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Abstract. This paper develops the Riemannian geometry of classical gauge
theories — Yang-Mills fields coupled with scalar and spinor fields — on compact
four-dimensional manifolds. Some important properties of these fields are
derived from elliptic theory: regularity, an “energy gap theorem”, the manifold
structure of the configuration space, and a bound for the supremum of the field
in terms of the energy. It is then shown that finite energy solutions of the
coupled field equations cannot have isolated singularities (this extends a
theorem of K. Uhlenbeck).

Introduction

One of the major discoveries of physics in this century is the recognition that
non-abelian Lie groups play a role in particle physics. For many years this was
regarded as a peculiar aspect of quantum mechanics having no classical analogue.
Then in 1954 C.N. Yang and R. Mills proposed a classical field theory incorporat-
ing these groups. Recently their theory has received considerable attention from
both mathematicians and physicists.

Yang-Mills theory is easily described in terms of modern differential geometry.
One begins with a principal bundle P with compact Lie structure group G over a
manifold M. The Yang-Mills field is then the curvature 2 of a connection V on P
which is a critical point of the action

AW =[1Q*.
M

When G is the circle group the Yang-Mills field satisfies Maxwell's equations.

Physically, Yang-Mills fields represent forces. As such they interact with a
second type of field — the field of a particle. This is interpreted as a section ¢ of a
vector bundle associated to P and the action for the system is essentially

AP, ¢)=§4¥Q12+IV¢IZ—MZF¢IZ,
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where m is a constant (the mass of the particle). The critical points of this action are
solutions to a pair of coupled non-linear partial differential equations — the
“coupled Yang-Mills equations.” These are invariant under the infinite dimen-
sional “gauge group” of all fibre preserving automorphisms of P. This setup
constitutes a (classical) gauge theory and is the subject of this paper.

Four-dimensional compact Riemannian manifolds are the natural context for
Yang-Mills theory for several reasons. First, the four-dimensional Yang-Mills
action is bounded below by the characteristic number of the bundle, so the field is
constrained by the topology. This is linked by invariant theory to the conformal
invariance of the action. This conformal invariance occurs only in dimension four;
it means that the relevant geometry lies in the conformal structure of the base
manifold. The curvature is expressed in terms of the connection form w by
Q=dw+i[w, w] and the Yang-Mills action is, essentially, | [dw|? + ||*. This is the
sum of a gradient term |dw|* and a non-linear (“self-interaction”) term [w]*. By the
Sobolev inequalities these terms are of compatible strength only in dimension four.
Thus conformal invariance — which dictates the Sobolev inequalities — is reflected
in the analytic aspects of Yang-Mills fields.

To date, the main analytic result for Yang-Mills fields is Uhlenbeck’s proof
[19] that a Yang-Mills field on a four-dimensional space with finite energy cannot
have isolated singularities. As a consequence, a field on R* with finite energy
extends via stereographic projection to a field in a non-trivial bundle over $*. This
theorem is striking because it shows that the topology is inherent in the field; for
example the quantity félﬁ [ @ A Qis always an integer — the characteristic number

M
of the bundle. In this sense Uhlenbeck’s theorem completes the circle: the analytic
properties of the Yang-Mills field imply the topology.

It is natural to ask if isolated singularities can exist for coupled Yang-Mills
fields. Our main result (Theorem 8.1) shows that such isolated singularities are
indeed removable. The proof depends crucially on the conformal invariance of the
coupled field equations.

In the first three sections we develop Yang-Mills theories on compact
Riemannian four-manifolds. Section one is an overview of four-dimensional
Riemannian geometry and is primarily intended to introduce the (considerable)
notation used in subsequent sections. We begin by discussing the special features
of the linear algebra of TR* which stem from the isomorphism
Spin(4)=SU(2) x SU(2). This algebraic structure carries over to vector bundles
over four-manifolds and, when connections are introduced, leads to relationships
between the curvature, topology and differential operators on these bundles.

In Sect. 2 we introduce the coupled Yang-Mills equations and show that the
action is naturally associated to conformal structures on oriented four-manifolds.
As in physics, we consider two types of equations: the “fermion” equations based
on the Dirac operator for bundle-valued spinors, and the “boson” equations based
on the bundle Laplacian. The key properties of the Yang-Mills equations — their
gauge and conformal invariance — extend to these coupled equations.

The Yang-Mills equations are not elliptic because of gauge invariance.
Section 4 contains a local slice theorem — similar to those of [4, 12, 20] — for the
action of the gauge group on the product of the space of connections and the space
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of fields. In Sect. 5 this slice theorem is used to construct local “gauges” (sections of
the principal bundle). This breaks the gauge invariance of the equations, which are
then elliptic and possess the expected regularity; for-example a bounded weak
solution is C*.

The last three sections are devoted to the proof of the removability of isolated
singularities for finite energy solutions of the coupled field equations. This builds
on the work of Uhlenbeck [19,20]. The proof involves three steps: (i) gauge
independent estimates, (ii) a choice of gauge and the corresponding gauge
dependent estimates, and (iii) an examination of how these estimates depend on
the metric within the conformal class. Together, these yield an energy growth rate,
from which the theorem follows.

The gauge independent estimate of Sect. 6 is perhaps of interest in other
contexts: it shows that the supremum of the total field F=Q+|F¢ + ¢ is bounded
by the L2 norm (the energy) of F. One consequence of this is the fact that a solution

L 1 . . . .
to the coupled Yang-Mills equations is O (—2—) around an isolated singularity. This
r

growth rate is enough to establish the existence of a particularly nice gauge around
the singularity using a theorem of Uhlenbeck. Estimates in this gauge are carried
out in Sect. 7. These estimates go considerably beyond those of Uhlenbeck [19] by
showing that the particle field ¢ satisfies an inequality (Theorem 7.6) analogous to
Uhlenbeck’s inequality on the curvature (Theorem 7.7).

The removability of singularities is proved in the last section. Note that this
means that both the bundle and the field extend across the singularity. Finally, as
an application, we prove an extension theorem: solutions of the coupled field
equations R* which decrease at infinity at a certain specified rate extend by
stereographic projection to solutions over S*.

1. Four Dimensional Riemannian Geometry

Riemannian geometry in dimension 4 is distinguished by the fact that the
universal cover Spin(4) of the rotation group SO(4) is not a simple group, but
decomposes as

Spin(4)=SU(2) x SU(2).

