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ESTIMATES FOR ELECTRIC FIELDS BLOWN UP BETWEEN
CLOSELY ADJACENT CONDUCTORS WITH ARBITRARY SHAPE*

KIHYUN YUNfT

Abstract. It may be well known in practice that high stress concentrations occur in fiber-
reinforced composites. There have been several works by analysis to estimate for the stresses between
closed spaced fibers. However, the known results on stiff fibers have until now been restricted to
the particular case of circular cross-sections. Thus, we extend the blow-up results on the stresses
specialized only for disks to the general case of arbitrary shapes. Moreover, we prove that the blow-
up rate of the general case is exactly the same as that of disks. Nevertheless, from the viewpoint
of methodology, the technique we use is significantly different from the previous one restricted to
the case of disks. Referring to antiplane shear problems, these works are reduced to the gradient
estimates for the solution to the conductivity problem containing two closely spaced conductors
which represent the cross-sections of fibers. We establish a novel representation for the solution on
conductors by a probability function. Based on this, the general blow-up results are derived by a
simpler method.
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1. Introduction. This paper is concerned with high stress concentrations be-
tween closely spaced stiff fibers in an infinite matrix. According to Budiansky and
Carrier [8], unexpectedly low strengths in longitudinal shear have been reported for
brittle-matrix, fiber-reinforced composites, and it has been suggested that this might
be explained by high stress concentrations between neighboring fibers (see also [5, 9]).
However, according to Keller [12], it is difficult to calculate numerically the stresses
in a narrow region because the stresses are much larger than elsewhere. Several ap-
proaches by analysis have been developed, but the blow-up results on the stresses
are restricted to the particular case where fibers have circular cross-sections. Until
now there has not been any established result associated with a large class of shapes.
This paper presents the blow-up result for a class of shapes which is general enough.
Moreover, the blow-up rate is exactly the same as the one for disks.

We consider two parallel elastic fibers embedded in an infinite elastic matrix. We
suppose that D; and D, are very closely spaced inclusions in R? which are e apart,
representing the cross-sections of the fibers, and the shear moduli of the inclusions are
constants a; and as, different from the constant outside shear modulus 1. Referring
to a problem of antiplane shear, we get the following conductivity equation for a given
harmonic function H in R?:

V{ (14 Sicialai - Dx(Dy)) Vu} =0,

1.1
-y u(x) = H(z) = O(|z[) as |z] — oo,
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where the function u represents the out-of-plane elastic displacement. For applications
to the composite materials, our work focuses on the stresses, represented by Vu,
particularly in the case when VH is a uniform field, i.e., H(z) = A -z for some
constant vector A. The question of interest is to establish the optimal estimate on
|Vu| as the separation distance e approaches 0.

We give a brief description of remarkable works by analysis on gradient estimates
for solutions. For finite and strictly positive shear moduli (or conductivities) a; and
az, it has been shown by Bonnetier and Vogelius in [7] that |Vu| remains bounded
for circular touching inclusions with comparable radii. Li and Vogelius derived in [15]
a uniform upper bound on |Vu| that is independent of the distance e between Dy
and Ds, assuming that the moduli a; and as stay away from 0 and co. It may be
noted that this result of [15] holds for an arbitrary number of inclusions with arbitrary
shape and is not restricted to two-dimensional space. Moreover, this result has been
extended to elliptic systems by Li and Nirenberg in [14].

However, to explain high stresses occurring between stiff fibers, we should pay
attention to the case of the extreme valued shear moduli. For two circular inclusions
with a1 = ag = 0o or a; = as = 0, it has been shown by Ammari, Kang, and Lim [2]
and Ammari et al. [4] (see also [8]) that |Vu| blows up as the distance e approaches 0
for a special uniform field VH. Moreover, the optimal rate of blow-up is e /2. These
results on blow-up are specialized only for the case of circular inclusions. Thus there
has been a strong need for a result that is not only associated with a large class of
shapes but also has the same blow-up rate as circular inclusions.

In this paper we present the desirable result: for two inclusions Dy and D whose
shapes are arbitrary enough, |Vu| blows up as the distance e approaches 0 for a special
uniform field VH, and the blow-up rate is exactly e '/2, which is the known rate in
the circular cases.

