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BOUNDARY DETERMINATION OF
CONDUCTIVITIES AND RIEMANNIAN METRICS VIA
LOCAL DIRICHLET-TO-NEUMANN OPERATOR*

HYEONBAE KANG! AND KIHYUN YUNT

Abstract. We consider the inverse problem to identify an anisotropic conductivity from the
Dirichlet-to-Neumann (DtN) map. We first find an explicit reconstruction of the boundary value of
less regular anisotropic (transversally isotropic) conductivities and their derivatives. Based on the
reconstruction formula, we prove Holder stability, up to isometry, of the inverse problem using a local
DtN map.
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1. Introduction and statements of results. The results of this paper are
twofold. We first find an explicit reconstruction of boundary values of anisotropic
conductivities and their derivatives. We then derive Holder stability estimates for the
inverse problem to identify Riemannian metrics (up to isometry) on the boundary via
the local Dirichlet-to-Neumann (DtN) map using the same ideas and methods.

Boundary reconstruction. Let Q be a bounded domain in R™ (n > 2) with
the smooth boundary. If we recover the conductivity up to mth derivatives, then it
is enough to assume that 0§ is C™*2-smooth. We consider the inverse problem of
identifying the positive definite symmetric matrix v = (%) entering the equation

(1.1) Lyu:= Y % <v”§;) =0 inQ
? J

ij=1

by the DtN map. The DtN map A, : H'/2(9Q) — H~'/2(99Q) is defined to be
(£} = [(0Fw) - Vods, [ e HY(00),
Q

where u € H'(Q) is the solution to (1.1) with the Dirichlet data ulpg = f, and
v € HY(Q) is such that v|pg = h. Here ( , ) denotes the H~/2(9Q)-H'?(99)
pairing.

In this paper we are first concerned with an explicit reconstruction of the conduc-
tivity at the boundary. Quite recently, Nakamura and Tanuma [13, 14] obtained an
explicit formula to reconstruct conductivity and its normal derivatives at the bound-
ary. We will discuss more about their formula since the first main result of this paper
is an improvement of it.
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Let us suppose that 9 is flat around zg = 0 € 99, namely, there exists § > 0
such that

(1.2) QN Bs(0) = {x = (2/,2,) € Bs(0) | x,, > 0},

and in QN Bs(0), v is given by

(1.3) N = ok

In fact, using the boundary normal coordinates [9], we can locally transform the
general conductivity v to one of the form (1.2). One can even take 4" = 1. Here we
keep 7™ in order to see how much we can recover.

Let t' € R"! ie., (¢,0) is a tangent vector to 9 at xq. Let n(z') € C§*(R™1)
be such that

0<n<1, |nllzz=1, suppnc {|a’|<1}.
For each large positive integer IV, let
(1.4) on (') = exp (iNz' - t")p(N22'),
and for z € 9Q N Bs(0), let
(1.5) on (@) = on (2’ —2').

The function ¢ plays the role of Dirichlet data and test functions. Observe that ¢n
oscillates rapidly as N becomes large. Kohn and Vogelius first used rapidly oscillating
boundary data in their proof of uniqueness of the boundary determination [6]. The
use of explicit functions such as ¢ for boundary reconstruction is due to Brown [3]
and Nakamura and Tanuma [13].

Let v¥ € C™(Q) be an anisotropic conductivity such that

1
(16)  7(@) =1, 0) + D0y, O 4+ G P O™
near 90 N Bs(0). Let
n—1
(17) Cy(2) = \|7m(2) 1 3 A it

i,j=1
Nakamura and Tanuma proved that for k < 3,

n

(L8)  lim NT (A, — Aok, 65)

n—1
= GOyl 71| 30 0P (it + Cy(2)°05, 9™ (2)

ij=1
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for some explicit constant Cj. (Even if they wrote the formula only for the isotropic
7, the proof gives (1.8).) If  is isotropic and |t'| = 1, then C, = 1, and hence the
formula (1.8) reads

(1.9) lim N (A, — Ay ) g, d3) = 200" 4(2).