On the group level this is seen by identifying R* and €* and with the quaternions
H. We may regard SU(2) as the group of unit quaternions. For unit quaternions g
and h, the map x—¢g 'xh is an orthogonal transformation of H=R* with
determinant 1, and hence gives a homomorphism 7:SU(2) x SU(2)—SO(4). This
map has kernel (—1, —1), so displays SU(2)xSU(2) as the 2-fold universal
covering group of SO(4).

On the algebra level the isomorphism so{4)=su(2) x su(2) is a consequence of
the Hodge star operation: *:A%(IR*)— AXR*) with **=Identity, and the metric
gives an identification so(n)=A%(¥). Thus A*(R*) decomposes into +1 eigen-
spaces: so(4)=4A2@®A%. The spaces A% are 3-dimensional spaces of skew-
symmetric matrices which are isomorphic as Lie algebras to so(3)=su(2).

We will distinguish the two copies of SU(2) in Spin(4) by writing Spin(4)
=SU, (2) x SU_(2) (this labeling is determined by orientation since a change in
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orientation switches = to — ). The elements of A% (A2) are called self~dual (anti
self-dual) 2-forms.

The representations of Spin(4) can be determined using the isomorphism
Spin{4)=SU , (2) x SU _(2). First, recall the structure of the representation rings of
SU(2). The fundamental representation D, is SU(2) acting on €? in the usual
manner and all other irreducible representations are symmetric powers
Dy, =Sym*D, , with ke Z*. Tensor products of these representations decompose
according to the Clebsch-Gordan formula

Dk/2®Dl/2 :Dk+l/2®Dk+l—2/2® ®D|k—l|/2'

The representation ring of Spin(4) is generated by the two fundamental repre-
sentations — the spin representations — D{,, obtained by projecting Spin(4) onto
SU,(2) and applying D,,,. The representation D;;,®D,, has dimension
(k+1){I+1) and factors through SO(4) if and only if k+1 is even; these are the
orthogonal irreducible representations of Spin{4) and all others are symplectic.

It is often convenient to view the spin representations in the context of Clifford
algebras. For details we refer to Atiyah et al. [3].

Let E=IR** with the positive definite inner product g and let {e,} be an
orthonormal basis of E. The Clifford algebra C(E) of E and g is the graded algebra
C(E)="T(E)/I, where T(E) is the tensor algebra on E and I is the two-sided ideal
generated by the elements x®x+g(x, x)-1 for xe E. Thus C(E) is generated by
{e,...e )i, <iy<..<i, r=<2k} with relations ee;+ee;=~25,; The map
e N AE e .8 from exterior algebra on E glves a (non canomcal) isomor-
phlsm A*(E) C(E) of graded vector spaces. Furthermore, the complexified
Clifford algebra C/{E) is algebra isomorphic to the endomorphisms of a
2*-dimensional complex vector space V: A*(E)~C{E)~End(V).

The group SO(2k) acts on E and this action extends, showing that A*(E)~ C(E)
as SO(2k) modules. In fact, SO(2k) acts on C(E) by inner automorphisms and this
gives an embedding of Spin(2k) in C****(E) with group multiplication given by
multiplication in the Clifford algebra. On the algebra level so(2k)= A*E) —~C*(E)
embeds as the tangent space to Spin(2k) at the identity and the restriction of
Clifford multiplication A%(E)® A*(E)— C(E) coincides with the Lie bracket under
the identification A*(E)=s0(2k) by (¢'®e;—e'®e)r>—3¢'- &/,

The inclusion Spin(2k)C C(EY~End(¥V) makes V a Spin{(2k) representation.
Since 2k is even this is a reducible representation: e=e,e, ...e,, is invariant, e =1,
and hence V=V, ®V_ decomposes into the +1 eigenspaces of e The even
elements of C(E) commute with ¢, so C***(V)=End (V,) ® End (V_) as Spin (2k)-
modules. The odd elements of C(E) interchange V, and V_. In particular, each
xeE maps V,—=V_ and V_-V,, giving the Clifford multiplication map
E®V,—V,; which we denote by x@¢+>x - ¢.

In four dimensions the representations ¥, are the 2-dimensional complex spin
representations Df 2 mentioned  above. In the  isomorphism
A¥RH~C (IR4)~End(V) Al ~Hom(V,,V_)~Hom(V_,V,)~A? with the real
parts embedded in Hom(V+,V_)®Hom(V_,V+) as A'={(4, — A*)}. Also, A?
decomposes as A2 @A2, with A2 =[Hom(V,,V,)]° where ° denotes the
component consisting of traceless matrices. The real parts A2 consist of traceless
skew hermitian endomorphisms of V.
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These algebraic facts carry over to vector bundles on oriented four-manifolds
except for one topological obstruction. By studying the fibration of classifying
spaces corresponding to the sequence 0—Z, - Spin{(4)—S0(4)—0 and noting that
BZ,=K(Z,, 1), one sees that an oriented manifold M* has a spin structure if and
only if its second Stiefel-Whitney class w, M vanishes, and that when w,M =0 the
spin structures are classified by H'(M ; Z,).

When M has a spin structure the frame bundle F of T*M lifts to a Spin(4)
bundle and there is an associated vector bundle

E =Fxg z)(ij/z ®Dy)

for each irreducible representation of Spin(4). In particular, the spin bundles
V.=E, cand V_=E, , and the total spin bundle V=V, @®V_ are defined. One can
also form the Clifford algebra bundle C(T*M) on the cotangent space and obtain a
global Clifford multiplication map

[(T*M)QL(V,)—T(Vs). (1.1)

Sections of V are called spinor fields, or simply spinors.
When w,M =0 the only bundles E, , which are globally defined are those
associated to a representation which factors through SO{4) — those with k+1even.

Connections, Curvature, and Operators

Now assume that M is a Riemannian manifold. The metric determines the Levi-
Civita covariant derivative

V:I(T*M)~>T(T*M® T*M) (1.2)

on the cotangent space. Choosing a local basis of sections {e'} of T*M we can
write Ve'=) wi®e*, where {w}} are the connection 1-forms. The nature of these
connection forms is best seen in the context of connections on an arbitrary bundle.

Let G be a compact semisimple Lie group with Lie algebra ¢ and let n:P—»M
be a principal G-bundle over manifold M. A connection on P is a choice of an
equivariant horizontal subspace on TP, or dually a g-valued 1-form on P which
(i) has horizontal kernel: w(i,A)=A for Aeg, where i, :g—T,P is the natural
inclusion into the vertical subspace, and (ii) is equivariant: g*w(X)=(Adg ™ Hw(X)
for xe (T, P) and geG.

