
 

 

MidMichigan Mathematical Olympiad, Spring 2022 
Grades 5-6 

 
1. An animal farm has geese and pigs with a total of 30 heads and 84 legs. Find the number of 

pigs and geese on this farm. 
 
 

 
 
 
 
 
 
2. What is the maximum number of 1 x 1 squares of a 7 x 7 board that can be colored black in 

such a way that the black squares don’t touch each other even at their corners? Show your 
answer on the figure below and explain why it is not possible to get more black squares 
satisfying the given conditions. 
 

 
       

       

       

       

       

       

       

 
  

 

Solution Suppose all pigs willstandupon two hind legs only
Then eachanimal has 2legsonthegroundandpigshave
two extrafront legs in air Since we have30animalsthereare
60legs ontheground and 8460 24legs 12pairsoflegsinair
Hence there are 12pigs and 30 12 18geese

Solution one can color 16 Atsquares as
above

Split txt into 9 piecesofsize 2 2 6piecesof2 1 and
onepiece ofsize 1 1 totally16pieces as

shown bybluefat
lines above Note that each piece can contain atmost
one colored H1 square otherwise coloredsquares will
toucheachother Therefore we can nothave morethan16

colored

101squares



 

 

 

3. Decide whether it is possible to divide a regular hexagon into three equal not necessarily 
regular  hexagons? A regular hexagon is a hexagon with equal sides and equal angles. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
4.  A rectangle is subdivided into a number of smaller rectangles. One observes that 

perimeters of all smaller rectangles are whole numbers. Is it possible that the perimeter of 
the original rectangle is not a whole number? 

  

E
seethefigure

Solution Yes it is possible See example below

Let a rectangle is made of
two squares with sidesof
length a

Theperimeter ofeach square is 4 4 1

Theperimeter of the large rectangle is
2 4 2 12 It



 

 

 
5. Place parentheses on the left hand side of the following equality to make it correct.  
 
                                                             4 × 12	 + 	18	 ÷ 	6	 + 	3	 = 	50 
 
 
6. Is it possible to cut a 16x9 rectangle into two equal parts which can be assembled into a square? 
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MidMichigan Mathematical Olympiad, Spring 2022 
GRADES 7-9 

 

1. Find the unknown angle a of the triangle inscribed in the square. 
 

2.  
 
 
 
 
 
 
 
 
 
 

2. Draw a polygon in the plane and a point outside of it with the following property: no edge of 
the polygon is completely visible from that point (in other words, the view is obstructed by 
some other edge). 
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Sun TheangleLEAF 450902025

200
E Draw alineAGsuchthat GAE 20 GAF20

FlipsABEaboutlineAE.to
obtain a AGEwhere

IAG ABI CAGE900 Similarly flipDADEabout
AFto obtain AGF whereAG IAD ABIand
L FGA900 twosegmentFGandaEmake astraight

D F
C line and I LAFG 90250650

Solution Bluepolygon andredpoint satisfy



 

 

 
3. This problem has two parts. In each part,  2022 real numbers are given, with some additional 

property.  
    (a) Suppose that the sum of any three of the given numbers is an integer. Show that the 
total sum of the 2022 numbers is also an integer. 
    (b) Suppose that the sum of any five of the given numbers is an integer. Show that 5 times 
the total sum of the 2022 numbers is also an integer, but the sum itself is not necessarily an 
integer. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4. Replace stars with digits so that the long multiplication in the example below is correct.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

SolutionADivide all 2022 numbers into 679
disjointtriplesofnumbers the sum of

numbersof
each triple is integer andhence the totalsum
is integer
b Divide2022numbers into337of6tuples

of numbers 5times
eachGtuple can be

presented as a union 5 11.274,563 433,45
2 56v44.5.63

1245,6 1,235,63 u 1,23,463
Then 5xtotalsum isan

integer Assume all numbers are4s then the sumof
2022 numbers is 291 is4404.5

13 1

If
655

145g



 

 

5. Five nodes of a square grid paper are marked (called marked points). Show that there are at 
least two marked points  such that the middle point of the interval connecting them is also a 
node of the square grid paper. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6. Solve the system  
 
 
 
 
 
 
 
 
  
 
 
 
  

Solution For eachpoint there are 224optionsfor
parity of xy coordinates even even oddeven evenodd

addodd Bythepigeonholeprinciple there are at

least twopointswith thesameparityofcoordinates
Theygive integercoordinates of themiddlepoint

Solution take reciprocalofboth sides

t t t 3

It ty 52 47
38 72 27 9127 2

EEE 8 s

Et En LE YEE'T

Et8 X 8



 

 

 
MidMichigan Mathematical Olympiad, Spring 2022 

GRADES 10-12 
 

1. Consider a triangular grid: nodes of the grid are painted black and white. At a single step 
you are allowed to change colors of all nodes situated on any straight line (with the slope 0∘, 
60∘, or 120∘) going through the nodes of the grid. Can you transform the combination in the 
left picture into the one in the right picture in a finite number of steps? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2. Find ! satisfying /!0!√!… = √2022 where it is an infinite expression on the left side. 
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0 I i n 0

Solution Put weights land 2 to everynode as

on the figure The sum ofweights f nodeson
every line is even Hence theparity of totalweight
after any step does notchange However theparity
changes from Omod2 forthe left config do
Imod2 forthe rightconfiguration

Solution Denote by Z FEE Rozz
Then 22 2022

ZE X AFF X Z 2022

and
Izz 2022

Finally x 2022 622 For



 

 

3. 179 glasses are placed upside down on a table. You are allowed to do the following moves. 
An integer number k is fixed.  In one move you are allowed to  turn any k glasses .  
(a) Is it possible in a finite number of moves to turn  all 179 glasses into “bottom-down” 
positions if k=3? 
(b) Is it possible to do it if k=4? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4. An interval of length 1 is drawn on a paper. Using a compass and a simple ruler construct an 
interval of length √93 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Solution a It ispossible Thefollowingsequence ofmoves
turns exactlyoneglass A AAA D

DOO DD
T A AT ARepeatingthis sequence179times a day

we turnall glasses bottomdown

b It isnotpossible because after eachmove the
number

ofglasses in bottom down position is even

Solution

831 g a
2

a EBEER

at in F1IEB E IE f
2



 

 

5. Show that 5!"#$ + 3"#!2"%$ is divisible by 19 for any positive integer n. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6. Solve the system  
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Solution prove byinduction
Base n 1 53 33020 125 27 152

152719 8
Inductionstep

Assume the statement holds theefor a
m

For name 52 434224
1

52.52Mt 3.3MtzzM
1 25 52m16

3722mL

Ig 5 t't 6 sina.I.gg
giIey inductionVisiblegig assumption

Solution eye xty xz yz

YZ 24 22 Xy
Xz

Zx Zz 2x Xy Yz

OC y 22 0
42 0

I xyexzxgz 2yt2z 2 0

Aftersubstitution 2 7 Answer

Xy 2g
xy y FEL x 2

XOdoesnotwork
Z O