N—o0

However, the reconstruction formula (1.8) is valid only for & < %. Moreover, in

the inductive reconstruction (1.8) or (1.9), it is required to know 8% ~!y(z) for all
x € 00N Bs(0) in order to recover O ~y(z). It is also worth noting that in the
formula (1.8) or (1.9), stable recovery of the tangential derivatives does not seem
possible: If we take Nand‘H“((AW — A, )¢%, ¢%) as an approximation of 2C},0F ~(z)
in (1.9), then its tangential derivatives do not seem to be good approximations of
those of 20;663’;”7(2). It is our intention to improve these points.

The reason for the above-mentioned drawbacks in the formula (1.8) is that N1/2
is used in the definition (1.4). We use instead the following boundary data:

(1.10) on(z") =exp (iNz' - t')p(N“ zq,..., Nz, 1),

where «a;’s are specified shortly. The definition (1.10) amounts to assigning each

partial differential operator % with the weight «; (j = 1,...,n) so that we can
J

distinguish each direction x;. The numbers a; are chosen as follows: throughout this
paper conductivities under consideration are C"P-smooth (m > 0, p > 0), and C™P,
m nonnegative integer and 0 < p < 1, denotes the usual Holder space. Choose A so
that A = % for some integer | and satisfies the following: if m > 1, then

(1.11) A<p, (1=m""N)(m+p)>m+A\

We then define a multi-index a by

(1.12) a=(ag,...;ap) = (1=m" A1 —m"2\,..., 1 —m\1).
If m = 0, choose A so that A < p and define a by

(1.13) a=(at,...,a,)=(1=(m=1N1-=(n—=2)\...,1).

We choose a and A in this way so that they possess the following properties: |a;—a;| >
Aif i # j. If a and b are multi-indices with |a] < m and |b] < m, then a-a # b«
if and only if @ # b. Thanks to these properties, we can define a linear ordering of
multi-indices: Let a = (ai1,...,a,) and b = (by,...,b,) be two multi-indices. We
define a < b if a-« < b- . Using the linear ordering, we are able to recover v and its
derivatives inductively.

For the function 7 in the definition (1.10), we further assume that for each a’ =
(a1,...,an—1) with |d/| <m

/ (W) ()2 dy’ #0,
ly'|<1

and we define C(a) for a multi-index a = (a/, a,,) to be

1 o0
(1.14) Cla) =+ / yin e 2 dy, / )" n(y)2dy.
0 ly'|<1

T al
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For a given anisotropic conductivity v and a multi-index a with |a] < m, define
~¥** to be a positive definite matrix-valued smooth function on €2 such that

by(2
(1.15) y¥F(x) = Z 0 Z'( )(ac —2)% near z.

b<a

Then the DtN map A« corresponding to v** is well defined. If a = 0, let Ao = 0.
Here and throughout this paper 9°y denotes 8%y = 9 --- b .

Then we have the following reconstruction formula.

THEOREM 1.1. Suppose that v € C™P(QN Bs(0)). For z = (/,0) € 902N Bs(0),
a multi-indez a = (d, a,), and k < m, we have

(1~16) N_2+|a‘+a.a<(Av - A'y“vz)¢?v’%>
n—1

= 0(a)Cy ()71 | D7 0" (2)tity + Co(2)°0°9™"(2) | + O(NTY),

ij=1

where O(N ™) is independent of z. If a =0, then C(0) = 3, and hence we have

n—1
(1.17) N72HNAL G5, 67) = (| 77(2) D 79 (2)tt; + O(NT).

ij=1

The formula (1.16) says that the boundary values of v and its derivatives up to
order m can be recovered in a stable way (modulo 4™"-terms).

In particular, if 7 is isotropic, namely, v = v(6;5), and |t/| = 1, then C, =1, and
hence we have the following corollary.

COROLLARY 1.2. If v € C™P(Q N Bs(0)) is an isotropic conductivity, then for
all multi-index a with |a| < m, we have

(1.18) N=2HlelraaA A a2)oh, d3) = C(a)d%y(2) + O(N ).

We note that Brown proved a reconstruction formula for v and the normal deriva-
tive on 0N [3]. In [2], Alessandrini and Gaburro considered reconstruction of special
types of anisotropic conductivity.

