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Blow-up of Electric Fields between Closely
Spaced Spherical Perfect Conductors
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?Department of Mathematics, Michigan State University,
East Lansing, Michigan, USA

The electric field increases toward infinity in the narrow region between closely
adjacent perfect conductors as they approach each other. Much attention has been
devoted to the blow-up estimate, especially in two dimensions, for the practical
relevance to high stress concentration in fiber-reinforced elastic composites. In this
paper, we establish optimal estimates for the electric field associated with the
distance between two spherical conductors in n-dimensional spaces for n > 2.
The novelty of these estimates is that they explicitly describe the dependency of the
blow-up rate on the geometric parameters: the radii of the conductors.

Keywords Blow-up of electric field; Fiber-reinforced composites; Narrow
region; Spherical perfect conductor.

Mathematics Subject Classification 15A15; 15A09; 15A23.

1. Introduction

We consider the blow-up of the electric fields in the narrow region between a pair
of perfect conductors which is closely adjacent in n dimensions (n > 2). Conductors
provide higher intensity of electric flux around them. The intensity increases as a
pair of conductors approaches each other, and the electric field even reaches toward
infinity (refer to [1-4, 10, 11]).

In this paper, we present the optimal blow-up estimate for the electric field
with respect to the distance between a pair of conductors under the assumption
that the conductors are of spherical shape in n dimensions (n > 2). The novelty
of these estimate is to describe explicitly the dependency of the blow-up rate on
the radii of the conductors: this paper is the first result to establish the role of
the geometrical factor of conductors in the blow-up of the electric field in three or
higher dimensions.
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Besides the consideration of the gradient estimates in the frame of the
electrostatic theory, much attention has been drawn to it of the relevance to
the stress—strain behavior of composite materials, especially in two dimensions.
According to Budiansky and Carrier [6], unexpectedly low strengths in stiff fiber-
reinforced composites have been reported, due to the high stress concentration
occurring in the narrow region between fibers (also refer to [7]). In the
anti-plane shear model, the stress tensor represents the electric field in the two
dimensional conductivity model, where the out-of-plane elastic displacement satisfies
a conductivity equation [5]. Thus, the gradient estimates for electric field have a
valuable meaning in relation to in the failure analysis of composite material. To
give a brief description of related works, for the case that the inclusions and the
outside of inclusions have the comparable conductivities (or shear moduli), it
was verified that the electric field remains bounded independently of the distance
between the inclusions. Li and Vogelius [9] have shown that the electric field does
not blow up even when the inclusions approaches each other. Moreover, Li and
Nirenberg [8] have extended this result to elliptic systems. These results point out
that the extremely high conductivity (or the stiffness of fibers) is indispensable to
the blow-up phenomena.

In this respect, much attention has been focused on the model of a pair of
perfect conductors which are € apart. Ammari et al. [2, 3] have established the
optimal blow-up rate €~'/? as the distance € goes to zero, when conductors are of
circular shape in two dimensions. Yun [10, 11] has extended the above mentioned
result to a sufficiently general class of the conductors’ shapes in two dimensions.
In three or higher dimensional case, Bao et al. [4] recently obtained the optimal
blow-up rate for perfect conductors of general shape: the optimal blow-up rate
is (€|loge|)~! for three dimensions, and is € ! for higher n dimensions (n > 4).
However, their estimates are only given by the distance between two conductors and
geometric information of conductors are not incorporated into the estimates.

What is new in this paper is that for the case of spherical perfect conductors in
three and higher dimensions, the gradient estimates are established in terms of the
radii as well as the distance between inclusions. What is more is that the approach
introduced in this paper to derive the estimates is distinct from the methods of
Bao et al. [4] and Ammari et al. [2, 3]. In the two dimensional case, our approach
provides the same estimates as of Ammari et al., Proposition 3.1, in a much simpler
way for the case of perfect inclusions.

2. Mathematical Formalism and Main Results

From now on, R” denotes n dimensions, and B, (x|, X, ..., x,) is the sphere with
radius r and center (x;, x,, ..., x,) in IR”. Given any entire harmonic function H in
R" (n > 2), we define the electric potential u as the unique solution to the following
conductivity problem:

Au=0, in R"\(D, UD,),
u(x) — H(x) = O(Jx|'™") as |x| — oo,

ul,p, = C; (constant),

fﬁD[ o,udS =0, fori=1,2,

M
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where x = (x4, x,,...,x,). This solution u can be interpreted physically as the
electric potential outside conductors D; and D, under the action of applied electric
field VH.

In this paper, we start by considering the case that VH is a uniform field, i.e.,
H = a - x for some constant a in IR”, in Theorems 2.1 and 2.3. Based on these,
the optimal upper bound of the gradient for any entire harmonic function H is
established in Theorem 2.4.

Theorem 2.1 (Three dimensions). We assume that D, and D, are the pair of spheres
with radii r, and r, that are 2€ apart in R3. Thus, we set

Dl = Brl(}"] + €, O, 0) and Dz = Brz(_(rz + 6), 0, 0).

Let u be the solution to (1) for H(x,, x5, x;) = Z?zl a;x;. Then, there exists a positive
constant C, independent of €, r|, r, and (a,, a,, a;) such that

1 rr 1 rr,
“la < \ul,y —ulsp.| < C.la loge
Sl (22 ) o <l = | = a2 itoge

for sufficiently small € > 0.

(a) In the case that a, is nonzero, for any sufficiently small €, there is a point X, between
D, and D, such that

1 ) 1
_ < |Vi .
2C*|a1|<r1 + r2> leloge| — Vi)l

The lower bound above is optimal in the sense that there is a positive constant C*
independent of €, ry, r, and (a,, a,, a;), satisfying that

* rnnr 1
Vil p w3\ (pyupyy) < € |511|(r1 i r2> leloge|’ ()

for sufficiently small € > 0.