Let € denote the affine space of C® connections of P; ¥ becomes a vector
space when a “base” connection wy, is fixed. The equivariance property shows that
the difference =@, pulls down to M as a 1-form with values in the adjoint
bundle P x 4 4, which we shall also denote by g. As such, it determines a covariant
derivative map

V:I'(g)=I(g®@T*M) (L.3)

by ¢—V,+[n,¢], where V;, is the covariant derivative corresponding to w,. If
0:G— Aut(E) is a representation and E=P x E the associated vector bundle, then
w induces a covariant derivative

VE.NE)->TEQT*M) (1.4)
on E by applying the Lie algebra representation ¢:¢—End(E) to (1.3).
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For example, if P is the frame bundle of T*M the Riemannian connection can
be described cither in terms of the covariant derivative {(1.2) or in terms of the
corresponding so(n)-valued connection for w. In a local frame w={w}} are the
forms described above.

Given a connection V% on a vector bundle E we can form several natural
operators from V% and a symbol map. Extending V* to the covariant derivative
F=V®1+1®VE on A*QE (where Vis the Riemannian connection on A*) and
taking exterior multiplication or its adjoint (contraction) as the symbol, we obtain
an exterior differentiation D :I{A*®E)-»T{A*" '@ E) and its formal adjoint D*.
In a local orthonormal frame {e'}

D$=Ye A Vg )
{D*¢=—Zei W ¢pe(A*®E). (1.5)

There are also two second order operators of interest: the trace Laplacian
(WVEYHPE = =3 WEWF ~ 17,

on I'(E) and the bundle Laplace-Beltrami operator [J=(DD*+D*D) on
I {A*®E). We will discuss these later in relation to the Weitzenbdck formulae.

The covariant derivative V=F?¢ of (1.3) now extends via (1.5) to an exterior
differentiation D on the space of sections A*=T(1*Ryg)

D D

Mp=ALoat 2522, (1.6)
by ¢V, +[n, ¢1, where V, is the covariant derivative corresponding to @,. Then
A* is a graded Lie algebra with operations

(i) The bracket on ¢ and exterior multiplication give a map A?®A%— 47" 4
which we denote by o®n—[w,n].
(i) The Killing form gives a positive definite metric on g and a multiplication

AP AT (AP (T*M))

by
(®ABB@B)—~{4,Byanp

for ael'(AF), fel(AY), and 4,Belly). We denote this by o®n+w Ay, These
operations satisty (cf. Atiyah and Bott [17])

@) [0 of=(- 1" o, o],

(b) W A?=(—1)? AP,

© (= Ve [0 o T]+(— ) [ef, [o, o]+ (- D¥[o", [0, »"]]=0
{Jacobi Identity),

(d) [w,nlAé=w Ay, E] (dnvariance of the Killing form),

() Dlw?, n]=[Dw’,n]+(—1)"[*, Dnl,

) d(w? An)=Dw® Ap+{(—1w* A Dn.

The curvature of a connection w on the principal bundle P is the g-valued
2-form (X, Y)=dw(hX,hY), where h is the projection onto the horizontal
subspace of w. In fact, D=d-h is a derivation on equivariant g-valued 1-forms on
P given by D¢=d¢+[w,¢] for 1-forms with vertical kernel and D¢=d¢
+3[w, ¢] for connection forms ¢ (Kobayashi and Nomizu, Sect. 2.5). In particular
Q=dw+%[w,w] on P. Now fix a connection w,. For any other connection o, the
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difference n=w—w, descends to M as an element of A" and the difference of the
curvatures is

Q—Qy=dn+;[w,0]—5[we, wo]=dn+3n,n1+[wn],

(1.7

There is a second way to describe Q in A*. Any ¢e A° lifts to an equivariant
g-valued function on P and D¢ has vertical kernel. Hence

DeD(¢)=d(D)+ [w,Dp]=d(d¢ + [, ¢1)+ [, D]

This formula descends to the base:
DoV(d)=[Q ¢] for ¢ed®, (1.8)

ie., the curvature endomorphism Q on A° is the composition of the first two
operators of (1.6). Similarly, the curvature of an associated bundle E is
QFe M (A*®End(E)) defined either by QF = o(€2) where g : g—End(E) is the defining
representation, or as the composition QF= DoV in the sequence

E

[(E)~L— MA'®E) 25 rA*QE) 25 ..

corresponding to (1.6). In terms of a local basis of vector fields {e;} and dual forms
{e'}
QAPp)=D-Vep=D (Z l7i¢ei) = Y (Vipe AVie' + V. Vipek A &),
i ik

and noting that V,e/— Ve'=[¢', /] for the Riemannian connection,

0=V¥,=VFi=, (19)

e, ej]
and similarly for QF.

An important consequence of the Jacobi identity is the Bianchi identity DQ=0.

When P is the frame bundle of M it has a metric connection and we will denote
the Riemannian curvature of M by ReI'(A4?®so(n)).

In four dimensions the Riemannian curvature Re A*®so(4)= A*® A* decom-
poses under the splitting A2=A2@®A%. In fact, because of the symmetry
R;j0=Ryy» R is an element of the symmetric tensor product Sym*(43 @ 42). Asa
Spin{4)=SU ,(2) x SU_(2) module this breaks into 5 irreducible pieces according
to the Clebsh-Gordon formula

Sym? A2 ©1e[4] ®421@(Sym?* 42)° @1, (1.10)

where © denotes the traceless elements in the symmetric product. The components
, »1%, 2B, W™, Tsj) where s is the scalar
curvature, B is the traceless Ricci tensor, and W™ are the self-dual and anti-self-
dual components of the conformally invariant Weyl tensor (cf. Singer and Thorpe).
This decomposition distinguishes several important classes of four-manifolds: M*
is Einstein if B=0, conformally flat if W=0, and self-dual (anti-self-dual) if
W~ =0 (W"=0)

of R under this decomposition are R= (W+
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On a four dimensional Riemannian manifold the metric covariant derivative
on the spin bundle V, is a map V:I'(V,)»I'(V.,®T*M). Note that
V.,QT*M~V,QVIQV_=V_®A%, and that the projection V, @T*M—V_ is
Clifford multiplication. Thus V¥ on V, decomposes into two operators: the Dirac
Operator % :I'(V,.)—I'(V), whose symbol is Clifford multiplication, and the
Twister Operator 9 :I'(V,)—I'(A% ), whose symbol is the orthogonal complement
of Clifford multiplication. In a local orthonormal frame {e'}

20374
{9¢=V¢+%Zel‘.@¢®ei ¢el'(V).

