This gives that (id × i_y)^∗p^∗_{Ak} (p_{Ak} )_∗F is a trivial vector bundle. Hence the morphism (id×i_y)^∗u will be an isomorphism if it is so on the global sections. But the morphism

p^∗_{k(y)}i^∗_y(p_{Ak} )_∗F −→ (id × i_y)^∗F

on the global sections is an isomorphism if the natural morphism

(p_{Ak} )_∗F ⊗_{OSpec Ak} k(y) −→ H^0(P^1_{k(y)}, F_y)

is an isomorphism. By earlier part (dimension computation) of the proof and [18], Corollary 2, p. 50, this is indeed the case.

A useful application of this proposition is that it gives a convenient way to describe the graded module associated to the sheaf F. Consider the sheaf (p_{Ak} )_∗F = π_∗(P) on Spec A_k. As we saw before, this is a locally free sheaf of rank d on Spec A_k. So we can find a projective A_k-module P such that π_∗(P) ∼= P̃ .

Corollary 3.2. The A_k[u, v]-module ⊕_iH^0(P^1_{Ak} , F(i)) is (graded) isomorphic to the module M = P ⊗_{Ak} A_k[u, v].

Proof. It is sufficient to compute the graded module associated to the sheaf p^∗_{Ak} (p_{Ak} )_∗F which we denote by G. But, by the projection formula,

(p_{Ak} )_∗(G(i)) ∼= (p_{Ak} )_∗(F) ⊗ (p_{Ak} )_∗(O_P1_{Ak} (i)).

Since P^1_{Ak} → Spec A_k is a projective morphism, the module in the statement can be obtained by computing H^0(Spec A_k, (p_{Ak} )_∗(F)⊗(p_{Ak} )_∗(O_P1_{Ak} (i))) for any i. From the above isomorphism it follows that

⊕_iH^0(Spec A_k, (p_{Ak} )_∗(F) ⊗ (p_{Ak} )_∗(O_P1_{Ak} (i)) ∼= P ⊗_{Ak} (⊕_i(p_{Ak} )_∗(O_P1_{Ak} (i))).

But now the statement follows from the well-known computation of the graded module associated to the structure sheaf of the projective n-space. See, for example, [11], Chapter V, Proposition 5.13.

4 The homomorphism C̃_f → End_{Ak} (P)

We recall the set-up of the reduced Clifford algebra. Let f be a binary form of degree d over a field k such that char(k) does not divide d. Then the Clifford algebra of the form f was defined in the introduction. See section 1. One of the key properties of the representations of C_f is that the dimension of the representation is divisible by d([10], Proposition 1.1). We are interested in representations of C_f of dimension d. We form the reduced Clifford algebra C̃_f by (C_f )/(∩p), where the intersection is taken over the kernels of all dimension d representations. The algebra C̃_f is in fact an Azumaya algebra (for example, [10], Proposition 1.4) and so the d-dimensional representations are parametrized by the prime ideals in the center of C̃_f . Furthermore, it was pointed out to us that the center of C̃_f is Noetherian. This, for example, follows from Proposition 2, [17] since C_f is finitely generated over k and C̃_f is a finite module over its center. We are trying to prove that the center of C̃_f is isomorphic to the k-algebra A_k of Section 3.

In this section, we consider the case when the curve C of Section 3 has a k-rational point. We construct a homomorphism from the center of C̃_f to A_k. This is achieved by first constructing a homomorphism from C̃_f to End_{Ak} (P ), where P is the module of the global sections of the sheaf π_∗P on Spec A_k. See Section 3. We will show in the following sections that under this homomorphism the center of C̃_f is mapped to A_k. After we have obtained the desired homomorphism, we investigate some of its properties. In particular, we want to show how starting with a finite dimensional representation of C̃_f we can construct a line bundle over C (possibly after a base extension).

Before we get to the main proposition of this section, we note an algebraic relation which holds inside the (graded) endomorphism ring of the graded module in Corollary 3.2. This relation will then enable us to define the morphism mentioned in the previous paragraph.

For the rest of this section, we assume that the curve C has a k-rational point.

Lemma 4.1. Let P be the projective A_k-module as in corollary 3.2. Consider the graded A_k[u, v]-module M = P ⊗_{Ak} A_k[u, v]. Let P_i denote the i^{th} graded piece of this module (so P ∼= P_0). Then we have the following equation

Hom_{Ak} (P_0, P_1) = u ∘ End_{Ak} P_0 + v ∘ End_{Ak} P_0,

where u, v are viewed in Hom_{Ak} (P_0, P_1) with their natural action.

Proof. The proof is easy and follows from the relation P_1 ∼= (P_0 ⊕P_0), where the two generators are u, v.

Proposition 4.1. There exists an algebra homomorphism φ : C̃_f −→ End_{Ak} P, where C̃_f is the reduced Clifford algebra and P is as defined before.

Proof. The strategy to prove this proposition will be to show that End_{Ak} P has elements which satisfy the relations of the Clifford algebra.

