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1. Intr oduction

In [15] P. Ozsv�ath and Z. Szab�ousethe technology of Heegaard-Floer homology to re�ne
the Alexander-Conway polynomial of a marked knot in S3. In particular, they de�ne Knot-
Floer homology groups for relative Spin c structures, invariant up to isotopy of K , that
correspond to the terms in the polynomial: the Euler characteristic of the homology with
rational coe�cien ts corresponding to i gives the coe�cien t of t i . They have since shown
that the non-vanishing of these groups characterizes the genus of the knot, [18]. In [12]
they employ Kau�man's state summation approach to the Alexander-Conway polynomial
to give a concrete realization of the generatorsof the chain complex for each i and their
gradings (though not, unfortunately, for the di�eren tial). Furthermore, the techniques
extend to null-homologous knots in an arbitrary three manifold, Y , where the knot may
also be interpreted as giving a �ltration of the Heegaard-Floer chain groups for Y that
is also an invariant of the isotopy class of the knot. They also re�ne the one variable
Alexander-Conway polynomial of an m-component link in S3 by converting the link, in a

way preserving isotopy classes,to a null-homologousknot in a
m� 1
# S1 � S2.

In this paper we simultaneously generalizethe preceding picture in two ways: �rst, by
removing the restriction on the homology classof the embedding, and second,by de�ning
chain complexescorresponding to a multi-variable Alexander polynomial, with a variable
for each component of a \string link", corresponding to the universal Abelian Z k-covering
spaceof the complement of the \string link".

The string link restriction corresponds to basing a link in Y in a particular way: we
require an oriented disc D embedded in Y so that the link components intersect the disc
once,positively. This con�guration is known asa d-basing, following the work of N. Habeg-
ger and X.S. Lin, [4]. There are many d-basingsof the samelink, and our invariant will be
sensitive to these.

In S3 there is a more perspicuousdescription of string links:

De�nition 1.1. Choose k points p1; : : : ; pk in D 2. A k-stranded \string link" in D 2 � I
is a proper embedding,

` k
i=1 f i of

` k
i=1 I i into D 2 � I , where f i : I i ! D 2 � I , such that

f i (0) = pj � 0 and f i (1) = ps � 1. Following the literature, we call the string link \pur e" if
j = s for each interval.

A neighborhood of a d-base,D , is a copy of D 2 � I , and its complement in S3 is also a
copy of D 2 � I . In this D 2 � I , the d-basedlink appearsas k copiesof I extending from
oneend to the other. For more generalthree manifolds, we will present our string link as a
string link in D 2 � I with the data of a framed link diagram where all the surgeriesoccur
in D 2 � I
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We considera d-basedlink L [ D embeddedin a generalthree manifold Y . We measure
the homology of the components of the embedding by a lattice, �, in Z k spannedby the
all vectors of the form ([h] \ L 1; : : : ; [h] \ L k ), where [h] 2 H 2(Y ; Z) and the L i are the
components of the associated link. We will prove:

Theorem 1. Let L [ D be a d-based link in Y . Then, for each Spin c structure, s, on Y ,
there is a relatively Zk=� -indexed abelian group � � dH F (Y; �; s; � ) where each of the factors
is an isotopy invariant of the based link.

When � � 0, most of the results for knots transfer straightforwardly. In particular, the
presenceof the d-basedlink imposesa �ltration upon the Heegaard-Floer chain complexes
of the ambient manifold that is �ltered chain homotopy invariant up to isotopy of based
link. The casewhere � 6� 0 occurs naturally when trying to de�ne chain maps from cobor-
disms of knots in cobordisms of three manifolds.

Note: In [?] the Knot-Flo er homology is denoted by \H F K (Y; K ; �). We will assume
that the presenceof a � = L [ D or K implies the use of the data determined by that
object. Thus, we will use dH F (Y; K ; �) for the knot-Floer homology. When we wish to refer
to the Heegaard-Floer homology of the ambient three manifold (ignoring the information
provided by K ) we will simply omit referenceto the knot or bouquet. However, theseare
not relative homology groups, though they are homology groups for pairs and do not solely
depend upon the complement of the knot or link.

When L [ D � S3, we may re-state the theorem in terms of the associated string link,
S:

Corollary 1. For each v 2 Zk there is an isotopy invariant dH F (S; v) of the string link S.

In section 8, we realize the generatorsof the chain complex for a string link S in D 2 � I
from a projection of S. They are identi�ed with a sub-set of maximal forests { satisfying
speci�c constraints imposed by the meridians { in a planar graph constructed from the
projection of S. This description generalizesthe description of generators, their indices,
and their gradings given by P. Ozsv�ath an Z. Szab�o in [12].

Lemma 1. There are vector weights assigned to crossingsso that for each tree, adding
the weightscalculates in which index, v, the corresponding generator occurs. Furthermore,
there are weightsassigned to crossingswhich likewisecalculate the grading of the generator.

For the speci�c weights seeFigure 10. This lemma requiresa generalizationof L. Kau�-
man's \Clo ck Lemma" to maximal forests that describes the connectivity of the set of
maximal forests in a planar graph under two natural operations.

The weights and gradings are enough to form the Euler characteristic of the homology
groups with rational coe�cien ts, which is related to the Alexander-Conway polynomials of
the link components in section8.7. However, the Euler characteristic canalsobeinterpreted
as a polynomial arising from the �rst homology of a covering space.

We let X = D 2 � I � int (N (S)) and E = @X � D 2 � f 0g. Consider the Zk-covering
space, eX , determined by the Hurewicz map � 1(X ) ! H1(X ; Z) �= Zk taking meridians
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to generators. Let eE be the pre-image of E under the covering map. Then there is a
presentation, [11], Zk ! Zk ! H1( eX ; eE ; Z) ! 0 of Z[t � 1

1 ; : : : ; t � 1
k ]-modules whose 0th

elementary ideal is generatedby a det M , a polynomial called the torsion of the string link.

Theorem 2. Let S be a string link. The Euler characteristic of dH F (S; v; Q) is the coef-
�cient of tv1

1 � � � tvk
k in a polynomial p(t1; � � � ; tk ) describing the torsion of the string link,

� (S), [8].

R. Litherland appearsto have originated the study of the module H 1( eX ; eE ; Z) asa source
of Alexander polynomials, [11]. He used it to study generalized� -graphs, which, once we
pick a preferred edge,correspond to the string links above.

Many results follow from trying to replicate known properties of the torsion. Braids are
a special sub-classof string links, for which it is known that the torsion is always trivial.
Likewise,it follows easily that

Lemma 2. If the string link S is isotopic to a braid, then dH F (S) �= Z(0) where dH F (S) �=
� v dH F (S; v)

The subscript in Z (0) designatesthe grading.
This result should be likened to the analogous result for 1-stranded string links, i.e.

marked knots, that are also braids: the unknot has trivial knot Floer homology. While
string links are usually consideredup to isotopy �xing their endpoints on D 2 � f 0; 1g, this
result has the implication that our invariant will be unchangedif we move the endsof the
strings on D 2 � f 0; 1g (but not betweenends). There is a composition for string links similar
to that for braids, and our invariant is a map on the semi-groupquotient Strings =Braids .

Furthermore, as in [12],

Lemma 3. Alternating string links have trivial di�er ential in each index, v, for the Hee-
gaard decomposition arising from an alternating projection.

The proof may be found in section 8.6.2
As P. Ozsv�ath and Z. Szab�ocan extend the knot Floer homology to links, we may extend

the constructions for string links to a sub-classof colored tangles in D 2 � I . For a tangle,
T, we allow closedcomponents, in addition to open components requiring that the open
components independently form a string link. To each open or closedcomponent we assign
a color f 1; : : : ; kg which correspondsto the variable t i usedfor that component. We require
that each color be applied to one and only one open component. We may then use the

colors to construct a string link, S(T) in a secondmanifold,
n
# S1 � S2, where n is the

number of closedcomponents in T. The isotopy classof S(T) is determined by that of T in
D 2 � I , allowing us to consider dH F (Y; S(T); s0; i ) as an isotopy invariant of T. With this
de�nition, we may extend the skein exact sequenceof [15] to crossingswhere each strand
has the samecolor, seesection 8

Finally, we analyzehow the homologychangesfor three typesof string link compositions.
Each has the form of connect sum in its Heegaarddiagram, and the proofs roughly follow
the approach for connect sums taken by P. Ozsv�ath and Z. Szab�o . We picture our three
manifolds as given by surgery on framed links in D 2 � I with an additional string link, S,
with k components. Given such diagrams for S1 in Y1 and S2 in Y2 we may 1) place them
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side by side to create a string link, S1 + S2 with k1 + k2 components, 2) when k1 = k2 we
may stack one diagram on top of the other (as with composition of braids) to obtain the
string link S1 � S2, and 3) we may replacea tubular neighborhood, i.e. a copy of D 2 � I , of
the i th strand in S1 with the entire picture for S2 to obtain a string satellite, S1(i; S2). The
analysis of the secondtype proceedsdi�eren tly than in [15]: we consider it as a closureof
S1 + S2 found by joining the endsof S1 on D 2 � f 1g with the endsof S2 on D 2 � f 0g in a
particular way. We prove the following formulas for the homologies,where s = s0# s1:

dH F (Y; S1 + S2; s; [j 0] � [j 1]) �= H � (dCF (Y0; S0; s0; [j 0]) 
 dCF (Y1; S1; s1; [j 2]))

dH F (Y; S1 � S2; s; [k]) =
M

[k1 ]+[ k2 ]=[ k] mod�

H � (dCF (Y1; S1; s1; [k1]) 
 dCF (Y2; S2; s2; [k2]))

dH F (Y; S1(i; S2); s; [(l1; : : : ; lk1+ k2 � 1)] �=

L
[v0]+[ w0]=[ l]mod � 0 H � (dCF (Y0; S0; s0; [v]) 
 dCF (Y1; S1; s1; [w]))

where v0 = (v1; : : : ; vi � 1; vi ; : : : ; vi ; vi +1 ; : : : ; vk1 ), repeating vi a total of k2-times, and
w0 = (0; : : : ; 0; w1; : : : ; wk2 ; 0; : : : ; 0) with zero entries except for places i; : : : ; i + k2 � 1.
and � 0 = � + 0 � � 1 � 0.

Summary by section:

In section2 we describe Heegaarddecompositions for string links. In particular, we analyze
the Heegaardequivalencespreservingthe structure of a d-basedlink and relate them to the
typesof diagrams { multi-p oint Heegaarddiagrams { used to de�ne the chain complexes.
Section 3 describesthe indices that replacethe exponents of the Alexander polynomials in
the general setting and de�nes the chain complexeswe will use. We de�ne the homology
theory and record its basic properties. In section 5 we provide a summary of invariance
slanted towards dealing with the e�ects of an ambient manifold with non-zerosecondBetti
number. Section 4 develops the necessarytheory for chain maps and is here largely for
completeness. Section 4.6 illustrates the �rst substantiv e examination of the e�ect of �.
Section6.4 recordsthe proofsof the results cited for combining string links. In section7 we
review the study of Alexander invariants related to string links in D 2 � I . In 8 we describe
the state summation approach to the Euler characteristic and its relationship with the gen-
erators of the chain complex. We also describe the results for braids and alternating string
links; the relationship with the Alexander-Conway polynomial of the link components; and
the skein exact sequence.

Note: We do not addressissuesof orientation of moduli spacesin the paper. However,
nothing we say will alter the existenceof the coherent orientations. It is merely convenient
to suppressthis information. As usual we may work with Z=2Z-coe�cien ts to avoid these
issues.
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2. String Links and Heegaard Dia grams

2.1. String Links in D 2 � I . In this section, the topological input for our invariant will
be laid out. To start we consider the situation in S3:

De�nition 2.1. Choose k points p1; : : : ; pk in D 2. A k-stranded \string link" in D 2 � I
is a proper embedding,

` k
i=1 f i of

` k
i=1 I i into D 2 � I , where f i : I i ! D 2 � I , such that

f i (0) = pj � 0 and f i (1) = ps � 1. The string link is pure if j = s for each interval. We
orient the strands \down" from 1 to 0.

We consider theseup to isotopy, preserving the endsD 2 � f ig for i = 0; 1. Then braids
form a sub-set of string links. However, the invariant we de�ne will allow us to move the
endsof the string link on their end of the cylinder, but not betweenends. With this addi-
tional freedomwe can always undo any braid.

We consider D 2 � I embedded inside S3. A projection of the string link onto a plane
provides the data for a Heegaarddecomposition of S3. For a string link whosestrands are
oriented downwards, we may draw a Heegaarddiagram as in Figure 1.

We take a small tubular neighborhood of each strand in D 2 � I and glue it to the three
ball that is S3 � i ( D 2 � I ). This is a handlebody to which we attach 1 handles at each
of the crossings. These handles occur along the axis of the projection, between the two
strands; when we compressthe handle to obtain the tubular neighborhood of an \X", the
attaching circlesappear asin Figure 1, onefor each type of crossing,cf. [12]. The attaching
circles for the handlesfrom the strands are placedin D 2 � f 0g asmeridians for each strand.

The complement of this in S3 is also a handlebody. It can be described by taking two
0-handlesin D 2 � I , above and below the plane we projected onto (thought of as cutting
D 2 � I through the middle). We then attach handles through the facesof image of the
projection: a copy of the D 2 factor in the handle should be the face. We use 1-handle
for the face on the leftmost side of the diagram, called U, to cancel one of the 0-handles.
As these two handlebodies have the sameboundary, they must have the samenumber of
handles,and the decomposition is a Heegaarddecomposition.
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Figure 1. The HeegaardDiagram for a String Link. We place the merid-
ians at the bottom of the diagram and � curves at each of the crossings,
re
ecting the type of crossing.

To each strand of a string link, wemay associate a knot: ignore the other strands and join
the two endsof our strand with an unknotted arc in the complement of D 2 � I . Likewise
we may associate a link to a pure string link by using k unknotted, unlinked arcs as for
the closure of a braid. Furthermore, by retaining D 2 � f 0g, oriented as the boundary of
D 2 � I , we have an embeddeddisc which intersectsthe strands of the link in onepoint with
L i \ D = +1. This is a d-basein the languageof Habbeggerand Lin, [4].

2.2. String Links in Y . For general three manifolds, Y , we de�ne a string link to be a
d-basedlink:

De�nition 2.2. A d-base for an oriented link L is an oriented disc, D , embedded in Y
whoseinterior intersects each component of L exactly once, positively.

By thickening the disc, D , we obtain an embeddedball with the structure of a cylinder,
D 2 � I . L in the complement of this ball comports more with our intuition for a string link.
We considerthesecomplexesup to isotopy of the complexD [ L, preservingthe orientations
on the parts. However, the invariant will allow the strands of L not to return to the same
point, and theseendsto move independently on, but not between, the two sidesof D .

Example: For knots in S3 a d-basing amounts to picking a point on the knot, the in-
tersection point with D . This is a marked knot as used in [15]. The string link associated
to a knot comesfrom dividing the knot at that point and pulling the endsapart.

We will use Heegaarddiagrams for Y where the � -handlebody extends the handlebody
that is a neighborhood of D [ L. If we think of this neighborhood up to isotopy we would
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have great freedomin moving around the handlescorresponding to the strands. When we
transfer to the Heegaardpicture the additional freedom allows us to braid the endsof the
strands through isotopiesof the Heegaardsurfacewithout altering the disc. We may even
disjoin the link componenets: if the endpoints of a strand correspond, we have a d-based
link, but we may braid the endson onesideof the disc independently of the other. However,
the data from D prevents the endsfrom moving betweenthe di�eren t sidesD .

Example: To draw the Heegaard diagram for a string link in Y, we think of D [ L
embedded in a framed link diagram for Y in S3. We may then draw a Heegaarddiagram
from a projection of the whole con�guration, attaching the framed components by paths to
D [ L. The � curveson the new components are no longer the meridians, but instead are
chosento be framing curves for the surgery, oriented opposite the longitudes from S3. All
of this can be done away from the disc D 2 � f 0g containing the meridians. By inverting a
neighborhood of the disc, we can present the string link in Y by a string link in a framed
link diagram in D 2 � I with D 2 � f 0g as preferred disc.

2.3. Heegaard Diagrams and Based Links. We describe the generalapproach to Hee-
gaard diagramssubordinate to a string link, D [ L. Above we gave speci�c examplesof such
diagrams; we would now like to characterize all such diagrams and describe the Heegaard
equivalencesbetween them. In particular, we will be concernedwith retaining the data
provided by D .

First we establish some conventions. Let Y be a three manifold. Assume, as given, a
Heegaarddecomposition, Y = H � [ � g H � , where @H � = � = � @H � and the gradient

o w corresponds to the outward-pointing normal to H � . We denote this decomposition by
(� ; f � i g

g
i=1 ; f � i g

g
i=1 ) with f � i g

g
i=1 being the co-coresof the one handlesin H � and likewise

for f � i g
g
i=1 .

To make our diagram re
ect a string link L [ D , we additionally require that our Hee-
gaard decomposition satis�es:

(1) The three manifold (� ; f � i g
g
i= k+1 ; f � i g

g
i=1 ) is Y 3 � N (L [ D ). The complement of

(� ; f � i gi 6= j ; f � i g
g
i=1 ) for j � k, should be homeomorphicto a tubular neighborhood

of L j in Y . We require � j to be an oriented meridian for this tubular neighborhood.
(2) There is a disc D 0 in � � f � i g

g
i=1 � f � i g

g
i=1 whoseboundary contains oneconnected

segment from each of � 1; : : : ; � k . The string link formed from D 0 glued to the
attaching discsfor � 1; : : : ; � k and the components of L from (1) is isotopic to L [ D .

The �rst condition requires that the diagram be subordinate to the string link. The
secondrequires that there be a disc in the Heegaarddata that producesa d-basing for L
and that induces a string link isotopic to the original one. Such diagrams are said to be
subordinate to L [ D . Furthermore, a diagram with such a choice of � 's and a disc D 0

determinesa string link as in item (2). Note that D 0 must be oriented opposite to �.

We may relate diagrams subordinate to a con�guration L [ D , embedded inside a three
manifold, Y , by the following lemma:
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Lemma 4. [cf. Lemma4.5 [16]] Let Y be a closed, oriented three-manifold. Let L [ D � Y
be an embedded d-base. Then there is a Heegaard diagram subordinate to L [ D and any
two such subordinate diagrams may be connected by a sequence of the following moves:

(1) Handleslidesand isotopies among the elementsof f � i g
g
i= k+1

(2) Handleslidesand isotopies of f � i g
g
i=1 .

(3) Stabilization intr oducing � g+1 , � g+1 intersecting in a single point.
(4) Isotopies of f � i gk

i=1 and handleslidesof them over elementsof f � i g
g
i= k+1 .

where we disallow isotopies and handleslides of any attaching circles resulting in a curve
intersecting the disc D 0.

Pro of: Let � = L [ D . N (�) is a handlebody which we may extend to a Heegaard
decomposition for Y . The disc D corresponds to a disc D 0 in @N (�) at one end of the
thickening of D , determined by the orientation requirements. The meridians are chosento
occur in the disc, and thus abut D 0 in accordancewith requirements. The additional � 's
and � 's may be chosento avoid D 0 as D 0 is contractible in �. Thus, such a diagram does
exist. It is shown in [13], Prop. 7.1, that any isotopy acrossa contractible region in �
may be obtained by handleslidesand isotopiesnot crossingthat contractible region; any �
isotopy which crossesthe entire star may be accomplishedby handleslidesnot intersecting
the star. This assuresus that the choice made in pushing the � 's away from D 0 does not
a�ect the outcome.

Given the diagrams for two isotopic embeddings of �, we must seethat they can be
related by the moves described above. These moves preserve the region D in the original
diagram. This region and a small neighborhood of it in Y act as the disk for the d-base.
On the other hand, the isotopy carries a neighborhood of the disc into a neighborhood of
the new disc; these neighborhoods are all homeomorphic and may be used as a 3-handle
for each of the Heegaarddiagrams. That the isotopy preservesL outside this ball allows us
to �x the meridians and consider the additional handles,describing Y � N (�).

If we consider @N (�) as @+ (Y � N (�)) then the existence of the Heegaard diagram
follows from the existenceof a relative Morse function that is equal to 1 on the boundary
and that the isotopy classof f � i gk

i=1 is determined by their being meridians of the knots
determined by the strands of L . As usual, we may cancel 1-handleswith 0-handlesuntil
there is only one0-handle. Similarly we may cancelo� 3-handlesuntil there are none. The
relative version of Cerf's theorem states that any two such diagramscan be linked through
the �rst three moves and the introduction of new index 0=1 cancelling pairs or new index
2=3 cancelling pairs.

However, we would like to ensurethat the path can be chosenthrough diagrams with
only one index 0 handle and no index 3 handles. As we introduce a new 3-handle, we
also introduce a cancelling 2-handle. The new 2-handle will have one end of its co-core
on @N (�), since there are no other 3-handles. In the diagram for Y , the one with the
prescribed meridians, this 2-handle has a core that is a homological linear combination of
the � 's. If we cut � along f � k+1 ; : : : ; � gg, and cap the new boundaries with discs, the
imageof the corewill be null-homotopic: it will be homotopic to the boundary of the B 2 at
the end of the co-corelying on @N (�). Since it is null-homotopic, the core cannot have a
non-zerocoe�cien t for a meridian for its homology class. Thus, it is linear combination of
f � k+1 ; : : : ; � gg. According to lemma 2.3 of [13], the corecurvecan beobtained asthe image
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of a f � k+1 ; : : : ; � gg under handleslides.Thus, any diagram obtained from the diagram after
a 2=3 pair is added, could be obtained from the old diagram as handleslidesover the new
core can be given by handleslidesover � 's, not using any meridians. We may bypass2=3-
handle pairs. The sameargument applies for 0-handles,as there are fewer restrictions on
the � 's.