We now proceed to state the main results of this paper. To do so we need to
make our notation and assumption more precise. Let Diigne be a bounded domain in
R* x R that is strictly convex at the unique left endpoint (0,0) of this domain, and
let Diey be a bounded domain in R~ x R that has a right endpoint at (0,0) and a
C? boundary. In addition, we assume that ¢ : C\B;(0) — R?*\ Dyigpt is a conformal
mapping such that ¢ € C?(C\B1(0)) and ¢'(z) # 0 for z € dB1(0) (refer to the
Riemann mapping theorem in [1]). We shall not distinguish between R? and C in this
paper. Let the domain D; and D> be as follows:

1 1
D1 = Drignt + € and Dy = Diege — 5

To consider the case when a; = as = oo, given any harmonic function H in R2,
(1.1) is rewritten in the following form:

Au=0 inR?*\(D;U Dy),

u(r) — H(z) = O(|z|71) as |z| — oo,
ulop, = C; (constant), and

faDi dyuds=0 fori=1,2.

(1.2)

The solution u can also be interpreted physically as the voltage potential outside un-
charged conductors D; and Do under the action of applied electric field VH (see [10]).

THEOREM 1.1. Assume the conditions above. Let u be the solution to (1.2) for
H(zy,x22) = x1. If the distance € is sufficiently small, then there exists a strictly



716 KIHYUN YUN

positive constant C independent of € such that

(1.3) lulop, — ulop,| = Cuv/e

and, owing to the mean value theorem,

(1.4) max__|Vu(z1,0)| > C, (\2) .

—%<(L‘1<§

As mentioned earlier, we extend the result known only for disks to the general case
of inclusions with arbitrary shape. Nevertheless, the technique we use is significantly
different from the previous one. In the case of disks, the authors took advantage
of Kelvin transform and properties of layer potential which are specialized only for
circles in [2, 4, 8]. It is difficult to apply this method to other shaped inclusions even
though they are ellipses. Thus, we need to provide a new method for the general case.
To do so, we establish a new and easy representation for the difference u|op, — ulop,
in Lemma 2.3 by a probability function 0,w. Based on this, the blow-up result
(1.4) can be derived by a method simpler than the previous ones such as asymptotic
expansions related to discontinuous conductivity in [2, 3, 4, 6, 11, 16]. On the other
hand, applying the new representation to the recent result of Ammari et al. in [4], we
can derive the optimal upper bound of |Vu| in Theorem 1.2.

THEOREM 1.2. Let H and u be the same as in Theorem 1.1. In addition, we
assume that Dieg, also has a conformal mapping ¢ : C\B1(0) — R\ Dieg; with the
same regularity conditions as ¢. If the distance € is sufficiently small, then we have
constants C7 and C3 independent of € such that

(1'5) |u‘8D1 - u|8D2| < Cf\/g
and
(1.6) IVl <o (L
: Lo (R2\(D1UD3)) = “2 Ve :

To summarize the two theorems, Theorem 1.1 provides that |Vu| blows up as the
distance € — 0 for a special uniform field and the blow-up rate is not less than e~1/2.
It follows from the bound (1.6) in Theorem 1.2 that the rate is exactly ¢~ /2.

We now consider the case when a; = ag = 0. It is probably relevant to consider
the case when a; = as = 0, because the fibers are there for reinforcement. However,
the solution to this case can be interpreted physically as the voltage potential outside
nonconductors Dy and D, under the action of applied electric field VH (see [13]). For
any given harmonic function H in R?, let % be the unique solution to the following
Neumann problem:

Au=0 in Rz\(Dl U DQ),
(1.7) () — H(z) = O(|z| 1) s [a] — oc,
d,u=0 ondD; fori=1,2,

where 0,u is the normal derivative of w.
THEOREM 1.3. Assume that Diesy is the same as in Theorem 1.2, and that C,
and C35 are the constants used in Theorems 1.1 and 1.2, respectively. Let u be the
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solution to (1.7) for H(xy,x2) = xo. If the distance € is small enough, then we have
the estimates

- 1
1. >0, —
(18) e (Va0 0. ()
and
- 1
(1.9) V][ Lo 2\ (D,UD,)) < €3 NIA

Proof. Let u be the voltage potential for H = 1 in Theorem 1.1. By Lemma 2.1,
we have

u=H+Vi+V,

where V; is a harmonic function in R?\D; and V;(z) = O(|z|™!) as |z| — oo for
i = 1,2. Owing to Poincaré’s theorem, we have a well-defined conjugate harmonic
function of V;, denoted by V;, for i = 1,2 such that