Consider the universal line bundle P on C ×_k A_k and the projection q_{Ak} : C ×_k A_k → P^1_{Ak} . Since q_{Ak} is a projective (and hence an affine) morphism, we can obtain the graded module associated to P by computing ⊕_iH^0(P^1_{Ak} , (q_{Ak} )_∗(P(i))). But this was already computed in Corollary 3.2. So the module M of Lemma 4.1 is also a graded A_k[u, v, w]/(w^d −f)-module. Since w is a homogeneous element of degree one in this (naturally) graded ring, it is an element of Hom_{Ak} (P_0, P_1). By Lemma 4.1, there exist elements α_u, α_v in End_{Ak} P such that w = u ∘ α_u + v ∘ α_v, holds in Hom_{Ak} (P_0, P_1). Now consider the element w^d as an element of Hom_{Ak} (P_0, P_d). Since in the graded ring of C ×_k A_k, we have the relation w^d = f, it holds in Hom_{Ak} (P_0, P_d) as well. In particular, we get

w^d = (u ∘ α_u + v ∘ α_v)^d = f(u, v)Id.

But note that Hom_{Ak} (P_0, P_d) is a free End_{Ak} P_0-module. This shows that the elements α_u and α_v in End_{Ak} (P_0) satisfy the relations of the Clifford algebra C_f and give a homomorphism

φ̃ : C_f −→ End_{Ak} P_0.

Next we want to show that this homomorphism factors through the reduced Clifford algebra. Recall that Spec A_k is an open subscheme in Pic^{d+g−1}_{C/k} , which is integral. Thus Spec A_k is an integral scheme of finite type over k. In particular, A_k is an integral domain. So we may consider the sequence of morphisms:

C_f −→ End_{Ak} (P_0) −→ End_{Q(Ak)}(P_0 ⊗_{Ak} Q(A_k)) ∼= M_d(Q(A_k)),

where Q(A_k) is the field of fractions of A_k. Note that, by the comments made above, the second arrow is an injection. This gives a d-dimensional representation of C_f . So the composite factors through C̃_f . We consider the diagram

C_f End_{Ak} P_0 M_d(Q(A_k))

C̃_f The dotted arrow exists since the second horizontal arrow is injective. This gives us the desired homomorphism

φ : C̃_f −→ End_{Ak} P_0.

The homomorphism C̃_f → End_{Ak} P_0 constructed in the last proposition will always be denoted by φ.

Next we want to study the homomorphism φ. To this end, we assume that we are given a representation of C̃_f η : C̃_f −→ M_d(K), where K is a field extension of k. Our goal is to show that any such representation factors through End_{Ak} P_0 via φ.

We denote the images of the two generators of C̃_f under η by ᾱ_u, ᾱ_v. Consider the morphism

S_K = K[u, v, w] (w^d − f) −→ M_d(K[u, v]) u, v −→ [u], [v] w −→ uᾱ_u + vᾱ_v . With the natural grading on N = ⊕_dK[u, v], the above morphism is a graded homomorphism. This makes N a graded S_K -module. So Ñ is a quasi-coherent (in fact, coherent) sheaf on X = Proj S_K . But we can do better as is seen in the next lemma. Note that X is canonically isomorphic to C_K = C ×_k K.

Lemma 4.2. Ñ is an invertible sheaf on X. Moreover, the pull-back of this sheaf to C_K under the canonical morphism is a degree (d + g − 1) line bundle on C_K . The image of the unique morphism Spec K → Pic^{d+g−1}_{C/k} corresponding to this line bundle lies in Spec A_k.

Proof. For the first part of the statement, by [6], 4_2, Proposition 2.5.1, it is sufficient to prove that Ñ is invertible with the assumption that K is algebraically closed. We will prove that for any closed point x ∈ X, dim_K (Ñ ⊗_{OX,x} K) = 1. This will be sufficient by the usual upper semicontinuity argument. Further it is clear that both u, v cannot be in a homogeneous maximal ideal of S_K . So it will be sufficient to prove the dimension condition for any closed point x in X_v = Spec((S_K )_{(v)}), since the argument for X_u is similar. Now

(S_K )_{(v)} ∼= K[ū, w̄] (w̄^d − f(ū, 1)) and N_{(v)} ∼= ⊕_dK[ū],

where ū = u/v, w̄ = w/v. Here ū acts in a natural way and w̄ acts as ūᾱ_u + ᾱ_v. Any closed point in Spec((S_K )_{(v)}) is m = (ū − a, w̄ − b) for some a, b ∈ K. So we have that O_{Spec((SK )(v)),x} ∼= ( K[ū, w̄] (w̄^d − f(ū, 1)) )_{(ū−a, w̄−b)} as well as

(N_{(v)})_x ∼= O_x ⊗_{(SK )(v)} (⊕_dK[ū]).