(b) In the case that a, is zero, the gradient of u does not blow up even when the distance
€ goes 1o zero, i.e., there is a positive constant C§ independent of € and (a,, a,, a;),
satisfying that

||Vu||L°°(R3\(D1UDz)) < Gy(las| + |as)), (3)
for sufficiently small € > 0.

Remark 2.2. The constant C; at (3) depends on r, and r,: in details, there is a
constant C so that

rnor
19w = Cmax {2 2 s+ s, @

2 N
when a; = 0. The derivation of the inequality above is included in the proof of
Theorem 2.1. The term ‘C max{:—;, :—T}’ becomes arbitrarily large for small r, or r,,
and then it is not guaranteed that the bound (4) above is optimal. However, our
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attention is focused on the contribution of r, and r, to the blow-up rate associated
to the distance 2e. As mentioned in Theorem 2.1, the gradient of u blows up as
€ — 0 if and only if a, is nonzero. On this occasion, the 1/|eloge| term at (2)
dominates the upper bound of || Vu| .« n,up,)> and the bound (2) describes the
contribution of r; and r, well. Therefore, Theorem 2.1 would suffice for our purpose.

Theorem 2.3 (Higher dimensions). We assume that D, and D, are the pair of spheres
with radii r; and r, that are 2€ apart in R" (n > 4). Thus, we set

D, =B, (r+¢€0,...,0) and D, =B, (—(r,+¢),0,...,0).

Let u be the solution to (1) for H(x, X, ..., x,) = > i, a;x;. Then, there exists a
constant C,, independent of €, ry, r, and (a, a,, ..., a,) such that

1 i rir
—|a < |u — ul, |<C a
clal(-4) = i, = | = Colanl (22

for sufficiently small € > 0.

(a) In the case that a, is nonzero, for any sufficiently small €, there is a point X, between
D, and D, such that

1 r 1
— - < |V .
2C |611|<r1_|_r2)'E < |Vu(x,)|

ok

The lower bound above is optimal in the sense that there is a positive constant C**
independent of €, r, r, and (a,, a,, ..., a,), satisfying that

ri7y 1
1Vl ooy < c**|a1|( )—,

for sufficiently small € > 0.

(b) In the case that a, is zero, the gradient of u does not blow up even when the distance
€ goes to zero, ie., there is a positive constant Cj* independent of €, ry, r, and
(ay, ay, ..., a,), satisfying

n
[Viell 1 w3\ (D0 Dy < Co* > lail,
i=2

for sufficiently small € > 0.

Similarly to Remark 2.2, the constant C;* above depends on r; and r,, i.e., there is
a constant C so that

rn o n -
19l e e ooy < € max {—, —} S la,
r2 rl i=

when a; = 0. The derivation of the inequality above is also presented in the proof
of Theorem 2.3.
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In this work, the blow-up estimates in terms of radii is presented only for three
or higher dimensional case. Speaking of two dimensions, Ammari et al. [3] already
provided the optimal bound (5) and (10) in terms of radii of circular inclusions as

_nn 1
r1+rzﬁ

where r;, and r, are the radii of circular inclusions. This is also derived in
Proposition 3.1 of this paper. As has been mentioned before, the method in this
paper is much simpler.

max |V(u — H)| < C (5)

Theorem 2.4 (General entire harmonic function H). Let D, and D, be a pair of
balls as assumed in the previous theorems in n dimensions (n > 3). We choose a
large bounded domain ) containing D, and D, for any small € > 0. For the sake of
convenience, we select the ball By, (0, ...,0) as Q. For any given entire harmonic
function H, let u be the solution to (1) for H.

In three dimensions (n = 3), there is a constant C*, independent of €, r,, r, and

(a, a,, ay), satisfying

rr 1
V(u — H) || oo (3 < C*||VH|| —_—
19 = im0 = €I (202 ) o

and

" 1
Vil 1 or(pyu pyy) < CTIIVH | () —2 )
r +r, ) |eloge|

for sufficiently small € > 0.
In higher dimensions (n > 4), there is a constant C**, independent of €, r,, r, and

(ay,ay, ..., a,), satisfying

sk }"17'2 1
190 — B)llgrom < € ||VH||LW<Q>( )—

rn+rnr/e

and

rr, \1
Vul| < C*™||VH|| — -
Ielimaon = C I o (22 )

for sufficiently small € > 0.

3. Representation of the Potential Difference
We introduce a harmonic function 4 as follows:
Ah =0, in R"\(D, U D,),
h = O(]x|'™"), as |x| — oo, ©
hl;p, = k; (constant),
fﬁD[ 0,h dS = (=)™, fori=1,2.
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It is essential in this work to construct the function 4 because of the following
lemma.

Lemma 3.1 ([10]). For a solution u to (1), we have that

u —u

0D,

= 0,h)H dS 0,h)H dS. 7
oD, /B.,Dl( ! ) +~/(;D2( ! ) ( )

Proof. With the boundary condition of u on dD, and 0D,, Green’s identity for H
inside D, and D, yields

/ 0.(u— HydS = / 0,(u — H)dS =0,
D, oD,

and thus

[:= / ho,(u — H)dS + / ho,(u — HydS = 0.
oD, 0Dy
Applying again Green’s identity outside D, U D,, we have

O:I:(u

o~ o) / , @uH as - / , @ as. O

We remark that the above representation (7) is observed by Yun [10] for the
purpose of estimating the stresses between two arbitrary shaped inclusions in IR?.
By constructing a harmonic function 4 and calculating the right hand side of (7),
Yun estimated the potential difference between two adjacent conductors.

The idea to establish 4 is from the basic theory in electrodynamics, and we use
several times the following property of Apollonius circles.