Vi(2) + Va(a) = O(le| ™) as Je| — oo,

Let @ = H + V; + V5. Then @ satisfies (1.7) and is also a harmonic conjugate function
of u. Hence, we have

|Vu| = |Va| in R?\(D; U Dy).
Therefore, we have completed the proof. 0

2. Proof of Theorem 1.1. In this section we will give a proof of the inequal-
ity (1.3). The proof is based on (2.6) and Lemma 2.3 which present an interesting
representation for the difference u|sp, — u|sp, by a probability function d,w. Thus
we choose a constant C' satisfying the inequality d,w > C+/e (2.15). This inequality
completes the proof.

We start by representing the voltage potential u as a function related to H. To
do so, we define the operator Ry : C*°(R?\Dy) — C*(R?*\D;) N C(R%\ D) as

ARi(v) =0 in R*\Dy,
(2.1) Ri(v)(x) = O(Jz|71) as |z| — oo,
(v—Ry1(v))|op, = C (constant),

where C' is a constant dependent on v, and we also define Ry : C*°(R*\D;) —
C>(R?\D3) N C(R?\Dy) similarly. It follows from Green’s theorem that

/ OFa(v) ds = 0.
apl

ov

By definition, H — Ry(H) can be interpreted physically as the voltage potential
due only to the presence of D1, under the action of applied electric field VH. Since the
voltage potential u is due not only to D7 but also to Do, we take advantage of Ry. We
thus expect u ~ H — Ry (H) — Ra(H). But since H — Ry (H) — Ro(H) is not constant
on the boundaries 9Dy and 9Ds, we expect u ~ H — Ry(H) — Ro(H) + RoRy(H) +
Ri1Ro(H) again. These steps can proceed inductively. The process provides the
following lemma.
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LEMMA 2.1. For a harmonic function H defined in R2, the voltage function u is
represented as follows:

u=H — Rl(H) — RQ(H) + RlRQ(H) +R2R1(H)
(2.2) — RiRoR(H) — RoR1Ro(H) + - -
=H — Ri(H) — Ro(H) + RiRo(H) + R R (H)

+ i(Rle)"(—Rl(H) + Ri1R2(H)) + (RaR1)"(—R2(H) + RaRy(H)).

Tr—

and Q. = {I””;p | z € D2}U{0}. Then we have Q. C Q and the distance d(£2, 0€2) >

z—p[?
0. Hence, by the maximum principle and standard estimates, one can choose a positive

constant ¢ < 1 such that

Proof. We choose an interior point p of D;. Let Q = {% | # € R%\D;} U {0}

maxh —minh < ¢ (maxh — minh)
Qe Q. Q Q

for any harmonic function h defined in Q. It follows that
. < .
(2.3) max RoRy(v) min RoR1(v) < ¢ <rggi< Ryv min Rw)

and, since Ry(v)(z) = O(|z|™!) as |x| — oo, we have

. o < — mi
(2.4) 1R (v) |z < max Ry (v) — min Ry (v)
for any v € C*°(R?*\D,). And we can obtain similar results for Dy and Rp. Since
0 < ¢ < 1, the expansion (2.2) is well defined and satisfies (1.2). a

In the particular case of circular inclusions, it follows from Lemma 2.1 and Kelvin

transforms that the main result (1.4) holds (see [2]). However, it is not easy to apply
the asymptotic expansion (2.2) directly to the general case of arbitrary shape. On

this account, we would make the expansion (2.2) simpler. We define the operator
K1 : C®(R*\Dy) — C*(R*\D1) N C(R?*\Dy) as follows:

AKi(v) =0 inR?*\Dy,
K (v)(z) converges to some constant as |z| — oo,
v = K1(v) on 0D;.