This gives (Ñ)_x ⊗_{OX,x} K ∼= ⊕_dK[ū] (ū − a, w̄ − b)(⊕_dK[ū]) ∼= ⊕^dK (aᾱ_u + ᾱ_v − b)(⊕_dK) . So the required dimension is dim_K (ker(aᾱ_u+ᾱ_v−b)). We consider aᾱ_u+ᾱ_v ∈ M_d(K) and compute the dimension of its eigenspace of eigenvalue b. The characteristic polynomial of aᾱ_u + ᾱ_v is t^d − f(a, 1). Indeed, this follows when f(a, 1) ≠ 0 since all the roots are distinct (as char(K) does not divide d) and when f(a, 1) = 0 since the matrix is nilpotent in this case. Moreover, if b ≠ 0, then f(a, 1) ≠ 0 and b is an eigenvalue of multiplicity 1.

Let b = 0 so that f(a, 1) = 0. We may find a matrix B ∈ GL_d(K) such that B(aᾱ_u + ᾱ_v)B^{−1} is in its Jordan form. If dim_K (ker(aᾱ_u + ᾱ_v − b)) > 1, then we can write (for w ∈ M_d(K[u, v])) det w = det BwB^{−1} = (av − u)^ldet w^′, where

BwB^{−1} = av − u . . . 0 0 . . . 0 . . ... . . . . .. . . . 0 . . . av − u 0 . . . 0 0 . . . 0 1 . . . 0 . . ... . . . . .. . . . 0 . . . 0 0 . . . 1 w^′.

There are l number of (av − u)’s in the above matrix and l ≥ 2. But this gives that det w^d = (av − u)^{ld}det(w^′)^d = f(u, v)^d. Since l ≥ 2, av − u is repeated factor of f(u, v), which contradicts our assumption of f. This gives the required dimension condition and Ñ is an invertible sheaf on C_K .

For the second part, consider the projection q_K : C_K → P^1_K considered before. Then

χ(C_K , Ñ) = χ(P^1_K , (q_K )_∗Ñ)

and by the Riemann-Roch formula for vector bundles on nonsingular curves ([5], Example 15.2.1),

(1 − g) + deg Ñ = d(1 − 0) + deg ((q_K )_∗Ñ).

But (q_K )_∗Ñ ∼= ⊕_dO_P1_K and so deg ((q_K )_∗Ñ) = 0. This gives that deg Ñ = (d + g − 1).

For the third part, note that by the projection formula,

h^0(C_K , Ñ (−1)) = h^0(P^1_K , ((q_K )_∗Ñ)(−1)) = 0.

By Proposition 2.3, the image of Spec K under the unique morphism corresponding to Ñ lies in Spec A_k.

Remark 4.1. The above lemma is essentially the key lemma of [22]. As we will see later, it provides an explicit construction of line bundles on C ×_k K arising from representations of C_f . It is the main tool in proving the oneone correspondence between representations of C̃_f and line bundles on C mentioned in the introduction (Section 1).

Now we get to the main proposition mentioned at the beginning of the section.

Proposition 4.2. Let η : C̃_f → M_d(K) be a representation. Then there exists a morphism End_{Ak} P_0 → M_d(K) so that the following diagram is commutative:

C̃_f φ End_{Ak} P_0

M_d(K) η

Proof. Given a finite dimensional representation of C̃_f , we can construct a graded S_K -module N as before, where S_K = (K[u, v, w]/(w^d − f)). This gives a line bundle L on C_K as in the last lemma. Then the image of the morphism corresponding to this line bundle lies in Spec A_k. Note that by Lemma 2.5, this morphism does not depend on the choice of rigidification. If we denote by i the morphism Spec K^i−→ Spec A_k, then (id × i)^∗P ∼= L, where P is the universal line bundle on C ×_k Spec A_k. Recall that P is the sheaf associated to the graded module ⊕_iP_i, where P_i = H^0(C ×_k Spec A_k, P(i)). In fact, ⊕_iP_i = P ⊗_{Ak} A_k[u, v]. So the line bundle (id × i)^∗P ∼= L ∼= Ñ^′, where N^′ is the graded S_K -module K ⊗_{Ak} (⊕_iP_i). We claim that the S_K -modules N^′ and N are isomorphic as graded modules.

For any line bundle L^′, we denote by Γ_∗(L^′) the associated graded module ⊕_iH^0(L^′(i)). We have the following diagram in which the horizontal arrow exists by functoriality of Γ_∗ and the vertical morphisms are natural:

Γ_∗(Ñ ) Γ_∗(Ñ^′)

N N^′ Since the sheaves associated to the graded modules N, N^′ are isomorphic, the horizontal arrow is an isomorphism (as Γ_∗(O_{CK} ) and hence as S_K -modules). Thus it will be sufficient to prove that

1. N ∼= Γ_∗(Ñ) 2. N^′ ∼= Γ_∗(Ñ^′) as S_K -modules. Note that the vertical morphisms are S_K -module maps and hence it is sufficient to prove that these are bijective. Consider the first morphism as a K[u, v]-module morphism. By [11], Proposition 5.13 and the fact that Γ_∗ commutes with formation of direct sum, it follows that the first morphism is an isomorphism. But a similar argument along with the observation that N^′ ∼= (K ⊗_{Ak} P_0) ⊗_{Ak} A_k[u, v] ∼= (⊕_dK) ⊗_{Ak} A_k[u, v] ∼= ⊕_dK[u, v] shows that N^′ → Γ_∗(Ñ^′) is bijective.