The Dirac operator is elliptic and is formally self-adjoint on the total spin
bundle V.

The metric connection also gives a covariant derivative on each bundle E, ,
associated to the frame bundle of T*M, V:I'(E, )—>I'(E, @ T*M). Because

Ek,l®T*M2Ek,I®E1,1 zEk-%— 1,1+1®Ek+1,l—1®Ek—1,l+1®Ek—1,I-1

V decomposes into four operators: two Dirac operators, a Twistor operator, and
the adjoint of this Twistor operator. For example, d®d* : A2 @A - A2
=A% ,®A%, is a homogeneous first order operator E, —E, (®E, , which
coincides with the sum of the two Dirac operators on E, ;.

Finally, if P is a principal bundle with connection over M* and E is a vector
bundle associated to P, then the covariant derivative on E extends to =V ®1
+1®V* on E, ,®E and we obtain Dirac and Twistor operators on E, ;®E.

Topological Invariants

Compact four dimensional manifolds M possess two real characteristic classes:
the Pontryagin class p, M and the Euler class e(M). By Chern-Weil theory these
can be expressed locally as polynomials in the curvature of M and hence as
polynomials in the irreducible components {s, B, W*} of the curvature

1 _
p1M=-—4 s (I PR—w P,
T M
R (1.11)
b e s 2 2 -2
X(M)_8n2§424 2B+ W2+ W2,

More generally, let G be compact simple Lie group. Then HY(BG; R) vanishes for
i=1,2,3 and is R for i=4. Thus there is a single real characteristic class for
principal G-bundles over M*; it lies in dimension 4. In the context of Yang-Mills
theory the corresponding characteristic number is called the Pontryagin Index of
the bundle and is denoted by k. According to the Chern-Weil prescription it is
obtained by substituting the curvature € of P — or of the adjoint bundle ¢ — into
the Killing form. In terms of the anti-self-dual components QF of Q

1 +12 _19-12
k:wigm 2= (1.12)
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Weitzenbock Formulae

Let M be a spin four-manifold with Riemannian connection ¥ and curvature R and
let E be a vector bundle over M with connection V% and curvature QF. Then the
Dirac operator

2:T(VRE)>T(VQE)

is defined for E-valued spinors by 2 =Y ¢'-|V, where [ =V ®1+ 1®@V* is the total
covariant derivative on V®E. The square of this operator has an algebraic
decomposition into Laplacian and curvature terms; such a decomposition is
called a Weitzenbdck formula.

To compute %2 it is convenient to choose an orthonormal local frame {e'}
around a point xe M and vector fields {e;} dual to {¢'} with (V, /), =0 for all i, j.
Since ¥ has no torsion it follows that [e;e;],=0 and that the total curvature
Q=R®1+1®Q° of VRE is Q;=,F,~ 1!7117 Squaring 2 and separating the
symmetric and skew-symmetric parts:

P2 =(L e P)Lel W)=Y e eI,
==Y Wi+ Te-e- (7~
or !

D= +5Y e e -R;@1+5 ) -/ -(10Q). (1.13)
i,j ij

The principa] term |[7*|V is the positive trace Laplacian of [V. The endomorphism
=3Y.¢"-¢/-R;; of V involves only the Riemannian curvature of ¥ and can be
expressed in terms of the irreducible components {s, B W“"} of R as follows.

R acts on spinors V1a the spin representation e A e't>—1¢*-¢'- and the image
o(R)=—§Y Rue'-¢’-¢" ¢ is an even element of C(4Y), so has three components
A°@A*@ A* according to whether 2 pair/1 pair/none of the indices of ¢'-e'-e* - ¢!
are the same. But the A2 component vanishes because R : A*— A? is symmetric, the
A* component vanishes by the Bianchi identity, and the A° component is

: s
— 5D (Ryei-el-e e+ R et el e ‘)=Z.

ijji

Thus we arrive at our first Weitzenbdck formula: the square of the Dirac operator
on E-valued spinors is

s A
DE=*+ 2 +%Zel .eJ.ij. (1.14)

By replacing E by V*®E we get a Dirac operator on VRV*QE~A*QE, ie.
on E-valued forms. For this &

Dr=H7 +5Y e e -RE+3) € el QF (1.15)

and 9? is closely related to the bundle Laplace-Beltrami operator [1=DD*
+ D*D. Indeed, @ =D+ D* on A*®E and 2% =[]+ D?+(D*)%. Although D? and
(D*)? are not zero, we can ignore them by focusing only on that component of 92
which preserves degree and then (1.15) decomposes [
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Under the isomorphism V®V*=A4% = e;-e;- corresponds  to

i

—(e,de’n - +€ Ae; ), so the middle term of (1.15) is
%"_EZR e, 1l A -+ € Aej ).
Alternatively, we can write R"=R"®1+1®R"" and
R=—5) Rye-e-ee-@1+] ) Ry ®e-e-,

ijkl i<j k=l
.S . .
where the first term is 1 as above. In the second term R is acting through the
Clifford multiplication map

Re A*@(A%)* - End(V)®End(V*) >End(4%) (1.16)

which can be computed on each component of A* using the decomposition (1.10)
of the curvature.
1. Scalars embed in A*=V®@V* as multiples of the identity and on them

(e, Je' A -+ ne; 1)=0,;.
Hence the Weitzenbock formula for E-valued scalars is simply
O=p*p. (117

2. One-forms embed in V@®V* as skew adjoint elements of
(V. ®@V*)®B(V_®VF) and the only traceless Ricci tensor can act on them through

(1.16). Thus ﬂz%%—B():Ric() is contraction with the Ricci tensor (more
explicitly,
R=—3 Z G deéa-+é nej - ) ®e,— e ®e,)
k<l

applied to a 1-form €™ is Z(e™) =) R,,¢). The Weitzenbock formula for 1-forms is
C=W*F +Ric()+3) ¢ -e/-Qf. (1.18)

3. Self-dual 2-forms embed in V@V* as traceless self-adjoint elements and
only the scalar and self-dual Weyl curvatures can act on them In fact, (1.16)
restricted to End(42) is twice the identity and, by (1.10), %— —+ 1—2 +W*() As
noted earlier, Clifford multiplication coincides with brackets in $(4)—A2, so for

([):Zqﬁklek/\elel"(/li ®E),
223 el Q (95)"‘ [(QE)+a¢]:[ij(¢ij)_gij(¢jk)] e ne.

