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THE NUMBER OF TREES

RicHARD OTTER!
(Received June 10, 1947)

The mathematical theory of trees was first discussed by Cayley in 1857 (1).
He was successful in finding recursion formulas for counting the number of trees
or rooted trees having a finite number of vertices, where the number of branches
at a vertex was not limited. Cayley also recognized the possibility of studying
the chemical problem of isomers by making use of the notion of a tree, although
a restriction on the number of branches that may occur at a vertex is necessary
for the solution of this problem. In 1931 Henze and Blair (2) developed recur-
sion formulas for counting the number of trees or rooted trees having the same
finite number of vertices, where the number of branches at a vertex was allowed
to be at most four, except for a root vertex, which was allowed to have at most
three branches. This was the first solution to a problem of isomers in chemistry.
The number of such trees with n vertices is precisely the same as the number of
structurally isomeric, aliphatic hydrocarbons, i.e. the compounds of the molec-
ular formula C,Hz,.2. The number of such rooted trees with n vertices is
precisely the same as the number of structurally isomeric, mono-substituted,
aliphatic hydrocarbons, i.e. the compounds of the molecular formula C.H3,+.1X,
where X represents any chemical radical or atom different from hydrogen.

In his classic publication in 1937 G. Polya (3) developed a powerful method
for treating the symmetries of certain types of geometrical configurations under
a given permutation group. Using as generating functions, power series whose
coefficients represent the number of different possible configurations with respect
to this permutation group, methods were developed which yield functional equa-
tions for these generating functions. These functional equations contain im-
plicitly recursion formulas for determining the coefficients and his analysis of
the functional equations resulted in asymptotic expressions for the coefficients.
In particular, Polya studied many problems of interest to chemists, obtaining
the recursion formulas of Henze and Blair, and Cayley; but he also solved a
wealth of other problems connected with chemical isomers. Although, in his
publication Polya restricts himself to counting those trees and rooted trees which
are of foremost interest to chemists, it is clear that his methods permit generaliza-
tion to the counting of trees and rooted trees in the cases we have covered. But
it is not apparent that his methods of analysis of the generating functions can be
generalized to yield asymptotic values.

It seems, however, that although the machinery he has set up is powerful for
the solution of some very general problems in symmetries of geometrical con-
figurations, much of it is superfluous for the treatment of trees or of rooted trees

! The author wishes to express his gratitude to Professor E. Artin for the suggestion of
this problem and for his encouraging help toward its solution.
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584 RICHARD OTTER

alone. Accordingly, in this paper purely combinatorial methods are employed
for the developing of relations between the generating functions. These meth-
ods enable one to study some general problems concerning the number of trees
and of rooted trees and to find recursion formulas for counting these objects.
Furthermore, the method used here for the counting of trees is new and inter-
esting and considerably simpler than the methods used in the past. Also,
general methods of analysis have been found which yield asymptotic values for
the coeflicients involved in each of the generating functions studied.

By a tree we shall mean any finite, connected, one-dimensional complex, with-
out cycles. By a vertex we shall mean an end point of a line segment occurring
in the tree. (Thus a point is considered as vertex even if only one or two line
segments contain it as end point.) By a rooted tree we shall mean any tree in
which exactly one vertex, called the root, is distinguished from all the other ver-
tices in the tree. By the ramification number of a vertex we shall mean the
number of line segments which have that vertex in common.

We shall call two trees, T’ and 1", homeomorphic if and only if there is a one-to-
one, bi-continuous transformation of T onto 7", which maps the vertices of T
onto vertices of 7" and conversely. We shall call two rooted trees homeomorphic
if and only if they are homeomorphic as trees in such a way that the root of
one tree is mapped onto the root of the other and conversely.

Given a rooted tree 7', then by removing an open line segment at the root of
T, we split T into two parts. The part B which does not contain the root is
called a branch of T. The removed line segment belongs to two vertices; one is
the root of T, the other is a vertex of B. We consider B as rooted tree by desig-
nating this other vertex as root of B.