It turns out that a slight variance of the reconstruction (1.18) gives an interesting
stability result, which is the second subject of this paper.

Boundary determination of Riemannian metrics-stability. Let Q be a
bounded domain in R™ (n > 3) with the smooth boundary. We consider the inverse
problem of identifying a Riemannian metric or an anisotropic conductivity at the
boundary 99 via the (local) DtN map. Let (g;;) be a Riemannian metric on {2 and
g = (g"”) := (gij)~". Then the corresponding DtN map A, : H'/2(9Q) — H~'/2(09Q)
is defined to be

(1.19) (Agfih) = /2 (g7 /2gV) - Vode,  f,h e H/?(09),

where u € H'(Q) is the solution to the problem
)
<|g|‘1/2g”u> =0 inQ
8xj

u=f on Jf,

n

0
Agu:=[g['/? > nr

ij=1 """

and v € H() is such that v|pn = h. Here |g| denotes the determinant of g.
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There is a well-known obstacle in identifying g: Let ¥ : Q — Q be a C? diffeo-
morphism which is the identity on 9. Then it is well known that

A\I/*g - Ag,

where W*g is the pull-back of g. So the general conjecture of the uniqueness in three
dimensions is that if Ay, = Ag,, then there exists a diffeomorphism ¥ on € such that
U|aq is the identity on 992 and

U gy = g1.

Lee and Uhlmann proved the conjecture for three dimensions under some restrictions
when conductivities are real analytic in 2 [9]. Recently, Lassas and Uhlmann extended
the result to the case when g is real analytic up to a portion of 92 and removed
the restrictions [8]. There are also similar kinds of uniqueness theorems for two
dimensions. See [15, 10, 8]. When ~ is a scalar function, i.e., 7 is isotropic, the
inverse problem has been extensively studied [4, 5, 6, 7, 11, 12, 16, 17].

In this paper we prove the following Holder stability estimates for the boundary
determination: Let I' be an open connected subset of 0€2. Define the localized DtN
map Ag by

AG(f) = Ag(Hlrs  f e HY?(09), supp(f) CT.

We will use the following notation: Let f be a C* function in a neighborhood of
a compact set K. Then [|fllck ) = Efa\:o supge [0%f(z)]. So, C&(99)-norm
involves not only the tangential derivatives but also the normal derivative.

THEOREM 1.3. Suppose that g1 and g2 are Riemannian metrics on a domain 2
such that they are C"™P (m > 1,p > 0) in a neighborhood of I' and the C™P-norms
are bounded by M and

(1.20) gi€-€> AlEP forall€ €R™ (j=1,2).

Let K be a compact subset of I'. Then there are a neighborhood U of I', a C™
diffeomorphism ¥ in U N Q with V|r = Identity, and a positive constant C =
C(m,p, T, K, A, M) such that for k=0,1,...,m,

. N
(1.21) lg2 = ¥*g1llcx ey < CliAg, — AGIP

The norm on the right-hand side of (1.21) is the operator norm from H'?(T) into
H~Y2(T).

Thus the Riemannian metrics can be recovered at the boundary in a stable way
via the local DtN map.

Using the boundary normal coordinates, we may assume that 0f) is flat around
xg =0 € 09, and g is given by

(1.22) g= 9"

We prove stability estimates for the Riemannian metrics of the form (1.22) by using
methods similar to Theorem 1.1. Then Theorem 1.3 follows.
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As was observed in [9], if we take
gij = VOB (0 23),

then v = |g|7/2g (9 = (g;;)~') and A, = A,. Hence, we have the same stability
estimates for anisotropic conductivities.

A similar proof yields the following stability for the boundary determination of
isotropic conductivities.

THEOREM 1.4. Suppose that vy, and o are isotropic conductivities. Let m,p,T", K,
A, M (m > 0) be as before. Then there exists a positive constant C = C'(m,T', K, A, M)
such that for k=0,1,...,m,

—k/X
(1.23) Ive = mllex ) < CIAL = AL 1P

Alessandrini proved the following stability for isotropic conductivities using sin-
gular solutions [1] (see also [18]):

1
72 = nllok 0y < CllAy — Ay |77

This stability estimate is better than (1.23). However, the stability estimate (1.23)
uses the local DtN map.