The Weitzenbdck formula is

=IV*§V+~§+W+()~[(QE)+,-]. (1.19)
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The same formula holds for anti-self-dual 2-forms when W% and (QF)* ar
replaced by W~ and (Q%)~.

4. Since ] commutes with the star operator, the Weitzenbdck formula on
E-valued 4-forms is given by (1.17) and on E-valued 3-forms by (1.18) with the
curvature terms replaced by their %-adjoints.

Sobolev Spaces

For functions on a bounded domain D in R" the Sobolev space L, (D) is the
completion of the space of C* functions in the norm

£l = (f G f!") g

lel=1
These spaces are related by the Sobolev embedding theorems: for p,g=1, the

inclusion L, (D)=L, (D) is continuous for k— “ =1— r and compact for k— t
’ ’ 4 q

>]— ﬁ, and the inclusion C(D)~L, (D) is compact for k— "> 1 This setup
q ’ p

carries over to vector bundles on compact Riemannian manifolds M (Palais). In
fact, given a C* vector bundle E with metric over M, we can complete the space
I'*(E) of C* sections of E by either

(i) choosing a coordinate covering {¥;} and a subordinate partition of unity
{¢,} and defining L, (E) by the inclusion {¢,;} : [;7(E)> @ }(E);

(i) choosing a connection V¥ on E compatible with the metric and defining the
norm | |, , , by the above formula with & replaced by V.

These procedures yield equivalent Banach spaces. We will use the second
definition, and, after fixing a connection, write ||, , , as [|; .

In dimension 4 the relevant Sobolev inequality for functions is

(f Ifl“)“zécw ldfi?+r=2§ !fIZ]
B B, B,
on the ball B, of radius », or

(Afl !fl“)“zécu Edflzﬂflz}

on M. Here ¢ is a constant depending on M. If f has compact support on B, then
we have the Poincaré-Sobolev inequality

(BI lﬂ“)”2 éch ldf1*.

These inequalities extend to sections of vector bundles by Kato's inequality
|d]| |7 | for peI'™(E) (we have 2] dig]| =|dIg]| = 2IRe <, PoY <2l V| s0
|dIpl| <Vl on the set where ¢ =0 or d|¢|=0 and, by continuity, everywhere).
Thus, for example, there is a constant ¢=c(M, V) such that for any ¢eL, ,

(ASI i¢l4)”2 gc[ﬂjlzmmxm. (1.20)

Such inequalities will be used frequently in Sects. 6-8.
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Four dimensional Riemannian geometry provides the background for the field
theories we shall be concerned with. We now turn to the dynamical aspects of
these theories, introducing the action and the field equations themselves.

2. Coupled Yang-Mills Equations

An important guiding principle in geometry is the requirement of naturality. We
begin this section by describing the geometrical data necessary for a gauge theory
and indicating how naturality determines the theory once this geometric context is
fixed.

Let n: P— M be a principal bundle over an oriented four-dimensional manifold
M with compact simple structure group G. Let ¢:G—Aut(E) be a unitary
representation of G, E=p x E be the associated vector bundle, and let W be any
bundle associated to the frame bundle of M. The field equations we seek will
specify a metric g from the space .# of Riemannian metrics on M, a connection ¥
from the space % of connections on P, and a section ¢ from the space & =T'(EQ W)
of sections of E. We shall assume that they are variational equations, that is, they
arise as the stationary points on .# x % x & of an action integral

Alg,V, ¢)= Afl Mg, w,¢), 2.1

where the Lagrangian A is a 4-form constructed from g, V, and ¢.

Now P is a manifold with a certain geometric structure — a free right action of
G. An automorphism of P is a map f: P— P which preserves this structure: f(xg™ ')
= f(x)g~?* for all xeP and geG. Let Aut(P) denote the group of all bundle
automorphisms f such that the induced map nof: M—M preserves orientation,
and let Aut;(P) denote the subgroup of automorphisms which induce the identity
transformation on M. There is an exact sequence

0~ Aut,(P)— Aut(P)—Diff(M),

where Diff(M) is the group of orientation preserving diffeomorphisms of M. The
group Aut,(P) can be identified with the space of sections of the bundle of groups
P x 4G

In the terminology of physics, a section s: M D U— P is called a local choice of
gauge, an automorphism fe Auty(P) is a gauge transformation, and the group
4 = Aut,(P) is the gauge group of the bundle.

Note that the Killing form provides an invariant metric 4 on the adjoint bundle
¢ and hence a hermitian metric on E.

We shall require 3 things of the Lagrangian form Mg, V, ¢)

(i) regularity — in a local coordinate system and local choice of gauge, 1
should be given as a universal polynomial in g, h, I', ¢, (detg)~ /%, (deth)” ¥/? and
their derivatives, where I' are the Christoffel symbols of V;

(i) naturality — the map 4:.# X %€ x &—A*(M) should be a natural transfor-
mation with respect to the bundle automorphism f; i.e.,

Mo 1Y g, [*V, o(fN)b)=f*Mg, V, $);

(iif) conformal invariance — for any function ¢ on M, A satisfies

Me*g,V, $) =g, V, ).
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Remark. 1f there is no bundle P present then the naturality property (ii) is Einstein’s
“principle of general covariance” asserting that the equations of physics are
covariant under arbitrary coordinate changes. Naturality with respect to Aut, (P)
means that Ag, f*V, o( f*))=A(g, V, $): this is Weyl’s principle of gauge in-
variance.

We can now use invariant theory to determine the possibilities for 4. For the
case A=Ag, V) if we require naturality under orientation preserving diffeo-
morphisms of P then SO(4) invariant theory (Stredder [187) implies that

A=a,[sP+a,BP+al WP+ a,JW P +asQAQ+aQn =Q,

where {s, B, W=} are the components of the Riemannian curvature of g, Q is the
curvature of w and the g, are real numbers. The actions {4 for various values of the
a; include the topological invariants p,(M), (M), and p,{(g) from (1.11) and (1.12).
Of the remaining three independent possibilities two depend on the curvature of g;
for remarks on these see {Bourguignon and Lawson [6]). Here we will be
concerned with the action which depends on the bundle curvature: the Yang-Mills
action

Alg, V):AleA +Q= [ |Q>)/detgdx! A ... ndx*. (2.2)

This action is evidently regular and Diff(M) covariant. It is conformally invariant
because the * operator on 2-forms is, or more explicitly

Ae*?g, V)= Afle‘4agijgkl<§2ik, Q> (det(e*7g)) 2dx* A ... Adx* = Alg, ).