And we also define K5 similarly. By the definitions of R; and K; (i = 1,2), we have
R;(v) = K;(v) + some constant,

where the constant is dependent on v.
LEMMA 2.2. We have

(2.5) ulop, = Co + nlLH;O(K2K1)n(H)|BDu
ulop, = Co + lim (K1K5)"(H)|op,,

where Cy is a constant.
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Proof. Since K;(v) = v on dD; for i = 1,2, we have

(RiR2)"(—=R1(H) + RiR2(H)) + (R2R1)" (—Ro(H) + RoR1(H))
=c, + (KlKg)n(—Kl(H) + KlKQ(H)> + (KQKl)n(—KQ(H) + KQKl(H))

forn=0,1,2,3,..., where

cn = {—(R1R2)"R1(H) + (R2R1)" Re R1(H)} |op,
+{—(R2R1)"Rao(H) + (R1R2)"R1R2(H)} |op, -

By (2.3) and (2.4), we have 2% |¢,,| < 00. We thus set Cp = 32°° ¢,,. Then
w=H — Ry(H) — Ry(H) + Ry Ro(H) + RyRy(H)
+ i(Rle)”(le(H) + RyRy(H)) + (RyRy)"(—Ra(H) + RoRy (H))
1
= Co+ H — Ky(H) — Ky(H) + K Ky (H) + Ko Ky (H)

+ i(Kle)n(—Kl(H) + K1 K> (H)) + (K2 K1)" (- K2 (H) + K2 K (H))
n=1
=Co+{H - Ki(H)}+{-K2(H)+ K1 Ko(H)} + Ko K1 (H) + -+ -
= CO + nlLIIéo(KgKl)n(H) on 8D]_ 0

Hence we conclude that
(2.6) ulop, —ulop, = lim (K2k4)"(H)op, — lim (K1Ks)"(H)lop,-
In what follows, we consider
nILTTgO(K2K1)n(H)|BD1~

Now we present an interesting representation for lim,, . (K2K1)"(H)|sp, in the fol-
lowing lemma. Based on this, the main result would be derived without any asymp-
totic analysis and layer potentials.

LEMMA 2.3. Let w be the solution of the following problem:

Aw =0 in R?\(D; U D,),

w(z) = O(z™") as [o] — o0,
(2.7 w|ap, = c1e (constant),

w|ap, = cae (constant),

faDl O,w ds = 1.

Then we have

lim (K2 K1)"(H)|sp, :/ (Opw)Hds.
0D

n—oo
Proof. By definition, we have

H = Kl(H) on 8D1
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Since K (H) is harmonic in Do and w is constant on dDq, we have

/ wo, K1 (H)ds = 0.
ODo

And since K;(H) converges to some constant as |z| — oo and w is constant on 0Dy,
we also have

/ wdy, K1 (H)ds = 0.
ODl
It follows from Green’s theorem that

/ (Oyw)Hds + / (Oyw)K1(H)ds = 0.
8D1 8D2
Similarly we have

/ (O,w) K1 (H)ds + / (Opw) Ko K1 (H)ds = 0.

dDs D1
Hence we obtain
/ (Ow)Hds = / (Oyw) KKy (H)ds
8D,

0D

:/ (Opw)(KoK1)"(H)ds for n=1,2,3,...
oD

n—oo

/ (Opw) lim (Ko K1)"(H)ds
oD,

n— oo

Thus we focus on 9, w. We define @1 : C\B1(0) — R2\D; as o1 = ¢ + 5 and the

conformal mapping ® : B1(0)\{0} — R?*\D; as

®(2) =1 <|ZZ|2) ;

where ¢ : C\B;(0) — Rg\Dright is the conformal mapping defined in the introduction.
Then we have

3! (R?\(D1 v Dg)) c B (0)
and
=1 (D) = 8B, (0).

We consider the solution W to the following Dirichlet problem:

AW =0 in By (0)\& L (Dy),
(2.8) W =1 on® 1(dD;)=0B1(0),
W =—-1 on ® 1(0Dy).
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Let M = i(cie — cae) and ¢, = 3(cic + co). Then, even though w(®(z)) is not defined
at 0, it follows from the decreasing behavior of w at infinity that

w(®(2)) = MW (2) + c. for z € &1 (R2\(D1 U Dg)) ,

(2.9)
Oppyw(z) = (%) Oy, W(z) for z € 0B1(0),

where z = ®(2).
Without loss of generality, we assume that

(2.10) By, (ro+e—1)C ® HDy) C By, (r1 +¢—1),

where r; and 7o are independent of € for any sufficiently small € > 0. (See Lemma 4.1
in the appendix for details.) Then we consider the solution U; and Us to the following
equations:

AU; =0 in Bi(0)\B,, (r; +¢— 1),
(211) U;=1 on @‘1(8D1) = 831(0),
Uy=-1 ondB,,(ri+e—1) fori=1,2.