This paper is organized as follows: In section 2, we construct approximate solu-
tions of L,u = 0 with u|pn = ¢% on which the proof of Theorem 1.1 is based. The
proof of Theorem 1.1 is given in section 3. Theorem 1.3 is proved in section 4.

2. Approximate solutions. Suppose that (2 and v are of the forms (1.2) and
(1.3) and that v € C"™P(2N Bs(0)) for some integer m > 0. Let

1
Oy =1z ||z;| <N (j=1,....n—1), 0<z,, < — ¢ .

The following lemma and its proof are based on an idea in [13].
LEMMA 2.1. For each integer N there is an approximate solution @y of the form
m/X
(2.1) O (z) = exp (iNa' - 1) exp(—Cy(2)Nzy) D N~F i (y)
k=0
(2.2) (yj=N%z;, j=1,...,n),

where vo(y',yn) = n(y'), and vi(y',y,) are polynomials of y, whose coefficients are
C™ functions of y' compactly supported in {|y'| < 1}, so that @y satisfies

Pylon = o
and
(2.3) IV - (7 V®N)(z)] < CNC=™=Ap(y,)e=E¥n for all € Qp

for some constant C = C(m). Here p(yn) is a polynomial with positive coefficients.
Proof. Without loss of generality, assume that z = 0. Put Cy := C,(0). We seek
a solution @ (z) of the form

Oy (z) =exp (iNz' -t ) V(N xq,...,N*"x,).
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Then straightforward computations show that

V(7 (Ve ®n)) = Z Oz, ('Vijafﬂjq)N)

ij=1
n—1 n—1
= | Y 4700,00, + 92, + > 05,7700, + 00,y 0n,, | v
i,j=1 i,j=1
n—1 n—1
=exp (iN2' -t') | -N? Z YItit; + V—1N Z VI (ti0n; + t;0s,)
i,j=1 i,j=1

n—1 n—1
+ > 405,00, + 902+ V=IN Y (02,4t

i,j=1 t,j=1
n—1

+ Z (8931'711)6%' + (am”,ynn)aa:" V(Nalxh R Nan'xTL)'
ij=1

After the scaling (2.2), we have d,, = N*9,, (i =1,2,...,n), and hence

n—1
(2.4) V(7 (Ve®y)) = exp(iNa' - t') | N? y””a,‘j” — Z vt
3,j=1
n—1 n—1
+ 9 Z N1+Oéj <Z ’}/”ti> ayj
j=1 i=1
n—1
+ Z Na;,+oz_7 ,ylj 8y’i 81/1
ij=1

n—1
+N (V=LY @yt + (00,70,

ij=1

n—1 n—1
+ Y N (Z amfy”) By, | V(Y yn)-
j=1 i=1

Note that all the powers of N in the formula (2.4) are of the form 2 — kA for some
integer k with 0 < k <2/\.
We now expand ~ in Taylor series in

1) = 3 0(0)a + O(fal ™)
la]<m
By the condition (1.11) imposed on A, we have
(2.5) ar(m+p)>m+ A
Thus, after the scaling (2.2), we have

(2.6) Vo) = 3 -

a!
la]<m

I*y(O)N~“y* + Er(y),
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where
m+1 m—+1
2.7 Ei(y)] < CN—ealmtp) F<CoN—™mA k.
Y Yn Yn
k=0 k=0
Similarly, we have, for j =1,2,...,n,
1
(2.8) D, y(2) = Z aa“agcﬂ(o)N—a'ay“ + By (y),
la|<m—1 "
where
(2.9) |Ea(y)] < CNTmHITAN gk,
k=0

Note that this expansion holds uniformly for all 2 € Qx and hence for all y € {|y| <