Several branches of T may be homeomorphic. The number of branches that
are homeomorphic to one another is called the multiplicity of this type of branch.
The following lemma is then obvious:

LeEmMa. Two rooted trees, T and T', are homeomorphic if and only if their
branches are homeomorphic and occur with the same multiplicity.

We shall consider only those trees and rooted trees where the ramification
number of each vertex, except a root, is not greater than a certain arbitrarily
selected, positive integer m. (m = o« is permitted and means there is no restric-
tion imposed on the ramification numbers of these vertices.) For rooted trees
we select arbitrarily another positive integer r and require that the ramification
of the root be not greater than r. (Similarly, r = « is permitted and means no
restriction is imposed on the ramification number of the root.) Throughout the
discussion we keep m fixed.

By A" we mean the number of nonhomeomorphic rooted trees with n ver-
tices, where the ramification number of the root is not greater than r. Since
AP will play a central role in the theory we put A™ ™ = 4, as an abbrevia-
tion. Also for formal reasons we introduce the empty tree with no vertices
and put 4, = 1. }

We now define the following formal power series:
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o) = Ao+ A + A + ---
Uo(z) = AP + APz + AP+ - forr > 0
Yo(r) = 1

G, z) = Ii 1 — &)™

We develop G(t, ) in powers of ¢:
6a) = T3 (-1 () e =TS (4 F 1 7 1) ee
y=0 p=0 M y=0 p=0 I

which gives

G, x) = Zo gr(@)t
where

go(x) = 1

go(x) = i( > <A°+”°_1>(Al+'“_ 1)'“)?6”,

n=0 \ potuit-cc=r Ko M1
B1+2pgtece=n
for r > 0. We contend that g,(x) = ¢,(x). In order to find A%, we first select
a point as root and attach to it r branches. We must select the branches from
rooted trees where the ramification number of the root is < m — 1, in order to
satisfy the limiting condition imposed by m. Furthermore, we must have n
for the total number of vertices occurring in the r branches so that if we select

and

wo trees with no vertex
w1 trees with one vertex

uz trees with two vertices

such that Z,-_o u; = rand Z;,l iu; = n then we get a rooted tree which is of
the correct category to contribute to A{7;. The number of selections of u;

objects with possible repetitions from a total of A; objects is

‘(A.‘ + ue — 1>
i

and the product of these binomial coefficients over the index 7 gives, according to
our lemma, the total number of rooted trees for our choice of uo, py, -+-. If
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we now sum these products over all u; satisfying D io ui = rand Qi1 iui = 1
we get, again referring to the lemma, the total number of rooted trees with n + 1
vertices where the ramification number of each of the vertices in the branches is
bounded by m and the ramification number of the root is bounded by r. Since
we have go(x) = ¥o(z) = 1 and since we have just shown g,(z) = ¢,(z) forr > 1
this gives

(1) G, ) = }; U@
On the other hand
G(t, x) = exp ('—' io Ay log (]. - tx')) = exp (io il A,, ™ ‘_t:)
@) 6, 2) = ep( 3 L otet) ).
u=1 M
Hence, G(t,z) = Zw: %(i t—p go(x"))”
n=0 N \p=1 M

pay= > — 1 (@) (‘%‘))

Ziui=r M1 !}1.2 ...

so that

Hence, in particular
¥(z) = o(z)
(@) = 30(2") + 3e(@))*
¥(@) = 30(@’) + lo@)e(@) + o))’

Since A™™ = A, we have (whether m is finite or infinite)
1 1
Yma(T) = p o(x) — z

and in case m is finite we get the following relation for ¢(z):
1 1 1 so(x))" ! (so(x2)>"”
@) T #() z Eip.'z=m—1 uplpe !l oo (T 2 ’

In case m = o we put ¥(z) = ¢ () =1/zor o(z) =1 +2¢(x). Substituting
in (2) we obtain :
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1 1 2,2 2y ...
G(t, x) — ; . e(tx/ )Y (2)+(t222/2)Y(z2)+ )