3.1. Apolionius Circle in R"

For a ball B,(c) in R” and a point p, |p — ¢| > r, we have

r 1 _
Ip—c|[x—R(p)| |x—pl

, for all x € dB,(c), ®)

where R is the reflection with respect to B,(c), i.e.,

R(p) = M

= +c.
Ip—cl?

A simple application of Apollonius circle is estimating the potential difference
of the solution to (1) for two circles with different radii.

3.2. Estimates in R?
We let

D, =B, (¢;) and D, =B, (c,),
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where ¢, = (r; + €,0) and ¢, = (—r, — €, 0), and R, be the reflection with respect to
D,, in other words,

R0 = LX)

Ix —¢;

Let p, € D, be the fixed point of R, o R,, then R,(p,;)(=: p,) is the fixed point
of R, o R, and R,(p,) = p,. From (8),
n

, forxedD,

Ix —p| [P, — ¢

x—ps| P — ¢
n

, for x € 0D,.

Hence, the solution to (6) is

1 1 X — pi|
h:=—(log|x —p,| —log|x — p,|) = — log [ —L ),
27[( og|x — pi| — log |x — p,[) o 0g<|x_p2|

and, from (7), we have the following proposition.

Proposition 3.1. Let H(x,, x,) be an entire harmonic function. The solution u to (1)
satisfies

M|E‘D1 - ”|aDz = H(p,) — H(—p,)

— 40, H(0,0) /25 /e + O(e). ©)

Referring to the mean value theorem, there exists a point X, between 0D, and 0D,
such that

rnr 1

rl+r2ﬁ'

for any sufficiently small € > 0. Moreover, there is a constant C independent of €, r,
and r, such that

|Vu(x,)[ = 10, H(0, 0)] (10)

([ Vue| = C||VH]| nn 1
U|| ;o o
L= (Q\(D1U Dy)) L>(Q) r r \/E

where Q = By ,,,(0,0).

Proof. The fixed points p; satisfies

p, = (2 £ﬁ+ 0(6),0) and p, = (—2 i«/@—k O(e),O).
rn+n rt+r

1 1

Therefore, we obtain (9) and (10). By virtue of the argument presented by Bao
et al. in [4], the upper bound of the gradient is derived from (9). In this paper, the
same process as this proposition to derive the upper bound of the gradient is also
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presented in the proof of Theorem 2.1. Therefore, please refer to the derivation of
the upper bound of the gradient in the proof of Theorem 2.4. O

We remark that the same gradient estimate has been obtained by Ammari
et al. in [3]. They represented u by single layer potentials of the Laplacian with
potential functions defined using Kelvin transform R;, i = 1,2, and obtained the
blow-up rate by investigating the potential functions. The novelty of their work
is that their estimates is not only for a extreme conductivity but also for a finite
positive constant. However, as for the extreme case, our result provides a much
simpler method for obtaining the blow-up rate.

4. Derivation for Theorem 2.1

Differently from the two dimensional space where the point charge potential,
the logarithm, separate the multiplication with ratio p into a sum, we cannot
constructed % just with two point charge potential functions in higher dimensional
space. Therefore, we introduce a sequential process to build 4.

4.1. Construct hin R", n >3
Let

D, =B, (¢;) and D, =B, (c,),
where
¢, =(rn+e€0,...,0) and ¢, =(—r, —€,0,...,0).

We start from a harmonic function #, ,, defined outside of D,, which is

1

hyo(x) = m

Note that h;, is constant on dD;. However, it is not constant on dD,, and we
neutralize it by adding auxiliary point charge potential s, to make (h;,+ hy )
constantly zero on 0D,. From (8), h,, is defined as

n—2
r -1
h (X) - < : ) ’
b le; — ¢ [x — Ry(c;)["2

where R, i = 1, 2, be the reflection with respect to D;. On the next step, we add #, ,
to (h, o+ hy,) and make (h;,+ A | + h;,) be constant on dDy, i.e.,

n—2 n—2
= (2ar) (o) 1
P27 e, — ¢ le, = Ry(e))] ) [x— Ry (Ry(c)))|"2

Consequently, we construct 4, ,,, m € N as

=D

n—2
hy = (%,m) m,
Jm

(11)
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where
(R\R (e,),  ifm=2k k=0,
M Ry(R Ry (o), ifm=2k+1, k>0,
g =11 py;» formeN,
j=0
and
1, if j=0,
r e .
=2k k>1
Prj=qle; =€yl
B i j=2k+1, k>0
ey — ¢ x|

Similarly, we define 4, ,, m € N as

_ (=D
h — n—2 ,
2,m (qZ,m) |X — c2,m|"_*2
where
(RyR,) (cy), ifm=2k, k>0,
c m = .
> R (RyR) (¢cy), ifm=2k+1, k>0,
Gm=[1p2,;, formeN,
j=0
and
1, if j=0,
#, if j=2k, k>1
P2 =16 — €l
L, if j=2k+1, k>0.
[c; — € 5]

Since (R,R,)*(¢,) € D, and R,(R,R,)*(¢,) € D,, we have, for j > 1,

= ., where r,

max — max(rl, }"2).

i
py; = max
ST s+ 2 14 2=

max

o Hence,

Tmax

By the same way, P2, <

Z(QSJ’H)”_2 < 00, s = 1’ 2
m=0

1295

(12)

(13)

(14)

(15)

(16)

(17)

(18)
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and the two series Y, h;,.i=1,2, are well defined. To get h satisfying the
decaying condition, we sum the series h,; ,, and h,, with different weights as the
following lemma.