This gives a degree preserving S_K -module isomorphism ⊕_dK[u, v] = N^μ−→ N^′ = (K ⊗_{Ak} P_0) ⊗_{Ak} A_k[u, v]. In particular, we get a K-module isomorphism ⊕_dK^{μ̄}−→ K ⊗_{Ak} P_0. and hence an isomorphism M_d(K)^{μ̄−μ̄−1}−→ End_K (K ⊗_{Ak} P_0).

Since μ preserves the action of w, the image of ᾱ_u (respectively ᾱ_v) is (id ⊗ α_u) (respectively (id ⊗ α_v)). So we have a commutative diagram C̃_f φ End_{Ak} P_0

M_d(K) η ∼= End_K (K ⊗_{Ak} P_0) This is the desired diagram of the statement.

Remark 4.2. Note that the morphism End_{Ak} P_0 → M_d(K) obtained in the previous proposition by our procedure is uniquely determined up to a unique automorphism of M_d(K). In fact, the only place where we do not have an explicit construction is the use of the morphism Spec K → Spec A_k. However this morphism is uniquely determined once we have constructed a line bundle Ñ as in the proof. This follows by Lemma 2.5. The rest of the procedure is algorithmic and determines a unique homomorphism up to an element of GL_d(K).

We now use the above proposition to prove a very useful property of the morphism φ.

Corollary 4.1. The morphism

φ : C̃_f −→ End_{Ak} P_0

constructed earlier is injective.

Proof. Let I denote the kernel of the morphism φ. Then since any representation has a factorization as in Proposition 4.2, I must be contained in the intersection of the kernels of d-dimensional representations. Thus, since C̃_f is an Azumaya algebra, I is contained in the (two-sided) ideal generated by the nilradical of Z_k, the center of C̃_f . But the center Z_k of C̃_f is reduced, see [10], Proposition 1.4. So the ideal I = (0) and φ is injective. 4.1 The morphism φ : Spec A_k −→ Spec Z_k Consider the morphism φ : C̃_f → End_{Ak} P_0 as above.

Proposition 4.3. The morphism φ : C̃_f −→ End_{Ak} P_0 maps the center Z_k to A_k.

Proof. Consider the sequence of morphisms

C̃_f^φ−→ End_{Ak} P_0^i→ M_d(Q(A_k)).

Let z ∈ Z_k. We claim that φ(z) is integral over A_k and that i∘φ(z) ∈ Q(A_k).

The first claim follows since φ(z) commutes with A_k and End_{Ak} P_0 is a finitely generated module over A_k. For the second claim, note that the composite i ∘ φ is an irreducible representation of C̃_f . Hence it follows that (i ∘ φ)(C̃_f )Q(A_k) = M_d(Q(A_k)). Now the claim follows since this implies that i ∘ φ(Z_k) ⊆ Q(A_k).

But since Spec A_k is a smooth integral scheme, A_k is integrally closed, which implies that φ(z) ∈ A_k.

The above proposition along with Corollary 4.1 gives an injective k-algebra morphism φ : Z_k −→ A_k and hence a k-morphism φ : Spec A_k −→ Spec Z_k. If there is no cause for confusion, we will denote both the above morphisms by φ.

We will prove in the following sections that the morphism φ is an isomorphism. 5 The morphism η : Spec Z_k → Spec A_k In this section, we construct a morphism η : Spec Z_k → Spec A_k which we will show to be the inverse of the morphism φ constructed earlier. The main idea in constructing the morphism η is to view the schemes Spec A_k and Spec Z_k as representing objects of certain functors and then construct a natural transformation between these functors. These ideas are present in the paper [23] of M. Van den Bergh.

If S is a k-scheme, then by an S representation of degree n of C̃_f we mean a pair (ψ, O_A), where O_A is a sheaf of Azumaya algebras of rank n^2 over S and ψ : C̃_f → H^0(S, O_A) is a k-algebra homomorphism. Two S-representations (ψ_1, O_{A1} ), (ψ_2, O_{A2} ) are said to be equivalent if there is an isomorphism θ : O_{A1} → O_{A2} of sheaves of Azumaya algebras such that ψ_2 = H^0(S, θ) ∘ ψ_1. An S-representation of C̃_f is irreducible if the image of C̃_f generates O_A locally.

Let Rep_d(C̃_f , −) be the functor which assigns to a k-scheme S, the set of equivalence classes of irreducible S representations of degree d of C̃_f . Since Azumaya algebras pull back to Azumaya algebras and irreducible representations are stable under pull-back, it follows that this is a functor. Further since C̃_f is an Azumaya algebra of rank d^2 over its center, this functor is representable in Sch/k and is represented by Spec Z_k. Note that by remarks at the beginning of Section 4, Spec Z_k is a Noetherian scheme.