Allowing the meridians to move, the last equivalencefollows from consideringthe bouquet
after surgering out f � i g

g
i= k+1 . The meridians are determined up to isotopy, and as those

isotopiescrosssurgery discs there are corresponding handleslides.Likewise,two curves for
the samemeridian, abutting the samedisc D 0 at a speci�ed point, will be isotopic. Thus,
any choice of meridians may be moved to the one chosenabove. This takescare of all our
choices, so any two diagrams subordinate to the sameisotopy classof string link can be
related with the moves in the lemma. Q.E.D.

Without disallowing equivalencesthat intersect D 0, the moves above preserve the han-
dlebody neighborhood of L [ D . This is weaker than preserving the isotopy classof L [ D .
However, with the additional data provided by D 0, any isotopy will pull the disc along,
preventing the endsof strands from twisting at the intersection point with D .

Example: We return to our method for drawing a Heegaarddiagram for a string link
in Y . Using the reduced Heegaardequivalences,we argue that the construction does not
depend upon how the framed components are joined to N (L [ D ). The argument comes
from [16], for the sameresult for a bouquet, with minor alteration.

Consider two distinct arcs, s1 and s2, joining a framed component to �, and form a
regular neighborhood of the graph provided by � [ s1 [ s2. We extend this to a diagram
for S3 (by adding handles for crossings,etc). We draw a subordinate diagram using s1 to
attach the framed component by placing � k+1 as a meridian to s2. To obtain a diagram
subordinate to the secondchoiceof paths weerase� k+1 and replaceit with � 0

k+1 , a meridian
to s1. We surger out all the � i for i > k + 1 to obtain a genus k + 1 surface. We wish to
seethat � k+1 and � 0

k+1 are isotopic; if they are we may move the correponding curves in
the original diagram through isotopiesand handleslidesoneinto the other. The two curves,
along with some non-meridional � 's, bound a punctured torus coming from the framed
component. After surgering, the other boundaries are �lled, and surgering the framing
attaching circle transforms the torus into a cylinder. Therefore, the � k+1 and � 0

k+1 now
bound a cylinder which does not involve the disc D 0. Each time the isotopy of curves
determined by the cylinder crossesa disc coming from the surgered handles, there is a
corresponding handleslide in the original picture. This provides a sequenceof Heegaard
equivalencesthat are allowed under the reducedequivalencesof d-basedlinks.

Sliding a strand in the string link over a framed curve producesa new string link which,
along with the framed components, producesa secondHeegaarddiagram for Y equivalent
to that from before handlesliding (a simple process,but lengthy, and not provided here).
Handleslidesof framed components over each other can be e�ected by a bouquet with a
path joining the two components, which we have seenis available, and then using the same
argument asabove. Likewise,adding � 1 framed unlinked, unknots (blowing up/down) can
be e�ected using the reduced Heegaardequivalences. Hence, using two di�eren t framed
link descriptions for Y will not changethe equivalenceof the Heegarddiagram.
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2.4. Mark ed Diagrams. It is cumbersometo retain the disc, D 0, in our Heegaarddi-
agrams. Furthermore, since the restricted Heegaard equivalenceseliminate handleslides
over the meridians they often impedethe simpli�cation of the Heegaarddiagram. We give
another interpretation of the topology making our diagrams more tractable.

Using the embeddedstar, D 0, wemay introducemarked points into �. We choosew to be
in the interior of D 0and zi to beon the other sideof � i in the region of � � f � i g

g
i =1 � f � i g

g
i=1

abutting the same segment as D 0. From a subordinate diagram for the d-based link we
have realizeda multi-pointed diagram. The equivalencesfor multi-p ointed diagramsare the
standard Heegaardequivalences{ with no restriction on handleslides{ but with the caveat
that no isotopy of an attaching circle or marked point may allow one to crossthe other.

Conversely, for any Heegaarddiagram with a choice of marked points w; z1; : : : ; zk in
� � f � i g

g
i=1 � f � i g

g
i=1 we can construct a Heegaarddiagram subordinate to a string link.

First, choosepaths from each zi to w crossingonly � 's. Then take neighborhoods of the
gradient 
o w lines, in H � , joining the index 0 critical point and the marked points �,
remove these neighborhoods from H � and add them to H � . The complement in H � is
still a handlebody, since we have removed the neighborhood of k + 1 segments. Adding
the neighborhoods to H � creates a new handlebody H � 0. The new � 's are meridians of
the gradient 
o w lines, and the new � 's are loops following the 
o w line from w to the
critical point, then to zi and back along the path we chose in �, crossingonly � 's. It is
straightforward to �nd the region D 0: it is a disc in the portion of @H � 0 coming from the
exchange. Thus, a multi-p oint diagram gives us a diagram subordinate to a string link
through the preferred disc D . Furthermore, if we use the preferred disc, D , to produce
a multi-p oint diagram, after somehandleslidesof the � 's over the new meridians, we can
de-stabilize the new � 's and � 's to obtain the original multi-p oint diagram.

The relationship between the equivalencesfor multi-p oint diagrams and those subordi-
nate to string links comesfrom by noticing that when going from a multi-p oint diagram to
a string link diagram, performing an illicit isotopy over a marked point zi corresponds to
an illicit handleslideover a meridian, according to the construction above. In fact, werewe
to surger out the meridians, the point zi would correspond to one of the two discsusedto
replacethat meridian (the other would be closeto w inside the region D). Isotoping across
it would be the sameas a handleslideacrossa meridian.

This construction may depend upon the choiceof the new � -paths. If we surgerall the �
attaching circles in the multi-p oint diagram, the chosenpaths becomea star in S2 joining
zi to w for all i . If two such stars are isotopic in the complement of the marked points, the
resulting diagrams for the � k+1 graph are equivalent. Each time the isotopy of a segment
crossesa disc introducedby the surgery, we should think of our new � being slid over an old
� . Braiding of the marked points in S2, carrying along the star, will not, in general, pro-
duce a diagram isotopic to the one with the star before braiding. However, theseproduce
equivalent diagramsas they are both stabilizations of the samediagram. This discrepancy,
onceagain, re
ects the inabilit y to detect braiding oncewe switch to consideringHeegaard
diagrams.

Note: Wemay perform handleslidesto ensurethat in our Heegaarddiagramsthe meridians
each intersect only one � -curve. When the meridian intersects only one � , the boundary
of such a region must include multiples of the full meridian When there is more than one
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� intersecting the meridian, we will instead count the intersectionswith the the embedded
� k+1 -graph found from the gradient 
o w lines through the marked points.

2.5. Admissibilit y and d-Based Links.
In Heegaard-Floer homology, when H 2(Y ; Z) 6�= 0, we must use diagrams submitting to
certain admissibility requirements, [13]. We argue here that presenting a d-basedlink as a
string link in D 2 � I , with an additional framed link de�ning Y , can be made admissible
without disrupting the disc D or the structure of D 2 � I .

We make useof the lemmasin section 5 of [13].

Lemma 5. Let L [ D � Y be a d-based link. Let s be a Spin c structure on Y . Then there
is a strongly/weakly admissiblediagram for (Y; s; L [ D ) presented as a framed link on the
complementof a string link in D 2 � I .

Pro of: SupposeY is presented assurgeryon a link in S3, and � is L [ D in this diagram.
We adjust this, as above, to be a framed link diagram in D 2 � I with a string link. Recall
that we must join the framed components to L [ D by paths which we assumedo not touch
D 2 � f 0g. With the framing curvesas � -curves,this provides a diagram for Y . However, it
neednot be admissible;we may needto wind the attaching circles to make it so. We must
ensurethat the winding paths do not a�ect the discsD 2 � f 0g or D 2 � f 1g. We make two
observations.

(1) First, any doubly periodic domain must have at least oneboundary containing mul-
tiples of a framing curve. Otherwise, by replacing framing curveswith the meridians
of the link components, we would obtain a periodic domain in a diagram for S3.
Furthermore, two periodic domains may not produce the samelinear combination
of framing curves in their boundaries.

(2) Second,a meridian of a framed component may be chosento intersect the framing
curve which replacesit, onceand only once,and intersect no other � 's. Each will,
however, intersect at least one � curve in the projection. By Proposition 5.3.11of
[3], thesemeridians generateall of H 1(Y ; Z). By winding along them we may obtain
intersection points representing any Spin c structure; we have an intersection point
which employs the framing curves intersecting the same� 's as the meridian.

These are the conditions necessaryto draw the conclusion of lemmas 5.2, 5.4, and 5.6 of
[13]. Theselemmasguarantee the results in the proposition. Q.E.D.

When we present a d-basedlink in Y as a string link in a framed surgery diagram

Remark: There are other embedded objects lurking in the background of our Heegaard
diagrams. The �rst:

De�nition 2.3. [16] An oriented bouquet, � , is a one-complexembedded in Y which is the
union of a oriented link L = [ k

i=1 L i with a collection of k embedded segments, 
 i , each
connecting a point on L i to a �xed reference point in Y , and otherwisedisjoint from L and
each other.

We will considersuch objects up to isotopy in Y , preserving the graph structure. They are
also known as clover links, [9]. Such embeddedgraphs underly the construction of maps in
Heegaard-Floer homology from four-dimensional cobordismsformed by 2-handleadditions.
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Given a d-basedlink, we may form such an object by choosing our referencepoint in D
and joining it to the intersectionswith L by a tree. There are many such trees, found, for
instance, by braiding in D , and theseare not necessarilyisotopic. However, our invariant
does not distinguish them. Furthermore, two di�eren t string links can give the sameiso-
topy classof bouquet corresponding to twisting the bouquet along the referencepaths (or
moving the endsof the string link back and forth betweenthe endsof the cylinder). We can
record this twisting by adorning a bouquet with a d-baseformed from a disc neighborhood
of its referencepaths.

Additionally , in an associated multi-p ointed diagram, the critical points corresponding to
the 3-cell and the 0-cell for a Morse function compatible with the Heegaarddecomposition
along with the gradient 
o w lines though the marked points gives an embedded copy of
a � k+1 -graph with a preferred edgearising from w: a graph with two vertices and k + 1
edgesoriented from one vertex to the other. By taking a tubular neighborhood of the
preferred edgewe have a copy of D 2 � I ; in its complement is a string link determined by
the other edges. The region around v� together with discs bounded by the meridians of
the non-preferrededgesforms the d-base. The � k+1 graph may be obtained from a diagram
subordinate to a string link by stretching � along the boundary of D 0 [ i � k D(� i ) where
D(� i ) is the attaching disc for � i . The result is a diagram for a tubular neighborhood of
the � k+1 -graph with one edgelinked by the embeddedcircle. The region bounded by the
meridians and the new curve, containing D 0, corresponds to v� , the vertex into which the
edgespoint. Isotopiesof d-basedlinks correspond to isotopiesof the associated � k+1 -graphs.

3. Mul ti-point Heegaard-Floer Homology

3.1. Background and Notation. Let H � [ � g H � and a choice of w 2 � be a pointed
strongly/w eakly admissible Heegaarddecomposition of Y , [13]. Let f � i g

g
i=1 be a set of g

disjoint, simple, closedcurvesin � whoseimagesare linearly independent in H 1(�; Z) and
which bound compressiondiscs in H � . De�ne f � i g

g
i=1 similarly for H � .

Thesesetsgive rise to g-dimensional tori embeddedin Symg(�) and found by taking the
image of

� 1 � � � � � � g � 1 � � � � � � g

under the quotient map � � g ! Symg(�). A choice of orientation on each element of
f � i g

g
i=1 inducesan orientation on orientation on the image, T � .

An intersection point, x betweenthe tori T � and T � corresponds to a set, f x1; : : : ; xgg,
of points in � where x i 2 � i \ � � (i ) for i = 1; : : : ; g and somepermutation � 2 Sg. We will
denote the point in � de�ning x and lying on � i by x(� i ), and likewisefor the � curves.

We consider homotopy classesof continuous maps, u : D ! Symg(�) taking i to y , � i
to x and the remainder of the boundary into T � if Re > 0 or T � if Re < 0. The set of such
classesis denoted by � 2(x; y ). When we have classes� 1 2 � 2(x; y ) and � 2 2 � 2(y ; z) there
is a well-de�ned class� 1 � � 2 2 � 2(x; y )

The intersection points divide into equivalenceclassesaccording to whether � 2(x; y ) is
the empty set or not. The set of all equivalenceclasseswill be denoted S�� and a speci�c
equivalenceclasswill be denoted s. The set of intersection points representing s will be
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denoted by I (s). Once we add the point w to the diagram, the equivalenceclassescan be
interpretted as Spin c structures for Y (see[13]).

Let z 2 � � f � i g
g
i=1 � f � i g

g
i=1 and denote by nz(� ) the intersection number of a generic

representativ e of � with the image z � � g� 1 under the quotient onto Symg(�). If we
consider � � (f � i g

g
i=1 [ f � i g

g
i=1 ) =

`
D i be the disjoint union of domains, D i , we may

calculate a multiplicit y for each domain by assigningnD i ( ) = nz( ) for somez 2 int (D i ).

De�nition 3.1. The domain of a class � 2 � 2(x; y ) is de�ned to be the formal linear
combination

D(� ) =
sX

i =1

nD i (� )D i

P. Ozsv�ath and Z. Szab�o describe the structure of � 2(x; y ) when g > 1.

� 2(x; y ) �=

�
; when � (x; y ) 6= 0

Z � H2(Y; Z) when � (x; y ) = 0

The value in Z arises from evaluating nw(� ). It can be altered by adding or subtracting
the generator of � 2(Symg(�)) �= Z to the homotopy classesof discs:

� 2(Symg(�)) � � 2(x; y ) ! � 2(x; y )

This, in turn, corresponds to adding or subtracting D(�) to or from D( ) and will be
referred to as adding or subtracting [S].

The H2(Y; Z) term arisesfrom the doubly periodic domains:

De�nition 3.2. A doubly periodic region is a two chain P =
P

ai Di whoseboundary is a
sum of curvescontained in f � i g

g
i=1 [ f � i g

g
i=1 . Let D i be the domain containing w. A doubly

periodic domain is a periodic region with ai = 0.

To each periodic region, P, there is an associated homology class, H (P), in H 2(Y ; Z)
found by gluing copies of the attaching discs associated to the boundary curves of P.
Furthermore, every homology classin H 2(Y ; Z) de�nes a periodic domain. These may be
thought of as classesin � 2(x; x) and have the property that

D(� + P) = D(� ) + D(P)

3.2. Pseudo-Holomorphic discs in Symg(�) . For a given � 2 � 2(x; y ) we consider the
moduli spaceof pseudo-holomorphicrepresentativ es:

M Js (� ) =

8
>>>><

>>>>:

u(1 + t i ) � T �
u(0 + t i ) � T �

u 2 � lim t ! + 1 u(z) = y
lim t !�1 u(z) = x
@u
@s + J (s) @u

@t = 0

9
>>>>=

>>>>;
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Translating in the t direction provides a natural R action on M Js (� ). We will usually
take the quotient

cM Js (� ) = M Js (� )=R
The reader should consult [13] for further details.

The formal dimension of the moduli space,found from the index of a certain Fredholm
operator, called the Maslov index of � and denoted � (� ). The index has the property that
� (� + k[S]) = � (� ) + 2k for any � and is additiv e under splicing.

For � � 2 these spacesare orientable and have Gromov compati�cations, [13]. Hence,
generically, there will be no elements of a moduli spacewith � = 0. When � = 1, cM Js (� )
is a compact, zero-dimensionalmanifold. When � (� ) = 2 and � possessesholomorphic rep-
resentativ es,the endsof the corresponding moduli spacescan occur either through bubbling
o� spheres,boundary degenerations,or through limiting to holomorphic representativ esof
� 1 and � 2 where � = � 1 � � 2, [13].

3.3. The Chain Complex for a Multi-p oin t Diagram. We start with a multi- pointed
Heegaard diagram (� ; f � i g

g
i=1 ; f � i g

g
i=1 ) where the curves in f � i g

g
i=1 and f � i g

g
i=1 are in

generalposition. We choosea path of genericnearly symmetric almost-complexstructures,
Js, on Symg(�), in accordancewith the restrictions in [13]. Furthermore, we choosean
equivalenceclassof intersection points, s, for Y and a coherent system of orientations for
the equivalenceclass, [13]1. We also assumethat marked points w; z1; : : : ; zk have been
prescribed. We denote the additional marked point data by �.

Take the set x 2 I (s) and de�ne CF 1
� (Y ; s) as the Z-module

SpanZf [x ; i; v]jx 2 I (s); i 2 Z; v 2 Zkg

There is a natural map on CF 1
� :

U([x; i; v]) = [x; i � 1; v1 � 1; : : : ; vk � 1]

which makesCF 1
� into a module over Z[U].

As in [13], we may de�ne other groups by taking CF �
� (Y ; s) to be the sub-group of CF 1

�
where i < 0; by taking CF +

� (Y ; s) to be the resulting quotient group (with i � 0); and by
taking dCF � (Y; s) to be that sub-group spannedby those generatorswith i = 0.

We may de�ne a relative grading by the formula

grw ([x ; i; v1]; [y ; j; v2]) = � (� ) � 2nw(� ) + 2(i � j )

where we may useany � 2 � 2(x; y ). However, when c1(sw(x)) is not torsion the right side
is only well-de�ned in Z=� (s)Z where

� (s) = gcd
� 2 H 2(Y ;Z)

< c1(s); � >

since
� (Px ) = < c1(sw(x)) ; [P] >

1Those willing to work with Z=2Z-coe�cien ts may ignore this requirement
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The map U reducesthis grading by 2, [13].
If s has torsion �rst Chern class,the relative grading lies in Z. In addition, for a torsion

Spin c structure, P. Ozsv�ath and Z. Szab�o in [16] show that there exists a absolute Q-
grading, gr Q, lifting the relative grading. The absolute Q grading in [16] depends only
upon the i component, so the multi-p oint complex inherits it. Alternately, we may present
Y as surgery on a link which includes the components of L , which receive an 1 -framing.
Then we can assignthe absolute grading to the generatorsusing the formula in [16].

3.4. Filtration Indices. The additional marked points z1; : : : ; zk provide indices for the
generatorsrelated to the grading.

3.4.1. CompleteSetsof Paths.

For the equivalenceclasss, we choosea complete set of paths for s as in De�nition 3.12
of [13]:

(1) An enumeration S = f x 0 ; x1 ; : : : ; xm g of the intersection points in I (s).
(2) A collection of homotopy classes� i 2 � 2(x0 ; x i ) with nw(� i ) = 0
(3) Periodic domains � 1; : : : ; � b2 2 � 2(x0 ; x0) representing a basis for H 2(Y ; Z).

Any path in � 2(x i ; x j ) can then be written uniquely as splicings of the � i and the paths
� i , and any periodic domain in � 2(x; x) can be identi�ed with one in � 2(x0 ; x0).

As in [14], given a complete set of paths we may �nd a map

A : � 2(x; y ) ! H2(Y ; Z)

by taking � � 1
y � � � � x 2 � 2(x0 ; x0) �= Z � H2(Y ; Z), and projecting to the secondfactor.

This map has the property that A (� 1 � � 2) = A (� 1) + A (� 2). The procedureprovides an
identi�cation of � 2(x; x) with � 2(x0 ; x0), and the action of P 2 � 2(x; x) on � 2 � 2(x; y )
produces� 0 with A (� 0) = A (� ) + A (P).

Furthermore, a choice of basepoint x 0 , a basis for H 2(Y; Z), and a choice of an additiv e
A which maps � 2(x0 ; x0) surjectively onto H 2(Y ; Z) and is invariant under the action of
[S], givesa complete set of paths. For a doubly periodic domain P 2 � 2(x0 ; x0), A assigns
it a value in H 2(Y ; Z). For � 2 � 2(x0 ; y ) we have two quantities A (� ) and nw(� ). By
subtracting the periodic domain P with the samevalue under A as � and subtracting the
right number of [S]'s, we �nd a � 0 where both quantities are zero. This � 0 is unique since
A is surjective, so we chooseit as our element, � y , in a complete set of paths.

3.4.2. De�nition of Filtr ation Indices. We may de�ne a �ltration index for the complete
set of paths as a map F : I (s) ! Zk satisfying the basic relation

F (y) � F (x) = (nw � nz)( � ) + nz(A (� ))

where nz(� ) = (nz1 (� ); : : : ; nzk (� )) and nw(� ) = (nw(� ); : : : ; nw(� )). These compare the
information found at the preferred point, w, to that at any other marked point zk .

When we add a periodic domain P to � the right hand side of the �ltration relation
changes by � nz(P) + nz(P) = 0. Thus, with the complete set of paths, the relation
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determines the value of F on every intersection point, independent of � , up to a vector:
any other �ltration index for x 0 and A has the form F + v for somevector v 2 Zk .

The last term on the right can be re-written in the i th coordinate as L i \ A (� ). The
orientation on the meridians is the oneinduced from the attaching disk oriented to intersect
L i positively: L i \ D i = +1. If we chooseP a periodic region representing the homology
classh 2 H 2 then @P may contain multiples of the meridians. By drawing the diagramswe
�nd that with this orientation convention (nw � nzi )(P) = � L i \ h. The quantit y nw � nzi

measures2 the number of times the i th meridian occurs in @P.
Adding or subtracting elements of � 2(x; x) thus alters the last term by vectors in the

lattice, � � Zk , spannedby:

(nz1 (� 1); : : : ; nzk (� 1))
...

(nz1 (� k ); : : : ; nzk (� k ))
sincewe assumenw(� j ) = 0.

Di�erences in the �ltration index can be calculated directly if we know explicitly the ho-
motopy classesin the complete set of paths. The di�erence between x and y is given by
nz(� y � � � 1

x ). For this composite disc A = 0 and nw = 0. For rational homology spheres
the choiceof � 2 � 2(x; y ) variesonly by multiples of [S]. Thus, � y � � � x = � + r [S]. In this
case,or in any casewhere � � 0, the �ltration index takesvaluesin Z k , and we recover the
formulas usedfor knots in [15].