Lemma 4.1. The solution to (6) is given by

LT & D) & (1) (g
@ no, M[QZZ PR TR D iy r T

m=0 m=0

h(x) = ] (19)

where , is the area of the unit sphere, and

0, = Y=g, ) s=1.2,

m=0

M=0,Y(q12)" "+ 01 Y (dros)"
=0 k=0

Here, q,,,’s and ¢, s are defined by (12), (13), (16), (17).
Proof. Let

= (=D" (g3..)"" 2 (=D)"(qom)"
Q2 Z |X - cl,n1|1172 Ql mZ=0 |X - c2,m|”72 ’

h.(x) =

m=0

then h, satisfies (6) except the last condition, boundary integral conditions.

Note that
1 0 1 0, forpe R"\D,,
e = ! 20
2-nw, /az),. ov |x —p|*2 (x) {1, for p € D;, 20)
and we have
0,h d
= n)wn [, o (x)dox)
=0 Z(Cll,zk)”_z + 01 Y ()"
k=0 k=0
= Z(Ch,zk)n_z Z(%,zk)n_z - 2(011,2k+1)n_2 Z(‘]z,zk+1)n_2
0 k=0 k=0 k=0
=0 Y (4220)" 7+ O ) (s )"
k=0 k=1
1
= 0,h,(x)da(x).
(2 —n)w, Jop, 0

Lemma 4.2. Assume that the dimension n is 3 and the distance € is sufficiently small.
Then, there is a positive constant C independent of r|, r,, and € satisfying the following
properties:
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o Estimates for Y . _q, ,:

d o0
— 1 < <C 1 s 21
Faliosd = T = €5 yllose e1)
L1 jloge = Y- gs, = C|loge] (22)
— € €
Cd+1 g —m:OqZ,m— d+1 g

where d = :—?
o Estimates for Q,:

11 —0 <cC 1
Cd+1~-"'"="4d+1

1 d —0,<C d
Cd+1~-27 "d+1

where Q, and Q, are defined in Lemma 4.1.
o Estimates for 37 (¢ 2)(d5.20) — 2pmo(Csak1) (G241

5 = (_I)SH[Z(Cs,zk)(%,zk) - Z(Cx,2k+1)(qx,2k+l)] = Cr,.
k=0

k=0

Now, we are ready to prove Theorem 2.1.

4.2. Proof of Theorem 2.1

Potential Difference. We first consider the case of H(x,x,, x3) = x,.
Then, Lemma 4.1 implies

0, & 0 <
M|6D1 - ”|51)2 =M kgo(cl,Zk)(QIJk) + I kgo(cz,zkﬂ)(%,zkﬂ)

_ % ki_o(:)(cl,ZkH)(ql,ZkH) - % é(CZZk)(an)’ (23)

where ¢y is the x,-coordinate of C,; fors=1,2,je€N,ie,
(Cs,j, 0,0) = c, -

Lemma 4.2 allows one to estimate four positive valued terms in the right hand side
of (23) so that

M=0,Yqin+01) Grun
=0 k=0

N LT,
"[(d-+1)2*'(d-+1)2}|°g€|

=~ |loge|.
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In total, we obtain

|~ rr 1

|’/‘|01)1 — ulop,| =

r 4+ |loge|

In the case of H = a,x, + a;x;, the integration (7) is zero; all point charges of
h lie on x; axis. Therefore, there is no potential difference between inclusions, and
we have established the estimate for the potential difference between D, and D,.
Therefore, for H =Y, | a,x;,

) 1
r +r, |loge|’

|M|8D| - ”|aDz‘ >~ |a]|

Lower bound. The lower bound is obtained by simply applying the mean
value theorem. Since |u|Dl — ul Dz‘ behaves as 1/|loge|, the gradient behaves as
1/(ellogel), and, more precisely, there is a point x, between D, and D, satisfying
that

1 rr 1
— < |V
C|a1|<rl+r2)|eloge| = [Vu(x)|

where H = Y0 | a;x;.

Upper bound. The upper bound of the gradient is derived by applying the
methods presented by Bao et al. [4].
We assume that r; > r,, and let

1

—D,={xeR’|rxeD}, i=12.

n
Note that #D] is a unit sphere. Define a bounded domain (), containing ﬁD, and
lD2 independently of €, as the sphere B,(0, 0, 0). Now, for a solution u to (1) for
H(x) > i, a;x;, define the scaled function & as

1
u(x) := —u(rx).
n
Then # is also the solution to (1) for H(x) = x; with 4 =Dy and =D, instead

of D, and D,. The estimate for the dlfference of u between 0D1 and 6D2 in this
theorem yields

- - - d 1
|“|a(%u,) - ”|a(%D2) = |al|1+—dm,
where
d="2 and =25,
n n

By the maximum principle, we have

u— L>(0Q) = u aiD — i aLDZ L>(Q)
e — H| < |al iy 1 p, | + 2 H||

1
< C(lal( 155 ) riogg; * ol +leal +las ).
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and, as a result,

) , d |
||u||Loo(£Q) EC |a1| 1—+—_d m+|al|+|a2|+|a3| .

To estimate |Vii| on 9(;-D, U ;-D,), we define vy as in [4]:

1 1
Av;=0 in Q\(—D1 U —D2>
r r

1 1
v;=0 on 0<—D1 U r—Dz)
1

r

vy = —it on 0.

We draw the attention of readers to Lemma 4.3, 4.4 which are modified from [4] to
fit our problem. For convenience, we provide the proofs at the end of this section.

Lemma 4.3 ([4]). There is a constant C independent of d and € such that

- d 1
19+ 0l = Clanl(155 ) 0057 (4)

Now, in estimating | Vii| on d(;-D, U ;-D,), it is remained to be derived an upper
bound of |Vv,| on 6(r—11D1 u 711D2)' To do that, we define the harmonic function p in
Q\(%D1 U %Dz) as in [4]:

1 1
n

r
1 1
p=0 Ona—Dlu—Dz N
n n

p=1 ondQ.