We also consider representations of C̃_f into endomorphism sheaves of vector bundles. Let G_d(C̃_f , −) be the subfunctor of Rep_d(C̃_f , −) which assigns to a k-scheme S the set of equivalence classes of irreducible S representations into endomorphism sheaves of vector bundles of rank d. Again, since endomorphism sheaves of vector bundles pull back to the sheaves of the same kind, it follows that this is also a functor. Both the functors Rep_d(C̃_f , −) and G_d(C̃_f , −) define presheaves on (Sch/k)_fl with respect to the flat topology. Moreover the functor Rep_d(C̃_f , −) is a sheaf with respect to the flat topology since it is representable (Proposition 1, Chapter 8, [2]). We denote the sheafification of the functor G_d(C̃_f , −) with respect to the flat topology by Ḡ_d(C̃_f , −). The following fact is [23], Lemma 4.2.

Lemma 5.1. The natural transformation G_d(C̃_f , −) → Rep_d(C̃_f , −) induces an isomorphism Rep_d(C̃_f , −) ∼= Ḡ_d(C̃_f , −).

Our next goal is to define a natural transformation from Rep_d(C̃_f , −) to a certain open subfunctor of Pic^{d+g−1}_{C/k} (−). Before we define this morphism of functors, we need some auxiliary lemmas.

Let S be a k-scheme and (ψ, O_A) be an element of G_d(C̃_f , S) so that O_A = End_{OS} (E) for some vector bundle E of rank d on C ×_k S. We will construct an invertible sheaf on C ×_k S. Consider the graded sheaf homomorphism O_S [u, v, w] w^d − f(u, v) −→ End(E)[u, v] u, v −→ u, v w −→ uψ(x_1) + vψ(x_2)

where x_1, x_2 are the usual generators of C̃_f . Since E is a sheaf of O_S - modules, there is a canonical map from O_S to End(E). Since this is a graded homomorphism of graded algebras (degree of u, v is 1 on the right side), we get a graded module E ⊗_{OS} O_S [u, v]. This defines a sheaf M on C ×_k S. In the lemma below and the remaining section, for any point s in S, q_s denotes the morphism C ×_k k(s) → P^1_{k(s)} induced by the inclusion k(s)[u, v] → (k(s)[u, v, w])/(w^d − f(u, v), p_s denotes the projection of the second factor of P^1_{k(s)} on Spec k(s) and π_s denotes the composition p_s ∘q_s. Similar notation is used for an arbitrary field K instead of k(s).

Lemma 5.2. The sheaf M is an invertible sheaf on C ×_k S of (fibre-wise constant) degree (d + g − 1). Further the invertible sheaf M_s = M ⊗_{OS} Spec k(s) on C_{k(s)} satisfies h^0(C_{k(s)}, M_s(−1)) = 0.

Proof. It is sufficient to prove the first assertion in the case when S is an affine scheme. So let S = Spec R. Let C_R denote the scheme C×_kS. We may assume that H^0(S, E) ∼= ⊕_dR as E is a vector bundle of rank d. In this case, we denote the graded-(R[u, v, w]/(w^d − f(u, v)) module H^0(S, E) ⊗_R R[u, v] by M and the associated sheaf M by M̃.

Now consider the first assertion. Note that M̃ is flat over S and π is a flat morphism. So by [6] 4_2, Lemma 12.3.1, it is sufficient to prove that for any point s in S, M̃_s is an invertible sheaf on S. Here M̃_s is the sheaf (1 × i_s)^∗M̃ where 1 × i_s is the morphism C_s = C ×_k Spec k(s) → C ×_k S. Consider the representation associated to the point s via ψ: ψ_s : C̃_f −→ M_d(k(s)). This gives a sheaf Ñ as in the discussion preceding Lemma 4.2. The sheaf Ñ is isomorphic to the sheaf M̃_s. So the fact that M̃_s is invertible now follows from Lemma 4.2. Also the degree is (d + g − 1) along fibres of the projection on the second factor. This follows from a calculation using the Riemann-Roch formula, see the proof of Lemma 4.2.

For the second assertion, it is sufficient to prove the statement for the invertible sheaf Ñ of the last paragraph. But, in this case, (q_{k(s)})_∗M_s is a trivial vector bundle of rank d. This, along with the projection formula, gives the required statement. See Lemma 4.2 for details.

Corollary 5.1. With the notation as in Lemma 5.2, the resulting morphism S → Pic^{d+g−1}_{C/k} factors through Spec A_k.

Proof. Since the sheaf M is invertible on C ×_k S, we have a morphism S → Pic^{d+g−1}_{C/k} (after rigidifying this invertible sheaf if necessary). From Remark 2.4, this morphism does not depend on the rigidification. Now it is sufficient to prove that the image of any point s in S is in Spec A_k under the morphism in the statement. However it follows from Lemma 4.2 that the image of any point s in S lies in Spec A_k. So we get the required factorization.