Once we have �xed the value of x 0 , the choice of A prescribes a value in Zk for each
y. Di�eren t choicesof complete setsof paths prescribe di�eren t values for y ; however, all
these valuesmap to the sameelement of Zk=�. For example, consider x and y joined by
a path � with nw(� ) = 0. If we change to A 0 then � nz(� � A 0(� )) = � nz(� 0

y ) + nz(� 0
x )

= � nz(� y � � � x � P) = � nz(� � A (� )) + � . Changing A to A 0 changesthe relation by an
element of � for each pair of intersection points.

Thus, we may remove the dependenceupon A by considering �ltraion indices with val-
ues in the quotient Zk=�. The intersection points are then relatively Zk=�-indexed. The
Zk indices are \lifts" of theseindices, which we usewhen needingto facilitate comparisons
as � changes.

Remark 3.3. From now on, we assume,as chosen,a point x 0 2 I (s) and a complete set
of paths for s and x0 . Furthermore, we require that if zi and zj are in the samecomponent
of � � f � i g

g
i=1 � f � i g

g
i=1 then F i and F j must be equal. If zi is in the samecomponent as

w then F i � Ci , a constant, which we require to be 0, unlessotherwise noted.

3.4.3. A Special Case.
For null-homologousknots and torsion s there is a canonicalchoiceof �ltration index found
from the �rst Chern class, [15]. Supposeall the knots in Y found by closing strands in S
are null-homologous, and that we have a Heegaarddiagram where the intersection point

2When � i intersects more than one � , and with the gradient 
o wing with the outward normal of H � ,
nw � nz i is minus the intersection number with the edgecorresponding to L i in the graph, �(�).
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on the each meridian is �xed. Let � i be a longitude for the closure of the i th strand, L i .
This curve can be realized in the Heegaarddiagram for the string link as a curve crossing
only one � -curve, the i th meridian. Interchanging the meridian with this longitude givesa
Heegaarddiagram for the manifold found by performing 0-framed surgery on L i . To each
intersection point in x 2 T � \ T � we can associate an intersection point, x 0, for the new
Heegaarddiagram, cf. [15]. The Seifert surface for the closure of the i th strand becomes
a doubly periodic domain, Pi , in the new diagram. Following the argument in [15] shows
that we may choose

F i (x) =
1
2

< c1(sw(x0); [Pi ] >

for our �ltration index. This provides a canonical choice over di�eren t Spin c structures on
Y , which the axiomatic description lacks.

3.5. The Relationship Bet ween Gradings and Filtration Indices. There is another
interpretation of the �ltration indices, which we describe for a knot. If we choose � 2
� 2(x; y ) we can lift the relative Z=� (s)Z-grading using the procedurefor �ltrations:

grw([x ; i ]; [y ; j ]) = � (� ) � 2nw(� ) + 2(i � j )� < c1(sw); A (� ) >

where sw is the Spin c structure represented by (w; x). When we usez as the basepoint for
Heegaard-Floer homology, we have

gr z([x ; i ]; [y ; j ]) = � (� ) � 2nz(� ) + 2(i � j )� < c1(sz); A (� ) >

calculating A(� ) using the complete set of paths for w. If we add a periodic domain for z,
the term with nz doesnot change. However, Pz = Pw + r [S], so A(Pz) = A (Pw) and this
expressionis independent of � . The di�erence

gr z([x ; i ]; [y ; j ]) � gr w ([x ; i ]; [y ; j ]) = 2(nw � nz)( � )� < c1(sw); A (� ) > + < c1(sz); A (� ) >

is equal to 2(F (y) � F (x)) since sz � sw = [K ] and nz(A (� )) = [K ] \ A (� ). We can
adapt this discussionto string links by considering each coordinate separately. In e�ect,
the �ltration indices are measuring the di�erence in relative gradings for Spin c structures
induced by the sameintersection point but with di�eren t basepoints.

3.6. The Di�eren tial and the � -Sub-Complex. As in [13] there is a di�eren tial, @� on
CF �

� (Y ; s) for � equal to 1 , +, � , or b�, de�ned by the linear extensionof

@[x; i; v] =
X

y 2I (s)

X

� 2 � 2(x; y )
� (� ) = 1

# cM (� )[y ; i � nw(� ); v � nz(� ) + nz(A (� ))]

wherethe signedcount is madewith respect to a choiceof a coherent systemof orientations.
We verify that this is a di�eren tial below. The di�eren tial is a Z[U]-module map when �
is � or 1 . Since i � nw(� ) � i when � admits holomorphic representativ es, we seethat
the sub-group CF �

� is a sub-complex. The di�eren tial on CF +
� makes it into a quotient

complex. For dCF � we restrict to those generatorswith i = 0 and those � with nw(� ) = 0.

When the lattice � (Y;�) � 0 this complex is Zk+1 �ltered by the relation
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(i; j 1; : : : ; j k ) < (i 0; j 0
1; : : : ; j 0

k )
when i < i 0 and j l < j 0

l for all l . We have @[x; i; v] � [x ; i; v] since nw(� ); nzi (� ) � 0 on
classesrepresented by a holomorphic disc. (The partial ordering on non-zero linear com-
binations of generators,

P
y i �

P
x j , occurs when every generator y i � x j for each j ).

When � 6� 0 the additional terms in the di�eren tial can disrupt the monotonicity of the
indices, precluding similar �ltrations. For dCF � and � � 0 there is a Zk �ltration de�ned
analogouslyfor the indices from the vector, v.

We choose a complete set of paths and a multi-p oint �ltration index F . Consider the
sub-group of CF 1

� (Y ; s) generatedby those [x; i; v] with

(v1; v2; : : : ; vk ) � (i; i; : : : ; i ) = F (x)

For a choice of A , there is a unique k-tuple (v1; : : : ; vk ) associated with [x; i ] giving an
element of this sub-group. When � � 0 this k-tuple induces a Zk �ltration on the chain
complexesfor the Heegaard-Floer homology, CF � (Y; s) in [13]. We de�ne the �ltration by
(v1; : : : ; vk ) � (c1; : : : ; ck ) for each �xed k-tuple (c1; : : : ; ck ).

The �ltration index relation ensuresthat this sub-group is a sub-complex. In particular, if
y is in the boundary of x, i.e. < @x; y > 6= 0, then

F (y) = F (x) + (nw � nz)( � ) + nz(A (� ))

= (v1; : : : ; vk ) � (i; : : : ; i ) + ((nw � nz1 )( � ); : : : ; (nw � nz1 )( � )) + nz(A (� ))

= ((v1 � nz1 (� )) � (i � nw(� )) + nz1 (A (� )) ; : : : ; (vk � nzk (� )) � (i � nw(� )) + nzk (A (� ))

=
�
v � nz(� ) + nz(A (� ))

�
�

�
i � nw(� )

�

Thus [y ; i � nw(� ); v � nz(� ) + nz(A (� ))] still satis�es the sub-complexcondition. Further-
more, the action of U preservesthe sub-complex,a�ording it the structure of a Z[U]-module.
We call this sub-complexCF 1 (Y; �; s).

Lemma 6. The map @: CF 1 (Y; �; s) ! CF 1 (Y; �; s) is a di�er ential.

Pro of: This follows from [13] with almost no alteration. We consider  2 � 2(x0 ; x2) with
a moduli spaceof holomorphic representativ es of dimension � ( ) = 2. We already know
that the components of the boundary of M ( ) which contribute to @2 are of the form
M (� 1) � M (� 2) for classes� 1 2 � 2(x0 ; x1) and � 2 2 � 2(x1 ; x2). The other possibleends
are eliminated as in [13]. We chooseour almost complex structures to excludethe bubbling
of spheresat the intersection points. The introduction of marked points in the diagram
doesnot alter this. On the other hand, we know that boundary bubbles will cancel in the
summation of coe�cien ts. This occurs for counts in speci�ed degeneratehomotopy classes,
and all representativ es of the homotopy classwill induce the samechange in the indices:
i; v1; : : : ; vk . All other degenerationsare excluded for dimension reasons.

Since every homotopy classof discs satis�es the �ltration index relation so will each of
the classes , � 1 and � 2. In particular, every boundary component of M ( ) of the form
� 1 � � 2 contributes to @2. We know that

nw( ) = nw(� 1) + nw(� 2)
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nzi ( ) = nzi (� 1) + nzi (� 2)

A ( ) = A (� 1) + A (� 2)

As a result, di�eren t endsof the compacti�cation of cM ( ) are taken to the sameelement
[y ; i; v] in @2 and still cancelafter a choice of a coherent orientations for the moduli spaces.
So @2 = 0 and de�nes a di�eren tial on both our complex and sub-complex.
Q.E.D.

The action of H 1(Y; Z)=Tors on the Heegaard-Floer homology, [13], extends to an ac-
tion on the homology of the sub-complex. Let 
 � � be a simple, closedcurve representing
the non-torsion classh 2 H 1 and missing every intersection point between an � and a � .
Let a(
 ; � ) be the intersection number in T � of 
 � Symg� 1(�) \ T � and u(1 + it ) where
u represents � . This inducesa map � 2 Z 1(
( T � ; T � ); Z). The action of such a co-cycleis
de�ned by the formula:

A � ([x ; i; v]) =
X

y

X

f � :� (� )=1 g

� (� ) �
�
# cM (� )

�
[y ; i � nw(� ); v � nz(� � A (� ))]

If � Y is trivial then the map A � is a �ltered chain morphism. In addition, A � preservesthe
sub-complexCF 1 (Y; �; s), as @does.

Following the argument presented above that @2 = 0, we can verify that this is a chain
map. We have the analog of Proposition 4.17 of [13]:

Theorem 3. There is a natural action of the exterior algebra, � � (H1(Y; Z)=Tors) on the
homology H F 1 (Y; �; s), where � 2 H 1(Y; Z)=Tors lowers degree by 1 and induces a �lter ed
morphism of the chain complex when � Y � 0.

Pro of: To seethat this is a chain map note that the formula in lemma 4.17 of [13] for the
coe�cien ts of @A � � A � @still applies as it only depends upon the � 's and not upon the
additional indices. As for the di�eren tial, any � usedin � 2(x; z) with � (� ) = 2 will give the
sameset of indices for z. The sameobservation applies to lemmas4.18 and 4.19 of [13].

Various other chain complexesmay be de�ned from the above construction. When � � 0
we may require any sub-setof the indices to be lessthan zero to get a sub-complex. Or we
may take the quotient by this sub-complex. We can require that i = 0 and look at holomor-
phic discs with nw = 0, or also disallow discs that crosssomeof the zi . When we require
nzi (� ) = 0 for someor all of the marked points, we denote the resulting complex by dCF .
We then examine the sub-complexesgeneratedby the intersection points inducing a given
�ltration index for the zi we have disallowed. If we allow the disc to intersect the marked
points associated with the components in a sub-link L 2, but not all marked points, then the
�ltration indicesfrom L 2 de�ne a Z jL2 j - �ltration on each complex dCF (Y; � � L 2; v1), where
v1 recordsthe �xed �ltration indices for the complementary sub-complex. When � 6� 0 the
only obvious sub-complexesare those that depend upon the i index, as in Heegaard-Floer
homology. However, it is still meaningful to look at the sub-complexwhere i = 0 and the
di�eren tial includes only those � with nw(� ) = 0 and nzi (� ) = 0 for all of the zi . The
di�eren tial in this complex is
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b@[x; j ] =
X

y

X

�

# cM (� )[y ; v + nz(A (� ))]

The v index may change,but only by an element of �. Thus the sub-complexdi�eren tial
preservesthe summands:

M

v� v0mod�

CF (Y; �; s; v)

For null-homologouslinks, this de�nition reducesto the complex dCF (Y; �; s; v). The equiv-
alent when � 6� 0 should be a complex dCF (Y; �; [v]) wherethe last entry is a cosetof Zk=�.
The speci�c �ltration index prescribesa speci�c coset;however, only the relative di�erence
betweencosetswill be invariant.

Con vention: For the rest of the paper, dCF (Y; �; s; [v]) is the complex with di�eren tial
counting � 's with nw(� ) = 0 and nzi (� ) = 0 for all of the zi . When � � 0, it is the E 1

term in the spectral sequencede�ned by the Zk �ltration on dCF � (Y ; s).

Altogether we will have the following theorem, an extension of the theorem in [15] which
provided the statement for null-homologousknots. The union � 1 [ � 2 = � requiresthat � j
be found from � by ignoring a set of link components, sets that are disjoint for j = 1; 2.

Theorem 4. For � � Y coming from a d-based link, the homology dH F (Y; �; s) is a rela-
tively Zk=� indexed invariant of L [ D up to isotopy which is a direct sum
� [� ]

dH F (Y; �; s; [� ]) of invariant sub-groups. There is a natural action of H 1(Y ; Z)=Tors on
each of the factors. When � 1 [ � 2 = � , and � � 2 � 0, the �ltr ation indices for � 2 may be
de�ned using the �rst Chern class. In this case, the Z j � 2 j �lter ed chain homotopy type of
CF � 2 (Y; � 1; s; [j ]) is an invariant of � for each coset, [j ], of Z j � 1 j=� � 1 .

Commen ts:

(1) Although it seemsplausible, when � 6� 0, to consider those � with nz (� ) 2 �, this
doesnot prescribe a di�eren tial. That � = � 1 � � 2 doesnot imply that nz(� j ) 2 �.
Hence the terms in @2 may give rise to complementary boundaries one of which
doesnot arise from the de�nition of the di�eren tial.

(2) The complexesfor � are super�cially similar to the twisted coe�cien ts of [14]. In-
deed, the proof of invariance parallels that for the twisted coe�cien ts. However,
twisted coe�cien ts are used to distiguish homotopy classesthat are otherwise in-
distiguishable; we canceldistinctions which would otherwise appear.

(3) The action of H 1(Y ; Z) may be extended to the various sub-complexesdiscussed.
The de�nition mimics that for the di�eren tial. In particular, we may limit ourselves
to � with nw(� ) = 0 and nzi (� ) = 0. When � � 0, this action will be natural as
�ltered morphisms of chain complexes.

4. Maps of Mul ti-Pointed Homologies

We may extend the theory of maps on H F � induced by cobordisms of three manifolds.
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4.1. More about Complete Sets of Paths. Let X be a Heegaardtriple � �� 
 . We wish
to choosean assignment A from triangles representing certain Spin c structures to H 2(X ; Z)
that is

I. Additiv e under splicing and addition of periodic domains.
I I. Restricts to each boundary of the triple as a speci�ed additiv e assignment from
a complete set of paths for that component.

Let u be a Spin c structure for X . We show how to de�ne an additiv e assigment for the
homotopy classesrepresenting an orbit of u under the action of H 2(X ; Z). The endpoints of
thesetriangles represent the sameSpin c structures on the boundary. The homologyclasses
of doubly periodic domains do not changethe Spin c structure on X ; while the other Spin c

structures in the orbit occur through I m ( H 2(X ) ! H2(X ; @X ) ).
Given a singletriangle  0 2 � 2(x0 ; y0 ; z0) with nw( 0) = 0, representing u, and complete

sets of paths A �� , A 
 � , and A 
 � for the Spin c structures it restricts to at the boundary,
we may de�ne a triply periodic domain for any triangle  2 � 2(x; y ; z) which restricts to
the boundariesas the sameSpin c structures as  0. Take � x , � y , and � z in their respective
complete set of paths and consider the triply periodic domain such that

� z �  0 + T =  � (� x 
 � y ) + r [S]

Then A �� 
 ( ) = [T ] in H 2(X ; Z).
If we change � x , � y , and � z by P�� , P
 � , and P
 � , respectively, then we obtain a new

additiv e assignment, related to the old by:

A 0( ) = A ( ) � P
 � + P
 � + P��

Thus, if in H 2(X ; Z), we have [P
 � ] = [P�� ] + [P
 � ], and we get the sameassignment
of classesof triangles to H 2(X ; Z). Furthermore, for any triple of intersection points rep-
resenting the correct Spin c structures, the map, A , choosesa base-triangle for � 2(x; y ; z),
the one for which [T ] = 0 in H 2(X ; Z): � z �  0 � (� � 1

x 
 � � 1
y ).

Alteration of  by a class� in one of the boundariesinducesthe relation:

A �� 
 ( � � ) = A �� 
 ( ) + A � (� )

where� should be replacedwith the pair of subscriptsdesignatingthat boundary. Applying
the de�nitions, A ( � � ) is the class[T ] where

� �  � (� x 
 � y ) = � z0 �  0 + T + r [S]

but  � (� x 
 � y ) = � z �  0 + A( ) so � �  � (� x 
 � y ) = (� � � z) �  0 + A( ). However,
� � � z = � z0 + A � (� ).

For the particular casethat  = � 
 � �  0 � (� �� 
 � 
 � ) where � �� 2 � 2(x; x0), � 
 � 2
� 2(y ; y0), � 
 � 2 � 2(z0 ; z), we have:

A �� 
 ( ) = A 
 � (� 
 � ) + A �� (� �� ) + A � 
 (� 
 � )

Finally, alteration of  0 without changing the basepoints on the boundary components
changesthe identi�cation with homology classesby adding the class of a triply periodic
domain.
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4.2. Push-F orw ard Filtration Indices. In analogy to the three dimensional case, let
� �� 
 be the lattice in Zk of vectors (nz1 (T ); : : : ; nzk (T )) where T is any triply periodic
domain. With additiv e identi�cations on the boundaries compatible with that on the
homotopy classesof triangles, we can push forward the �ltration indices from Y�� and Y
 � .
We de�ne

G(z) = F �� (x) + F 
 � (y ) + (nw � nz)(  ) + nz(A ( ))

where  2 � 2(x; y ; z). The expressionon the right does not change under the addition of
any triply periodic domains or the class [S]. Thus it does not depend upon the speci�c
homotopy class of triangles joining three given intersection points. Nor indeed does it
changeif we usea triangle abutting z but with di�eren t intial intersection points. Since

F �� (x) � F �� (x0) = (nw � nz)( � 1) + nz(A �� (� 1))

F 
 � (y ) � F 
 � (y0) = (nw � nz)( � 2) + nz(A 
 � (� 2))

when  0 =  � � 1 � � 2, we �nd

G(z) = F �� (x0) + F 
 � (y0) + (nw � nz)(  0) + nz(A ( 0))

since
A �� 
 ( ) + A �� (� 1) + A 
 � (� 2) = A �� 
 ( 0)

Wemay then check that Gis a �ltration index for the Spin c structure on the 
 � boundary.
Let � 2 � 2(z; z0) and  2 � 2(x0 ; y0 ; z), then

G(z0) � G(z) = (nw � nz)( � ) + nz(A �� 
 ( 0)) � nz(A �� 
 ( ))

where  0 = � �  . But A �� 
 ( 0) = A �� 
 ( ) + A 
 � (� ), and we are done.

Note: If we require the �ltration index to be 0 on the basepoints, x 0 and y0 , we may
use 0 to calculate the value of G(z0) = � nz( 0). We will assume,unlessotherwisestated,
that nz( 0) = 0.

We will often consider only those triangles which include y 0 in � 
 � . A similar argument
allows us to pull back �ltration indices from � 
 � to � �� , written for this case:

G
0
(x) = F 
 � (z) � (nw � nz)(  ) � nz(A �� 
 )(  )

4.3. Constructing Additiv e Assignmen ts. Supposewe have a four manifold X �� 
 de-
�ned by a Heegaardtriple. We can consider the long exact sequence

� � � ! H3(X ; Y
 � ) ! H2(Y
 � ) ! H2(X ) ! H2(X ; Y
 � ) ! � � �

H2(Y
 � ) injects into H 2(X ) for a Heegaardtriple becauseeach doubly periodic domain is
also a triply periodic domain. Furthermore, the image of H 2(X ) inside H 2(X ; Y
 � ) is a
free group as it consistsof those triply periodic domains with non-trivial � -boundary; it is
�nitely generatedand torsion free, sinceno multiple except 0 can eliminate that boundary.
We may choosea splitting H 2(X ) �= H2(Y
 � ) � C, which we hope will re
ect our Heegaard
diagram.
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Supposewe have additiv e assignments A �� , A 
 � , and a speci�ed basepoint z0 in T 
 \ T � .
Suppose further that we have chosen a single triangle  0 2 � 2(x0 ; y0 ; z0) and for each
z 2 T 
 \ T � , there is a preferred triangle,  z 2 � 2(x; y ; z), abutting z and representing a
Spin c structure whoserestrictions to the three boundary components are the sameasthose
of  0. We will assumethat all these triangles have nw( z) = 0. We wish to seethat this
inducesa complete set of paths on � 
 � for the Spin c structure represented by z0 .

For each z and � 2 � 2(z0 ; z), nw(� ) = 0, there is a triply periodic domain satisfying
 z � (� x 
 � y ) = � �  0 + T . Using the splitting we may divide [T ] = [P] � [T 0]. If we
subtract T 0 from  z � (� x 
 � y ), we have a triangle which di�ers from � �  0 by a doubly
periodic domain in Y
 � . We add this periodic domain to � to get � z . Di�eren t choicesof
� produce the samechoice for � z relative to the splitting. Suppose� 0 = � + P
 � + r [S].
We can ignore the term involvong [S]. Then T� 0 = T� � P. Projecting to H 2(Y
 � ), we have
P� 0 = P� � P. Adding this to � 0 shows that � 0+ P� 0 = � + P� .

4.4. Chain Maps. As in [13] and [16], we start with a Heegaardtriple de�ning a four
manifold X �� 
 . We assumethat we have complete setsof paths on the boundariesfor the
restriction of a Spin c structure, u, and that there is a compatible map A for � �� 
 . We may
de�ne a multi-p oint chain map for the Spin c structure:

Fs([x ; i 1; j 1]; [y ; i 2; j 2]) =
X

z

X

 

# M ( )[z; i 1 + i2 � nw( ); j 1 + j 2 � nz( ) + nz(A �� 
 ( ))]

where  is classrepresenting s with � ( ) = 0.
That this is a chain map follows from the usual arguments by examining endsof moduli

spaceswith � ( 0) = 1. The identities for compatibilit y of additiv e assignments imply that
for an end modelled upon

M ( �� 
 ) � M (� 
 � )

we have
A �� 
 ( 0) = A �� 
 ( ) + A 
 � (� 
 � )

Thus, the additional indices appear in the composition of the map and the di�eren tial
in each boundary according to the triangles that arise in the splicing. Di�eren t ends from
moduli spacesjoining the samethree intersection points will have the samevalue in the
last entry , allowing us to concludethat the various cancellationsnecessaryfor this to be a
chain map still occur.