Note that vy = %||it]| ;= (s0)0 = 0 on 6(%D1 U %Dz). Moreover, from the fact that
v; = —it on the 0Q and the maximum principle, for x € Q\(%Dl U %Dz), we have
=)l =00y < v3 < llit]l 1= (00)p- Therefore, by Hopf’s Lemma and the maximum
principle,

”VUSHL‘”(Q\(%DIU%DZ)) = ”ﬁ”L"“(EQ)||Vp||L°°(Q\(%D1U%D2))'

We apply the following lemma to calculate || Vs ||« (L p,uLp,)-
7 D1Uz D2

Lemma 4.4 ([4]). There is a constant C such that

”Vp”L”(D%DIUB%Dz) = CZI’

for € small enough.
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Applying Lemma 4.4, we have
1903y op o = €5 (1ol (155 ) oy * el +leal +las ). 29)
D1V d 1+d)|logd|
Two bounds (24) and (25) yield

||Vu||L°°(0(D|uD2)) = ”V’:‘t“L“(é(%DIU%DZ))

d 1 1
C I D
< <|a1|(1+d>|510g5| +d(|az|+|as|))

, rir, 1 1
<C - ) — 4+ =
=< (|al|<r1+r2>|eloge| +d(|a2|+|a3|)>

for sufficiently small € > 0. Since |VH| is bounded by |a,| + |a,| + |a;|, we have

nr 1 1
190 = )iy = €1l ) oo+ el + s )

leloge|

By the harmonicity of u — H in R*\(D; U D,), [|V(u — H)|| = &\(p,up,) has the same
upper bound as the above. The fact of |VH| < |a,| + |a,| + |a;| is again used so that

rr
190l sy < c(w(#)
rn+n

1
ogai + e+ )

Therefore, we obtain the upper bound of the gradient estimate. |

Proof of Lemma 4.3. From definition, & + vy is constant on 0;-D; and ;-D is a
unit ball. By Kelvin transform, # + v; can be extended harmonically to Q\(%DW U
%Dz) where

1 1 1
—D, 5 = {x € —D, ‘dist(x, 6—D1> > 5/}
n r T

and

1

0=1-—-.
1420

Similarly, # + v; can be also extended harmonically to Q\(%DL s U %Dzﬁ sv) wWhere

1 1 1
—Dy 5 = {x € —D,| dist(x, 8—D2) > 5”}
r ry n

and

5//:(1_

d+25
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Furthermore, by the standard estimate for the extension, there is a constant C
such that

(it — vy) in (- = C| |( d ) :
max i—v) — min i—uv) <Cla)|| — | ——
NG Dy Uk Dy 1) } O\ Dy y Uk Dy 1) ’ "\1+d |log d|

for sufficiently small € > 0. Note that
0 ~25 and " ~20.

By the gradient estimate for harmonic functions, we have

- d 1
V(& + v3)||L°°(Q\(%D|U%D2)) = C|a1|<1+_d) 5102 0|

Proof of Lemma 4.4. Let p; (i =1, 2) be the solution to
) 1
Ap, =0 in Q\ —D;
r
1
p;=0 ond|l—D,
n

p;=1 ondQ

Then p = p; on the 60 U dD;. The maximum principle yields to p; < p. Note that
the radii of - D and - 7D, are 1 and d respectively.
Consider the harmonic function v which is the solution to

Av=0 in B4(0,...,0)\B, (¢c)),
v=0 on 3B, (c),
v=1 on dB,(0,...,0),

where 7, < 1 and |¢)| < 2. Let the harmonic function w be as

! Ly ! ! forn >3
w= 2;172 r0;172 |X _ c0|n72 r0n72 nz=

(log2 —logry)(log|x — ¢y| — log ry) for n =2.

Then,
w>1=von dB,(0,...,0)
and

w = v on 0B, (c,).
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Then, there is a constant C, independent of r, and ¢, satisfying

1
||Vv||L°°(ﬁB,0(co)) = Cr_o'
By Hopf’s Lemma, we have

—d,w > —0,v >0 on JB, (¢),

and there is a constant C, independent of ¢, and r,, satisfying

1
—0,w < C—.
)
Therefore, we obtain
1
||VU||L°°(53,O(¢0)) =—0,w=<C—. (26)

o

It follows from (26) and Hopf’s Lemma that
”Vp”L“((?%D]) < [ Vp, ||L°°((?%D]) =<C

and

1
||VP||LDC(0%02) = ”VpZ”LN(E%Dz) = CE' O

4.3. Proof of Lemma 4.2

We begin by considering the position sequences ¢, ,, and ¢, ,,, because the quantities
like ¢, ,, and p; ; used in the derivation are yielded by these position sequences c; .
Referring to the relation (12), the successor ¢, ,,, to ¢, ,, is determined by the twice
refection R, o R,. For x = (x,0,...,0) € D,, the twice reflected point R,(R,(x)) =
(x/,0,...,0) is given by

2
4

rn+r+2e— n

x+r+e

X =r+e€—

For the sake of convenience, we assume that

Cy
S==,d=2, and y,=24 jeN, 27)
r r r

where ¢ ; is the x;-coordinate of ¢, ;. Then, we have the relation

d+ (1+3d)s+ 25 d+ 3+ d)s+ 25
YorYok—2 + T+ d+2o Yor — I+ dt2s YVok—2
4dsé + 3(1 + d)6* + 26°
- 1+d+26 -

0. (28)
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Let p= (p,0,...,0) € D, be the fixed point of (R, o R,), then rﬁl is the limit point
of y,, and satisfies

>

p 2+2(d—1)5 p 4d5+3(1+d)52+253_0
14+d+26 1+d+26 -

r n

and, as a result,

[
71_2 d+1¢5+0(5). (29)

Here, we have a constant C independent of d so that

|0(V/3)| < CV/§ for sufficiently small § > 0.