Now we consider another functor H^{d+g−1}_{C/k} defined as follows. This will be defined as a subfunctor of Pic^{d+g−1}_{C/k} . For any k-scheme S, let H^{d+g−1}_{C/k} (S) be the subset of Pic^{d+g−1}_{C/k} (S) associated to the set of rigidified line bundles L on C×_kS which satisfy the condition that for any point s of S, h^0(C_s, L_s(−1)) = 0. Here C_s = C ×_k k(s) and L_s denotes the sheaf (1_C × i(s))^∗L, where i(s) is the inclusion Spec k(s) → S.

To see that this is indeed a functor, consider a k-scheme T and a kmorphism f : T → S and let L be an invertible sheaf on C_S = C ×_k S which gives an element of H^{d+g−1}_{C/k} (S). We need to prove that for any point t in T , h^0(C_t, L_t(−1)) = 0. But if s is the image of t, then we have h^0(C_s, L_s(−1)) = 0. Now the required dimension is zero since the composition f ∘ i(t) factors through the inclusion i(s) : Spec k(s) → S. It follows that this definition gives a functor. For this functor, we have the following lemma.

Lemma 5.3. The functor H^{d+g−1}_{C/k} is an open subfunctor of the functor Pic^{d+g−1}

C/k . Furthermore, H^{d+g−1}_{C/k} is a representable functor and is represented by Spec A_k.

Proof. To verify the openness of H^{d+g−1}_{C/k} , we use the characterization of openness of subfunctors given in [23], Lemma 2.2.3. For a k-scheme S, let L be an invertible sheaf on C ×_k S. Then condition (2a) is satisfied by the definition of the functor. For condition (2b), let L/K be a field extension, and let i : Spec K → Spec L be the associated morphism. Since i is flat, it follows that (π_L)_∗(1_{Ck} × i)^∗L ∼= i^∗(π_K )_∗L. Now the condition follows since ((1_{Ck} ×i)^∗L)(−1) ∼= (1_{Ck} ×i)^∗(L(−1)). For condition (2c), we need to prove that the set of points {s} in S for which L_s is in H^{d+g−1}_{C/k} (Spec k(s)) is open in S. We note that the image of a point s of S in Pic^{d+g−1}_{C/k} , lies in Spec A_k if and only if h^0(C_s, L_s(−1)) = 0 (Proposition 2.3). Now the condition follows by noting that the set in question is the inverse image of Spec A_k under the morphism S → Pic^{d+g−1}_{C/k} .

By the discussion above it also follows that the canonical morphism S → Pic^{d+g−1}

C/k associated with an element of H^{d+g−1}_{C/k} (S) factors through Spec A_k. Note that the restriction of the universal invertible sheaf to C ×_k Spec A_k is an element of H^{d+g−1}_{C/k} (Spec A_k). This follows from Proposition 2.3. This shows that Spec A_k represents the functor H^{d+g−1}_{C/k} .

We can now construct a natural transformation

Φ : G_d(C̃_f , −) −→ H^{d+g−1}_{C/k} (−).

Namely, for any pair (End(E), ψ) in G_d(C̃_f , S), we assign the O_{C×k S}-module (H^0(S, E) ⊗_{OS} [u, v])^∼. To see that Φ is a natural transformation, let f : T → S be a morphism of schemes and let (End(E), ψ) be an element of G_d(C̃_f , S). Then we need to prove that the two invertible O_{C×k T} -modules O_T ⊗_{OS} p^∗_S E and p^∗_T f^∗E are isomorphic. Now the statement is immediate since the action of w is preserved by the natural O_P1_T -module isomorphism between these sheaves.

Since the functor H^{d+g−1}_{C/k} is representable, by sheafification of Φ, we get the natural transformation

Φ : Rep_d(C̃_f , −) ∼= Ḡ_d(C̃_f , −) −→ H^{d+g−1}_{C/k} (−).

The isomorphism in the above definition follows from Lemma 5.1. Now the functors Rep_d(C̃_f , −) and H^{d+g−1}_{C/k} (−) are represented by Spec Z_k and Spec A_k resp.. This follows from the fact that C̃_f is an Azumaya algebra over its center and Lemma 5.3. So the natural induces a morphism of schemes η : Spec Z_k −→ Spec A_k. In the following section, we will show that the morphisms η and φ are inverses of each other.

6 The isomorphism theorem and descent on φ

In this section, we first prove that the morphism φ is an isomorphism. Now consider the composition Spec A_k^φ−→ Spec Z_k^η−→ Spec A_k. and denote it by θ. In the following proposition, P denotes the restriction of the universal invertible sheaf to C ×_k Spec A_k.

Proposition 6.1. The morphism θ is the identity morphism on Spec A_k.