Furthermore, the map is U invariant as the moduli spacesdo not depend upon the par-
ticular i or j l . Finally, the map preserves the sub-complexesde�ned from the �ltration
relations, where the �ltration on the 
 � -boundary is the push-forward of those on the ��
and 
 � -boundaries for a choice of a complete set of paths. This follows from the formula
for the push-forward index.

Note: The next section outlines the invariance of the homology groups under the reduced
Heegaardequivalences.We should additionally check the invarianceof the cobordism maps
on homology under the various alterations: invariance of the almost complex structure,
isotopiesof attaching circles,handleslides,and stabilizations. Using the observations of the
next section, these proofs follow directly. The compatibilit y of the maps, A , ensure that
the new indices do not disrupt the chain homotopy identities found in [13]. The following
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sub-sectionrelates the associativit y properties of these maps. Once that is done, we can
recover the arguments in the �rst sections of [16] by slight modi�cations. The natural-
it y of the strong equivalencemaps follows from these considerations. Speci�cally , under
our restricted set of Heegaardequivalences,the chain maps for two presentations of (Y; �)
commute with the maps induced by strong equivalenceson homology.

4.5. Asso ciativit y with Multi-p oin t Filtrations.
We considertwo triples (� ; f � i g

g
i=1 ; f � i g

g
i=1 ; f 
 i g

g
i=1 ; w) and (� ; f 
 i g

g
i=1 ; f � i g

g
i=1 ; f � i g

g
i =1 ; w)

where we have equipped � with marked points z1; : : : ; zk . We assumea choice of Spin c

structures, s1 and s2, for the respective triples and a complete setsof paths for � �� , � 
 � ,
� � � , � 
 � , and � 
 � , as well as  �� 
 2 � 2(x0 ; y0 ; u0) and  
 � � 2 � 2(u0 ; z0 ; w0) representing
the Spin c structures. Let s be the Spin c structure, s1# s2 on the quadruple, X �� � 
 .

In this paper we considerchain maps resulting from diagrams which represent surgeries,
handleslides,or the other Heegaardequivalences. For these diagrams, each of the three
manifolds described by � 
 � , � � 
 , and � � � will be homeomorphic to a connectedsum of
S3's and S1 � S2's, although the additional basepoints may prevent the reducedHeegaard
equivalencesfrom converting the diagram into the standard picture. The only triply pe-
riodic domains for this triple will be sums of doubly periodic domains from � 
 � and � 
 � .
Furthermore, every doubly periodic domain, P �� � � �� , will be a linear combination of
doubly periodic domains from � 
 � and � 
 � .

Each diagram will possessonly one torsion Spin c structure which will admit a special,
closedgenerator for its chain group: � + . All our homotopy classesof triangles and quadri-
laterals will be required to usethosespecial generatorswhen available. For example, in the
class �� 
 we will require that y 0 = � +


 � ), and our chain map will be Fs1 (x 
 � +

 � ) These

generatorswill always have �ltration index equal to 0 and be basepoints for their respective
complete set of paths. We denote by s0 the unique Spin c structure represented by classes
in � 2(� +

�� ; � +
� 
 ; � +


 � ). The geometry of the Heegaarddiagram will often provide a splitting
H2(Y
 � ) � H2(Y
 � ) as H2(Y�� ) � Zm and a homotopy classof triangles,  � abutting the
special intersection points in X �� 
 . We will usethis data in the construction of a complete
set of paths for the Spin c structure represented by � +

� � .
Adding P�� to  1 �  2 will not alter the Spin c structure on the quadruple, since in

homology it is homlogousto a boundary class. However, adding a doubly periodic domain
from � � 
 may alter that Spin c structure (although not on the original triples). Given s
let G be its orbit under the action of i �

�
H2(Y� 
 ; Z)

�
. We may then extend the coherent

systemsof orientations for the triples to one for quadruple X �� � 
 and this orbit, see[13].
We also assumethat the quadruple is strongly/w eakly admissible,as necessary.

The choicesmade above de�ne maps, A , on the boundariesof the quadruple and on the
two original triples. As before, we may de�ne such a map on the quadruple: A �� 
 � ( ) as
the homology classof the sum of doubly periodic domains from pairs of f �; � ; 
 ; � g which
must be added to � w �  0 to get  �

�
� x 
 � y 
 � z

�
+ r [S]. The map

HG([x ; i 1; j 1] 
 [y ; i 2; j 2] 
 [z; i 3; j 3]) =

P
w

P
f  j � ( )=0 g # M ( )[w ; i 1 + i2 + i3 � nw( ); j 1 + j 2 + j 3 � nz( ) + nz(A �� 
 � ( ))]
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where  represents a Spin c structure from G. This map inducesa chain homotopy

Fs1 � Fs2 �
X

f u2 Gg

FujX �� �
� Fs0 = @� � � H � H � @�� 
 
 � 
 � 


in the standard way, [13], thereby establishing associativit y for our cobordism maps if
we can �nd compatible additiv e assignments. (In the above formula, Fs0 = F (� +

�� 
 � +

 � )

which, under our assumptions,if almost always � � +

 � ; however, with the additional marked

points, this will needto be veri�ed.)
Suppose that  =  1 �  2 represents an element of G with  1 occuring on � �� 
 and

 2 occuring on � 
 � � and that they restricts to the boundary of the quadruple as does
 0 =  �� 
 �  
 � � . By the construction of A �� � 
 we have A �� � 
 ( ) = A �� 
 ( 1) + A 
 � � ( 2)
and the additiv e assignments for the decomposition asquadrilateral and disc add correctly.
We must examine the other decomposition into Heegaardtriples: X �� � [ X �� 
 . to �nd
compatible choicesfor A �� � and A �� 
 .

Since X �� � 
 is homotopy equivalent to four three-dimensional handlebodies glued along
their boundary, any three of the boundary components form a basis for H 3(X ). We have
the Meyer-Vietoris sequencefor the decomposition along Y�� :

0 ! H2(Y�� ) ! H2(X �� 
 ) � H2(X �� � ) ! H2(X ) ! TorsH 1(Y�� )
sincethe transverseintersection of an element of H 2(X ; Z) cannot non-trivially intersect a
classin H 2(Y�� ), as thesecomefrom @X . However, Tors H 1(Y�� ) = 0.

Each element of G therfore restricts to Y�� asthe torsion Spin c structure. By assumption,
it must restrict to the other boundary components of X �� 
 astheir torsion Spin c structure,
and thus be in the same equivalence class as  � . We may use this triangle, and the
assumptions on this triple to construct an additiv e assignment on � �� . Then for each
element in G there is a triangle  u such that  u �  � =  �� 
 �  
 � � . By the long exact
sequenceabove, the only variation in thesechoicesarise from periodic domains in the Y�� ,
i.e. from the boundary of the quadruple diagram. Thesechoicesdetermine maps A �� � and
A �� 
 , which will be compatible with the choiceson the other decomposition.

Finally, if we push forward �ltrations from Y�� to Y
 � and then to Y� � , using the base-
points for the completesetsof paths in the other boundaries,we �nd that for the homotopy
classes representing a Spin c structure on �� � , the relationship is:

F � � (w) = F �� (x) � nz( � ) + (nw � nz)(  ) + nz(A �� � ( ))
Implicit here is the calculation of � nz( 0 � A ( 0)) = � nz( � ) since  0 abuts the three
basepoints. When nz( � ) = 0 we recover the push forward from the �� � -diagram, so the
�ltraion indices are also correct.

4.6. Filtration Changes under Chain Maps in Various Settings.
Suppose(� ; f � i g

g
i=1 ; f � i g

g
i=1 ; f 
 i g

g
i=1 ) de�nes a cobordism from Y0 to Y1 presented assurgery

on a framed link in Y0. We will think of this as a diagram in Y0 with the components of
L receiving + 1 framing. We now elucidate the e�ect of chain maps on the �-lattices and
the �ltration indices in the common situations in which they arise. We will assumethat
any initial triangle,  0, for building A has nw( 0) = 0 and nzi ( 0) = 0 for every i . This
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condition ensuresthat the push-forward �ltration is 0 on the basepoint abutting  0.

I. When consideringthe complexesdCF (Y0; �; s0) and dCF (Y1; �; s1) we restrict to homotopy
classesof triangles,  , with nw( ) = nz( ) = 0. The chain complexesare relatively Zk=� ��

and Zk=� 
 � -indexed, respectively, and the homology group for each �ltration index is an
invariant. Let F be the chain map de�ned as before for a Spin c structure restricting to s0
and s1. Both � �� and � 
 � inject into � �� 
 . We may consider, by taking direct sums of
the homologiesat each end, that dCF (Yi ; �; si ) is Zk=� �� 
 - indexed. The direct sumsoccur
over the pre-imagesof the maps Zk=� �� , Zk=� 
 � ! Zk=� �� 
 . The chain map preserves
the relative Zk=� �� 
 structure as the �ltrations now satisfy

G(x) = F (x) + nz(A �� 
 ( ))

I I. � �� 
 � 0: For example,when we have a string link in S3 and the cobordism is generated
by surgerieson curveswhich are algebraically split from S. In this case,the push-forward
�ltration satis�es

G(y) = F (x) + (nw � nz)(  )

for every  representing a Spin c structure on the cobordism restricting in a speci�ed way
to the ends,and for any choice of a complete set of paths. The �ltrations on the endsare
Zk �ltrations and the chain map is a �ltered map for the Zk+1 -�ltration. This situation
occurs in the long exact skein sequenceof [15]. In S3, a �ltration index on each component
can be calculated using the �rst Chern classof a Spin c structure on the manifold obtained
by performing 0 surgery on the knot. In [15], P. Ozsv�ath and Z. Szab�o show that, in the
caseunder consideration, the push forward of this �ltration is the one determine by the
�rst Chern classcalculation on Y1 and the formula abovecorrespondsto their identit y for c1.

I I I. We will assumethat no periodic domain from � 
 � has nzi (P) 6= 0. The diagrams
encoding legitimate handleslidesof attaching circles satis�es this assumption. Addition-
ally, surgery on components of a bouquet, but not on any of the components of �, produces
such a diagram. Theseperiodic domainsarise from the S1 � S2 connectedsum components
in � 
 � . Then the �ltration on � 
 � for the torsion Spin c structure is equivalent to 0. We
require our  's to restrict to this Spin c structure. The �ltration index will now satisfy

F 
 � (z) = F �� (x) + (nw � nz)(  ) + nz(A �� 
 ( ))

The last term may be improved whenweare consideringonly  's representing a given Spin c

structure. For then, A �� 
 takesvaluesin thosetriply periodic domainsformed by summing
doubly periodic domains from the boundary components. The value of nz (A �� 
 ( )) is
nz([P�� ]) + nz([P
 � ]). Upon taking the quotient by � �� + � 
 � � Zk we have the same
relationship as in caseI. In the proof of invariance in the next sectionwe will give example
of the generalpush-forward �ltration index and the construction of complete setsof paths
for a triple.
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5. Inv ariance

To seethat homology of thesecomplexesare truly an invariant of the triple (Y; �; s), we
need to show that performing any of the following moves will produce a chain homotopy
equivalent complex:

� Handleslidesand isotopiesof f � i g
g
i=1 .

� Handleslidesand isotopiesof f � i g
g
i= k+1 .

� Stabilization.
� Istopies of f � i gk

i=1 and handleslidesof them over element of f � i g
g
i= k+1 .

Furthermore, we are not allowed to isotope or slide over any portion of the disc D 0. We
can, however, arrange for a � curve to isotope past the entire disc. The resulting diagram
can be achieved by allowable handleslidesin f � i g

g
i=1 becausethe disc is contractible, [13].

We develop the proof of invariance through the multi-p ointed diagrams; it precisely
mimics the proof for Heegaard-Floer homology, [13], and usesthe sametechnical results.

5.1. In variance Under Alteration of the Complete Set of Paths. It doesnot matter
which additiv e identi�cation one uses. Let x 0 be the basepoint for both A and A 0. This
data determines the �ltration index using the de�ning relation after choosing a value for
F (x0), which we also take to be F

0
(x0). We de�ne a map between the two complexes

by [x; i; v] ! [x ; i; v + nz(A 0(� x ))] where � x is the special path found from A. This is an
isomorphism on the generatorsand is a chain map. Furthermore, the map takes the sub-
complex de�ned by A to that de�ned by A 0. Thus it is an isomorphism on the homology
groupsdetermined by the di�eren t setsof data. Note that altering A changesthe �ltration
index for an intersection point by an element of �. The identi�cation with cosetsremains
unalterred by this isomorphism.

For changing x0 to y0, we may use � � 1
y0

for � 0
x0

and � z � � � 1
y0

as � 0
z to de�ne a complete

set of paths and associated identi�cation A 0. This does not alter nz(A (� )) and changes
F by F (y0). The map [x; i; v] ! [x ; i; v + nz(� y0 )] will induce a chain isomorphism from
the homologiesde�ned by one completeset of paths to that de�ned by the other, although
shifting in the assignment to cosetsof Zk=� will occur.

Likewise,changing the value of F (x 0) shifts the values of the �ltration index, and the
assigment to a coset,but doesnot changeany of the homology groups or their relation to
each other in the relatively indexed groups.

5.2. Results on Admissibilit y. Strong/W eak admissibility can be achieved for all our
diagrams without disrupting the assumptionscoming from �. We have seenthe existence
of such diagramsalready. In section5 of [13] P. Ozsv�ath and Z. Szab�o show how to ensure
that isotopies, handlelsidesand stabilizations can be realized through such diagrams. In
each casethis is achieved by �nding a set f 
 i g

g
i=1 � � of disjoint, simple closedcurveswith

the property that #( � i \ 
 j ) = � i;j and that T � \ T 
 6= ; (or the samebut with the roles
of � and � switched).

We convert, through stabilization, our multi-p oint diagram into a diagram with an em-
beddeddisc. We only needrequire that w and the entire disc do not intersect the winding
region. However, we may always chooseour 
 's to lie in the disc's complement. If we wish
to wind � 's we can do the same,requiring only that each 
 i that intersectsa meridian does
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so away from the segment in @D 0. With this arrangement of f 
 i g
g
i=1 the proofs of lemmas

5.4, 5.6, and 5.7 of [13] carry through.

5.3. In variance of Complex Structure and Isotop y In variance. In these cases,we
re-write the chain maps de�ned in [13] to incorporate the new indices. For example, P.
Ozsv�ath and Z. Szab�o de�ne a chain map for a homotopy of paths of almost complex
structures which we adjust to be, cf. [13]:

� 1
Js;t

[x ; i j ] =
X

y

X

�

# M Js;t (� )[y ; i � nw(� ); j � nz(� � A (� ))]

where the sum is over all � with � (� ) = 0 and the moduli spaceconsistsof sutiable holo-
morphic representativ es of � .

Note that in this case, A requires no adjustment, as alteration of the almost complex
structure doesnot changethe homotopy classesof discs. That the �ltration relation holds
for all homotopy classesof discsensuresthis is still a chain map and that the map preserves
the �-sub-complex. When � (Y;�) � 0 the above map is a �ltered chain morphism by the
positivit y of nzi and the absenceof the A term.

Similar alterations ensure that the map does induce an isomorphism on homology (we
need to adjust the chain homotopy in [13] which shows that the map has an inverse on
homology). We needonly that the trivial homotopy classof discsfrom x to x hasA(� ) = 0
since � � x � � x � 0 in � 2(x0; x0). The invariance of the action of H 1(Y; Z)=Tors follows as
in [13] adjusting the maps as above and using our previous observations.

For the isotopy invariance,the sameargument applies(as the proofsare roughly parallel).
We write the chain map coming from the introduction/removal of a pair of intersection
points as:

� 	 [x ; i; j ] =
X

y

X

� 2 � 	
2 (x ;y

# M 	 (� )[y ; i � nw(� ); j � nz(� � A (� ))]

where we count holomorphic representativ es with moving boundary, [13]. Making these
adjustments as necessary, we mimic the proof in [13].

Two new featuresoccur: �rst, the isotopy may remove x 0, and second,new intersection
points need to be included in the complete set of paths. If we must change the basepoint
for the completeset of paths, the homologieswill be unalterred. However, the identi�cation
with the cosetsof Zk=� will alter as the �ltration index changesby the constant vector
F (x0

0). This explains why we have only a relatively indexed homology group.
When we have a pair creation, with a �xed basepoint, we get new intersection points in

pairs q+ and q� with an obvious holomorphic disc in � 2(q+ ; q� ). The homotopy classes
of discsjoining intersection points from the original diagram do not changein this process.
Thus we may extend A by choosing � q+ for each q+ and amalgamating with the newly
created disc to get � q � . We use the extended A in our de�nition of � 	 as � 	

2
�= � 0

2. This
restricts to the original identi�cation on the homotopy classesfor the original intersection
points. For a pair annihilation we do not necessarilyhave the arrangement of preferred
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paths as we have just described, but we may change the complete set of paths without
changing the homologiesto obtain it. This merely changesF (q � ) by an element of �.

5.4. In variance under Handleslides. The standard proof for handleslideinvarianceap-
plies in this context, using the chain maps induced by a Heegaardtriple as in the previous
section. We show below that the element corresponding to � + is still closedand explain
which additiv e assignment for homotopy classesof triangles will work.

We will describe this solely for the � 's. Away from the curvesinvolved in the handleslide,
the resulting boundary � 
 � is the connectedsum of genus 1 diagramsfor S1 � S2. Because
we have not moved a curve acrossa marked point, the corresponding multi-p oint diagram
has all the basepoints, w and zi , in the samedomain D of � � f � i g

g
i=1 � f 
 i g

g
i=1 .

If we calculate the multi-p oint �ltration indices for � 
 � we seethat 1) � � 0 and 2)all
2g representativ esof the torsion Spin c structure have �ltration index 0. None of the holo-
morphic discscrossany marked points, so the homology is the standard homology for the
connectedsum of S1 � S2's but with generatorsof the form [� + ; i; i; : : : ; i ]. As usual, we
will use the canonical generator � + , the maximally graded generator with i = 0. We will
use strongly admissible diagrams for the Spin c structures on the ends of the cobordism.
The cobordism, X �� 
 , is Y � I so each triangle will represent s � I .

As in the proof of handleslideinvariance in Heegaard-Floer homology, [13], our diagrams
may be drawn so that each intersection point in T � \ T � can be joined to an intersection
point x0 2 T
 \ T� by a unique holomorphic triangle  x 2 � 2(x; � + ; x0) with domain
contained in the sum of the periodic domains from � 
 � .

We chooseadditiv e assignments A 1 and A 2 and their corresponding completeset of paths
on both � �� and � 
 � , respectively. We require that x 0

0 on � 
 � be the intersection point
abutting  x 0 . Becausethe handleslidedoesnot crossa meridian we have that nw( x 0 ) =
nzi ( x 0 ) = 0. If we identify � 2(x0; x0) with � 2(x0

0 ; x0
0) using  x 0 then we implicitly have

an identi�cation H 2(Y0) �= H2(Y � I ) �= H2(Y1). Any other triangle representing the same
Spin c structure can be found from this triangle by splicing discsin the boundaries� �� and
� 
 � , by splicing doubly periodic domains from � 
 � (we always require our triangles include
� + ), and by adding copiesof �. If we think of  = � 0�  x 0 � � � 1 + P
 � + k[S] then, using
the formulas from section 4.1,

A Y � I ( ) = A 2(� 0) � A 1(� ) + H (P
 � )

To the handleslide cobordism we associate the multi-p oint chain map determined by this
additiv e assignment on � �� 
 . The last term H (P) plays no role in the chain map as the
doubly periodic domains from that boundary contain no marked points in their support.
With theseobservations the usual proof applies directly.

5.5. Stabilization In variance. Stabilization changesthe surface � to � 0 = �# T2 and
adds an additional � and an additional � curve, intersecting in a single point c. Stabi-
lization does not alter H 2 nor does it a�ect the structures of � 2(x; y ). Given an additiv e
identi�cation A , we may extend A to the stabilization. Sinceany intersection point must
involve the additional point c, we needonly that A (� 0) = A (� ) and the choice x 0

0 = x0 � c.
We make the necessaryalterations for the gluing result, Theorem 10.4 in [13], to hold.
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This theorem provides the invariance under stabilization in the standard case. Our ex-
tension of the additiv e identi�cation ensuresthat the �-sub-complex is preserved. Thus,
we have an isomorphism from the homology for (� ; f � i g

g
i=1 ; f � i g

g
i=1 ; x0; A ) to that for

(� 0; f � i g
g
i=1 [ � g+1 ; f � i g

g
i=1 [ � g+1 ; x0 � c;A 0). In addition, in [13], P. Ozsv�ath and Z.

Szab�o show that the action of H 1(Y; Z)=Tors is invariant under stabilization. That this
also applies to multi-p oint diagrams follows analgously to the caseof the di�eren tial.

6. Basic Pr oper ties of dH F (Y; S; s)

6.1. Examples.

Example 1: In Figure 2 we examine the homology of a knot in S1 � S2 which inter-
sects[S2] preciselyonce. Regardlessof the knot, K , we may �nd a diagram as in the �gure.
The intersection points, after handlesliding, giving generatorsin the chain complexare pre-
cisely � � � x , where x is a generator for the Knot Floer homology of K in S3. However,
in the complex, only one of the two homotopy classesfrom � + to � � does not crossthe
marked point, z. It is straightforward to verify that b@� + � x = � � � x + � + � b@K x. In
each Spin c structure, the �ltration index collapses;however, the di�eren tial as above also
producestrivial homology in each Spin c structure.