So on one hand we have

(1 — )G z) = I:Il (1 — )™ = exp (2 (tf)" ¢(x")>

and on the other hand (1) shows

(1— 0G4 z) =1+ g (@) — s @)

hence

y=1 14

o (5 W w@) = 1+ £ 0@ — v

Both sides of the preceding expression are infinite sums of formal power series
in z and ¢ and late terms of these sums contain only high powers of ¢ as well as z.
Therefore, we may substitute ¢ = 1 on both sides and obtain an identity. The
right hand side then indicates a formal limit process which has for limit ¢(z)
because for any partial sum

k
1+ ; W (@) — (@) = ulx)

and it is easy to see that yi(z) and ¥(xr) must have identical coefficients up to
and including the term with z**". Hence we get

® v = ow (3 Zve)).

Trees

In order to count the number T, of (unrooted) trees with n vertices we first
establish the following lemma. Given a tree T, let T be a subtree having no
two of its vertices similar under any homeomorphism of T’ onto itself. Given
a vertex P of T, with P not in T ; but let P be adjacent to a vertex @ of T .
Assume ¢ a homeomorphism which maps T onto itself and assume of ¢ that
o(P) = P'isin Ty. Then putting ¢(Q) = Q' and calling ! the segment P — @
and I’ the segment P’ — @’ we contend:

LemMA. Eitherl! = lor @ = Q.

Proor. Taking out [ splits T into two parts T , T and taking out I’ splits
T into two parts T, T . Since o is a homeomorphism we know o(Ts) = T
and ¢(Tq) = To-. We assume now !’ # [ and shall prove @ = . To that
effect it is sufficient to prove that I’ is in T , for then @’ would be in T, and since
no two different vertices of Ty are similar, we would know @’ = . We assume
I’ ¢ To and deduce a contradiction.
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Now !’ ¢ Ty and P’ € To means Ty & Tp, hence Q € Tp-. Sincel’ £ l and P
is adjacent to @ we know [ € T» hence l ¢ Tq' .

Simliarly, [ ¢ To and @ € Ty means Ty C Tq, hence P’ € Tq. Since I' = 1
and P’ adjacent to @ we know I’ € Tq , and in particular @' ¢ Tq .

But since Q" € Te and I ¢ Tq- , we know the subtree Ty is contained within
Tq, Ty € Ty. Furthermore, the fact that I’ e Tq and P’ # Q' means that
Tq is a proper subtree of Tq ; but this together with the finiteness of 7' con-
tradicts the fact that ¢ is a homeomorphism such that o(Tq) = T¢ .

If I’ = [ then ¢ interchanges P and @ and the line ! is & symmetry line. A
tree can have at most one symmetry line.

Assume now T, is the largest subtree of T which contains no two similar
vertices; then any vertex of T which is a neighbor to a vertex of T is similar to
a vertex of T , for otherwise T, would not be maximal of its kind. By induction
on the number of intervening vertices we see that every vertex of T is similar
to one of Ty. We contend every line segment of T (except a symmetry line)
is similar to exactly one line segment of T,. Since every vertex of T is similar
to one of T we may as well assume that one end, say @, of the given line segment
P — Qlieson Ty. The other end P will then be adjacent to Q. If P is also
on T there is nothing to prove, for then P — @ lies on T, and is of course similar
to itself under the identity mapping. In case P is not on T, then we know P
is similar to a vertex P’ of T, (because T is assumed to be maximal of its kind)
and our lemma shows that the mapping which carries P into P’ maps the seg-
ment P — @ into the segment P’ — @ which is on T, (except in case P — @ is a
symmetry line).

Thus, if T is a subtree of T and is maximal of our type it contains exactly one
representative for each class of similar vertices of 7 and each class of similar
lines of T. It is furthermore important that 7' is itself a tree. Now the Euler
characteristic of any tree, namely the number of vertices minus the number of
segments is 1. Since this is true in T, we have the following theorem, which is
a certain refinement of the Euler characteristic of a tree:

THEOREM. In any tree the number of nonsimilar vertices minus the number of
nonstmilar lines (symmetry line excepted) ts the number one.