By the maximum principle, we have
Uy <W < Uy in B1(0)\By,(r1 +e—1),
and by Hopf’s lemma, we have
(2.12) 0,Uy < 9,W < 9,U; on 0B1(0).
LEMMA 2.4. We have the conformal mappings ¥, and Wo such that

U1(B1(0)) = ¥2(B1(0)) = B1(0),
(213) BT'l (7'1 +e— 1) = \1’1 (Bl—ocl\/g+o(\/€) (O)) y
By, (ra+€—1) = Uy (Bi_a, /eroe)(0) »

and fori=1,2,

1
72— (=1 = 7ve+o(\e))

where «;, B;, and vy; are strictly positive constants.
Proof. See section 4.1 in the appendix. ]
Moreover, by (2.11) and (2.13), we have

2.14)  T7Nz2) = (Bive+o0(VE))

+ ki ase€— 0,

Ui(Wi(t)) = —2(log(1 — aiv/e + o(V/e))) " log(Jt]) + 1

for t € B1(0) and

/ Doy Ui(2)ds(z) = / B U (W (1)) ds (1)
8B1(0)

9B1(0)
= —4r(log(1 — /e +o(v/€))) ™t fori=1,2.
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Therefore, by (2.9) and (2.12), we have
/ M@V(Z>W(z)d5(z) :/ 8l,(z)w(<1)(z))ds(z)
9B1(0) 8B1(0)

= dyw(x)ds(z) =1
0D

and

M _log(1 - Oéler o(ve))

It follows that
Oy w(®(2)) = MOv,)W (z)
log(1 — a1+ o)

by (2.12) > i al/(Z)UQ(Z)
= B VROV oy 1) (05 (2)
log(1 — aaye +o(y@) | o1,
> il Z VL AO) gty o)
log(1 — oayetolVa) oy
> Srlog(l — asye + o(ye)) L (¥2 /)
(2.15) by (2.14) > CV/e,

where z = Uy(t) € 9B1(0). And since ¢} is independent of €, when H(z1,22) = 1,
we have

Jim (K2 K3)"(H)lop, = Cav/e
and, by definition,
Jim (K1 K5)"(H)lop, < 0.
These bounds complete the proof of (1.3). O
REMARK 2.5. We assumed that Dy has a C? boundary. This regularity con-

dition is used only for choosing ro of (2.10) in Lemma 4.1. We observe that one

can prove our estimates on a relaxed regularity condition. For erxample, even when
Dy = (—1,0) x (=1,1) — €/2, the estimates (1.3), (1.4), and (1.8) hold.

3. The proof of Theorem 1.2. We first prove that the inequality (1.5) holds.
This proof is the continuation of the proof of Theorem 1.1. By the argument similar
to (2.15), we have

Oy, w(®(2)) = MOy, )W (z)
_log(l—asye+o(v)

< = 51/(Z)U1(Z)
= sl oD gy (s )]0 (2

log(1 — aav/€ + 0(\/¢))
= Srlog(i = a1ve + o(v9)

(31) byz=1ondBi(0), <CP(.3)

(U7 (2)]
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where P(z,y) is a Poisson kernel and

pe = —1+mVe+o(Ve)
= -1+ 0(\e) € B1(0) as e — cc.

One can prove by assuming ¢(—1) = 0 and the regularity conditions of ¢ on the
boundary, instead of the assumption (2.10), that this bound (3.1) holds and p. =
—14+ 0(ye) € B1(0) as € — 0.