Example 2: Suppose we have a connected sum of standard genus 1 diagrams for S3

and S1 � S2. Then the canonical generator for the action of H 1 on the Heegaard-Floer
group dH F (Y; s0), for the torsion Spin c structure, is represented by a single, closedinter-
sectionpoint: � + . We chooseit as the basepoint for the completeset of paths, and choose
a path in each component of the connectedsum to � � . We can usetheseto connect � + to
any other intersection point. As there are only 2 discsin each component, which we assume
do not crossw and upon which the action of A takes one into the other, these each will
evaluate to the samequantit y on the j terms. However, since they evaluate the sameway
on j we have seenthat [� + ; 0; 0] and all other �'s are closedin the complex CF + . For the
complex dCF with the additional marked points we will needto make further assumptions.

6.2. Subtracting a Strand. Suppose we remove a component strand of S � (Y �
B 3) to obtain a new string link, S0. We may use the complex and di�eren tial de�ned
from a Heegaard diagram for S by ignoring zk . Without altering the complete set of
paths or the point x0 , the diagram without zk is a Heegaarddiagram subordinate to S0,
and the di�eren tial incorporates the same holomorphic discs. When L k does not alge-
braically intersect any homology class in Y, we can view the last coordinate, j k , as a
�ltration on the complex dCF (Y; S; s) and use the associated spectral sequencewith E 1

term � r dH F (Y; S; s; [j 1; : : : ; j k� 1]; r ) to calculate dH F (Y; S0; s; [j 1; : : : ; j k� 1]). It collapsesin
�nitely many steps.

Adding or subtracting an unknotted, unlinked, null-homologous component corresponds
to adding or subtracting an index which behaveslike i . The Heegaarddiagram corresponds
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Figure 2. 0-surgery on an unknot linked with K . The d-basefollows the
dashedard without twisting. The hatched part of the diagram includes the
e�ect of K on the � (heavy) and � (dashed) curves. The portion shown in
detail describes the linking and the surgery. Note that placing a meridian
instead of the framing curve givesa diagram for K . The intersection points
never use x1 or x2, hencecome from intersection points for the knot dia-
gram. Destabilizing the meridian for K producesa diagram where the only
holomorphic discsare those from the complex for K and for S1 � S2

to stabilizing in the region containing w and placing a new point zk+1 acrossthe new � ,
but in the samedomain as w

6.3. Mirror String Links. Let S � Y � B 3 be a string link in standard form, lying in
the plane which de�ned the projection of our framed link diagram except in neighborhoods
of the crossings. Let s denote a Spin c structure on this manifold. Let S0 be the string
link found through re
ection in this plane, re
ecting the framed components as well and
switching the sign of their framing. Then S0 is the string link induced by S in � Y under
orientation reversal. Drawing the standard Heegaarddiagram for (Y; S), we may �x the
� -curves, and change the � -curves for each crossingand framing to obtain a diagram for
(� Y; S0). The meridians stay in their respective places;however, the marked points for each
are re
ected to the \other side" of the strand to give marked points: z0

i . The intersection
points in T � \ T � from the original diagram are in bijection with thoseof the new diagram.
Each homotopy class� is carried to a new homotopy class� 0, but to join the sameinter-
section points it must map in with reversed multiplicities. All this implies that we may
calculate dH F � (� Y; S0; s0) by looking at the intersection points for (Y; S) and the di�eren tial
for the complexusing � �. As in Heegaard-Floer homology, this new complexcalculatesthe
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co-homology dCF
�
(Y; S; s); there is thus an isomorphism dH F � (Y; S; s) ! dH F

�
(� Y; S0; s0).

(This isomorphismmapsabsolutedegreesasd ! � d if s is torsion). Using the samemarked
points, but the image of the basepoint and paths in the complete set of paths we �nd that
� F will be a �ltration index for S0 when F is for S (� (� Y;S0) = � � (Y;S) = � (Y;S) ). In
particular, since each intersection point has �xed image on each meridian, the boundary
of a class� must contain whole multiples of the meridian and so nzi (� ) = � nz0

i
(� 0) since

the multiplicities reversed, but nz0
i
(� 0) = nzi (�

0). In summary, there is an isomorphism
(including the absolute grading when present):

dH F
(� d)
� (Y; S; s; [j ]) ! dH F

�
(d) (� Y; S0; s0; [� j ])

When Y = S3 and S is a normal string link, then S0 is the mirror image of S found by
switching all the crossings.The changein indices corresponds to the alteration t i ! t � 1

i in
the Alexander polynomial (seesection 7).

6.4. Three Op erations on String Links. Given two string links, S0 and S1, in Y0 and
Y1, there are three simple operations we can perform with two seperate string links, see
Figure 3. We always assumethat the strands are oriented downwards. We will analyzethe
e�ects theseoperations have on the Floer homology.

6.4.1. S1 + S2. We assume,for the �rst, that we have (Y0; � 0) and (Y1; � 1) presented as
string links in framed surgery diagrams in D 2 � I . We assumethat these have been put
in standard form. This meanswe arrange that all the meridians, at the bottom of each
diagram, intersect at most two � 's. However, there is only one choice possiblefor every g-
tuple of intersection points due to the presenceof U. Amalgamating the secondstring link
doesnot a�ect this property for the meridians. Alternately, we can wind in the complement
of the star in D 2 � f 0g and the amalgamation region as their union is contractible in �.

Topologically, the amalgamation is a connect sum of Y0 and Y1 where the sums occur
for balls removed outside the region depicted as D 2 � I . Thus for two Spin c structures,
s0 and s1, there is a unique s = s0# s1 on the amalgamated picture. Furthermore, H 2

�=
H2(Y0; Z) � H2(Y1; Z). If the �rst string link has k0 strands and the secondk1 strands, the
amalgamation has �ltration index taking values in Zk0 =� Y0 � Zk1 =� Y1 .

Counting � 's and � 's from the portion if Y coming from Y0 demonstrates that for an
intersection point we must have an � from Y0 pairing with a � from Y0 and likewisefor Y1.
Even if some� 's extend from the Y0 region to the Y1 region (which we can avoid if we like),
this remainstrue. In particular, the diagramsdrawn from projections in D 2� I will haveone
such � . Therefore, the generatorsfor the new chain group are the product of generatorsfor
the two previousgroups: asgroups dCF (Y; S0 + S1; s) �= dCF (Y0; S0; s0) 
 dCF (Y1; S1; s1). We
may choose�ltration indicesfor both links, choosingbasepoints and completesetsof paths.
The amalgamationwill have(F 0; F 1) asa �ltration index for the completesetof paths found
by using the product of the two basepoints and the paths from completesetsfor Y0 and Y1.
That the domain containing w corresponds to the outer boundary of D 2 � I � (S0 + S1),
and that the sameis true for each string link individually , ensuresthat the paths in each
complete set need not be alterred. Furthermore, this region separatesthe domains for
classes,� , usedin the di�eren tials in the two complexes;thus b@S0+ S1 =

� b@S0 
 I
�
�

�
I 
 b@S1

�
.

We have veri�ed that
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Figure 3. Three Simple Operations on String Links

dH F (Y; S1 + S2; s; [j 0] � [j 1]) �= H � (dCF (Y0; S0; s0; [j 0]) 
 dCF (Y1; S1; s1; [j 2]))

up to gradings. The grading calculation follows as for connectedsums [14]. In particular,
for two torsion Spin c structures on Y0 and Y1, the absolute grading satis�es gr (x 
 y ) =
grS0 (x) + gr S1 (y ), which is all we require for string links in S3. We may also establish
this relation by using the Maslov index calculation for Y0 or Y1, presented as surgery on
a link in S3, found in the absolute gradings section of [16]. Our assumptionsinclude such
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presentations for Y0 and Y1 and the connectsum provides one for Y . We may usetriangles
with nw = 0 for Y0 and Y1. This allows useto usea product triangle in the calculation for
Y . The �rst Chern classfor the associated Spin c structure will be the sum of those for Y0
and Y1. Since the intersection form splits and the Euler characteristics and signatures of
the cobordisms add, we seethat the gradings for the complexesfor Y0 and Y1 add to give
that for the complex on Y .

6.4.2. S1 � S2. The secondoperation is the composition of pure string links, the analog of
composition for braids. The torsion of the composite is the product of the torsions of the
two factors, [8]. We may prove the analogousresult the homologiesof the string links. For
n = 1 stranded string links composition corresponds to the connect sum of knots.

Again we will work with (Y0; S0) and (Y1; S1) with the assumption that S0 and S1 have
the samenumber, n, of strands going from top to bottom. In addition, we require each
component of the string links to have one boundary on the top and one boundary on the
bottom of the D 2 � I region in their respective manifolds. No closedcomponent is formed
by the stacking operation.

We prove that

dH F (Y; S0 � S1; s; [k]) =
M

[k0 ]+[ k1 ]=[ k] mod �

H � (dCF (Y0; S0; s0; [k0]) 
 dCF (Y1; S1; s1; [k2]))

Let � � 0 � 0 be a weakly admissible Heegaard diagram for (Y0; S0) with marked points
w; z1; : : : ; zn and � � 1 � 1 be a weakly admissibleHeegaarddiagram for (Y0; S0) with marked
points w0; z0

1; : : : ; z0
n . In each case,we use a diagram in standard form. Thus, the region

containing w (or w0) includesall of @(D 2 � I ) minus the strands. The diagram � 0� 1; � 0� 1 is
formed as in Figure 4, by joining � 0 and � 1 with a tub e. The end of the tub e in S1 should
occur closeto w. We have depicted the \star" for S1 by the thin lines emanating from the
tub e. As the two w's now occur in the samedomain, we will consider only one w point.
We let � 0

i be the small Hamiltonian isotopesof the � i curves,except at the meridians. At
the meridians we choosecurves which traversethe tub eand loop around the i th strand in
each diagram, as depicted for the thick curve in Figure 4.

We will analyze the cobordism generatedby the triple � 0� 1, � 0� 1, and � 0� 0
1, where the

occurrenceof repeated setsof curvesin a diagram indicates using Hamiltonian isotopes in
the standard way. We show a closeupof the meridians in Figure 5. The thick curvesshould
follow the \star" except that the domain containing z0

i must also abut � � .
Each of the ends of this cobordism has 2n marked points, so we will have �ltration

indices taking valuesin Z2n , modulo somelattice. First, we describe the various boundary
components.

Boundary I: � 0� 1; � 0� 1

Topologically, this is a connect sum for Y0 and Y1 whoseHeegaarddiagram is drawn in
the standard way. Each Spin c structure is therfore of the form s0, s1. Inclusion of the
marked points puts us into the previous construction: amalgamation. Thus, the generators
of the complex for s are products of generatorsfrom s0 and s1, which we denotex 
 y . We
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Figure 4. HeegaardDiagram for the Composite of String Links

x1

x j � 1

x2

x j

� +

� �

z0
i

Figure 5. The region near the i th meridian in the top diagram. The dashed
curvesare � 's and the thickest curve is the 
 curvewhich replacesthe circular
meridian
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may take the products of our basepoints to be the basepoint for a complete set of paths
formed by the product of paths on the two separatediagrams (since w excludesthe tub e
joining the two). As in the amalgamation case,we �nd that � I � � (Y0 ;S0) � � (Y1 ;S1) with
�ltration index (F 0; F 1). We usethe previous result to identify

dCF (Y0# Y1; S0 + S1; s; [j 0] � [j 1]) �= dCF (Y0; S0; s0; [j 0]) 
 dCF (Y1; S1; s1; [j 1])

Boundary I I: � 0� 1; � 0� 0
1

Topologically, this boundary is a g0 + g1 fold connect sumsof S1 � S2's, which may be
seenby isotoping the new � 0

1 components down the strands of S0, acrossthe meridians
found there, and back up the strands. However, with the additional marked points, it is
unclear if the candidate for � +

std is closed in this diagram. We can choose � +
std as our

basepoint, and useproducts of topological discsin � from each connectsum component as
our complete set of paths. If we denote by ei , the i th basis vector in Z2n , the lattice for
this component will be � I I � Spanf ei � en+ i g. We now argue that � +

std is indeed closed
for the di�eren tial missing all marked points.

There are precisely 2g0+ g1 intersection possiblefor this diagram. We may use our com-
plete set of topological discsto seethat � +

std has maximal grading. By the Heegaard-Floer
homology theory, we must have that the generator � +

std is closedfor the di�eren tial only
missing w. In particular, a holomorphic disc contributing to this di�eren tial cancelswith
someother holomorphic disc. Supposewe have two such homotopy classesof discs, � and
� 0. Splicing the inverseof one to the other, � � 1 � � 0 must producea periodic domain. This
periodic domain must evaluate to an element of � I I under the application of nz . However,P

nzi (P) = 0 for every periodic domain. Since classeswith holomorphic representativ es
must have non-negative multiplicities, it must be the casethat when nz (� ) = 0 so too
nz(� 0) = 0. As the di�eren tial missing all marked points arisesfrom a subsetof the mod-
uli spacesin the Heegaard-Floer di�eren tial and adding the extra marked points doesnot
eliminate one disk in a cancelling pair without eliminating the other, so � +

std is still closed

Boundary I I I: � 0� 0
1; � 0� 1

This diagram represents the result of composition. Topologically, each of the new � 0

curvesmay be slid down a component of S0 until it reachesa meridian. After sliding across
the meridian, and back up the diagram, we have the connect sum of the diagrams for Y0
and Y1. Again, each Spin c structure on Y is the sum of structures, si , from Y0 and Y1.
Additionally , H 2(Y ; Z) �= H2(Y0; Z) � H2(Y1; Z). However, the lattices now combine as
� I I I �

�
� Y0 + � Y1

�
� 0, the span of the two original lattices, and z0

i is in the samedomain
asw. We required that our original diagramsbeweakly admissiblefor our Spin c structures.
We will seebelow how to extend periodic domains so that they continue to have positive
and negative multiplicities in the diagram for Y . Thus, the new diagram will be weakly
admissible.

In the diagram for S0 there are g0 � curves and g0 � curves. As we have not changed
these,all the � curves that intersect an alterred � 0 in the \lo wer" diagram must pair with
an � curve from the lower diagram when describing a generator. Hence,the new � 's must
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pair with � 's from the upper diagram. Theseintersectionshave precisely the sameform as
intersectionswith the meridians in the original diagram for Y1. This allows us to establish
a one-to-onecorrespondencebetweenthe product of generatorsfor Y0 and Y1 and those of
Y . The chain complex, as an abelian group, is the product of the original chain complexes.
Thesegeneratorswe denote x y .

If we have basepoints for a complete set of paths on Y0 and Y1 for our Spin c structures,
we may chooseas our basepoint on Y , the generator corresponding to the product of these
basepoints. To specify the completeset of paths, considera class� with nw(� ) = 0 in either
of the original diagrams. If � is in the lower diagram, we may use � in the diagram for Y
as the condition on nw implies that the domain of the disc doesnot extend into the upper
diagram: a small region at the top of each strand lies in the domain containing w in the
diagram for Y0. In � occurs in the upper diagram, its domain may crossnz0

i
and include

copiesof the meridians in its boundary. In the diagram for Y , we may extend this disc by
following the strand down to the meridian from S0. At crossings,the disc gainsa boundary
component and an intersection point, or a copy of a framed component. However, it will
not crossw, and it crosseszi the samenumber of times as � crossedz0

i . Periodic domains
will continue to have the samemultiplicities in the regions coming from their respective
diagrams.

The class� 0
x may be usedto join x0 y to x y for any y coming from the diagram for Y1.

Likewise,� 1
y , when extended, may be used to join x y 0 to x y . We use these for the com-

plete set of paths, and extend to get � x y by composing � 1
y � � 0

x . In particular, the �ltration
value for x0 y is � nz0(� 1

y ), and the di�erence in �ltration values between x y and x 0 y is,
mod �, � nz(� 0

x ). Thus, given �ltration indices on the two diagrams, we can construct a
�ltration index on the composite which agreeswith the vector sum: F 0 + F 1. As we are
only concernedwith the \hatted" theory we needonly identify the coset.

We now return to the triple � 0� 1, � 0� 1, and � 0� 0
1. We call the induced four manifold

X . We chooseon X the Spin c structure u that is s � I and restricts to the torsion Spin c

structure on the � 0� 1; � 0� 0
1- boundary. We then have � X � � 0 � � 1 + � I I . We use a

homotopy classof triangles to join x 0 
 y0, � +
std , and x0 y0; a choice made more speci�c

below as the unique local holomorphic class. As we assign� +
std �ltration index 0 and this

local classhas nw( ) = nz( ) = 0, we have the following relation for the �ltration indices
on generatorsand for some� 2 � X :

F (x y ) = F 0(x) � 0 + 0 � F 1(y ) + � X

Topologically, the cobordism, oncewe �ll in the secondboundary, is Y0# Y1 � I . If we take
the quotient mod � X , we recover the �ltration index on Y as Z2n=� X

�= Zn=� I I I and the
�ltrations will add correctly. Since z0

i is in the samedomain as w in the diagram for Y ,
there is a chain isomorphismpreserving�ltrations which drops their entries in the �ltration
index. Thus, we recover dCF (Y; S0 �S1) asa relatively indexedcomplex (and not, as initially
could happen, a quotient of its index group).

The Heegaardtriple will be weakly admissible for the doubly periodic domains, so we
may choose an area form on � assigning the periodic domains signed are equal to zero.
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As it stands, this may assign large portions of the diagram small areas becausethe pe-
riodic domains abutting the old meridians from S1 in the � 0� 1; � 0� 0

1-boundary are quite
substantial. We may addressthis di�cult y by handlesliding the portion of the new � 0's
down the diagram for S0 until they are closeto the meridians for S0. By doing this, we
will have introduced new intersections between individual � and � curves; however, none
of these may occur in a generator. Were we to use one of them, there would be too few
� 's remaining in the upper region of the diagram to pair with the � 's found there, and no
meansto ameliorate this de�ciency with � 's from the bottom region. Furthermore, nothing
in the previous analysis will be changedby this alteration.

In this new diagram, there are obvious holomorphic triangles abutting each intersection
point x 
 y and � +

std . Theseconsist of g0 + g1 disjoint topological triangles embeddedin �
whosedomains are contained in the support of the periodic regions from the � 0� 1; � 0� 0

1-
boundary. The triangles near the meridians for S1 are shown in Figure 5. None of these
triangles intersect a marked point We may make those periodic domains arbitrarily small
in unsigned area, forcing our local triangles to have area smaller than � . Without the
adjustment in the previousparagraph,wewould not beable to ensurethat only the triangles
identi�ed above give rise to � -\small" homotopy classes.Using the induced area �ltrations,
the chain map decomposesinto a \small" portion, which is an isomorphism, and a \large"
portion (seeAppendix ?? for more details about this technique):

F ((x 
 y ) 
 � +
std ) = � x y + lower order

We seethen that the chain map found by counting triangles not crossingany marked points
induces an injection of dCF (Y0# Y1; S0 + S1; s; [j 0] � [j 1]) into dCF (Y; S0 � S1; s; [j 0 + j 1])
and that the map is a chain isomorphism on � dCF (Y0# Y1; S0 + S1; s; [j 0

0] � [j 0
1]) where

[j 0 + j 1] = [j 0
0 + j 1] mod � I I I . Together with our analysis of boundary I, this proves the

result.
Finally, as the small triangles usedin the argument each have nw = 0 and � = 0, and the

cobordism inducesthe torsion Spin c, the absolutegrading for the imagewill be the sum of
the absolute gradings for the original intersection points, when si are torsion. Since there
are handleslidesin the � 0� 0

1; � 0� 1 diagram taking the curvesreplacing meridians in � 0
1 back

to the meridians, and the \small" triangles in each handleslidemap link the corresponding
generators,the absolute grading for the generatorsin this diagram are the sameas for Y0
shifted by that of � + .

Note: � + has grading gi
2 . But the cobordism has H 2 free, with dimension g1 + g2 and

signature equal to zero, so the grading shift formula provides the result.

6.4.3. S1(i; S2). The third operation is a form of string satellite to a string link. This can
be formulated using the Heegaarddiagram shown in Figure 6

Onceagain, for string links in S3, there is only oneway to pair meridians with � curvesto
achieve an intersection point. Indeed, if we draw � 's asverticesof a graph and � 's asedges,
the meridians and the � 's that intersect them form a tree with one edgenot possessinga
vertex on one end. There is only one way to pair edgesto end points in such a graph. The
remaining � 's in the diagram can only intersect � 's according to the intersections in the
original diagrams. However, the construction still applies to string links in more general
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� 's

zi

z0
1 z0

2

Figure 6. The HeegaardDiagram for a String Satellite. This is a cutaway
view of a diagram for S0(i; S1) with the cut through the i th strand of S0.

manifolds, presented as surgery on framed links in D 2 � I . A count of � 's and � 's, shows
that generatorsfor this new diagram occur asproducts of generatorsfrom the old diagrams,
even when we have wound to achieve someadmissibility and possibly increasedthe number
of intersections at each meridian. Alternately, we may use the standard form to obtain
diagrams to which the argument from S3 still applies. Once again, the construction is a
connect sum of two three manifolds, and onceagain the Spin c structures, etc. transfer as
expected.

Thus the chain complex is the product of the chain complexesfor the constituent string
links. The �ltration indices, however, di�er from before. To easethe argument, we note
that we may think of such a string link as the multiplication of one strand in (Y0; S0) n1
times, followed by a composition with (Y1; S1) amalgamatedwith a trivial string link on n0
strands. We already know the result of composition, hencewe need only understand the
string satellite where the inner constituent is an n1 stranded trivial string link in S3. This
has only one intersection point, hencethe chain complex, as a group, is the sameas that
for (Y0; S0) for each Spin c structure.