1, 0 <y, < N2}. Note also that the powers of N in the expansions in (2.6) and (2.8)
are of the form —k\ for some integer k.
It then follows from (2.4), (2.6), and (2.8) that

m/X

(2.10) Va(y(Va®n)) = exp (iNa' - t') | Y N* "MLy + Lr| V(Y yn),
k=0

where Lj, are at most second order differential operators in 3’ and y,, whose coefficients
are polynomials in 3’ and y,,, and Lg is also a second order differential operator in 3’
and y,, whose coefficients are of the form O(N2~™~*) x polynomial in y, with positive
coefficients, and

n—1
(2.11) Lo=7"(0)32 — 3 4 (0)tit;.
i,j=1
We look for V(y', yn) of the form
m/\
V(y/, yn) = Z Nﬁk)\vk-
k=0
We have from (2.10) that

m/A m/A
(2.12) Vo(v(Vo®n)) =exp (iNa' ') | | NP Ly | [ YNV, | + LgV
k=0 j=0

_m/)\
=exp (iNx' - t') Z N2 Z L,V; +E|,
| 1=0 k+j=1
where
2m /A
(2.13) E:= Y N L\V+LgV.

l=m/\+1 k+j=l
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We solve the system of differential equations

(2.14) Y LW;=0 (1=0,1,2,...,m/N),
k+j=1

namely,
LoVo =0,
LoVi + L1V =0,
LOVm/)\ +o 4+ Lm/)\% =0,

with the boundary conditions

Voly,—o = nn (z") = n(y'),
Vl|yn:0:0 ( :1,,m/>\)

We remark that this boundary value problem is underdetermined. Because of (2.11),
this system of equations can be solved iteratively from top to bottom:

Voaya @' yn) = Y Pl ()yk exp(—Coyn)
k=1

for some N; (j = 1,...,m/)), where PF(y') are C* functions supported in {|y/| < 1}.
It then follows from (2.12) that

Ve(y(Ve®n)) = exp (iNa' - t')E.

Recall that the coefficients of Lp are of the form O(N2~™~*) x polynomial in y,,.
Thus there exists C' = C(m) such that

|E| < CN27m7)‘p(yn) exp(—CoYn)

for some polynomial p. This completes the proof. 1]

The following lemma can be proved by straightforward computations. Recall that
¢n is defined in (1.10).

LEMMA 2.2. For each s > 0, there exists a constant Cs such that

Lo

1_ la]
(2.15) [Nl rs00) + 12N || got1/2(0y) S CsN* T2

For each multi-index a, there exists a constant C, such that

||

(2.16) [2°VON| L2(0y) < C,Nl—@vo= =
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3. Proof of Theorem 1.1. In this section we prove Theorem 1.1. Our proof is
parallel to that of [13].

Without loss of generality we assume that z = 0. Put Cj := C,,(0) for convenience.
Let ((x,) € C°°(]0,00)) be such that {(z,) =1 for 0 <z, < 1/2 and 0 for 1 < z,.
Put

(n(@n) = ((VNz,).
Let a be a multi-index such that |a| < m. Let uy € H'(Q) be the solution of
Vi(7Veuy) =0 in Q,
unloo = ¢n,
and let vy € H'(Q) be the solution of
V.(v*Vzon) =0 in Q,
oNloo = ON.

Here v = v*°. Let ®y and Uy be the extensions of ¢y given in Lemma 2.1
corresponding to vy and v, respectively. Note that since (Aya¢n, @) is real, we have

<A7“¢N7¢7N> = <A7“¢)N7 ¢N>>

and hence
((Ay = Aye)dn, o)
= /Q(VVMN) Vo (v W) de — /Q(Vavmﬁ) Vi ((NPN)d.
Put
(3.1) uy =Py +sy and vy :=Uy+ry.

Then we have
(3.2) (Ay = Aya)dn, o)

= /Q |:(’YVT¢N) : VT(CN\IIN) - (’Yavmﬁ) : VT(CN(I)N) dx

+ /Q (YWVasn) - Vo (v TUy)dz — /Q (V*VoTN) - Va((n®y)da
=I+1I+1I1.
We estimate I, I1, and I1] separately.
Estimates of I. Put

Gv:={:v: | <N (j=1,....n—1), <

ks
H./—/

1
— <z,
2vN

Since (N =1on 0< x,, < we can rewrite I as

1
2V N’
I= / (v =)V, @y - Vo U ndz

QN \QYy

o,
U

=11 + Is.