From the definition of ¢, (¢(1) + c)_1 is extended to a conformal mapping defined
in B(0) for some constant ¢ that attains zero value at z = 0. Hence ¢(z) can be
rewritten as follows:

(3.2) p(z)=a1z+h (i) for z € C\ B1(0),

where h is analytic in B1(0) and ag is a nonzero constant. Then for H(x1,x2) = 21,

we have
Hpy(2)) = R (alz +h (i)) + %

Then we define H on B;(0) as follows:

(3.3) H(z) =R(a1Z+ h(2)) + for z € B1(0).

|

It is easy to see that H(z) = H(p1(2)) on 0B1(0), and that H is a harmonic function
in B1(0) and belongs to C*(B1(0)). Then it follows from Lemma 2.3 that

0< lim (K" (M)lop, = [ du(@)H(@)is(z)
< / P(pe, ) H i1 (2))ds(2)
9B1(0)
= Cy H(po)
(3.4) by Hipi1(-1)) = 5. < Cave.

Applying the same argument to ¢ and Djeg, we also have
0 Z lim (KlKg)n(HNaDz Z CQI\/E.
These bounds are reduced to the inequality (1.5), that is,

|u|3D1 - u|3D2| < Cik\/g

REMARK 3.1. We suggest another method to get the inequalities (3.4) and (1.5).
We divide the integration in (3.4) into two parts as follows:

[ Pw.aHEsE = [ P(pe,2)H (91 (2))ds(2)
9B1(0) 9B1(0) and |z+1|< e

+ P(pe,2) (1 (2))ds(2)
0B1(0) and |z+1|> e
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Then the inequality (3.4) can also be proved directly without (3.2). Moreover, one can
prove by using the same partition of integration that the bound (1.5) still holds for
any harmonic function H with 0y, H(0) = 0.

We now derive the inequality (1.6). We divide u into four parts as follows:

U =1+ Uy + ur + u2

such that for i = 0,1,2, Au; = 0 in R?\D; U Dy and u; = O(1) as |z| — oo with the
boundary conditions

ug = u (constants) on 9D; UdDs,
u; = —x10on0D; and u; =0 on 0Ds,

uy = —x1 0on 0Dy and us =0 on 0D;.

Hence, we would estimate them separately.
Estimate for ug. It follows from the maximum principle for analytic functions
that

Vol Lo (r2\(DyuD.)) < [|0vtiol| Lo (8D,00D,)-

Thus we estimate [|J,uol/z~(p,). There exists a constant C' independent of € such
that

l0,uol L (op,) < Cll0y(2yuo(P(2))l| L= (2B, (0)),

where ® is as defined in the proof of Theorem 1.1. By the argument similar to that
of (2.12) and (3.1), we can choose a constant C such that for z € 9B1(0)

1
|0, () u0(®(2))] < §(U|aD1 —ulop,)0,()U1(2)
1

NG

where U; is as defined in (2.11). Since uy is constant on 9D; for ¢ = 1,2, we conclude
that

by (1.5) and the Poisson kernel P(p,-), < C

(3.5) | Vuol| oo r2\ (DyUDs)) < Ca%>

where C,, is a constant independent of e.

Estimate for uy. Let 1o : C\B1(0) — R\ Dy be the conformal mapping defined
by ¥ = ¢ — § as 1. Since u1(¢2(2)) = 0 on dB1(0), u1(¥2(2)) can be extended
harmonically to C\(B U1, *(D;)) as follows:

s <¢2 <|ZZ|2>) for z € By (0)\B,

where B = {z | e € Y5 1(D1)}. The symmetry of the extended u; (2 (2)) occurs on
OB and 95 ' (Dy). This yields

[Vui][ oo g2\ (D,uDs)) < Cl[Vuill=(apy)
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where C'is independent of e. We now estimate [0, u1| < (ap,), because the tangential
derivative of u; on 9D; is not only fixed by H(x1,2z2) = 21 but also independent of
€. Using a linear fractional transform, without loss of generality, we can also assume
that

B,,(-1—€e—m1y4) C gofl(Dg) C Br,(—1—€—r3),

where r3 and r4 are independent of e. Then we consider a harmonic function V3 and
Vi as follows:

AV; =0 inR*\(B1(0)UB,,(—1 —€e—r;)),
Vi(z) = 0(1) as |z| — oo,

Vi(2) = ur(p1(2)) = —H(p1(2))  for z € 9B1(0),
Vi(z) =0 for z€ 0B, (-1 —€—r)

for i = 3,4. Since u1(¢1(2)) < 0 for z € 9B;1(0), it follows from Hopf’s lemma that
(3.6) 0,V3(2) < 0yzyui(pi(2)) < 0,Va(z) for z € 9B41(0).
Therefore, we now estimate 9, V3(z) and 0, V4(z). By a definition similar to K; and