Proof. Note that since P is the universal object in H^{d+g−1}_{C/k} (Spec A_k), it will be sufficient to prove that (1_C × θ)^∗P is isomorphic to P as a rigidified line bundle. Further by Remark 2.4, it is sufficient to show that these two sheaves are isomorphic as line bundles. Note that the sheaf (1_C × θ)^∗P is isomorphic to the image under Φ of (φ, End(P)) in Rep_d(C̃_f , Spec A_k). But then the sheaf (1_C × θ)^∗P is isomorphic to (P ⊗_{Ak} A_k[u, v])^∼, where P = H^0(Spec A_k, (π_{Ak} )_∗(P)) and w acts as uφ(x_1) + vφ(x_2). Now from the construction of the morphism φ (Proposition 4.1), the two actions of w on the graded (A_k[u, v, w]/(w^d −f(u, v)))-module P ⊗_{Ak} A_k[u, v] corresponding to the invertible sheaves (1_C × θ)^∗P and P on C ×_k Spec A_k are compatible. So the sheaves in question are isomorphic. This shows that θ is the identity morphism.

Now we can prove the following theorem.

Theorem 6.1. Let k be a field so that the curve C has a k-rational point. Then the morphism φ is an isomorphism.

Proof. We prove that the corresponding homomorphism φ : Z_k → A_k is an isomorphism. By Proposition 4.3, it is sufficient to show that the map φ is surjective. By Proposition 6.1, there exists a ring homomorphism η : A_k → Z_k so that the composition A_k^η−→ Z_k^φ−→ A_k is the identity homomorphism. In particular, φ is surjective. It follows that φ is an isomorphism.

6.1 The Galois descent on φ

In this section, we want to prove the isomorphism theorem of the last section without the assumption that the curve C has a k-rational point. The idea is to prove that φ obtained earlier descends to a field over which f is defined.

Let f be a binary form over a field k such that the characteristic of k does not divide d and f does not have repeated factors over an algebraic closure of k. Let k^′/k be a finite Galois extension (with Galois group G) such that C(k^′) is non-empty. Then we have the isomorphism φ : Spec A_k′ −→ Spec Z_k′ . Recall that Spec A_k′ descends to Spec A_k which is the complement of the Θ-divisor in Pic^{d+g−1}_{C/k} . Also, Spec Z_k′ descends to Spec Z_k which is the center of the Clifford algebra of f over k.

Main Theorem. The morphism φ descends to k and hence the center of the reduced Clifford algebra is isomorphic to the coordinate ring of the complement of the Θ-divisor in Pic^{d+g−1}_{C/k} .

Proof. Let x be a closed point of Spec A_k′ and k(x) be its residue field. Let σ ∈ G. Then we have the following diagram: Spec k(x)

Spec A_k′ i φ Spec Z_{k′}

Spec A_k′ σ φ Spec Z_{k′} σ

Now we prove that the above diagram is commutative. Let j denote the open immersion Spec A_k′ → Pic^{d+g−1}_{C′/k′} . We first show that j ∘ σ ∘ i = j ∘ φ^{−1} ∘ σ ∘ φ ∘ i. (6.1) Let π denote the structure morphism Pic^{d+g−1}_{C′/k′} → Spec k^′ and C^′ ×_k′ k(x)^σ denote the fibred product of C^′ and Spec k(x) with the structure morphism for Spec k(x) as π ∘ σ ∘ j ∘ i. Also, let C^′ ×_k′ k(x) denote the fibred product as earlier with the structure morphism for Spec k(x) as π ∘ j ∘ i. We have the isomorphism

C^′ ×_k′ k(x)^{σ×id}−→ C^′ ×_k′ k(x)^σ . (6.2)

To prove Formula 6.1, it is sufficient to prove that the line bundles on C^′ ×_k′ k(x)^σ corresponding to these morphisms are isomorphic. See Lemma 2.5. If P denotes the universal line bundle on C^′ ×_k′ Pic^{d+g−1}_{C′/k′} , then the line bundle corresponding to the morphism on the left side of Formula 6.1 is (id × (j ∘ σ ∘ i))^∗P.

Consider the morphism on the right side of the above equation. To construct the corresponding line bundle, it is sufficient to consider the associated representation of the Clifford algebra. The required line bundle corresponds to the following composite morphism C̃_f ⊗_k k^{′ id×σ}−→ C̃_f ⊗_k k^{′ ηi}−→ M_d(k(x)), where η_i is the representation corresponding to the morphism i (or i ∘ φ). But this line bundle is isomorphic to the pull-back of P under the composite morphism C^′ ×_k′ k(x)^{σ σ−1×id}−→ C^′ ×_k′ k(x)^{id×(j∘i)}−→ C^′ ×_k′ Pic^{d+g−1}_{C′/k′} . Now consider the commutative diagram C^′ ×_k′ k(x) σ × id C^′ ×_k′ k(x)^σ

C^′ ×_k′ Pic^{d+g−1}_{C′/k′} id × (j ∘ i)

σ × σ C^′ ×_{k′} Pic^{d+g−1}_{C′/k′} id × (j ∘ σ ∘ i)

By the above argument and the commutativity of this diagram, it follows that the two line bundles in question are isomorphic to (id × (j ∘ σ ∘ i))^∗P and (id × (j ∘ σ ∘ i))^∗(σ^{−1} × σ^{−1})^∗P. By Lemma 2.4, these two line bundles are isomorphic. So Formula 6.1 holds true.