It follows from (28) that

P P n d+(1+3d)5+252+£ P
Yok V1 Yar—2 "1 1+d+25 r Yar r

d+(B+d)d+28 p P\ _o
1+d+26 r Y22 r -

_ p
Lok = Yok — >
n

For simplicity, let

then
1+ (d—i-(l + 3d)d + 287 p> 1 (d+(3+d)5+252 p) 1 _0
1+d+20 ) s 1+d+20 )
Further, let
d+(143d)0+26%
S i
T (d+(3+d)0+22 - (d—1)o ’
(%) - f 2(1+d+2(5 + f)
this can be rewritten as
1 1
— +B)=A +B).
ok 2ok—2
Therefore, the sequence y,, is expressed as
p
Yo =y +
n
1
_ L
(3 +B)A*—B n
20
1 )4
= ] + =. (30)
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4.3.1. Estimates for y;. We simplify (30) under the assumption that ¢ is sufficiently
small. Our strategy is to choose an appropriate N so that ) ,_, is dominant in
the following series calculation, for example in Y (g, 5,, — ¢1.2,,41)> and estimate the
series separately for smaller and larger sub-indices.

From now on, we use the big O notation frequently. The equation f = g + O(9)
means that there exist a constant C independent of ¢ such that |f — g| < C for
small enough 6 > 0. In this paper, C is assumed additionally to be independent of
d and k as well. We define O(+/5) similarly.

The expression (30) of y; is too complicated to well describe the dependency of
y; with respect to d and 6. Thus, a simplified expressions is established, provided
that the distance 0 is small enough. As for our strategy, we choose an appropriate
number N =~ /€ so that the sequence terms of k < N are dominant in the sequence
v, and thus estimate y,, in two cases of k < N and k > N separately.

From the definition of A and B, we have

1+d +000) +
+0(8) —

d+1p  d+1
—1+25 -2 S 0)
d r

J|"c :|~=

1+d

d+1 d+1
=1+4 ; Vo + ; 0(9),

and
Vo

B 4/ 755+ 00)

_ ld d+10(f)

By a standard argument, one can show that for x € (0, 2) and (1 + x)* <2,
(1 4+ x)* <14 kx+ kX%

For k < l°g2 di , we have (1+8 %«/g)k < 2. This yields

d+1 d+1 d+1
Ak=1+k(4 ; Vo+ Z o<5))+%k20(5)

d+1 d+1
44k s+ 0 00).
d d
Hence, the estimate implies

1
L

:(B+1+0(J5))(1+4k %«/ﬁ%kzo(a))_g "

1 +£
14 k4L 4 (L) k20,(\o) N
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Here is a constant C; > 0 independent of o, d and k such that
|01(‘/5)| = Cl\/g-

We take the integer N as

N = minly > Il log2 | d 1
= n _— _— .
nelN - Cl 8 d+1\/3

d i
yzk:k(d+1)+d+\/d+10(‘/5)’ (31)

Then, for k < N,

and

1 ( N r3 )
=—|-r—€e+ ———
Yok+1 " 2 Y+ Ty €

d2
d / d
k(d+1)+d +d+ d_ﬂo(\/g)

i 1 a
= a1 Ty aEr oo (32)

In the case of k > N, we use the fact that the sequence y, ,, is decreasing to

=—d—5+

f, Le, Yo > Yy > > Yo > Vogegny > 0 > f Here (31) yields y, oy = v dLHO(\/S)-
From the estimate (29) for f, we have

[ d [ d
C d_—H«/S > Yo > d—_’_l\/s (33)
[ d [ d
C d—_H\/s > —Yok+1 > d—_H\/S (34)

Therefore, all estimates (31), (32), (33) and (34) for y,, and y,,,, are obtained.

and

4.3.2.  Estimates for Y _o q, .. We consider the estimate for
dim = H P1,j-
j=0

For k < N, from (14), (31) and (32), we have

_d kd+D)+d 1
Pt = s 1y~ (k+ D)+ 1)(1 NNz 1)0(\/3))

B 1 _ (k+D(d+1) [d
””“2‘1+é—yzk+1_(k+1)(al+1>+d(1+ d+10w5)>’

35)
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and

__kd+D+d [d+1
(1) (P1oks2) = Gkt Dd+1)+d <1 + TO(«/S))

In the case of m < N, they lead to

m-l d d+1 "
= = 1 O(~o
q1,2m <£[0 p1,2k+1p1,2k+2) m(d + 1) + d< + d (‘/_))

~ md +d1) +d (1 * M@O(ﬁ))

d1.20m+1 = (‘11,2m)(P1,2m+1)

- G (o )

Thus, there exists a positive constant C such that, for s =0, 1,

a1 _ed 1 R
- , _—, <m<
Cd+imt1 = Do =S

and, therefore,

d

d ~
E d+ 1 | 10g 5| =< ”gv(qllm + q1,2m+l) = Cd_—H| lOg 5'

In the case of m > N, (33) and (34) yield, for s =1, 2,

1 1 1
_ < <C m > N.

- = ps,m — - ’ e
C1+ /mml(i/dd,d)\/g 1+ /mlnfi/;,d)ﬁ

Then it leads to

0 1 J
Y (Grom + Dome) = (@ron + Grave) D ( )
1+

. in(1/d,d
N P minl/d.d) /5

1

>~ (g1 oy + QI,ZNH)W
V 1+d’ \/3

d 1 1

= d+1 N min(1/d,d)
V7 it Vo

~ max(d, 1).

Therefore, we obtain (21), and replacing d by 5 we also have (22).