Consequently, if we count the total number of nonsimilar vertices occurring
among all trees with n vertices, subtract the total number of nonsimilar line
segments (except symmetry lines) occurring among these trees, then each in-
dividual tree gives the contribution 1, so we get as result the total number of
trees. The total number of nonsimilar vertices is just A™ . The total number
of nonsimilar line segments (symmetry line excepted) is

m— m— A (1'."-1)
b2 Arar () =4 B Ay - e
i=n itj=n
1#45:8,5>0 $.i>0
with A,z = 0 for n odd. Namely, the first member of the left hand side counts
the number of trees with a stressed line such that-removing the line gives two
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rooted trees with different numbers of vertices. In the sum each term is counted
twice, hence the factor . The second member counts the number of trees with
a stressed line segment such that removing the line gives two rooted trees with
the same number of vertices. This stressed line will never be a symmetry line,
because no repetitions are allowed in the selection. In both members we are
careful that the ramification number of every vertex in the united tree is bounded
by m. Hence, if we define T, as the number of trees with n vertices, we have

T, = A — Z Aild;+ 3 Anp.
If we now define ¢(z) = Ty + Taxr + Taz’ + -+ - we get
6)) $(@) = Ym@) — } 2Wma()) + § 2Yna(c)

which holds for m = «, where we replace ¥, (z) by ¢(z).

Analytic Behavior of the Power Series
We have

Y(x) = ; Ay’ = I;Il 1-2)"*

and the logarithmic derivative gives

Zo VAy+1 @~ 1 <

2 4
Z A2 ’

y=0

£5a2) - 5

p=1 y=1 viu=1

Multiplying by z ¢ (z) we obtain

> ndnpzt = (Z VA,x""> (Z% A,+1x"> (Y vA, A"
p=

n=1 ypu=1 n=1] vutp=n
vzl
péo
'ILA,.+1 = 1A1 Z A,.+1_‘, + 2A2 Z A,,+1_z,. + e + nA,,Al.
p=1 p=1
pEn 2u<n
If we define S5 = D51 Anpa_iufori < n, S8 = 0 for i > n then
mwsn
$) [©)]
Sfb‘—‘i = Z An—i+l—6p = Z An+l—i(u+1) = Sn‘ - An+1—i
rz1 szl
fpsn—s i(p+1)=n

or in other words

(6) 8 = 8% + Appis

which together with

) nAny = 14,8 + 24,89 + -+ + nA S
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are valuable formulas for actual calculation of the A,. Using (6) and (7) we
are also able to show that ¢(z) has a certain region around z = 0 in which it
converges. The A, are a monotonic increasing sequence of positive numbers
so that if we replace all terms in S&” by the first term A .,1—; we get

8 = nfiAwna
since there are at most n/7 terms in 8. Hence, we get
Apn S AiAn 4 ApApy + -+ A4,

If we now define the following sequence of numbers: By, B:, - -+ by putting
B; = 1and Bay1 = 2 i4j-ns1B:iBj then a proof by induction yields immediately
A, < B, forall n. If we put f(z) = D=, B,2’ then f(z) solves the equation
v —y+2z=0s0

f@) =30 — V1 —42) = % 5; (f) (=)t
hence
4,5 <Z> (—1)" 4"

so ¥(z) converges absolutely in | z | < % hence ¢(z) converges in the same region
for m finite or infinite and so do the ,(z) for each r (whether m is finite or infinite),
since the latter are only polynomials in the ¢(z). Let o be the radius of con-
vergence of ¢(x) or ¥(x) according to whether m < © orm = oo.

Since the functions ¢(z) (m < «) and ¥(x) (m = ) are power series with
positive coefficients we are certain that z = « will be a singularity. We succeed
in showing that everywhere else on the circle of convergence, |z| = «a, the
functions are analytic, hence permit continuation to functions analytic in a
larger region. At z = « the functions have a ramification of order 1 hence are
analytic functions of A/z — a, and the asymptotic estimates of the size of the
coefficients are based upon these facts. To justify these assertions strong use is
made of the fact that for real z, 0 < z < a, the functions have positive values
and are monotonic ir\lcreasing with z.