As for gauge invariance, a gauge transformation ge#% carries ¥V to goVeg~ ' and
Q=DoV to gQg~'; the Lagrangian |Qf* is then unchanged because the Killing
form is invariant.

Since |Q>=127|>+|Q7 %, Eq. (1.12) shows that 4(g, w)=8n’k with equality if
and only if Q7 =0. Thus self-dual connections are absolute minima of the Yang-
Mills action.

It would be interesting to continue with the invariant theory, incorporating the
field ¢ and finding all Lagrangians satisfying (i), (i), and (iii). Instead we will
simply write down the two action integrals considered by physicists and verify
naturality. Following the terminology of physics we will call these the “fermion”
and “boson” actions.

Definition. The fermion action is defined on E-valued spinors ¢e'(VRE) by
Alg.V, d)= AJJIQIZ-F((IZ D¢>du(g), (2.3)

where 2 is the Dirac operator and {, ) is the inner product on V®E and
dv(g)= ]/@g?dxl Adx® Adx® Adx*

is the volume form of g.

Definition. Similarly, the boson action is defined on E-valued scalars ¢pe'(E) by

Alg, V. d)= 1\54 1912+HV¢$2+%}@‘blz—P(éb)dv(g), 24
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where the potential P: E—R is a gauge invariant polynomial on the fiber of
degree <4.

Both Lagrangians are regular, Diff(M) covariant, and gauge invariant. The
conformal properties of these action integrals will be discussed in the next section.

Remarks. 1. For our purposes the requirement deg P < 4 arises as follows. We wish
to vary the action over the Sobolev space ¢, , x &, ,. By the Sobolev inequality
{(1.20) any polynomial in ¢ of degree <4 is then integrable, while higher degree
polynomials need not be.

2. The term [{(¢,P¢) in the fermion Lagrangian is not positive definite.
Indeed, suppose ¢ =¢ . +¢_e (V. ®V_) satisfies P¢ = L¢ for some elgenvalue A
Then ¢=¢, —¢p_ satisfies D¢ = — Ap. Thus the spectrum of P is symmetric
about zero.

Variation of the actions (2.3) and (2.4) yields a complicated system of nonlinear
equations for g, w, and ¢ ; when the Lagrangian {s of general relatively is included
these are complete classical equations of a Yang-Mills particle coupled to gravity
(Hawking and Ellis, Sternberg). We shall simplify this system by disregarding
the dependence on g (and fixing k). Because of conformal invariance this amounts
to fixing the conformal structure of M.

With this agreed, the next step is to calculate the Euler-Lagrange equations of
the fermion and boson actions.

The Field Equations

For a spinor field ¢ I'(V® E) the first variation of the action (2.3) is computed as
follows. Choose a l-parameter family of connections V,=V,+sn+ ...,
nel'(A'®yg) and a 1-parameter family of spinors ¢, =¢,+ty+ ..., el (V QE).
The curvature and total covariant derivative on V®UE are [cf. (1.3) and (1.7)]

s
Q=0Q4+sDon+ 3 [n.n]
Ve=1Wy +so(n).

Hence

AV, ¢)= Ifu 1Q01> +25{Qq, Don> +t{w, D> + 1, D>

+5{¢, Y e o>+ ...,

where {¢'} is a local orthonormal frame and we have retained only the terms linear
in s and t. The first variation equations are

0= Afl 2 D*Q ) +($, Y ¢ 0on)p> Vnel™(A'®gp)
0= [ <p, 29>+ (b, Dv> Vype*(V®E)
M

or {noting that & is self-adjoint)

{D*Q =J(})=—3D K9, e (0o, ®e;
D=0,
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where {0,} is a local orthogonal basis of sections of g, {o®} the dual basis in I'(g*).
Here J(¢) is the current due to the field ¢; it is real-valued since {¢,e'-o(,)¢>
=—{e" b, 0(n P> =<e"-o(n,)p, > and is thus an element of (4')*. It should be
interpreted as a 1-form on the space of connections €.

The calculation of the first variation of the boson action (2.4} is similar.

More generally we shall replace the second field equation by the corresponding
cigenvalue equation. In the fermion case this is P¢p=m¢p, where m is a real
constant (& is self-adjoint). In the boson case there are two possibilities: the

eigenvalue equation *f¢— %¢=m2¢ or the equation with potential W*WV¢
- %(}5:}”(@); the latter equation is particularly important when P is the Higgs

potential P(¢p)=|p|* — |¢]?. We shall deal with both possibilities simultaneously by
taking P’ of the form P’ =a|$|?¢ +m*¢, where a and m? are real with a=0 and
m? <0 allowable.

Thus the equations which we shall study are the coupled fermion equations

[ra=i= AT a0 25
Do=mo, ‘
and the coupled boson equations

(2.6)

{ D*Q=J=—Re) W, 069> 0,Qe
7= —2—¢+au¢12¢+m2¢.

In physics, Q is a gauge field, @ its potential, ¢ is the field of a particle
interacting with © and m is the mass of the particle. For example, when the
structure group is S' (2.5) describes an electron interacting with an elec-
tromagnetic field.

When ¢=0 the fermion and boson actions reduce to the Yang-Mills action
and the field equations become the Yang-Mills equation D*Q=0. Self-dual
connections satisfy this equation because they are absolute minima of the action.
This also follows from the Bianchi identity: if @ is self-dual Q=+=Q and D*Q
=+DQR=0.

The current Je A'" which appears in the field equations is a D-coclosed form.
This is 2 consequence of a gauge invariance. In fact, evaluating D*J on XeI'(g)
gives D*J-X=J(VX). But WX is an infinitesimal gauge transformation [see {4.1)
below] and J is constant on gauge orbits; hence j J(WX)=0 and D*J=0.