(36)

(37)
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4.3.3.  Estimates for Q,. We consider Q = Y7 () 2 — q1.2m+1)- From definition,
4., has the decreasing property as

d1.0m+1 = (p1,2m+l)(q],2m) < 41,2m>
d1.0m = (pl,Zm)(ql,mel) < d4q1,2m-1s

and therefore

d
0< > (q1om— Droms1) < G1an < (38)

ey C(d—i—l)(N—i—l)'

This means that _,. y () 2, — 91.2m41) shrinks to 0 as 6 goes to 0.
On the other hand, it follows from (35) and (36) that

Z (‘]1,2m - 611,2m+1) = Z f]],zm(l - P1,2m+1)

0<m<N m<N

d
B [ZN (m + 1)(d + 1)(m(d + 1>+d>}

x (1 + N@O(ﬁ)).

Taking an advantage of a strict decreasing sequence, we get

1( 1 +91> 5 d Lo
-\ —— e < <
2\d+1 oy mr D d+ D(m(d+1)+d)  d+1

A,

where

w d
/o CrDEdTDedr D+ "

d N 1 1
- dt
d+1/0 [r+i t+1]

d+1

d d+1 N+ -4
=% l1logZT " 41 L) |
d+1[0g d +Og(N+l>

9 =

As has been mentioned, ¢ is assumed to be small enough so that

N+ -4+ 1. d+1
0<—1 ) <~ log ——.
= 0g<N+1)_20g d

It leads to
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Note that
log(1 4+ x) < x, for x> 0.

Therefore, we obtain

1 1 <0 1
Cid+1~ =€ 'd+ 1
Similarly, replacing d by 5, we also have

1 d
C2d+

1—QL— 2d+ 1

4.3.4. Estimates for ZZO:()(C:,Zk)(qS,Zk) - Zf:o(cs,2k+l)(qs,2k+l)' The lower and upper

bounds of

Z (Cs,Zm)(qs,Zm) - Z(Cs,21n+l)(qs,2m+l)’ §= 1’ 2
m=0

m=0

are established here. From (27), (31), (32), and (37), we calculate

- Z(Cl 2m)(Q1 o) = Z (O 2m)(41 om) + Z (O 2m)(511 om)

4l m=0 0<m<N m>N
d 2 73
= o[—2 )4 /4 .,
05%;\] (m(d+1)+d> ( )nquIZ
<C.
Moreover,

- Z(Cl 2:)(q120) = (1,0)(q10) = 1.

"t k=0

Similarly, we have

1 [ee)
1) (=q11) = —— Z(Cl,2k+1)(q1,2k+l) <C,

1 k=0

and, in total, we have

é %[Z(Cl ) (q12) — §(C1,2k+1)(41,2k+1)i| <C

By the same way,

[u——

1 %
c= _r_2|:Z(C2,2k)(‘12,2k) - 2(62,2’”1)(612’2“1)} =¢

k=0 k=0
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4.4. The Derivation for Theorem 2.3

Lemma 4.5. Assume that the dimension n > 4 and the distance € is sufficiently small.
Then, there is a positive constant C independent of r|, r,, and € satisfying the following
properties:

m

e Estimates for Y _, q! %

> q{‘;ﬂz ~1 and ) qé‘;ﬂz ~1

m=0 m=0

where d = %
o Estimates for Q,:

d
and Q, >~ ——

Q= d+1

d+1

where Q| and Q, are defined in Lemma 4.1.
o Estimates for 3 " (¢, 50)(q520) = 2i20(C52641) (G 2041)

(—1)™! [ 3 (esn) (o)™ Z(csgm)(qs,zm)"-ﬂ 1 fors=1,2.
k=0 k=0

Proof. Let N be as chosen in the proof of Lemma 4.2. We have shown in estimates
for Y°_, g, that for j = 1,2,

d
~———— forl<m<N
q1,2m+/ d+1m+1 =m=

and ¢, , = 1. This yields

Z qﬁj:l

0<m<N

and by the argument of (37), we have

Jj(n=2)
ind 1
n—2 n—2 n—2 n—2
Yo (@i aioms) = (dloy + dione) ( )
= : : : : — in(1/d,d)

=N A Y R Vo

n—2 1

-2
= ((11 ot a) 2N+1)—

’ ’ [ min(l/d,d)
mml+d \/3

o d 1\"? 1
T \d+1N min(l/d,d)ﬁ'

1+d

5 1.2m
to zero as & goes to zero. Therefore, we obtain }°_ g2~ 1, and similarly

20 qg;nz ~ 1.

Since N increase at the rate of = as 0 goes to zero, 3_,,.y (4] + ¢ians) shrinks
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Now we consider Q, =% _(—1)"(g,,)"* for s=1,2. We note that the
tail sum

> (=D"(q.)"? =

m>2N

n—2 n—2
Z 9iom + 91 2t

m>N

and the upper bound in the right hand side has been shown above to shrink to zero
as 0 goes to zero. In this respect, we estimate only >, _oy_;(—=1)"(g,,,)" > for Q,.
From definition, we have

Z =D"(q1,m) m )" P = Z (q: 2m 2(1 - (Pz,zm+1)n_2)

m<2N-1 m<N

d n—2
= Z (m) (1 = p2oms1)

m<N

d n—2
:”g\,(m(d+ 1)+d>
1 1
X (<m D@D T JaaTn 1)0(‘/5)>

= EN <m(d +d1) + d)”<(m + 1)1(d+ 1))

1 dan
~——
d+1 l<£N (d+ )r-'(m+ 1)r2
o1
T d+1

Therefore, we obtain Q; =~ - +1’ and replacing d by 1 » also have Q) ~
We consider the last estimate. By Lemma 4.2, we have

- d+1

L= gy
1 o0 00
= ”_1 [ Y (i) @) — Z(C1,2k+1)(111,2k+1)n2}
1
= - [ Z(Cl 2k)(‘11 w) — Z(Cl 2k+1)(Q1 2k+1)] ~ 1

r

Therefore, we have

[Z(Cl,zk)(%,zk)n_z - Z(Cl,2k+l)(ql,2k+1)n_2] =n
k=0 k=0

and similarly

_[i(cz,yc) (g220)" " — i(cz,zkﬂ)(%,zkﬂ)nz} 1.