I
(%) cee for 20

We now define
1 yl Bl
Hoy o, ) = 2 ———(F
and H, = Oforr < 0. Then the formalism by which (1) and (2) were obtained
shows

3 tui=r palpel oo
i=1

0
2 Ty
e“"“ (y2l2)+tg(ys/3)+eee _ 2 th'(yl, Yo, * - y,),
y=0

By finding 9/dy; of the relation above we obtain

oH, _ 1
= T ldg-i.
0Y: 1

8)
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In case m < o the functional equation for ¢(x) is from (3) seen to be
1 1
Zo(@) — = = Hnale@), ¢(z"), --+) = ¥ma(@).
z x
If we differentiate with respect to = we get
1 1 =1 N e
y;tp'(al) -5 (p() — 1) = Z;; Hoosu(e(@), o@), -+ )e' @) vz’ ™
which if we rearrange and express in terms of the ¥,(x) becomes
1 1 KSR
9) (; - tﬁm_z(x)) ¢@) = 5 (@) — 1 + 2_:2 7 ' (@ Wmo1(@).

Since for real z, 0 < z < «, ¢(x) and ¢’(x) have positive values > 1 we see that
1/ 2 — Yma(x) > 0in the same region. On the other hand since ¥m_2(z) is a
dominant function for the geometric series we see

1

l—11/".—2(10)<1--——<0 for real z= > 1.
z z 1-—=

Hence o < 3 for all finite m, so certainly for m = «. The functional equations

(3) and (4) for ¢(z) and y¥(x) show that for0 < z < «

290 2 G ()™ ) 2

m—2/7 "\
m—1)! _¥(=) 1 .
< PR A < - =

hence ¢(x) = 7 logy(@) =z so we see that ¢(z) (in case m = 3)
and ¥(zr) (m = «) are bounded on the real axis below . Both ¢(z) and ¥(z)
are monotonic increasing with x so that

lim ¢(2) = @ and lim ¢(z) = a exist.
The partial sums for £ = « are monotonic and bounded by a, hence
Abel’s Theorem yields

ola) = a 3=m< >
Y(a) = a m = o

and the values «, a satisfy the functional equations (3) and (4). Since @ < 1
we may assume that (z*) and y(z*) are known analytic functions of z for all ¢
= 2andall |[z| <a If wenowputy = o(z) ory = ¥(z) as the case may be
then we know y satisfies §(z, y) = 0 where

1 1
Hm—l(yy So(x2)) 90(173), ° ') - 5?/ + 5 3 é m < [o¢]

6a:y+(:z2/2) Y(z2)+(z8/3) Y(z3) +---

-y m = <0,
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Furthermore, the functions y = ¢(z), y = ¢(z) are unique analytic solutions
for |z | < « and we know (e, a) = 0. Near z = o, y = a F(z, y) is analytic
in each variable separately. We may be sure that g /9 v (o, @) = 0 for otherwise
there would be a function of x which is solution of the equation §(z, y) = 0 and
is analytic in a neighborhood of z = @, ¥ = a. This function would have to be
o(x) or Y(z), which would contradict the fact that x = « is a singularity of these
functions. If we refer to equations (8) and (10) we see that (e, a) = 0 gives

incase 3 =m <

Rl

1//m—2(04) =
(11)

Y(a) = }; in case m = .
On the other hand referring to equations (8), (9) and (10) we see
2 @ Ha (e, ) + 5@ — 1) = 0

g’-"(a’ a) =
(@ + op(a®) + @Y () + --+)-¥(a) % 0

which shows that z is an analytic function of y in the neighborhood of z = «,

¥y = a such that
(@) = _%U(al a) — O
ay/a Fala, @)

d2x — 8’:(‘11 a) ) %ﬂ’ (ay a)
<&y“> =T Gmay 70

But

because
~ ( ) _ Hm—3(a’ ‘P(az)’ . ') # 0
vt 4= AyYla) = a0

hence the inverse functions ¥ = ¢(z) and y = ¢(z) have a ramification of order
latz = a.