In particular, i = (σ^{−1} ∘ φ^{−1} ∘ σ ∘ φ) ∘ i. Now consider the two automorphisms id and μ = (σ^{−1} ∘ φ^{−1} ∘ σ ∘ φ) of Spec A_k′ . They both are identity on closed points, and the morphisms induced on the residue fields are the same. Let a ∈ A_k′ . Then (μ(a) − a) is in any maximal ideal on A_k′ . Since A_k′ is of finite type over k^′ and is an integral domain, the intersection of all the maximal ideals is the zero ideal. So μ(a) = a for any a ∈ A_k′ . This shows that μ is the identity morphism.

The second part follows from the discussion preceding the theorem and Corollary 2.1.

We record an easy corollary of the main theorem.

Corollary 6.1. The center Z_k of the reduced Clifford algebra is an integrally closed Noetherian domain.

Proof. By the main theorem, the k-scheme Spec Z_k is isomorphic to the scheme Spec A_k which is the complement of the Θ-divisor in Pic^{d+g−1}_{C/k} . Since Pic^{d+g−1}

C/k is a smooth, integral Noetherian scheme and Spec A_k is an open subscheme of Pic^{d+g−1}_{C/k} , Spec A_k has these properties as well. In particular, A_k is an integrally closed Noetherian domain. So Z_k is an integrally closed Noetherian domain.

Remark 6.1. The Main Theorem 6.1 says that the reduced Clifford algebra can be viewed as a sheaf of Azumaya algebras on Spec A_k. There are two natural questions which arise. The first is whether this sheaf extends to Pic^{d+g−1}

C/k as an Azumaya algebra. The second is if it does, then what is its Brauer class. These questions will be addressed in a forthcoming article [13].

Acknowledgements: We thank Darrell Haile, Michael Larsen and Valery Lunts for their help and encouragement. This project has benefitted immensely from our conversations with them and from their advice.

References

[1] E. Arbarello, M. Cornalba, P. A. Griffiths and J. Harris, Geometry of Algebraic Curves, vol. 1, Springer-Verlag, 1985.

[2] S. Bosch, W. Lütkebohmert and M. Raynaud, Néron Models, Springer- Verlag, 1990.

[3] L. Childs, Linearizing of n − ic forms and generalized Clifford algebras, Linear and Multilinear Algebra 5 (1978), 267-278.

[4] F. DeMeyer and E. Ingraham, Separable Algebras over Commutative Rings, Lecture Notes in Math., vol. 181, Springer-Verlag, Berlin, 1971.

[5] W. Fulton, Intersection Theory, Springer-Verlag, 1998. [6] A. Grothendieck and J. Dieudonné, Eléments de Géométrie Algébrique, Inst. Hautes Études Sci. Publ. Math..

[7] A. Grothendieck, Séminaire Bourbaki, exp. no. 195, (1959/60). [8] D. Haile, On the Clifford algebra of a binary cubic form, Amer. J. Math.

106 (1984), 1269-1280.

[9] D. Haile, When is the Clifford algebra of a binary cubic form split, J. Algebra 146 (1992), 514-520.

[10] D. Haile and S. Tesser, On Azumaya Algebras arising from Clifford Algebras, J. Algebra 116 (1988), 372-384.

[11] R. Hartshorne, Algebraic Geometry, Springer-Verlag, 1977. [12] R. S. Kulkarni, On the Clifford algebra of a binary form, Ph.D. Thesis, Indiana University, 1999.

[13] R. S. Kulkarni, On the extension of the Brauer class of the reduced Clifford algebra, in preparation.

[14] J. Milne, Abelian Varieties: Arithmetic Geometry, Springer-Verlag, 1986, pp. 103-150.

[15] J. Milne, Jacobian Varieties: Arithmetic Geometry, Springer-Verlag, 1986, pp. 167-212.

[16] J. Milne, Étale Cohomology, Princeton University Press, 1980. [17] S. Montgomery and L. W. Small, Fixed rings of Noetherian Rings, Bull.

of London Math. Soc. 13 (1981), 33-38.

[18] D. Mumford, Abelian Varieties, 2nd ed., Oxford University Press, 1970, [19] C. Processi, Rings with Polynomial Identities, Dekker, New York, 1973.

[20] P. Revoy, Algèbres de Clifford et algèbres extérieures, J. Algebra 46 (1977), 268-277.

[21] N. Roby, Algèbres de Clifford des formes polynomes, C. R. Acad.

Sci. Paris Sér. I Math. A-B 268 (1969), A484-A486.

[22] M. Van den Bergh, Linearization of binary and ternary forms, J. Algebra 109 (1987), 172-183.

[23] M. Van den Bergh, The center of the generic division algebra, J. Algebra 127 (1989), 106-126.

DEPARTMENT OF MATHEMATICS, VAN VLECK HALL, UNIVER- SITY OF WISCONSIN, 480 LINCOLN DRIVE, MADISON, WI 53706, USA.

E-mail: kulkarni@math.wisc.edu