The equation D*J =0 also follows from direct calculation. For example, in the
fermion case *J =1(¢, e 9(6")$>0*®*¢' and, in an orthonormal frame {¢'} with
Ve'=V0,=0 at a point xe M, the field equations give

DxJ=—Re(lV, e o(c")pyo,=Rele Vi, 0(c*) >0,
=Re(me, 0(6")p>a,=0

since {¢,o(0*)d) is pure imaginary. Alternatively, we can use the first field
equation: for Q=0 ®¢"c A*®¢ we have

DxJ=DD+Q=[Q,+Q]=x) {Q, Q> [¢*c"]1=0.
a.p
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When the structure group G is abelian the equation D*J =0 becomes 4*J =0.
This is the equation of (infinitesimal) conservation of charge in electromagnetism.

Gap Theorems
The field equations (2.5) and (2.6) are simplest when a=m=0. Then ¢ satisfies

either ¢ =0 (¢ on E-valued spinor) or W= 2—@5 {¢ an E-valued scalar).

Proposition 2.1. Let E be a vector bundle over a manifold M and let (¢, Q) be a
solution to the coupled boson equations D*Q=J, Vo= %qﬁ. If M is compact with

positive scalar curvature, or if M =R* and ¢ vanishes at infinity, then ¢ =0 and Q is
a Yang-Mills field.

Proof. When M is compact and s> 0 integration by parts gives
s
0= [IFl* + .6.1¢;2
M

$0 ¢ =0and J=0.On R*, we can convert the equation [*['¢ = 0 into a differential
inequality for |¢| by

@  d*dglP=2d"C, Vp> = —2IV|* + 2 b, P> = —2IP$I?,
(b)  d*dlg|*=2d*(d|¢)= —2ld|$lI* +2l¢|-d*d|¢|.

These give |pld*d|d|=|d|p||* — o> 0, or A|¢]=0. If |¢] vanishes at infinity
the maximum principal (Morrey, p. 61) implies that ¢ =0; hence the current
J={We,o(-)¢)> vanishes, and Q is a Yang-Mills field. []

For the pure Yang-Mills equations and for the coupled fermion equations, we
have the following L, “gap theorem” (part (a) is essentially due to Bourguignon
and Lawson [6]).

Proposition 2.2. Let M be a compact Riemannian 4-manifold with % ~|W™ze>0.

Then there is a constant ¢, such that

(@) Any Yang-Mills Q with | Q7 |, ,<c, is self-dual.

(b) Any solution (2, ¢) to the massless coupled fermion equations (2.5) with
127 |l5,,<c, satisfies Q" =J=¢~ =0.

Proof. (a) From 0=D*Q=DQ we obtain 0=DQ* +DQ~, 0=DQ™ =D*Q" and
hence [1Q~ =0. Integrating {Q~, 12~ ) over M, using (1.19), integrating by parts
and applying Kato’s inequality gives

0z [Q7IP+elQ P~ Q7.
M
By the Holder and Sobolev inequalities the last term is bounded by

clQ [lo, (17113 ,+ 127112 ,), which is dominated by the first two terms
whenever Q7 ||, , is sufficiently small. This is a contradiction unless Q™ =0.
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(b) If p=(0*, ¢ )eV, @V_ satisfies D¢ =0, then {¢p, P?¢~ > =0. Using (1.14)
on V™ and repeating the above argument shows that ¢~ =0 whenever Q7 |, , is
sufficiently small. But then

—2D*Q=—2]={¢ e 0( Jp" > +<P . €0 )p'>=0
and 27 =0 by part (a). [

This argument and the fact that | fl, ,=cldfll, , for f eLLz({R“) also shows
that Proposition 2.2 holds for M =R*.

3. Conformal Invariance and Rescaling

From physics we know that the Lagrangian and the energy must be conformally
(“scale”) invariant. The Lagrangians introduced in Sect. 2 do not, a priori, have this
property. We will now show how to arrange conformal invariance by further
specifying the geometric properties of the field ¢.

Let M" be an oriented manifold and F the GL(n) frame bundle of its cotangent
bundle 7M. A choice of conformal structure on M reduces F to a principal bundle
F. whose structure group is the conformal group CO{(n)=R* xSO(n). The
representations of CO(n) are specified by pairs (w,@) where weR™ and
0:50(n)—~GL(W) is a representation of SO(n); the representation (w, g) takes the
matrix B=1'"4, where A=|detB| and AeO(n), to 1*g(A4). The number w is the
conformal weight of the representation and of the corresponding bundle
F ¢ ow, Q)W

In this context there are two vector bundles of primary importance: a trivial
real line bundle L=F x  ,,R with weight 1 and an orthogonal bundle
T=F_ x4 19R" with weight 0. A choice of a metric within the conformal class,
trivializes I and t*M then becomes an orthogonal bundie under the conformal
isomorphism T*M =T® L. 5

If M: has a spin structure, F_lifts to a conformal spin bundle F, with structure
group CO(n) =R x Spin{n). Spinors of weight w are then sections of

VY=F, %y, ,C2=VI®L".

A metric g on M provides a trivialization of L and a Riemannian connection
on t*M and T. This connection on T induces one on V°=~ V" and allows us to
define a Dirac operator Z:I'(V*)—I(V*®L) for each conformal weight w. More
generally, if E is a vector bundle associated to a principal bundle P over M then a
connection on P gives Dirac operators 2:I'(V*QE)—T(V** ' QE).

Replacing g by a conformally equivalent metric ¢'=s%°g changes the
Riemannian connection on 7*M and the trivialization of L, and transforms the
Dirac operator 2 on I'(V") to &' given by (cf. Hitchen [9])

Dp=Dp—3do-d+wdo-¢. (3.1)

In particular, the Dirac operator on spinors of weight 3/2 is independent of the
metric within the conformal class (see also Fegan [7]).
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This conclusion also follows by examining the spinor Lagrangian
[ <P, DY)/ detgdxt ndx* ndx® ndx* ¢peT(V'QE). (3.2)
M

This integral is invariant under constant conformal changes g—¢2°g, o€ R, when
the integrand has weight 4. But ¢eI'(V¥®E) has weight w (assuming E is
weightless) and 2¢ e I'(VY @ ERQ L) has weight w+ 1. Thus the Lagrangian, and the
corresponding field equations, are scale invariant on spinors of weight w, when
2w+1=4, ie.,, w=3. Invariance under arbitrary conformal changes follows from
(3.1).

The equation D¢ =m¢ is conformally invariant if we interpret m as a section
of L:9¢=¢p@meV3?QL. Then both Z¢ and m¢ have weight 3.