k=0 k=0
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4.4.1. The proof of Theorem 2.3. We first consider the case of H(x,, x,, ..., x,) = x,.
Then, Lemma 4.1 implies

0 o O o .
Ulop, — ”|aDz = M 2(01,2k)(511,2k) 2+ M Z(Cz,zk+1)(‘b,2k+1) ?
k=0 k=0

- % §(01,2k+1)(q1,2k+1)”72 - % g(cz,zk)(‘b,zk)nfz, (39)

where ¢, ; is the x,-coordinate of ¢, ; for s = 1,2, j € N, ie.,

(¢,;»0,...,0)=¢

s,J°

Lemma 4.5 allows one to estimate four positive valued terms in the right hand
side of (39) so that

M=0,Y qin+01) G
k=0 k=0

~1

In total, we obtain

nr

u — U, ~ .
| |E,D1 |0D2| r1+r2

In the case of H = }__, a,x;, the integration (7) is zero, because all point charges of
h lie on x, axis. Thus, there is no potential difference between inclusions. Therefore,
we have established the estimate for the potential difference between D, and D,.
Now, we consider the upper bound of |Vu| when H(x) = >, a;,x,. To do so,
we pursue the argument similar to Theorem 2.1. We thus assume that r, > r,. Let
%Dl and %Dz be the same as defined in the proof of Theorem 2.1. We choose the
sphere B,(0, ...,0) as the domain ) containing D, and D, independently of any

small distance € > 0. We consider

u(x) := lu(rlx).
n

Then, & is the solution to (1) for H(x) = Z?:l a;x; when the inclusions are %Dl

and :—IDZ instead of D, and D,. It follows from the estimate for the difference of u
between D, and D, that

o d
oyl = el

|ilog ) —
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where d = :—T and 6 = f As defined to (0.9) in [4], v, is defined as follows:

1 1
n n

vy = —i on 0Q)

Lemma 4.3 and 4.4 have been used in the proof of Theorem 2.1. By the help of
them, we can obtain

7 1
IVGE + )l @\t byt oy = Cla 1|(1+d)ﬁ

1
I¥0slivic oot = C (1l ) + Sla )

Two bounds lead to

and

||Vu||L°°(B(D]UD2)) = ||V1~4||Lw(a(}plu,i1)2))

(st 351
{2z L)

for any sufficiently small € > 0. Since |VH| is bounded by }_", |a,|, the harmonicity
of u — H in R"\Q leads to

rr
||Vu||mmluw<c(| 1|( 172 )| -+ Z|a |)

Therefore, we obtain the upper bound of the gradient estimate. In addition, the
lower bound of the gradient is immediately derived from the mean value theorem.
O

4.5. The proof for Theorem 2.4

Without the loss of generality, we may assume that H(0,...,0) =0. Then,
Lemma 4.1 implies

|M|eD1 — Ulap,

0, & w01 & .
ﬁz Z H(cl,Zk)(ql,Zk) 24+ Ml Z H(°2,2k+1)(‘12,2k+1) ?
k=0

k=0

Q - n— Q - n—
- ﬁ Z H(ey 1) (q1,2641) 2 - Ml Z H(¢s 5)(q2.21) :
k=0 k=0
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O ¢ i, Q¢ -
= L™(Q) = 1,26\ 41 2k T+ = 2,2k+1)\42 2k+1 ?
< [IVHI 17 2=(€1200@120" + 7 > (€0) (422041)

k=0 k=0

Q c n— - n—
- ﬁz g(cl,zkﬂ)(‘h,zkﬂ) 2 - % kgo(cz,zk)(‘b,zk) 2.

Owing to Lemma 4.2 and 4.5, we can choose a constant C independent of €, r, r,
and || VH ||~ (q, satisfying

rer ﬁ lfl’l = 3
|ulop, — ulop,| < C||VH||L°°(Q)( ) ] lloge
r+r )
1 if n>4.

Here, we would establish the upper bound of the gradient. The method is the
same as presented in the proofs of Theorem 2.1 and 2.3. We thus assume that r, > r,.
Let ’_iD,-(i =1,2), &, d and 0 be as defined in Theorem 2.1 and 2.3. Then & is the
solution to (1) for

~ 1
H := —H(rx)
r

instead of H, replacing D, by %Di for i=1,2. We consider %Q ={xe
R"|r;x € Q}, because ( is the ball By, ,,,(0,...,0) in this theorem. So, the radius
of the ball %Q is between 4 and 8. Note that

||VH||L°°(Q) = ”VH”L‘”(%Q)'

We thus choose the harmonic function v, satisfying the same definition as
Theorem 2.1 and 2.3, replacing () by r—‘}Q Similarly to Theorem 2.1 and 2.3, owing
to Lemma 4.3 and 4.4 or the lemmas presented in [4], we obtain

1
- -3
- d |0log d| "
V(& + U3)”L°°(%Q\(ﬁD1U%DZ)) < C||VH| % (q) 114) .
and
1 d
||VU3”L°°(8(%D]U%D2)) = CE”VH”LW(Q) l—}——d—H .
Two bounds above yield
ifn=23
) d ologa] "
”Vu”L“(B(%DIU%DZ)) < C|IVH || = (q) 114/ |
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By the harmonicity of i — H in R"\(;-Q), we have

[[V(u — H)”L”C(]R"\(DIUDZ)) = [|V(a - H)”L‘X’(]R”\(%DIU%DZ))

1
feogel "7
" eloge
< C”VHIlL”(Q)(ﬁ) : )
S it n> 4.
€
Furthermore, this leads to
el | ifn=3
nr eloge
Il oo = CITA (222 -
R ifn>4
€
Therefore, we have completed the proof. |
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