((1V2®n) - ValCw¥a) = (1°VoTn) - Val((w )| da
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By (2.1), there exists a constant C' such that
|Un|+ |®Pn| < Cexp(—CoNzy,).

Therefore it is easy to see that
C
(3.3) || < Cexp (-20N%> .
From (2.1), we get

i iy .
V. Py = N( ZtC > exp (iNz' - ")y (2') + O(N* )| exp (~CoNx,,).
L g _

Likewise, we have

i » ;
V. UN = N( th > exp (iNz' - ')y (2') + O(N*™)| exp (~CoNxp,).
L -0 _

It then follows that
B it! —it’
n=n [T (e () ()
0 |2/ < o —Co —Co
x e~ 200 N@ny (22 da! dy,
1
2V N
ro) [N [ e @) -y @)l do'da
0 lo/|< A=
Note that if two multi-indices a and b satisfy a < b, then

a-a+AX<b-a.

Thus, applying the change of variables y; = N%x;, j =1,...,n, we obtain

a b
1) - o) = L0 5~ DO oy

a! b!
b>a,|b|<m
8(17(0) —a-a, a —a-a—A = k
= TN y*+ OV ) Z Y-
k=0

Therefore, we have

N2—aa—|al /*/ZN/ ( it ) (—it/)
L =———ro0 29%(0 : e 2Cvnn(y' )2 dy' dyy,
1 I ; |y'|§1y 7(0) o) e, n(y') dy'dy

g m—+1
+ O(N2fa-a7)\f\a|)/ / ya672COyn [n(yl)Z + 1] Z yfldy’dyn
0 ly'|<1 k=0
n—1
= N2mealal (37 9oy (01t + €309 (0)
ij=1

1 o0
X*./ / y'e 2Oy 2y dy, + O(N?=e = lel),
aJo  Jyi<t

729
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From these estimates and (3.3), we obtain

n—1
(3.4) N72reetlelr = Cla)Cyen™t | Y 9% (0)tit; + C5O"y™(0) | + O(N ),
i,j=1
where C'(a) is the quantity defined in (1.14).
Estimates of Il and III. We prove that

(3.5) |[I| 4 |[I11] < CN2?~m=lel=A,

Once (3.5) is proved, then Theorem 1.1 follows from (3.2), (3.4), and (3.5).
We only give the proof of (3.5) for II. Equation (3.5) for IIT can be proved in
the same way. Note that

II:/ (’}/VI.SN)V(CN\I/N)CZJZ
Q
- / (\Vasw) - Vo Tnde + / (VW as) - Vo (GO )d
N\ ay

= / (YVasn) - Vo nda +/ (YVasn) - V(¥ y — Py)dz
QN \Qy ON\QYy

[ V) ValGr T
Uy

= IIl +IIQ +113

In the same way as for (3.3), one can show that
C
(3.6) |II;] < Cexp (40N§> .

We now estimate II;. Set Dy := Qu \ Q) for convenience. By the definition
(3.1) of sy and Lemma 2.2, we have

(3.7) [snllar(oy) < NNl (Dy) + lun e (Dy)

<[ ®nllar(Dy) + ONI 1200

<cnN-L
Put I'y := {|z;| = N"% forsome j (j =1,...,n—1), 0 <z, < r}ﬁ} and Ty :=
{lel < N-%9 (j=1,...,n 1), z, = 55=}. Then 9Dy =T UT; UT>. Since

1 /2\1@
/ /
sy 2, —= ) = 0y, sn (2, t)dt,
( 2\/]\7) 0

it follows from the Cauchy—Schwarz inequality and (3.7) that

1 1/2 3 lal
(3.8) [snllzzer,) < (NN) [snlli(py) < ONT72
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Observe that V,®x|r, = 0 and V,PN|p, = O(e’%CONlﬂ). Since sy = 0 on T, it
follows from the divergence theorem that