We have shown that ¥(z) and ¢(z), consequently ¢.(x) are absolutely conver-
gent at x = . Since the power series have positive coefficients we know the
series will be absolutely and uniformly convergent in |z | < « consequently
the series define continuous functionson |z | = . Forany z # abut |2 | = «
the power series define values y = ¢(z), ¥y = ¥(z) and we know from the form
of §(x, v) that in the neighborhood of such a point (z, ¥) it is analytic in each
variable separately. If we refer again to (10) we see that

Ho oy, 0@, --+) — (1/2) = Ymal®) — (1/z)

File o) = gV @DV o) — 1
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by putting y = ¢(z) or y = ¢(z). But because of cancellations for |z | = «
(x # a) we have
1

bas@ = L 2|1 aa@ 1> L ys@) = 0

|og(@) — 1| 21 = [ay@) | > 1 — af(a) = 0.
Hence, on the boundary of the circle | z | = « (except at @) we know
Su(z, o(z)) # 0
Su(@, ¥(2)) #= 0,

which shows that ¢(x) and ¥(z) are analytic functions for these points on the
circle of convergence of their defining power series. At x = « they are regular
functions of v/z — a. Therefore, we may extend the region in which these
functions are analytic to a circular region of radius larger than «, provided we
make a cut in this region extending along the positive reals from z = «. Inside
this region we have

o(x) = a + bt + R@)

(12) V@) = -+ b+ R@)E

#(x) = A + Bt + Cf + D + R(x)t*

where t = Vz — a, and A = ¢(e), and we know in each case that R(z) is a
regular function of z inside this extended domain.

Determination of the Coefficients b, D

For m < o we have arqund z = «

o) =a+bt+ -, t =z —a

and putting
Ye(x) = a, +ct+ -+, 0 = ¢(a)
then
d _ i .
;i—t (‘l/r(x)) =cC + dx ('//r(x)) Zt-

If we compute only those terms of d/dx (¥.(x)) which are not bounded at o, we
get

et = @@ + 2= (Yol L)

hence ¢ = b * @, so that
¥r(x) = ar + barit + - .
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From (9) we see that by putting (1/z)e(x) — (1/2) = Ym_(x)

(2= vos®) @) = L4ms®) + 2 2 Wi @)

which gives, if we develop around z = «

(L= Vs@) = bvst) 2+ -+

1 R iy
= ;tﬁm_x(a) + Z_; 7o (& mors(@) + -
where the terms omitted on each side all contain ¢ to the first power at least.
Remembering from (11) that 1/a — ¢Ym_3(e) = 0 we get by equating constant
terms
1 m—1 — .
(13) — 10 Oy = S, Om-1 + Zz o7 (&)1

which gives b in case m < .
In case m = o we have around z = «

W) =L pbr 4 -
a
and ¢/(z) = ¥(@)(@¥'(z) + W' (@) + -+ + ¥(z) + (") +---) so that
(14) o (2)(1 — 2¥(z)) = ¥(z) }__; @@ + 2P ).
Around z = « the last expression gives
@ g (1= aple) = abl) = P(@) 2 (@ ¥(a) + &Y™ + -

where the omitted terms contain ¢ to the first power at least. Remembering
from (11) that 1 — ay(a) = 0, we get by equating constant terms

(15) -3’0’ = 2(1 + 22 (o y(a) + az"'ﬁ’(a")))
which gives b in case m = .