K in the previous proof, we define the operator K, : C®°(R*\B,, (-1 —€—r3)) —
C>(R?\B1(0)) N C(R?\B1(0)) as

AK,(v) =0 in R?\B;(0),
Ka(v)(z) = (1) as |z — oo,
(v = Ka(v))lop,0) =0,

and Kg : C®°(R%\B;1(0)) — C®°(R?\B,,(—1 — € —1r3)) N C(R?\B,, (=1 — € — r3)) is
defined similarly. Indeed K, is the Kelvin transform for B;(0) and K3 is the Kelvin
transform for B,,(—1 — e —r3) simply. Then we define a harmonic function U on
R\ (B,,(—1 — € —r3) U B1(0)) as follows:

U=-KHZ) + KsK,H(z Z I — Kp)(KoKp)"K,H(%),

where H is defined at (3.3). By an argument similar to Lemma 2.2 or [2, 4], we have

AU =0 inR:\(B,,(—1—¢€—r3)U B1(0)),

U(z)=0(1) as |z| — oo,

U=0 forze€dB,(—1—€c—r;3),

(U + H(¢(2))) |, (0) = a constant with order O(\/¢) as e — 0.

We note that U is a solution to the equation with the circular inclusions. Thus, we
can apply Theorem 1.1 of Kang et al. [4] in U. Then we have

1
VUl (231 (-1-e=rayumaon) < € (\ﬁ) '
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On the other hand, we have

A(Vz—=U)=0 inR>\(By,(—1—¢€—73)UDB(0)),

(Vs =U)(2) =O(1) as |z] — oo,

(Vs =U)(2) =0 for z € 0B,,(—1 — € —r3),

(V3 = U)lap, (o) = a constant with order O(y/€) as e — 0.

By the same argument as Estimate for ug, we have

1
||V(V3 - U)HL°°(Rz\(BTS(—1—E—T3)U31(0))) S C (\/g) .

These bounds are reduced to

1
IV Vsl e\ (5., (-1-emrayuBL o) <€ (ﬁ) '

Similarly, we also obtain

1
IVVall g (w21 (8, (- 1= emriyum o) < © (\ﬁ) |

By (3.6), these bounds yield

1
(3.7) V|| Lo w2\ (DyuDs)) < Cp (\ﬁ) ;

where C3 is a constant independent of e.
Estimate for us. This estimate is derived in the same way as u.
Therefore, by (3.5) and (3.7) we have completed the proof of (1.6). a

4. Appendix. In this appendix we make up the parts omitted in the proof of
Theorem 1.1. We first consider Lemma 2.4.

4.1. How to construct the conformal mapping \111_1_ We now prove
Lemma 2.4; that is, we present a method for constructing \I/fl. For convenience, we

use two steps to derive it.
e Step 1. To make U, !(B;(0)) and ¥, (B,, (r1 +e— 1)) concentric balls, we find

1
s (1= (Vo)

with fi(=1) — fi(—1+¢€) = fi(-14+€e+2r1) — f1(1). As e approaches 0, we have

fi(z) =

2

5 \ () 2
()

Therefore, we have
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e Step 2. To make ¥ *(B;(0)) a unit disk, we find

fa(2) = Me)Vefi(2)
with fo(—1) — f2(1) = 2. Then, as € approaches 0, we have

2 = lim A(e) Ve f1(~1)
1 _ B
e—0 ’)/1 ’}/1 ’

Therefore, we have

1
2= (=1 =mve+o(ve))

f2(2) = (B1Ve+ o(Ve))

and
f2(B1(0)) = B1(0) — ky for some constant k;.
Hence, we obtain
Uil(2) = fal2) + Fy,
satisfying
U (Bi(0)) = Bi(0). O

4.2. How to construct the radii r; and r; satisfying (2.10). To construct
them, we provide the variable € to the definitions used in the main proof. Thus Dy
and Dy are rewritten in the form Di(€) = Dijgne + 5 and Da(€) = Diegy — 5. In
addition, we assume that ¢ : C\B1(0) — R2\Dright is a bijective conformal mapping
with ¢(—1) = 0. Then ¢; and P are rewritten as 1. = ¢ + € and . = 9016(@)-

For any r and z with 0 < r < 1 and r < |z| < 1, we define the ball with radius r,
denoted by B,[z], in B1(0) whose boundary attains the minimal distance r to 9B (0)
at z, i.e.,

d(B,[z], 0B1(0)) =d(z, dB1(0)) =r and =z € dB,[7],

where d(A, B) is the distance between A and B.
LEMMA 4.1. Let ¢ = d(0B1(0),09_1(Ds(¢))), that is, the distance between
9B1(0) and 0P (Dx(¢€)). Then we have a constant C such that

(4.1) e<Ce  for e<1.