Any class� joining two generators,with nw(� ) = 0 can be extended to the new string
link. It includes the new � and thus goesup the inner string link to the top and back down
to the new meridians. For each time � crosseszi , each of the new meridians, m0

1; : : : ; m0
n2

will be in the boundary of the new disc. In the trivial string link picture there is one
generator: u1 � � � un1 with one intersection on each meridian. In particular, the new � in
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Zn0+ n1 � 1 is spannedby vectors

v0 = (� 1; : : : ; � i ; � i ; : : : ; � i ; : : : ; � n1 )

where � i is repeatedn1 times and (� 1; : : : ; � n0 ) is a vector in � S0 . We choosethe extension
of � x to � x � u1 ���� � un 1

to giveour completesetof paths. The �ltration index is now measured
by

(F1; : : : ; F i � 1; F i ; : : : ; F i ; F i +1 ; : : : ; Fn1 )

with n2 copiesof F i .
As a consequence,discswith nzi (� ) = 0 in the original diagram extend as themselves to

the new diagram. In addition, any disc with nz0
i
(� 0) = 0, i = 1; : : : ; n2 corresponds to a

disc in the original diagram with nzi = 0. The di�eren tials b@and b@0 must be the same,and
count only classesof discswhich do not needto be extended.

Putting all this together, if we denote the string satellite found by substituting S1 in the
i th strand of S0 by S0(i; S1) then

dH F (Y; S0(i; S1); s; [(l1; : : : ; ln1+ n2 � 1)] �=

L
[j

0
]+[ k

0
]=[ l ]mod � 0 H � (dCF (Y0; S0; s0; [j ]) 
 dCF (Y1; S1; s1; [k]))

where j 0 = (j 1; : : : ; j i � 1; j i ; : : : ; j i ; j i +1 ; : : : ; j n1 ) and k
0
= (0; : : : ; 0; k1; : : : ; kn2 ; 0; : : : ; 0) and

� 0 = � + 0 � � 1 � 0.

We need also to calculate the absolute grading, when appropriate. When we have in-
sertedthe trivial string link into S0 and a torsion Spin c structure on Y0 we may handleslide
the new � acrossthe new meridians to arrive at a picture for a standard connect sum.
At each handleslide, there is a small � = 0 homotopy classof triangles with nw = 0 and
admitting holomorphic representativ e joining each intersection point to the corresponding
point in the new diagram (the product decomposition of generatorsis unchanged). In the
connect sum picture, the gradings add { the grading of the product generator is the same
as the grading of the generator from S0. In the cobordism induced by the handleslides,the
grading doesnot change: gr (x � u1 � � � un1 ) = gr Y0 (x)

7. Alexander Inv ariants f or String Links in D 2 � I

Let S be a string link in D 2 � I . In this section we relate the Euler characteristic of
dCF (S; v) 
 Q to classicalAlexander invariants built from coverings of D 2 � I � S.

7.1. Alexander In varian ts for String Links. Let S � D 2 � I be a string link; denotea
complement of its tubular neighborhood by X = D 2� I � intN (S) and X \ D 2 � f ig by E i for
i = 0; 1. By the Meyer-Vietoris sequencewe have that H 1(X ; Z) �= Zk and is generatedby
the meridiansof the strands on D 2 � f 0g. As string links arespecialized� k+1 -graphs,to con-
struct an Alexander invariant for the string link we replicate the approach of R. Litherland,
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[11], for the Alexander invariants of � k+1 -graphs(cf. [8]). Let H be the ring Z[t � 1
1 ; : : : ; t � 1

k ];
we will consider the torsion properties of the H-module H 1( eX ; eE1; Z) where eX is the uni-
versalAbelian cover of X (determined by the Hurewicz map � 1(X ; x0) ! H1(X ; Z) and eE1
is the pre-imageof E1 under the covering map.

Note: Taking the lifts to the universal Abelian cover, we considerthe long exact sequence
for the pair ( eX ; eE1):

� ! H1( eE1) � ! H1( eX ) � ! H1( eX ; eE1) � ! H0( eE1) � ! H0( eX )

Now, H0( eE1) �= Z, and it maps isomorphically onto the next term. However, H 1( eE1)
is not generally 0; thus, the invariant derived from H 1( eX ; eE1) is not an invariant of the
complement of S alone. (However, for marked knots, i.e. one stranded string links, eN is
an in�nite strip, and H 1( eX ; Z) �= H1( eX ; eN ; Z) as H-modules.)

We may construct a relative cell decomposition for (X ; E1). We think of E1, a punctured
disc, as the portion of the boundary @X � X \ intD 2 � f 0g. Start by constructing a relative
cell complex for (E0; @) which consists of k one-cells joining the internal punctures in a
chain to the outer boundary, along the bottom of the projection of S. Then add a two-cell
to construct the disc. This may be extended to the entiret y of X by attaching one-cells
at each of the crossingsin the projection along the axis of the projection and two-cells for
each face in the projection with the exception of the leftmost one, called U. The two-cells,
R1; : : : ; Rk , arising from facesthat intersect the 0th level in I must intersect D 2 � f 0g in one
of the one-cellsin its decomposition. Otherwise, the two-cells glue to the one-cellsat the
crossingswith the remainder of their boundariesglued into @X accordingto the projection.
Finally, the complement of this complex is the interior of a three-cell, which we glue in to
complete X .

We may collapse the two-cell in E0 into the union of E1 and the other two-cells by
contracting the three-cell. Likewisewe may collapsethe one-cellsin E 0 into the union of
E1 and the other one-cellsby contracting R1; : : : ; Rk respectively. This leaves a relative
cell complex with an equal number of 1- and 2- cells. We call this cell complex Y . The
homotopy and homology properties of the pair (X ; E1) are encompassedin this complex.

However, the chain complex for eY as a relative complex becomes

0 � ! C2( eY )
e@� ! C1( eY ) � ! 0

Thus, H1( eX ; eE1) �= coker e@, and the matrix, P, for e@as a presentation of the H-module
H1( eX ; eE1) is square. By taking the homomorphism � : H ! Z, de�ned by substituting 1
for each variable, we seethat � (P) is the boundary map for the relative chain complex,Y .
SinceH1(X ; E1; Z) �= 0, as E1 contains meridians of all types,P hasnon-zerodeterminant,
which we take to be an Alexander polynomial of the string link.

7.2. Fox Calculus. A standard approach to calculating the homology of covering spaces
is by applying the Fox calculusto the fundamental group of the underlying space.I provide
a quick review, used in the next sub-section,followed by someadditional comments about
the casefor string links. For a other accounts see[6] or [21] or Fox's original articles.
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Let X be a �nite, connectedCW -complexwith a single0-cell, p, with no cellsof dimension
3 or greater. Below, we will choosethis to be the complement of someembedded1-complex
in the three sphere. Let G = � 1(X ; p), be the fundamental group basedat p, and presented
as < s1; : : : ; sn j R1; : : : ; Rm > . Let � : G ! H 1(X ; Z) be the Hurewicz homomorphism.
We consider the cover eX determined by this map, and let eX 0 be the pre-imageof p under
the covering map. We choosea speci�c lift of p, called ~p.

For a path w in the oneskeleton of X , there is a lift ~w to the oneskeleton of eX , starting
at ~p and de�ning an element of Z1( eX ; eX 0). If we choosesuch lifts of the generating paths,
si , and denote them by ~si , we may write the lift of any other path as

~w =
X

i

� i ~si

with � i 2 H where H is the integral group ring for the �rst homology group of X . We
also denote the coe�cien ts in such an expansion by @w

@si
. These maps may be extended

linearly to the group ring of the fundamental group and satisfy a property similar to that
of derivations. In particular, in the group ring, @m = 0 for m 2 Z and @g� 1 = � g� 1 @g.

If we chooserepresentativ e paths for the relations R j , we may form the matrix
�

@R j
@si

�
.

This matrix is a presentation matrix for H 1( eX ; eX 0) as an H-module. More speci�cally , we
should consider the R j as elements of the free group generatedby the si , and apply the
maps @

@si
appplied to the free group. Take the resulting matrix and apply to each entry the

quotient maps from the free group to G and from G to the �rst homology group.
Oneway to present the fundamental group of the complement X = D 2 � I � S is to choose

a point in D 2 � I � S and loops through facesof the projection as generators. Using the
crossingsto provide the relations, weobtain a presentation, similar to the Dehn presentation
for a knot group, with k more generators than relations. For this presentation the Fox
calculusproducesa presentation matrix with k more columnsthan rows. Thesecorrespond
to the facesR1; : : : ; Rk and collapsing thesefacesto obtain the cell complex Y corresponds
to eliminating the columns in the presentation matrices for Alexander polynomials of knots
and links.

Furthermore, werewe to considerthe Heegaarddiagramsassociated with the string link,
we would have k meridians along D 2 � f 0g. There would only be onechoice of intersection
betweenthesemeridians and the attaching curvesderived from the faces,R1; : : : ; Rk , that
could be extendedto an intersection of T � \ T � . The collapsing of thesefacescorresponds
to this unique choice and to the use of H 1( eX ; eE1) as the appropriate classicalanalog for
the Floer homology.

This suggestsusingother presentations of the fundamental group to calculate the Alexan-
der invariant. In [8], P. Kirk, C. Livingston, and Z. Wang calculate the invariant using the
analog of the Wirtinger presentation. There is a projection of a string link (with kinks at
the top of each strand, for example) where the Wirtinger presentation is generatedby

m1; : : : ; mk ; u1; : : : ; us; m0
1; : : : ; m0

k

wherem i is the meridian of the i th component in D 2� f 1g and m0
i is the meridian in D 2� f 0g.

The kinks ensurethat m i 6= m0
i . Applying the Fox calculus to the relations arising from
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the crossingswe obtain a matrix (A B C), with entries in H, where the blocks re
ect the
division in the generators. It is shown in [8] that (A B ) is invertible over F = Q(h1; : : : ; hk ),
the quotient �eld of H. They name the determinant, det(A B ), the torsion, � (L ), of the
string link and relate it to the Reidemeistertorsion of the based,acyclic co-chain complex
C � (X ; E0; F ) with coe�cien ts twisted by the map � 1 ! Zk . While the particulars: co-
homology vs. homology, twisted coe�cien ts vs. coverings, and E 0 vs E1; are di�eren t their
torsion, up to thesechoices,is the Alexander invariant de�ned for S.

7.3. Heegaard Splittings and Fox Calculus. Herewerelate the computation of Alexan-
der polynomials to our Heegaarddiagrams. The upshot will be to identify the Euler char-
acteristic of dCF (S) 
 Q with the previously de�ned Alexander invariant of H 1( eX ; eE1). In
particular, X

v2 Zk

� ( dH F (S;v; Q)tv1
1 � � � tvk

k

is a generator for the order ideal of this module. Various other authors have used much
the sameargument in di�eren t settings; J. Rasmussenprovides a very similar argument for
Heegaarddiagrams for three manifolds in [19].

Let S bea string link in D 2 � I . We considerthe standard Heegaarddecomposition induced
from a projection described in section1. Let H � be the handlebody determined by f � i g

g
i=1 ,

and H � be the handlebody determined by f � i g
g
i=1 . We assumethat our meridians lie in

D 2 � f 0g. Take as our basepoint, p0 for � 1(X ) the 0-cell in H � . For each of the faces,we
choosea path f i , the gradient 
o w line oriented from the basepoint to the critical point cor-
responding to � i which links the corepositively in S3. The other gradient line oriented from
the index 1 critic al point to 0-cell will be called f i . The loopsbi = f i � f i generate� 1(X ; p0).

The � 's, not including the meridians, induce the relations for a presentation of � 1 corre-
sponding to the Dehn presentation of the fundamental group, [6]. We choosean intersection
point u 2 T � \ T � which corresponds to points ui 2 � � ( i ) \ � i in � for somepermutation
� 2 Sg. Note that the choice along the meridians is prescribed for each such intersection
point: there are k meridians and k + 1 faces intersecting them, but we cast one aside.
This arrangement implies that our only choicesoccur on non-meridional � 's. For a non-
meridional � , let [� � ( i ) ] be the path from the basepoint, along f i , through the attaching
disc for � i to ui , and around � � ( i ) with the its orientation, and then back the sameway
to the basepoint. Each time [� j ] crosses� i positively, we append a bi to the relation; each
time it intersectsnegatively we append a b� 1

i . The word soobtained is called ai . We derive
this principle by looking at the segments � s

j into which the � 's cut � i and 
o wing them
forwards along the gradient 
o w. The interior of each segment 
o ws to the basepoint, while
the endpoints 
o w to critical points in the attaching discsfor the � 's. Thus, the path from
oneendpoint of the segment, to the critical point corresponding to that � s, then along some
f � 1

s or f s, and back along oneof f t or f
� 1
t , then to the other end of the segment, and back

along the segment, is null homotopic. This allows us to break the � up into the various � 's
it crosses.
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Then
�

@aj
@bi

�
, ignoring the columns corresponding to the facesabutting D 2 � f 0g, is a

presentation matrix for the H-module H 1( ~X ; ~E1), and henceits determinant will provide
the Alexander invariant.

If we consider the free derivative of aj with respect to a bi we �nd terms which corre-
spond to each intersection point of � j with � i . The term possessesa minus sign when the
two intersect negatively, otherwise it possessesa positive sign. The terms correspond to
paths from the basepoint through f � � 1(j ) to � � � 1 (j ) , through the attaching disc to u� � 1 (j ) ,
along � j to the intersection point with � i and then back along f � 1

i . This can be rewritten
as a word in the bi 's. Summing over all intersection points with � i equals@bi (aj ).

Let � be is the Hurewicz map from the fundamental group to the �rst homology group.
According to the Fox calculus, the matrix [� (@bi aj )], is a presentation matrix for the ho-
mology of the cover as an H-module. Again, we ignore the bj 's corresponding to the faces
abutting D 2 � f 0g. We calculate the Alexander invariant by computing the determinant
of this matrix. Each term in this determinant has the form sgn(� )( � 1)# h� 1

1 � � � h� k
k , where

� i is the sum of the powers of hi over the terms in the determinant multiplying to this
monomial; we do not allowing any cancellation of terms. This monomial corresponds to
a speci�c intersection point in T � \ T � found from the pairing of rows and columns in
the matrix. Likewise# is the number of negative intersections � � ( i ) \ � i in the g-tuple
corresponding to this term.

Let x and y be two intersection points. We will consider the di�erences

# y � # x � i (y ) � � i (x)

Sincewe are consideringpoints in T � \ T � for a diagram of S3, there is a homotopy class
of discs � 2 � 2(x; y ).

We place marked points into the diagram corresponding to the strands and according to
the method in section 1. We may measurehow many times a 2-chain in X , representing a
homotopy classof discs, � , intersectsthe link components by evaluating (nw � nzi )( � ). We
wish to show that

� i (y ) � � i (x) = (nw � nzi )( � )

The right hand side counts the number of times that that the boundary of D(� ) winds
around the i th meridian. We needonly show that the sameis true of the left, or, equiva-
lently, that � i , the i th -coordinate of the boundary, equalsthe left hand side.

In the boundary of the disc we have the � 's oriented from the points in x to those in
y . We can take segments starting at ui and travelling along � � (i ) to x i and yi so that their
di�erence is the oriented segment of the boundary of � in � i . We join this to the basepoint
by using paths in the attaching discs for the � 's and the preferred paths f j or f � 1

j at each
endpoint. Breaking this up as before,we can convert this path into a word of bi 's and their
inverses.If we look at oneof the � i boundary segments in � , we seethat the concatentation
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of the words for the � segments corresponding to the intersection points with � i homotopes
into the � boundary and the � boundary of � .

Thus � i of the concatenation equals � i of the boundary of D(� ). Furthermore, � i ap-
plied to each word of the concatenation tells us how many more times the segment in one
� corresponding to y , converted into a word of generators,wraps around the i th meridian
than does the segment corresponding to x. Taking � i of the concatenation gives the sum
of thesedi�erences, or � i (y ) � � i (x).

We now consider the di�erence in # between the two intersection points. The intersec-
tion point determines a permutation � x where x i 2 � � ( i ) \ � i . We orient T � by the
projection � 1 � � � � � � g ! T � , and likewisefor T � . The orientation of Symg(�) is given
by the orientation of Tx1 � � � � Txg �. Then T � \ x T � has local sign

sgn(� x )( � 1)
g( g� 1)

2 � (� � ( 1 ) \ x1 � 1) � � � � � (� � ( g ) \ xg � g)

or

sgn(� x )( � 1)
g( g� 1)

2 (� 1)#( x )

The di�erence in signbetweeny and x is then multiplication by sgn(� y )sgn(� x )�(� 1)# y � # x .
This is also the di�erence in sign between terms in the determinant, and corresponds to
the Z=2Z grading in section 10.4 of [14].

Thus, if we consider those intersection points with � (x) = v, for a given vector v, we
recover the intersection points for a given �ltration index since � satis�es the index rela-
tion. In addition, theseeach correspond to the term hv1

1 � � � hvk
k and occur with sign given by

the Z=2Z grading of the Heegaard-Floer homology, which is alsothe sign of the correspond-
ing term in the determinant. For rational coe�cien ts, the sum of these generators with
sign is the Euler characteristic of the homology group corresponding to v for this �ltration
index.

8. St ate Summation f or Alexander Inv ariants of String Links in S3

We considera genericprojection of a string link S in D 2 � I onto the plane. As in [12],
[5], we can usethis projection to draw an ancillary rooted, planar graph. The intersection
points of T � \ T � will correspond to a subset of the maximal spanning forests of this
graph, subject to certain constraints imposed by the meridians. From these graphs we
will prescribe a recipe for computing functions, F i and G, on the intersection points which
satisfy the samerelations relative to homotopy classes� as the exponents and signsof the
Alexander invariants. The F i will form a �ltration index, and G will be the grading of our
chain complexes.

Once we have adapted the spanning tree construction to apply to string links, the argu-
ment is the preciseanalogof the argument in [12]. We do not needthe results of Heegaard-
Floer homology for the �ltration calculation, but the discussionof grading will presume
somefamiliarit y with them.
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8.1. Planar Graph Preliminaries. We consider planar graphs in the unit square, I 2.
Choosea number, k, and place k

2 vertices, marked by � , along the bottom edgewhen k is
even ( k+1

2 when k is odd). Place additional vertices, labelled by � , along the top edgeuntil
there are k vertices total. Let � be a connected, planar graph in I 2 which includes these
vertices, but whoseother vertices and all its edgesare in the interior of the square. We let
F be a maximal spanning forest for �, with a tree component for each � on the boundary,
rooted at � , and oriented away from its root.

We may de�ne a dual for � by taking its planar dual inside I 2, � � , and placing the
vertices that correspond to facesof I 2 � � touching @I 2 on @I 2. Since� is connected,this
choice of arc on the boundary is unambiguous. There is one vertex which corresponds to
the left sideof the square. We replaceit with an � and continue counter-clockwise, changing
boundary vertices to � 's until we have alterred k

2 + 1 (or k+1
2 , k odd). This graph must also

be connected.
We say that F admits a dual forest if the edgesin � � corresponding to edgesof � � F form

a maximal spanning forest, F � , with each component rooted at a single � . In that case,we
orient the forest away from its roots. Not every F admits a dual forest: a component of
F � may contain two � 's. We consider the set F of forests in � that are part of a dual pair
(F; F � ). We will encode F � in the diagram for � by inscribing the edgesin � � F with a
transversearrow which concurswith the orientation of F � .

Now consider a string link, S in D 2 � I and a generic projection of S into I 2. We
decomposeS = S1 [ � � � [ Sl , whereeach Sj consistsof a maximal string link with connected
projection, i.e. one whoseprojection into I 2 forms a connectedgraph.

Lemma 7. For the Heegaard decomposition of S3 de�ned by the connected projection of a
string link, S, there is a one-to-one correspondence between the generators of dCF (S) and
the set of dual pairs, F , for a planar graph � � I 2 as above.

Pro of: The regions in I 2 � p(S) can be colored with 2 colors as the projected graph
is 4-valent. We label the leftmost region with the letter \ U" and color it white. We then
alternate between black and white acrossthe edgesof the projection. By using vertices
corresponding to the black regions and edgescorresponding to crossingswhere two (not
necessarilydistinct) black regions abut, we may form an secondplanar graph. For those
regionstouching the border of I 2, the vertex should be place on the boundary.

We replace the vertex of each black region abutting the bottom edgeof I 2 with an � .
Thus, we have a graph embeddedin D 2 with k vertices on the boundary, k+1

2 of which are
� 's when k is odd and k

2 when k is even. An example is given in Figure 7. In particular, �
is connected: starting at a vertex of � inside a black region of p(S) we can take a path to
p(S) and follow p(S) to a point in the boundary of any other black region. Sinceany edge
of p(S) touches a black region, we may then perturb the path into the black regions and
�nd a corresponding path in the graph of black regions. If we place U's in all the white
regionsabutting the bottom edgeof I 2, then the graph of white regions is connectedand,
replacing U's with � 's is the dual graph, � � , from above.

Note: The dual of � is always connected,but it is not always the graph of white regions.
When both � and the graph of white regionsare connected,however, the correspondenceis
complete. By embedding � in the closureof the black regions,we can assignto each white
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Figure 7. An exampleof the ancillary graph for a simple string link.

region a vertex in � � . If two distinct white regionsgo to the samevertex, there must be a
path in the closureof the black regions from @I 2 to @I 2 separating the two white regions,
but not intersecting a vertex of p(S) (or elsethe white regionswould not map to the same
vertex of � � ). Such a path disconnectsthe graph of white regions.

Supposewe usethe Heegaarddecomposition of S3 arising from the diagram for S. Follow-
ing [12], we describe an intersection point in T � \ T � by local data at the vertices of p(S).
For each non-meridional � there are four intersection points with f � i g

g
i=1 , corresponding

to the four regionsin the projection abutting the crossingde�ned by � . For each meridian
there are oneor two intersection points depending upon whether it intersectsthe region U.
However, there can be only one choice along all the meridians which assignseach meridian
to a distinct � . We will place a � in the quadrant corresponding to the intersection point
at each vertex.
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Figure 8. The clock ! and counter-clock  moveson maximal forests.