Whether m is finite or infinite, we have according to (5)

6(z) = Ym(@) — 3TWm1)) + 32¥ma(z)
where ¢, (z) = ¢(z). Around z = «
¢(x) = A+ Bt + Cf + Df + ---

$@ =D+ o+t
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If m < » we have the relation Ym_(z) = (1/z)(e(z) — 1) so that
g} (@ (Yma(®)?) = % G (p(x) — 1)2> = Wna(@)e' (@) — Wma(@))".
Hence,
V@) = 3 7 Wans@) = Yn s @) + Hi@) -

where all the terms omitted are analytic functions of z in the neighborhood of
z = a. Consequently,

¢'@) = 3Wna@)? + i 2 @ W) + -

which shows ¢’(z) is bounded as = — a, hence B = 0. We now compute ¢''(x)
omitting all terms which are bounded at z = «

(&) = Yma@Waa(®) + 5:; 2 @ Wa (@) + o

m—1

= Ymaa(@)Pma(z) + 2 27 (@) Y1 ()@ (@) + -

1 = y=1 pr » b
= &a,,,_1+2a ¢ (@)am—1—» + .

y=2 Z_t
If we refer to (13) we see ¢”(x) = —1* @m_s - b/2t + --- but on the other
hand ¢"'(z) = D/t + - - so that
(16) D = —1bams # 0.

In case m = o we get according to (5) by omitting terms which are analytic
functions of z at z = «

¢'(x) = V(@)1 — (@) — 3F@) + -
then using (14) we get

¢'(z) = i—%(x) Z::l @) + 2Py ™)) — 3@+ -

— @) + ¥ 5 @) + V&)

which shows ¢’(x) is bounded as £ — «, hence B = 0. 'We now compute ¢''(x),
omitting all terms which are bounded at r = «, giving

o) = v@ (¥ + L 5369 + v ) +
so that
Pyo=2 <§ 13 @) + a2'¢'(a”))> + e

y=2

Bl
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If we refer to (15) we see

4 oo == (= 0D + -

3D b
t 2t

4
hence,
(17) D = -1’ # 0.

Asymptotic Values of 4,, A and 7,
Inside the circular region of radius larger than «, with a cut from z = « we
have for m finite or infinite
¥(z) = @, + bara t + £R(z)
and for m finite
o(x) = a + bt + £R(z)
¢(z) = ¢(a) + CF — P’amst’ + t'R(z)
and for m infinite
Y(x) = a + bt + 'R(z)
ox) = A + Cf — '’ + 'R(z)
where t = \/z — a, A = ¢(a), ax = Yi(a), b is determined by (13) or (15), and
a = ¢(a) or @ = Y(a) according to whether m is finite or infinite and R(z) is in
eath case a regular function of z and is different for each function. If we now
express the coefficients A,, AL, and T, by means of Cauchy’s integral formula,
taking for integration path a circle of radius r > « lying inside the extended
domain and running along the upper and lower lip of the cut, we obtain the

following estimates:
for3 <m £ =

1 —n
(r _ 2 (3/2)—n
i = () o)
for 3 = m < =
G
n n5I2
(5/2)—n a_”
e (Y] o(5)
form = «
1 —n
2 (3/2)—-n [23
3 —n
sz 912)—n a
o=l (n> : +o<m).
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Since

O~sotm ()]~

‘ n \/ﬂ, ns/z, n 4 \/1r nm
we get by putting |b| = 8

32 —n
for 3 = M = o A(r) B‘;r—;l/ﬂ_‘ a
Ball2 a

f0r3§m<°° A"~2\/7-rn3/2

T ﬁ3 Qm—3 a5/2 P
~ = 512
" 4 \/ r n
form = «
Ba3/2 a—n

n 2\/1r

63 9/2

The Special Case m = 3

In case m = 3 the functional equation is of such a simple form that special
methods yield the numbers a and b more easily. As a matter of fact sinee (3)
gives

(18) Lol@) = 1 = 3 ol@) + § (o(@)"

we get by substituting in (18) u(z) = 1 — 2¢(@) or o(z) = (1 — u(z))/z

11— 1_,1 —#(w2)+l1 — 2u(z) + (u(@))*
- =2 2 )

x T T x? x?

which simplifies to the equation
(19) p@) = (u@)" + 22.