I, = / (YVesn) - VOndx
Dn
== [ V. (1VB) do+ O
Dn
Note that

< N2 Va(YWVa®n) 2o |2 sl L2 (D)

/ sNVe (V. By) de
Dy

By the Hardy inequality and (3.7), we have

[

len s llz2(py) < Clisnllaipy) < ON'T 2.
On the other hand, we obtain from (2.3) that

(3.9) 20 Vo (YVe®N) | 12Dy < CNZT"Mnp(yn)e™ Y || L2 (D)
< onn
It thus follows that
11| < CNZm-lal=A,

We now estimate I1>. Note that
_1o.N1/2
((I)N_\IJN”FUF] :O, ((I)N_\I’N)h"g :O(e éCON )

Hence, an integration by parts yields
IIQ = — Vm(’yvmsN)(\IlN — (I)N)dl‘ + O(e_iCONl/Q).
Dy
Since V - (yVuy) = 0, we have
II, = Vo (7Y ®N)(Uy — Dy)da + O(e” 100N"?),
Dy

In the same way as for 117, one can show that
|112‘ S CNZ—'IYL—|O(‘—)\-

This completes the proof of (3.5).

4. Proof of Theorem 1.3. In this section we prove Theorem 1.3. Suppose that
Q) and g are of the form (1.2) and (1.22). For such a metric g and a multi-index a
with |a] < m, define g*# to be a positive definite symmetric matrix-valued smooth
function on €2 such that

b V4
(4.1) (@) =3 T oy

b<a
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near z. We then define Aga.- by
@2 (Agefib) = [ (ol 0) Vods, e HY00)
Q

where u € H'(Q) is the solution to the problem

V- (lg| 29" Vu) =0 in Q,
u=f on 09,

and v € H'(Q) is such that v|sq = h. If a = 0, let Ay;; = 0. Note that Aga.- is
not a DtN map corresponding to an invariant Laplacian. Consider it as a DtN map
corresponding to a divergence equation.

THEOREM 4.1. Suppose that g € C™P(QN Bs(0)). For z = (/,0) € 99N Bs(0),
let

(4.3) Cy(z) =

Then for a multi-indez a = (a,a,) and k < m, we have

(4.4) N=Hlalraaqn A as)pk, 05%)

= C(a)Cy(2) ™" g(z |1/228a” (2)tit; + O(N ),

4,j=1
where O(N ") is independent of z. In particular, when a =0, C(0) = 1, and hence
we have
(4.5) N=2HlN 6%, 93) = 2, | lg(2)] ! Z gii(2)tit; + O(N ).
4,j=1

Despite a slight difference between Theorem 4.1 and Theorem 1.1, it can be proved
in the same way, and so we omit the proof. We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Suppose first that g; and go are of the forms (1.22)
(j = 1,2) and € is of the form (1.2). Let K be a compact subset of I" such that
dist (K, 9T') > &y for some 6y > 0. If N is large enough so that supp¢3 C T for all
z € K, then we have from (2.15) that

N7 (A = Ag)diy, @3] < N2 IAG — Mollll5 1312 00
< [|[Ar = Az,

where the norm in the last term is the operator norm from H'/?(T') into H~/?(T).
It follows from (4.5) that

lg1(2)] Z g’ ()tity — | o2(2)| 7L Y g (2)tit;| < CllAr = Az + O(NTH).

3,j=1 3,=1



BOUNDARY DETERMINATION 733

Since t’ is arbitrary and g; satisfies (1.20), we have
(4.6) l91(2)I 7 91(2) = lg2(2)| " g2(2)] < CllAs = Az + O(NT?).
Then, by taking determinants, we have
l91(2)]*7" = lg2(2)*7"| < ClIAL = Aol + O(N ™),
and hence
(4.7) lg1(2)] = lg2(2)]] < CllAL = Ao + O(NT).
It then follows from (4.6) and (4.7) that
(4.8) |91(2) — g2(2)] < Cf|A1 = Az
Suppose now that a is a multi-index and |a| > 0. Note that
(A1 = A2) i, d3y) = (A1 — Aga=) PR, d3y) — (A2 — Agz=) ok, O)
=+ <(Ag‘fz - Aggz)aﬁ\/a%>