Every intersection point corresponds to a pair of dual maximal spanning forests in the
black and white graphs of the projection. The unique choice along the meridians corre-
sponds to the rooting of the forests. We then choosethe edgesin the black graph which
join two regions through a quadrant marked with a � . As each black region contains a � ,
this producesa subgraph, F , containing all the vertices of �. We can perform the same
operation in the white graph to obtain a secondsub-graph.

Furthermore, all the components of thesesub-graphsare trees. A cycle in F would bound
a disc in S2 not containing a region labelled U. Rounding the crossingsof p(S) along the
cycle, we �nd a 4-valent planar graph with B in crossingsand B in + 1 facesnot touching
the cycle. The original intersection point must form a 1 � 1 correspondencebetweenthese
facesand crossingsas all the surrounding faceswere consumedby the cycle. There can be
no such identi�cation and thus no cycle in the black graph. Similarly, if the intersection
point doesnot produce a forest in the white graph there is a contradiction. Thus we have
two maximal spanning forests.

Every component must contain precisely one � . It cannot contain more as there is a �
for each edgein the tree and for each root. In order for the number of edgesplus roots (the
� 's) to equal the number of � 's there must be preciselyone root. Thus the two sub-graphs
are a dual pair of maximal spanning forests for the graphs of black and white regions

Conversely, the arrows on the edgesof � found from a dual pair (F; F � ) tell us how to
complete the assignment of � 's to � 's from the unique assignment along the meridians: for
each non-meridional � i we choosethe intersection point in � i \ � � ( i ) pointed towards by
the arrow on the edgecorresponding to the crossingde�ned by � i . The existenceof F �

ensuresthat no arrow contradicts the assignment along the meridians by pointing into a
region labelled with U.

8.2. A Varian t of the Clo ck Theorem. We will now examine the structure of the set
of dual maximal spanning forests. As in [2] we consider two moves performed on the
decorationsa dual pair inscribeson �: the clock and counter-clock moves. Theseare moves
interchangethe two pictures in Figure 8. There should be a face { not labelled with a U {
of I 2 � � abutting these two edgesat their common vertex. This allows a portion of � to
be wholly contained in the interior of the face.

A clock move performed on F in � corresponds to a clock move performed on F � in � � .
Thesemovestake dual maximal forest pairs into dual maximal forest pairs. If the edgewith
the transversearrow joins two distinct components of F , then the new oriented sub-graph,
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: : :: : :

Figure 9. Graphs in I 2 admitting a unique pair of maximal spanning
forests. In particular, no counter-clock moves can be performed in them.
Furthermore, embedded appropriately in a planar graph with a maximal
tree inscribing the samedecorations, no counter-clock move in the planar
graph can alter the decorations in this region. We use the one on the left
when k is even, the one on the right when k is odd.

F 0, of � after the clock move is still a forest. The portion of the component through the
vertex beyond the vertex is a tree not containing the other vertex of the transverseedge.
The move merely prunes this sectionof onecomponent and gluesit to another component.
If the edgewith transversearrow joins verticesin the samecomponent of F , it is conceivable
that a cycle could form. However, this can only happen if the arrow on the transverseedge
points out of the disc bounded by this cycle, and thus a root of the dual graph must be
contained in the cycle. Sincethose roots lie on @I 2, this cannot happen.

For a connected, �nite planar graph, � with only one root, the structure of maximal
spanning trees is already understood, [2]. We require that the root be in the boundary
of U, the unbounded component of R2 � �. Pick one of the trees, T . Each additional
edgein �, when adjoined to the tree, divides the plane into a bounded and an unbounded
component. Draw an arrow pointing into the bounded component on each of theseedges.
This is the decoration inscribed by the dual tree as before.

In [2], Gilmer and Litherland prove Kau�man's clock theorem:

Theorem 8.1. The Clo ck Theorem The set T of maximal, spanning trees is a graded,
distributive lattice under the partial order de�ned by T � T 0 if we can move from T to T 0

solely by using clock-moves.

We will only needthat any T 2 T can be obtained from any other T 0 by making clock and
counter-clock moves. It is shown in [2] that only a �nite number of clock (or counter-clock)
movescan bemadesuccessively beforewe reach a tree not admitting another. Furthermore,
this tree is unique for the typeof move. We can go from any tree to any other by continually
making clockwise movesuntil we reach the unique un-clocked tree and then make counter-
clock moves to get to the other tree.

8.2.1. The Clock Theorem for Forests. The verticeson the boundary of I 2 divide the bound-
ary into arcs. We draw an arrow into the the regionslabelledby U, acrossthe corresponding
arcs. Place arrows pointing out along the other edges. A dual pair (F; F � ) for the string
link S extendsthesearrows in the sensethat each facehas exactly one arrow pointing into
it.
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We usethe arrows on @I 2 to extend � to a planar graph with a single root, so that each
dual pair (F; F � ) corresponds to a unique maximal spanning tree in the resulting graph.
To do this we consider a new squarewith the reverseof the decorationson the boundary
of the old square,with the exception that the one on the right edgeand the �rst root from
right to left remain the same. We can then extend these decorations by a graph, � 0, and
the dual pair as in Figure 9. By inspection, these are the unique decorations providing a
dual pair of forests in this graph and extending the boundary conditions. (No two arrows
may point into the samewhite region, if the dual is to be a forest).

We can glue this decoratedgraph to the onefrom S to obtain a planar graph wherethere
is only oneU, corresponding to the leftmost edgeof S, one � , and the pair (F; F � ) becomes
the decorations from a maximal spanning tree as in the clock theorem. Furthermore, a
maximal spanning tree in the glued graph inscribing the decorationson the � 0-portion as
in Figure ?? corresponds to a maximal pair (F; F � ) in the graph of black regionsfor S.

Now we perform counter-clock moves until we reach the maximally clocked tree. At no
time do thesemovesdisrupt the decorationsin the � 0-portion. No such move can occur on
a facein � 0 as there is no vertex with the requisite arrangement of tree edgeand transverse
arrow. Furthermore, the � 0 region can be disrupted from outside only when a counter-clock
move occurs on a face abutting �. Noting that the arrows point out of the vertices on
the bottom, and into the vertices on the top, inspection shows that no counter-clock move
can occur on such a face at a vertex from � 0. This is not true for clock moves, which can
occur on the top left of � 0. Finally, since the transversearrows point into the facesthat
wereformerly labelled by U, and thesearrows are never altered, no counter-clock move ever
involvesa faceformerly labelled with U. However, asany forest pair for S may be extended
to a tree for the new graph and counter-clocked to the maximal clocked tree, there is always
a sequenceof counter-clock and clock moves,not involving � 0, which connectany two pairs
for S.

In short,

Lemma 8. The dual pairs (F; F � ) for the graph of black regions, � , found for a connected
projection of a string link may be converted, one into another, by clock and counter-clock
movesperformed on the decorations coming from the rooting of the string link.

8.3. State Summation. Following [12], we will prescribe weights at the crossingsof the
string link as in Figure 10, and extend thoseweights to apply to more than onecomponent.
For each intersection point in T � \ T � , we consider the associated dual pair (F; F � ) and
locally place � 's in the regions abutting each intersection point or merdian according to
the direction of the trees. We sum the weights from the marked region at each crossing
and meridian. This prescribesF i for the i th strand if it is the thick strand. Crossingsnot
involving the thick strand contribute nothing to the weight. When we change from the
intersection point obtained from one tree to that obtained from another tree di�ering by a
clock or counter-clock move, the changein exponent is given by (nw � nzi )( � ) for any � in
� 2(x; y ) that joins these intersection points. We verify that this equals the change in the
weights. As the Heegaarddiagram describesS3, an integer homologysphere,such a class�
must exist. Sincethe dual pair (F; F � ) coming from an intersection point can be obtained
from the dual pair for any other intersection point by clock and counter-clock moves, we
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Figure 11. Weights for the Absolute Grading

may compute the di�erence in exponents for any two intersection points by looking at the
di�erence in the overall weights.

Likewise, there are weights to calculate the grading for each intersection point. See
Figure 11. For each intersection point we add the weights over all the crossingswithout
consideringwhich strands appear. The meridians do not contribute to the grading.

We now prove that the di�erence in grading and �ltration valuesbetweenone maximal
forest and the forest that results after a clock or counter-clock move equals the di�erence
in the weights de�ned for each tree above. We denote the local contribution to each inter-
sectionpoint by placing a � or � at each crossing. We will assumethat � and � are identical
for crossingsthat are not depicted. Following the de�nitions of maximal trees and clock
and counter-clock moves given above, we can verify that the moves from � to � ful�ll our
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the sameweight from � and � . The grading changeoccurs along the middle
strand, as inspection of the crossingsshows.

requirements and exhaust all possiblemoves. We break the argument up into cases:

Case I: Figure 12 shows the caseswhere a counter-clock move joins intersection points at
two crossings(not meridians). These correspond to unique discs, namely squares,\atop"
the Heegaardsurface. As the squaresdo not crossany of the multi-p oints, there will be no
changein exponents corresponding to any of the three strands. This equalsthe changein the
weights. On the other hand. squaresalways have a one dimensional spaceof holomorphic
representativ es,so the intersection point � has grading 1 greater than � in Heegaard-Floer
homology. This equalsthe changein the grading weights.

Case I I: Figure 13 shows the samealteration but with a di�eren t con�guration of under
and over-crossings.The homotopy classwe chooseis now a \square" with punctures and
handlesadded to it. In particular, the disc travels o� the end of the �gure in the direction
of the knot picking up punctures at crossingsand joins punctures into handlesif it happens
to go through the samecrossingtwice. It terminates on the meridian corresponding to the
horizontal strand. Thus, the �ltrations remain unchanged except in the i th component.
But the \disc" passesover zi once, so F i (� ) � F i (� ) = (nw � nzi )( � ) = � 1. In [12], P.
Ozsv�ath and Z. Szab�oshow that � (� ) = 1 for such a class,so the grading changeequalsthe
changein grading weights.

Case I I I: For the other caseswith three distinct strands, the strand on the right should
go under the horizontal strand. However, if we rotate the �gures in cases(1) and (2) 180�

using the horizontal strand as an axis, we get precisely those cases.The disc also rotates
and occurs \b eneath" the Heegaarddiagram. This disc represents a counter- clock move;
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Figure 13. CaseI I: Weights, depicted for the horizontal strand, reduceby
1 under the alteration from � to � . The samecomments as in the caption
for caseI apply to the thin strands and the grading.

However, we will still calculate the di�erence for a clock move from � to � . For this we use
� � 1 with D(� � 1) = �D (� ). The weights on the horizontal strands re
ect acrossthe hori-
zontal strand asdo the weights for the grading. The weights for the thin strands remain the
same. Thus F I I I

i (� ) = F I I
i (� ) and F I I I

i (� ) � F I I I
i (� ) = �

�
F I I

i (� ) � F I I
i (� )

�
= +1 for those

con�gurations in caseI I. But (nw � nzi )( � � 1
I I I ) = � (nw � nzi )( � I I I ) = � (nw � nzi )( � I I ) = +1

as � I I and � I I I include the i th meridian the samenumber of times.

Case IV: In the caseswhere two or more of the above strands are the in the samecom-
ponent, we employ the following observations: 1) if the two thin strands belong to the
samelink component, then nothing changes,and 2) if the horizontal strand corresponds to
the samecomponent as one of the thin strands (or both), the sum of the weights in each
quadrant di�ers by the sameamount from that quadrant's weight as a self-crossing.Thus
the di�erence between intersection points of the sum is the sameas the di�erence of the
self-intersection weights. The grading computations don't change. Inspecting the values
in Figures 12 and 13, we seethat the �ltration di�erence still equals the di�erence in the
weights for the horizontal strand.

Finally, we have implicitly assumedthat the horizontal strand between the two intersec-
tions is locally unknotted. Local knotting alters the topology of the domain D(� ) above.
Take the square in caseI. If we knot the horizontal strand, there is still a class� joining
the two intersection points, but it is a punctured disc with the samefour points on its outer
boundary, and one point that is both � and � on each of its other boundaries. Thesenew
boundariescomefrom the facesin the projection of the local knot, and consistentirely of �
curves. The � curve at each intersection point on such a boundary joins that boundary to
another boundary � , possibly from the square. Together these form a forest with vertices
being � curves, and edgesbeing the � 's that join them. In the Appendix we show that
thesestill have � (� ) = 1,which is all we needin the proof.
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Figure 14. The Contradiction in Lemma 9 Arising from a Cycle.

8.4. Heegaard-Flo er Gradings and Grading W eigh ts. In the remainder of this sec-
tion we connectthe gradingsfrom Heegaard-Floer homologyand thosefrom the weights. It
should comeas no surprise that they are equal and that the argument in [12] adapts read-
ily. For the grading, we know that gr (y) � gr (x) is the sameas the di�erence in weights.
However, we will show that there is an intersection point for which the sum of the weights
above is the absolute grading obtained from the Heegaard-Floer theory. Thus the sum of
the grading weights will equal the grading for every intersection point since the di�erence
between these is equal for distinct intersection points. We will need a lemma before we
proceed.

Lemma 9. Let G � R2 be a �nite graph and let H � be the handlebody that is its regular
neighborhood in S3. Then S3 � H � is a handlebody with the co-cores of its one-handles
corresponding to the bounded faces of R2 � G. We choose theseco-cores to be the f � i g

g
i=1

of a Heegaard diagram for S3. Suppose that f � i g
g
i=1 contains � 's which intersect at most

2 � 's, each geometrically once. Furthermore, assumethat each � links exactly one edgeof
G. Then there is only one point in T � \ T � .

Pro of: Suppposex and y are points in T � \ T � and x 6= y. Then x = f x1; : : : ; xgg and
y = f y1; : : : ; ygg where x i 2 a� (i ) \ � i and yi 2 a (i ) \ � i with � ;  2 Sn . If x 6= y then
 � 1 � � is not the identit y. It must therefore have a decomposition into cycleswith at least
one of length greater than or equal to 2. In the planar graph formed by placing a vertex
in each bounded face of �, and an edgebetweeneach pair of facesabutted by an � curve,
each non-trivial cycle in the cycle decomposition corresponds to a cycle in the graph. Each
cycle in the graph implies the existenceof a collection of � 's that are null-homologous in
�, contradicting the Heegaardassumption (seeFigure ??). Thus at most one intersection
point exits. Since dH F (S3) ' Z(0) , there is at least one intersection point, x 0.

Starting with a string link in S3, we use handleslidesto construct a Heegaarddiagram
as in the lemma. The intersection point in this Heegaarddiagram will correspond to one
in the diagram for the string link. We will ensure that the handleslidesdo not alter the
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absolutegrading. The intersection point for the string link must then have absolutegrading
equal to 0. This will also be the value of G(x) for that intersection point. Sincewe know
that G(y) � G(x) = gr (y) � gr (y ), the weights above will give the absolutegrading of each
intersection point.

To obtain an acceptable diagram, it su�ces that the new � link an edge entering the
crossingde�ned by the old � before the handlesliding as the weights for the grading only
occur in the quadrant between the two edgesexiting a crossing. The unique intersection
point will then correspond to an old intersection point with G(x) = 0. We ignore the points
f z1; : : : ; zkg to �nd a pointed diagram for S3.

We order the crossingsin the string link projection by the following conditions. Each
crossingof L k is larger than any crossingof strands L i and L j with i; j < k. For any k,
the crossingswith L i for i � k are enumerated from largest to smallest by the �rst time
they are encountered while travelling backwards along L k from the meridian. We adjust
each crossing in increasing order by starting at that crossing(either for L j with itself or
betweenL i and L j with i � j ) and isotoping and handelsliding the � -curve in the direction
of L j , going over all the � 's along that route. At self-crossingswe choose to follow the
edgewhich exits the crossingand arrives at a meridian without returning to the crossing.
When we arrive at the meridian we handleslide acrossit, and then repeat the procedure
in reverse. This producesan � linking the penultimate edgethrough the original crossing.
Furthermore, for each crossing the ordering implies that there is a path to the meridian
along the orientation of one or other strand, along which the crossingdoesnot recur, and
such that none of the � 's encountered have beenpreviously alterred.

The handleslidesdo not take the � 's acrossw. By inspecting the standard handleslide
diagram, [13], we can seethat the new intersection point is the in the image of one of the
original intersection points, the one with marking in the samequadrant at each crossing,
under the composition of the handleslidemaps. The cobordism induced by the handleslides
is S3 � I , so the formula calculating the changein absolutegrading imples that the grading
doesnot change. Moreover, sincethe triangle doesnot crossw we know that the image is
[x0 ; 0] which has absolute grading zero. This equals the absolute grading assignedby the
weights.

Note: For a single knot in S3, a string link consists solely in the choice of a point on
the knot. This gives a preferred position for the meridian and the two points w; z used in
[15] to calculate the knot Floer homology. The weights above agreewith those of [12].

8.5. Example. In the graph of black regionsfor Figure 7 we may form dual forests in two
ways, seeFigure 15. First, we may have arrows pointing up the segments on the left sideof
the graph of black regions. Second,we may have somearrows pointing up that side, then
a transversearrow, then arrows pointing down the remainder of the segments on the left
side. To join the vertices at top and bottom we have an arrow up the single segment on
the right side.

When all the arrows go up the left side, they place the local intersection points on the
opposite side of L 2 from that pointed to by the orientation of L 1. Looking at the weights
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. . .. . .

Figure 15. Examples of dual maximal forests for the graph � from Figure 7

indicates that, regardlessof the crossingtype, such a tree contibutes 0 to the �ltration index
for L 2 and 0 to the grading weight. On the other hand, when the crossingsare positive all
the segments on the left are assigned� 1

2 for the weight on L 1. The transversearrow on the
right will contribute nothing to either sum. A similar analysis for negative linking implies
that this forest contributes h� lk(L 1 ;L 2)

1 to the Euler characteristic.
For the secondtype of forest, let m be the number of arrows pointing up on the left

side. Then m can vary between m = 0 and m = 2lk(L 1; L 2) � 1 = 2L � 1 when the
linking number is positive. The monomial for this state is h � s

1 h� L + s
2 when m = 2s and

� h� s� 1
1 h� L + s

2 when m = 2s + 1. The minus sign in the latter comesfrom the generator
having grading � 1. Together theseimply a polynomial of the form

�
h� L

1 + h� L +1
1 h2 + � � � + h� L

2

�
�

�
h� L

1 h� 1
2 + � � � h� 1

1 h� L
2

�

Since the string link is alternating, and the minus signsoccur from grading � 1, we can
determine the homologyfor the string link from the above polynomial (seethe next section).
It is (v1; v2 � 0)

dH F (S;(v1; v2)) �= Z(0) v1 + v2 = � lk(L 1; L 2)

dH F (S;(v1; v2)) �= Z(� 1) v1 + v2 = � lk(L 1; L 2) � 1

8.6. Braids and Alternating String Links.

8.6.1. Triviality for Braids. In section 7, we saw that the Euler characteristic of the chain
groups for a string link in S3 producesthe torsion of the string link � (SL ) de�ned in [8].
The torsion is known to be trivial if the string link is a pure braid. Analogously, we may
prove:

Lemma 10. dH F (SL ) �= Z0 when SL is a pure braid. Using the weights from the previous
section, the homology is non-trivial only for the index (0; : : : ; 0; 0)
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Pro of: There are two ways to prove this statement. The �rst analyzesthe combinatorics
of Kau�man states in the diagram. There is only one state: The meridians consumethe
�rst row of � -curves. Each crossing then has three regions already claimed, so it must
use the fourth. This consumesthe secondset, and we proceedup the diagram. However,
a more conceptual explanation may also be given. We know that the invariant we have
de�ned doesnot depend upon how the strands move about on D 2 � f 1g. We may simply
undo the braid to obtain the trivial string link.

The statement about �ltration indices follows from the weights de�ned in the previous
section and the observation that the unique state assignsits local contributions to the
quadrant between two edgespointing into the crossing as the strands are oriented down
the page.

8.6.2. Vanishing Di�er ential for Alternating String Links. We call a string link, S, alter-
nating if there is a projection of S whereproceedingalong any strand in S from D 2 � f 0g to
D 2 � f 1g encounters alternating over and under-crossings.In a projection, we may place a
small kink (formed using the �rst Reidemeistermove) in any strand which doesnot initially
participate in any crossing(self or otherwise) without changing whether the projection is
alternating.

We call the i th strand, si when counting from left to right on D 2 � f 0g and si when
counting on D 2 � f 1g. If we follow the si from D 2 � f 0g to D 2 � f 1g �nd that it is s� (i ) for
somepermutation � 2 Sk .

At each end of D 2 � I we may label the strands as u or o for whether the strand is
the over or under strand in the crossingimmediately preceding (following) the end of the
strand on D 2 � f 1g (D 2 � f 0g). This assignsa k-tuple called the trace of the string link at
that end. We denote the trace at D 2 � f ig by Ti (S). There is an inversion on such k-tuples
found by interchanging u's and o's, which we denotev ! v. To composealternating string
links to have an alternating result requires T1(S1) = T0(S2).

Our goal is to show

Theorem 5. Let S be a string link with alternating projection. Then the chain complex,
dCF (S; j ), arising from the projection Heegaard splitting has trivial di�er ential for every
index j . In fact, all the generators have the samegrading.

This generalizesthe result in [12] for alternating knots. We will needthe knot casefor the
generalresult. The result in [12] is somewhatstronger (by identifying the grading).

Note: We call Morse critical points of index 1 for the projection of si to the I factor
a \cap". Critical points of index 0 are called \cups".

Lemma 11. We may draw an alternating projection for S so that 1) Every crossingoccurs
with both strands oriented up, 2) No two crossings,caps, or cupsoccur in the samelevel in
the I factor.