We suppose that for each € > 0, z. is the point at which O®_1(Ds(€)) attains the
minimal distance € to 0B1(0), i.e., ze € 0P (Da(€)) and € = d(z.,0B1(0)). Then
we have r1, T9, and €y > 0 such that

(4.2) B,,[z]] € ®71(Da(€)) C By [2d]  for e < eo.

If we use this result (4.2) instead of the assumption (2.10), then we can prove by
the same derivation as (2.15) that 9, _,w(®(z)) > CVe . Tt follows from (4.1) that
(2.15) holds.
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Proof. To prove the inequality (4.1), we suppose that p. is the closest point at
which 9B;(0) attains the minimal distance € to ®_1(Ds(e)), i.e., € = d(p., z.) and
pe € 0B1(0). Then we obtain

€ < d(Pe(pe); Pe(2e))
= d(‘I)O(pe)a (I)O(Ze))
< Cd(pe,2) =Ce fore< 1,
where C' is a strictly positive constant. Hence, we have completed the proof of (4.1).

To construct the radius r1, we may assume that the boundary 9(¢ =1 (Dief;)) near 0
is the graph of equation z; = f(22), defined on I, as follows:

f(Zg) + 291 € a((p_l(Dleft)) for z9 €1,
f(0)=-1 and f'(0)=0,

where I is a sufficient small open interval containing 0. Owing to ¢ € C?(C\B1(0))
and the strict convexity of Diigne at 0, we obtain

a2 f 0) < l_dzs/l—z%] '
29=0

d222 d222
Hence, one can choose Ry > 0 such that
Oy (Uo<e<aDa(€)) C Bry(—1+ Ro) C Bi(0).

It may be noted that

(4.3) { ®1(Da(e)) = B (D2(2€)) C Bry(—1+ Ro) for e <1,

Ry<1l and -1€¢ 8BR0(_1 —I—Ro)

Let S = {z € B1(0) | ®(2) € dD1(e) for some € € [0,1]}. Then there is a neighbor-
hood Ny of 0 such that for each z € SNy, € is uniquely determined by ®.(z) € 9D (e),
and for each ¢, the boundary O®_ (D1 (¢)) is connected in N;. And we define k(z) as

the curvature of 90 (D (€)) at z € SNN;. By the continuity of x(z) and x(0) > Ry *,
there is a neighborhood Ny of 0 such that

Ro+1

(4.4) =2— < K(z) for z €SN Ny,
' the boundary 9®_1(D;(e)) is connected in No.

Let 1y = %. Then we have
Uo<e<1®: ! (D1(€)) € Bry(—1+ Ro) C By, [—1]
and can choose a small constant 6 > 0 such that

Uo<e<1 @1 (Di(e)) € By, [2] UN,  for any z € Bs(—1) N Bi1(0),
B§(—1) N Bl(O) C Ns.

By (4.3) and the relation of 9B1(0) and Bg,(—1 + Ryp), we can obtain a sufficiently
small constant ¢y > 0 such that

zc € Bs(—1) for each € < €g,
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where z. is mentioned above. It follows that

@1 (D1(e)) C (@, (D1(e)) N N2) U (@1 (D1(€)) N NS)
- (¢21(D1(6)) N Na2) U By, [z]
by (4.4) C By, [z]-

This means that r; is the desirable radius.
To choose the radius 73, we define & : [0, €g] X Doy — RT by

#(e, ) = the curvature of ®_* (0Dy(e)) at & * (z - %) .

We set 7o = (sup {s(e, 2) | (€, 2) € [0, €0] X ODpege}) . It is easy to prove that
B,,[2] € @71 (Dy(e)) for € < «.

Therefore we have completed the proof. ]
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