This is a functional equation that has been studied in detail by Wedderburn (4).

Since we found that for any m y1(z) = ¢(x) and for m finite Ym—o(a) = 1/a
we get, in case m = 3, that ¢(a) = 1/a and hence u(a) = 0. Consequently,
u(@®) = 2a, u(a’) = 6d°, etc. Assume we know the numbers ¢y = 2, ¢;,¢2, -+,
€. such that

wa®) = ot for k=
then

2n+l)

p.(a = Ci—l 012" + 201” = (Ci-—l + 2)a2”.
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Hence ¢) = 2, ¢, = ¢4y + 2 so that
Co = 2,61 = 6 Ce = 38 C3 = 1446 Cy = 2090,918,

Now ¥/ u(@@™ = a-3/c* and smce hm,,_,, u(a ) #(0) = 1 we see that
1/a = lim,—w N/c,. Since u(a® ) =1—-a" — ...
a2n+l 1
'Y Ty 1 — — .1 = =
\/ﬂ(a ) 1 on =1 Cot on

so the error in putting 1/a = X/, is approximately 1/(cnsi2™).
Around z = a we have o(z) = (1/a) + bt + --- sou(@) = 1 — zp(x) =

u(x) Now

—a-1/a — abt — --- hence — ab= lim,_,

(w(@))* _ u") — 20 _ —2 4 u(xz) — u(a®)
r — «a r — a r — «a

W) _

because u(e’) = 2a. Therefore lim,_. o

—2 4 2ap'(a?). Since, as we

see from (19) zu'(z") = p(@)p’(x) + 1 we get
@) = 1+ con ™ (o)
=14 cpaa + (Cn-iCn2) + -+ (Ca—tCnz - - - Coalt'(a2))

hence
1 1 1
—ap' (o) = =+ —
Cy CoC1 Co C1Co
so that
2
1m(“(x)) - _2_%_l_...=_3_l_i_
g=al — & Co CoC1 C1 C1 C2

Now b is pure imaginary and should have positive imaginary part because o(z)
is monotonic increasing as £ — « along the real axis. Consequently,

—ab=1im—"(x)—=_1/_3_1_i_,,,,

T=a r — « C1 C1C2

Using these methods and putting 1/ = /2000918 we obtain easily
a = 0.4026975
B8 = 6.1603212.

The following table has been prepared to show how the asymptotic values for
A, and T, agree with those obtained by actual count using the recursion formulas
for the special cases m = 4 and m = . The asymptotic value for 4, is denoted
by A, , similarly for T,. The data in the case-m = 4 were taken from the
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tables compiled by Henze and Blair. The functional equation to be solved in
the case m = 4 is given below

Lo@) = 2 = 306 + 4 ool + 3 (o))

where the coefficient of z” in the power series which defines ¢(z) in the neighbor-
hood of the origin is the number of structurally isomeric, mono-substituted,
aliphatic hydrocarbons with n carbon atoms. Hence, around z = 0 ¢(x) has
the development

o) =1+z+ 2"+ 2>+ 42* + 8" + 172* + 392" + -+ .

It is remarkable that even from the very beginning the estimates are quite
reliable.

m=4 m = o0
a = 0.3551817; a = 2.117421 a = 0.3383219
B = 3.080388 B = 7.924780
BV a 63a5’2a_ Bisl? B 830’2 .
N 0.5178760 v =0.6563190 e 0.4399237 i~ 0.5349485
An gn Tﬂ T’l AIL A'ﬂ Tﬂ Tﬂ
1 1 1 1 1 1 1 1 2
2 1 1 1 1 1 1 1 1
3 2 2 1 1 2 2 1 1
4 4 4 2 1 4 4 2 2
5 8 8 3 2 9 9 3 2
10 507 513 75 65 719 708 106 86
15 | 48,965 | 49,363 | 4,347 | 4,170 87,811 86,965/ 7,741 7,050
18 |830,219 |838,099 |60,523 59,008|1,721,159|1,708,440/123,867|114,875
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