Thus it follows from (4.4) that

ity 0% (2)tit, i 2, 0%95 (2)tit;
Cy. (2 )“"“lgl( V2 Coy(2)n g2 (2) |2
< CN?QHOéHa.a”Al - A2H||¢7V||i11/2(ag)

+ ON7HHOFCQ (A ges — Agas) g, B3| + ON T

(4.9)

Let @), be approximate solutions of V- (|g; Vu) = 0 with the boundary value
¢% on 0. Then in the same way as the proof of Theorem 1.1, we can show that

—1/2 0,2
‘ 9;

((Agp= = Ags)0 BR) = /D 9172 (g5 — 957 VY - VB da + O(NZ~m=lol=2),

Since

a,z a,z — abg (Z) 89
R A e D G g2 MY (a2

b<a b<a

we have

/ (917 — g5%) VY - VO dz
Dy

< C|lga 72 = 12 72| IV @ 200y I VB 22D
+C Y |0°g1(2) - 0°g2(2)|
b<a
By (2.15) and (2.16), we have
[(Aggs = Age=) 05, O)| < C(| A1 = Azl + O(N )Nl

+ CZ |8bg1(2) _ 8bg2(z)|N2—|a|—b'a + CNQ—m—|a\—>\.
b<a

/D (z — 2)PVDL - VO2 dx|.

N
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It then follows from (4.9) and the above estimates that

S 09t (tit; i, 0°95 ()t
Cor () g1 ()72 Coy ()20 ]ga ()]

<C (HAl —AQHNa-a +Z|abg1(z) _ abg2(z)|N(a7b).a +N)‘> .

b<a

It then follows from (4.8) that
(4.10)  |0%g1(z) — 0%ga(2)]

<C <||A1 - A2||Na-a + Z ‘abgl(z) _ Bbgg(z)\N(a_b)'o‘ + N_/\> .

b<a

From (4.10), one can show that there exists C' = C(m, ) such that

a- a/>\
(4.11) 09g1(2) — 0°g2(2)] < Cl|Ar — Ao|*
We will give a proof of (4.11) at the end of this paper.

If |a| = k, then a - a < k, and hence we have the following stability: If K is a

subset of I' such that dist(K,I') > § for some &y > 0, then we have
k/A
(4.12) g1 = g2llcr () < ClIAL — Ao*

We now deal with the general case. Suppose that I" is an open portion of 92
and K is a compact subset of I'. For each « € K, there exists an open neighborhood
U, of z and a diffeomorphism (boundary normal coordinates) ®; . on U, Ny such
that ®; . (U, N Q) is of the form (1.2) and (@}, 1)*g; is of the form (1.22). Moreover
Dy ,(2) = Dy y(2) for all z € U, NON. Let K be a relatively compact subset of
U, NT. Then by (4.8) we have
P—k/x

1(®@1.2) g1 = (P2.2) g2llet k) < CllAa —A

IR

Put ¢, (2) := ®1,4(2) = Pa,(2) for z € U, NON. Then

A(<I> (¢w>

For the proof of this relation, see [15]. Therefore, we have

_ . —k/A
g1 — (¢)2,;: o ®y ;) 92HC,’3(K1) < Ol[(pz)«(Ag, — Agz)||2 .

Put ¥, := <I>2_i o ®; ;. Then we have

lgn = (Ta) gallep e,y < CllAgy = Mgl
By using a partition of unity, we have the theorem. Note that ¥, = Id on U, N 9N
for each . This completes the proof. ]

Derivation of (4.11). Since two multi-indices a,b satisfy b < a if and only if
b-a<a-a,and b-a = kX for some integer k, we may assign a one-to-one relation
from multi-indices a with |a| < m into the set {0,1,...,m/\}. Let

a(k) := |0°g1(2) — 0g(2))|
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if b-a=kA Put a(0) := [|[A1 — Az]|. Then (4.10) reads

a(l)y < C Za(k)(N)‘)l*k + N for all large N.
k<l

From this one can show inductively that

a(l) < Ca(0)* .

Thus (4.11) is obtained. |
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