Pro of: Rotate every crossing without the correct orientations so that both strands go
up. This can be done in a small neighborhood of the crossingat the expenseof introduc-
ing cupsand caps. The secondcondition is achieved by a small perturbation of the diagram.
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Given a diagram in this form, we proceedwith a few combinatorial lemmas. These are
devoted to showing that an alternating string link may be closedup to give an alternating
knot with certain additional properties. At each time t in the parametrization of the i th

strand, let f i (t) be the number of strands strictly to the left of that point on si .

Lemma 12. Let t be a time whensi (t) is in a level (in I ) not containing any capsor cups,
and not at a crossing. The total number of crossingsencountered along the strand si by the
time t is � jf i (t) � i + 1jmod 2 when si is oriented up and � jf i (t) � i jmod 2 when si is
oriented down.

Pro of: The number of capsplus the number of cupsencountered in the i th strand, by time
t, is even when the strand is oriented up, and odd when the strand is oriented down. f i (t )
changesvalue by 1 as si (t) goes through a cap, cup or crossing. It changesvalue by 2 at
levelswherea cap or cup occurs to the left of si (t). By reducing modulo 2 we eliminate the
latter variation. Sincethere are f i (t) strands to the left, having started with i � 1 strands
to the left, the number of cups, caps and crossingsmust be congruent to jf i (t) � i + 1j
modulo 2. Removing the parit y of the number of capsand cups gives the result.

Corollary 2. The total number of crossingsencountered by the i th strand is congruent
modulo 2 to j� (i ) � i j.

This lemma has the following consequence:

Lemma 13. Supposesi and sj crosssomewhere in S. If T0(si ) = T0(sj ) then i � j mod 2.
If T0(si ) 6= T0(sj ) then i � j + 1 mod 2

Pro of: Consider the �rst time that they crossin the ordering on si . Supposethat i < j ,
and that there are k strands to the left of the point in si just before the crossing. Then
there must be k � 1 strands to the left of sj . We label each point on the strands, except at
crossings,by a u or an o depending upon whether an over, or under, crossingmust occur
next. The labels of the points on the two strands just before the crossing of si and sj
must be di�eren t. If si has encountered an even number of crossingsprior to this point, it
will have label T0(si ), otherwise it has label T0(si ). The samewill be true of sj . We have
assumedthat both strands are oriented up just beforethe crossing. Thus, the parit y of the
number of crossingsinvolving si is that of jf i (t i ) � i + 1j = jk � i + 1j and the sameparit y for
sj is jf j (t j ) � j + 1j � jk � j j. If T0(si ) = T0(sj ), then onestrand must have experiencedan
even number of crossings,while the other experiencedan odd number. This happenswhen
i � j . Otherwise, both strands must enounter the sameparit y of crossingsand i � j + 1.

We decompose S = S1 [ � � � [ Sl , where Sj consists of a maximal string link with con-
nected projection. We apply the following lemma to each Sj .

Lemma 14. For a connected, alternating string link T0(S) must be either (u; o;u; : : :) with
alternating entries, or (o;u; o;: : :)

Pro of: For si and sj there is a sequencesi 0 ; : : : ; si r with si 0 = si and si r = sj and where
consecutive entries crossone another. The result follows from induction using the conclu-
sion of the previous lemma, which also proves the basecase.
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Since any strand in Sj divides the projection into two parts, we seethat each Sj must
consist of consecutive strands in the diagram (along both ends). Furthermore, we have
shown

Lemma 15. For an alternating projection of S, T0(S) = T1(S).

This lemma guarantees that the usual closure of the string link (join si to si for all i ) is
alternating.

Pro of: We divide S = S1 [ � � � [ Sl and apply the corollary above to each maximal sub-
string link. By the preceding lemma, we have an alternating trace for the end D 2 � f 0g.
By the corollary, the other end of si has the samelabel when � (i ) � i is even, and di�eren t
labels when � (i ) � i is odd. The result follows directly.

In fact, a repetition of u or o in T0(S) implies that S = S1 [ S2 for an alternating string
link. S1 consistsof those strands including and to the left of the �rst u, and S2 consistsof
those strands including and to the right of the second.

Note: Recall that we add kinks by the �rst Reidemeister move to strands who don't
crossany other strand (including themselves). This is how they get labelled.

The chain complex of a string link S which decomposesas S1 [ � � � [ Sl for the index
(j 1; � � � ; j l ) is dCF (S1; j 1) 
 � � � 
 dCF (S2; j l ) with the standard tensor product di�eren tial.
Thus, proving the theorem for connected, alternating string links will prove the general
result. Our strategy is to comparethe chain group from out projection to the chain group
of an alternating knot.

We make a few observations about braids. First, their projection Heegaarddiagrams pos-
sessonly one generator. Second,given the projection of a braid, forgetting over and under
crossings,there is preciselyone set of crossingdata with T0(B ) = (u; o;u; o;: : :). Write the
braid as a product of generatorsor their inverses.The tracespicks out which (generator or
inverse) must occur. Pushing up the diagram, the traces (u; o;u; o;: : :) repeats as T0(B 0)
for the remainder of the braid.
We choose a braid representing a permutation � such that � � � is a cyclic permutation
taking 1 to k. As we have just seen, we may use T0(B ) = T1(S) to choose a braid so
that S# B is still an alternating string link. We complete the construction by closing the
new string link as in one of the diagrams in Figure 16. The trace at the bottom of S# B
determineswhich to use. Due to our assumption about � , the result is a knot, K.

By construction, the knot is alternating. We draw a Heegaarddiagram for this knot by
using m1 from the string link diagram to give a meridian for the knot. This meridian
intersects only one � . It is a basing for the knot in the Kau�man state picture of [12].
We analyze the generatorsof this knot. In particular, we have seenthat a generator x of
dCF (S; j ) extends uniquely to a generator x 0 for S# B . We would like to extend x 0 to a
generator of dCF (K ). However, when we forget the states on the other meridians, we have



60 LAWRENCE P. ROBER TS

� �.......
.......
.......
.......
.......
...

..........................
.............

................
........

......................................
.......
.......
.......
.....

.......
......

........
........

........@@

S � B

...

...

U
S � B

...

...

U

u o u o
o u

u

o o
o

u u

Figure 16. The closuresto construct an alternating knot from an alter-
nating string link. The casefor an odd number of strands is similar. The
basing (meridian) for the new knot is shown as a small line acrossthe knot
and intersecting U. Of course,the strands should meet at top and bottom
as for the closureof a braid.
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Figure 17. The Unique Extension of Generators. The shadedregionshave
already been assignedto a crossingby the generator in S# B . This corre-
sponds to the extension of dual pairs used to extend the clock theorem to
string links.

that the shadedregionsof Figure 17 receive an assignment, but the others do not. There
is a unique way to complete the �gure to a generator x 00 in the knot complex, and this
corresponds to a Kau�man state.
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Supposethat there is a � 2 � 2(x; y ) with cM (� ) 6= ; and with nw(� ) = nzi (� ) = 0 in the
Heegard diagram for S. The condition at the marked points, and that for a string link
there is only onechoiceof assignment along the meridians, implies that the homotopy class
� givesa homotopy class� 002 � 2(x00; y00) in the diagram for K . That there is no variation
on the meridians allows us to alter the generatorsas in the extension. The marked point
conditions ensurethat D(� ) is wholly insulated from the additional braid and the closure
construction. Furthermore, a nighborhood of each meridian is eliminated by the condition
that nzi (� ) = 0 as � must contain whole multiples of the meridians in its boundary. There
must then exist two intersection points x 00and y00in the same�ltr ation index for the knot
(since� doesn't crossthe marked points) but which di�er in grading by 1. This contradicts
the statement in [12] that, for an alternating knot, the grading of every Kau�man state
representing the same�ltration index is the same(determined by the signatureof the knot!).
Hence,all moduli spacescontributin to the di�eren tial must be trivial, b@S � 0. The same
argument holds for � as above with � (� ) 6= 0, thus all the generatorsof the chain complex
in a given �ltration index in fact lie in the samegrading.

8.7. Euler Characteristic Calculations. Let G and F i be the sums if weights giving
the grading and the �ltration indices. To each intersection point in T � \ T � assign the

monomial (� 1)G(x ) hF 1 (x )
1 � � � hF k (x )

k in Z[h� 1
1 ; : : : ; h� 1

k ]. From the description of Alexander
invariants for string links, the Laurent polynomial,

r S(h1; : : : ; hk ) = � x (� 1)G(x ) hF 1 (x )
1 � � � hF k (x )

k

is the torsion of the string link. Furthermore, it satis�es the Alexander-Conway skein
relation in hi at self-crossingsof L i . The proof is a comparison of the weights assigned
to forests in the projections for the positive, negative, and resolved crossings. In fact, the
three Reidemeistermovesalso preserve this summation, when we �x the endsof the string
link.

Wemay askhow this sum,whenrestricted to a certain strand, L i relatesto the Alexander-
Conway polynomial of the knot, bL i formed by closing the strand. It is shown in [12] that
for 1-stranded string links (marked knots) they are identical. In this section we prove the
following lemma, relating the above multi-v ariable Laurent polynomial to its singlevariable
speci�cations:

Lemma 16. The polynomial r S(h1; : : : ; hk ) evaluatesto � bL i
, the Alexander-Conwaypoly-

nomial of bL i , upon setting hj = 1 for j 6= i .

In [12] the proof of the statement for knots follows from two observations: I) from Kau�man,
that the polynomial formed by the weights at crossingsis the Alexander-Conway polyno-
mial, and I I) that the polynomial formed by using the �rst Chern classas the �ltration
index is symmetric due to the symmetriesof Spin c structures on the three manifold found
from 0-surgery on the knot. Since both schemesassignvalues to intersection points that
satisfy the �ltration relation, and both produce symmetric polynomials under h ! h � 1,
they must be equal. We do not have at hand an analog of the �rst observation, and thus
will resort to model calculations.

To prove the lemma, we �rst observe that
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l24

l23

l12

Figure 18. ReducedForm for a String Link when i = 2. The numbered
boxes indicate the number of full twists between the two strands. Notice
that this is actually a braid.

Lemma 17. Suppose we may interchange
(1) Crossingsof L i with itself
(2) Crossingsof L j with L k when j; k 6= i

Then the string link S may be put in the form of a braid as found in Figure ??.

Pro of: By interchanging self-crossingsof L i we may arrange for this strand to be un-
knotted. We may then isotope so that it is a vertical strand. Consider D 2 � I to be
I 2 � I with the i th strand given as ( 1

2 ; 3
4) � I . By isotoping the other strands vertically,

switching crossingswherenecessary, we can ensurethat each is contained in a narrow band
I 2 � (aj � �; aj + � ) except when coming from or going to the boundary, when we assume
that they are vertical. If we look in the band I 2 � (aj � �; aj + � ) for the j th strand, we see
that all the other strands are vertical segments and the j th strand is somestrand in a string
link. We may isotope L j past all the vertical segments except that for L i . By e�ecting
self-crossingchangesin L j we can make it unknotted. It can then be isotoped so that it
reachesthe level I 2 � aj from the bottom, winds around L i in that plane exactly lk(L i ; L j )
times, and then proceedsvertically to the top. We un-spool this winding veritcally so that
the result is a braid, whereall the claspsare onceagain in I 2 � (aj � �; aj + � ). Doing this to
each of the strands producesa string link with projection as in Figure 18 when we choose
aj < ak if j < k for j; k 6= i .

Considerthe closure, bL i formed by taking the i th strand and joining the two endsin S3 by a
simple, unknotted arc. The intersection points in the Heegaarddiagram give rise to Spin c

structures on the three manifold formed by taking 0-surgery on this knot, [15]. Let P i be
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Figure 19. Local Heegaarddiagrams for self-crossingsof L i . The thick
curves are the � -curves. The thickest is the longitude, used as a surgery
curve; while the middle thicknessdepicts the crossing. There is a positive
crossingon the left, and a negative crossingon the right. The multiplicities
are for the band added at the crossingaccording to Seifert's algorithm.

the periodic domain corresponding to the Seifert surface in the Heegaarddiagram for the
0-surgery manifold. We already know that the sum of the �ltration weights assignedto x
by L i di�ers from 1

2 < c1(s(x); Pi > by a constant, independent of x, but which may depend
upon S. Each of thesequantities satis�es the samedi�erence relation for a class� joining
two distinct intersection points. The crossingsof L j with L k do not contribute to either
calculation as the periodic domain P does not change topology or multiplicities when we
interchangesuch crossings. It consistsof puctured cylinders arising from the linking of L i
with L j or L k and terminating on the meridian for that strand. However, the punctures and
multiplicities remain the sameregardlessof the type of crossingbetweenL j and L k . Since
only the topology and multiplicities contribute to the calculation of the �rst Chern classfor
the intersection points, and the intersection points correspond under crossingchanges,the
value of the �rst Chern classdoesnot change. Nor do the weights changeas such crossings
are assigneda weight of 0. As a result, interchanging crossingsof L i and L j doesnot a�ect
the value of the constant.

It requires more e�ort to seethat interchanging self-crossingsof L i will not alter the con-
stant. But presuming that, we seethat the polynomial r S(h1; 1; : : : ; 1) must be hCi (S)

i r L i ,
sinceby [12] the polynomial determined by the �rst Chern classis the Alexander-Conway
polynomial of the knot. Furthermore, we may calculate Ci (S) by �nding the polynomial
assignedto the reduced form above, since it does not change under the moves of Lemma
17. The i th strand is then the unknot, with Alexander-Conway polynomial equal to 1, and
the value of Ci (S) is 0 from our calculation for braids in the previous section.

That Ci (S) doesnot changewhen interchanging self-crossingsof L i follows by seeingthat
the �rst Chern classcalculation changesin the sameway as the �ltration weights. Notice
that we may do the calculation for the multiplicities shown in Figure 19
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By adding multiples of [�] and P we may realizea periodic region with the multiplicities
for the crossing as shown in the �gure. We �x the intersection point to be considered.
On the left we have a local contribution to nx of +2 on top, +1 on left and right, and 0
on bottom. We may always pick and intersection point where the longitude pairs with a
� intersecting the meridian, and thus does not incur an additional contribution from any
crossing. On the right, the contribution is � 2, � 1, and 0, respectively. All other local
contributions are equal as is the value of nw on the periodic region. The only other vari-
ation that can occur will be in the Euler measure,�̂ (P). Outside of the depicted region,
P does not change. Indeed, if we divide P by cutting the corners of the large +1 or � 1
region along the dashedlines, we have a disc of multiplicit y � 1 and the remainder,R, of
P, which is the samein both diagrams. Then on the left �̂ (P) = �̂ (R) + 1 � 2 while on
the right �̂ (P0) = �̂ (R) � 1 + 2. The sign changesoccur becauseof the Euler measure;in
the �rst we add a +1 disc joined along two segments to a +1 region and at two points to
a � 1 region, which contributes nothing. In the secondcasethe multiplicities are reversed,
and the Euler measuremust be calculated di�eren tly. Taking the di�erence of these, and
adding the di�erence of the contribution from each quadrant gives+2 � (� 2)+ (� 1� 1) = 2
on top, +1 � (� 1) + (� 1 � 1) = 0 on left and right, and 0 � 0+ (� 1 � 1) = � 2 on bottom.
This is � 2 times the di�erence in the weights for thesequadrants, but that is precisely the
factor we divide into the �rst Chern classto get a �ltration index. Hence,the weights for
any intersection point before and after a crossingchange di�er from the �rst Chern class
calculation for the corresponding intersection point by the same amount. In particular,
Ci (S) doesnot change.

Implicit in this discussionis the following corollary:

Corollary 3. For the �ltr ation indices, F i , calculated from the weights

< c1(s(x); Pi > = 2F i (x)

8.8. Tangles. Recall the de�nition of a tangle:

De�nition 8.2. A tangle, � , in D 2 � I is an oriented smooth 1-sub-manifold whosebound-
ary lies in D 2 � f 0; 1g. Two tangles are isotopic if there exists a self-di�e omorphism of
D 2 � I , isotopic to the identity, �xing the ends D 2 � f 0; 1g, and carrying one tangle into
the other while preserving the orientations of the components.

Supposewe have a tangle with n-components. We will call it m-colored if there is a
function, c, from the components of the tangle, � j , to f 1; : : : ; mg. We require our isotopies
to preserve the value of c. We restrict to those tangles for which exactly one component in
c� 1(i ) is open for each i 2 f 1; : : : ; mg, and this component is oreiented from D 2 � f 1g to
D 2 � f 0g. The collection of open components will then form a string link.

To construct a Heegaarddiagram we convert the tangle, � , to an associated string link,
S(� ) in another three manifold. First, connect the components with the same color by
paths in the complement of the tangle so that, with the paths asedgesand the components
as vertices, we have a tree rooted at the open component for that color. Thesepaths may
be usedto band sum the components together, using any number of half twists in the band
which will match the orientations on components correctly. We then perform 0-surgeryon
an unknot linking the band once. The resulting manifold, Y , is a connectsum of s copiesof
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S1 � S2's wheres is the number of closedcomponents. The image of � after perfoming the
band sumsis a multi-component \string link", S(� ), in the complement of a ball. We have
a color map c on this string link which we use to index the components. The homology
group for index j for the colored tangle, � , is de�ned to be dH F (Y; S(� ); s0; j ) where s0 is
the torsion Spin c structure. Underlying this construction is the following lemma:

Lemma 18. The isotopy classof S(� ) is determined by that of �

Pro of: This follows as for Proposition 2.1 of [15]. It su�ces to show that the choicesmade
in performing the band sums do not a�ect the isotopy class of S(� ). Once we add the
0-framed handles,the choiceof the bandsno longer matters. In each band, we may remove
full twists by using the belt trick to replacethem with a self-crossingof the band. We may
then isotope the 0-framedcircle to the self-crossingand slide one of the strands in the band
acrossthe handle. Done appropriately this will undo a full twist in the band. Furthermore,
by sliding acrossthe 0-framed handles, we may move the bands past each other or any
component in the string link. By using the trick from [15] illlustrated in Figure 20, we
may arrange that all the closedcomponents of the samecolor are linked in a chain to a
single open component. In addition, we may interchange any two components along the
chain. The combination of thesemoves provides Heegaardequivalences,not involving the
meridians, betweenany two ways of joining the closedcomponents in a color to that with
boundary, regardlessof the paths for the band sums,or twists in the bands.

8.8.1. Long Exact Sequences.
The tangle formulation where there is one open component for each color permits the
introduction of the skein long exact sequencefound in [15] where we may resolve crossings
of components with the samecolor, but not crossingsinvolving di�eren t colors. We should
think of the resolved crossing,arising from 0-surgeryon an unknot in the long exact surgery
sequence,in the context of tangles. We let L c

� be a tangle with a negative self-crossing
in color c, L c

+ be the tangle with a positive self-crossinginstead, and L c
0 be the tangle

resulting from resolving the crossing. As in [15] there are two sequences.If the crossingis
a self-crossingof a component then

! dH F (L c
� ; j ) ! dH F (L c

0; j ) ! dH F (L c
+ ; j ) !

whereasif the crossingoccurs betweendi�eren t components of the samecolot we have

! dH F (L c
� ) ! dH F (L c

0) 
 V ! dH F (L c
+ ) !

whereV = V� 1 � V0 � V+1 and V� 1 consistsof a Z in �ltration index � 1 for the color c and
0 for all others, V0 consistsof Z2 with �ltration index 0 for all colors, and V+1 consistsof
a Z in color c �ltration index +1. The maps preserve the �ltration indices with the tensor
product index de�ned as the sum of thoseon the two factors. The proof is identical to that
in [15].

Note: Since the theory for tangles arises from thinking of them as string links in an
another manifold, the result for composition of string links extends to composition of this
sub-classof tangles. The sub-classcondition disallows the formation of new closedcompo-
nents when composing.
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Figure 20. Kirb y Calculus Interchangeof Connecting Paths for a Tangle

Appendix A. Maslo v Index Calcula tion

Let � 2 � 2(x; y ) be a class with a multiplicit y 1 domain, D(� ). Then the new class
� 0 2 � 2(x � c;y � c) in � # T 2 found as in Figure 21 has the samemaslov index as � .

First, notice that the intermediary � 00 in the stabilization, found from the domain
D(� ) # T2 has the sameMaslov index as � . This follows from the observation that [�] � �
and [� # T 2] � � 00have the samedomain. Splicing this to � and � 00give the class [S] in
each diagram, and this always has Maslov index 2.

We prove this by consideringthe Heegaardtriple represented in Figure ??, whereall the

 's are small Hamiltonian isotopesof a � except that 
 1 is found from the result of sliding
� 1 over � g+1 . There are small triangles at each intersection between � and � curves in
this triple, joining them to � + and a unique intersection point in T 
 \ T � . These form
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Figure 21. The diagram on the left shows the original domain in the stabi-
lization and its multiplicities. The diagram on the right shows the stabiliza-
tion and the result after the handlslides (dashedcurve). The multiplicities
on the right show are for the new class� 0. Notice that within the region of
the handleslide there is a part of a periodic domain. The other portions of
the Heegaardtriple needto be chaecked as well, but the sameobservations
apply.

homotopy classesof triangles which we denote 4 x and 4 y for the two intersection points.
Examining multiplicities in the diagram shows that there is somedoubly periodic domain
P
 � such that

� 0 � 4 x = 4 y � � + P
 �

However, the homotopy classesof triangles have Maslov index 0, astheir domainsconsist
of g + 1 disjoint triangles, cf. [13], and these have a unique holomorphic representativ e.
Likewise,the Maslov index of P 2 � 2(� + ; � + ) is 0 since the value of the �rst Chern class
of the torsion Spin c structure evaluated on [P] is 0. Sincethe Maslov index is additiv e we
must have � (� ) = � (� 0).

This provides enough for the application in the main body of the test. There we start
with a � whosedomain is a squarewith � = 1, since it has holomorphic representativ es.
The domain we are interested in is found by repeatedly stabilizing, and then isotoping
the new handles so that their � 's joined by the � 's form a tree joined to the boundary of
the square. Repeated application of the above argument, working up the tree, shows that
� (� 0) = 1
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