The boson equations for scalar fields can likewise be made conformally
invariant. In this case the Lagrangian is basically [cf. (2.4)]

[ <P, b))/ detgdxt Adx? Adx® Adx* ¢pel(E®L). (3.3)

M

If ¢ has weight w, [V has weight w+1 and this Lagrangian is invariant under
constant scale changes when 2w+2=4 and w=1. Thus we take ¢ to be a section
of EQL.

While this Lagrangian (3.3) and the corresponding Laplacian are not invariant
under arbitrary scale changes, there does exist a modified Laplacian which is
conformally invariant. To find it we return to the viewpoint taken in Sect. 2 and
seek a second order weight 2 operator A on I'(E®L) constructed naturally from
the metric on M, the connection on E, and their derivatives. By invariant theory
(Atiyah, Bott, and Patodi and Stredder) 4 = [*[/'+ p(R, QF). where [*V'is the trace
Laplacian on E®L and p(R, Q%) is a polynomial in the curvature tensors R of M
and QF of E. But p(R, 2¥)e End(E® L) must have weight 2; the invariant theory
then showsthat A=|V*|V+a-sforsomeconstant a. A direct calculation (see Hitchen
[107) shows that this is indeed conformally invariant when a=1/6, that is,

s . . .
solutions of (lV*IV + —6—) ¢ =0 remain solutions after a conformal change of metric.

. s . .
In the corresponding field equations with mass, /*[V¢ = —éqb +m2p, m is again

interpreted as a section of L. Likewise, in the potential P(¢)=al$|*+m?*|¢|*, a has
conformal weight zero and meI'(L).
The above argument also shows that the Lagrangian

J 7P+ clgPd, (3.4)

is scale invariant. Together with the conformal invariance of (2.2) and (3.2), this
completes the verification that the fermion and boson Lagrangians (2.5) and (2.6)
meet the requirements of Sect. 2: they are regular, natural, and conformally
invariant.

We conclude this section by describing several useful devices, related to
conformal invariance, which will be important later.
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The first of these is the total field F. To define it, fix a metric g, on M and let
tel'(L'?) be the function of weight 4 with r=1 in the trivialization of L'/
determined by g,,.

Definition 3.1. The total field F is the section of a weight 2 bundle # defined as
follows.

(i) When (¢,2) is a solution of the fermion equations (2.5),
F=0+1"'¢*®F,¢+1¢ ({"} is an orthonormal coframe) is a section of

g;;=(A2T®Q®L2)@(T®LU2®V3/2 ®E)@(L1/2®V3/Z®E).

(i) When (¢,8) is a solution of the boson equations (2.6),

F=Q+*®W,¢+12¢ is a section of
F=(LA’TRsRL)D(TRLRERL)®(LOERL).

When & is given the direct sum metric, lFlzdug is a conformally invariant
energy density for the field (¢, £2). Fix a point pe M and let B(z,r) be the ball of
radius r in the metric g=1"*g,. The local energy integral of (¢, ) around p is

Er,r)= | [FP= [ 1QP+]" el +egl?,

B(z,r) B(z,r) (35)
E(t,n= [ [FP= [ 1QP+|Pg* +|?¢l
B(t,r) B(t,r)

in the fermion and boson cases respectively. E(t, r) thus depends on both the scale 7
and the radius r; we will abbreviate it to E(r) when the scale has been fixed. The
conformal invariance of |F|*-dy, implies that E(t,r)=E(1, t°r).

Suppose that |F|? is integrable on some neighborhood U of pe M. Then, given
£>0, we can find an R such that B(1,2R)CU and E(1,2R)<e. Now change the
metric to g=R™2g,. Under this rescaling solutions of conformally invariant
equations remain solutions, while B(1, 2R} becomes B(2) and the energy in the new
metric satisfies E(2)=E(RY?, 2)=E(1,2R)<e. Thus we have the

Rescaling Principle

Given >0 and a solution (¢, Q) to conformally invariant field equations defined
in a neighborhood of pe M with locally finite energy, we may assume — by a
constant conformal change of metric — that (¢, 2} is a solution on B(2) to the field
equations (with rescaled m and s} and that E(2)<e.

4. A Slice Theorem and the Orbit Space

In this section we prove a local slice theorem for the action of the gauge group on
% x &. This extends similar theorems which appear in Atiyah et al. [4] and
Uhlenbeck [20].

The center of the gauge group - the sections of the trivial bundle P x ,,Z,
where Z is the center of G — acts trivially on the space of connections. Thus we will
deal with the group ¥4,=I'(Px ,,G/Z) of effective gauge transformations. To
topologize %,, note that the adjoint representation is a faithful representation
Ad:G/Z—End(g) and hence defines an embedding %,—TI'(P x ,,End(g)). This
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latter bundle inherits a connection from any given Ve% and the Sobolev
completion &, , of the effective gauge group — with norm determined by V -
appears as a closed subspace of L, (P x ,,End(g)). For pk>4,%,  isasmooth Lie
group, any ge %, , is continuous, and the map X+—exp(X) induces a smooth (non-
linear) map from a neighborhood of 0 in A} , into %, ,. This is a standard result.
Mitter and Viallet [12], for example, give a proof for p=2, and their proofis valid
for pk>4 because multiplication induces a continuous map L, ,xL, ,—~L,,
(Palais, Sect. 9). The effective gauge group %, also acts on & =I'(P x GE) if ZCkerg;
this occurs if the highest weight of ¢ lies on the root lattice of &*. In this section we
will assume that ¢ is such a representation.

We first determine the equation for the orbit of 4, in a neighborhood of a C”
field (V, ¢} ¥ x &. This connection ¥ provides an identification €= 4" by ¥ +nem.
Choose a gauge transformation g close to the identity and write g =exp(X), X € 4°.
Then g transforms the connection V44 to
or g-(P+m=V+gVg~ " +(Adgh

expX)(V+n)—V=expX)Wexp(—X)+ Ad[exp(X)]n.

This expression is non-linear in X ; we can write it as its linearization plus a
remainder:
expX)(V+n)—V=n+VX+RX,n). 4.1)
R(X,n) is a power series of brackets of X, VX, and 5, and R(X, t5)=O(t?).
Now suppose that there is a field ¢e& =I'(WQRE) present (W is any bundle
associated to the frame bundle of M). Write nearby fields as ¢ +y where ped is
small. Then g=exp(X) transforms ¢+ to glg) (¢ +y), or

expX) (@ +v)—p=p+eX) (P +v)+5X,d+y), (4.2)

where S(tX, ¢ +y)=0(t?).
It follows from these transformation formulae that the action of the gauge
group induces a smooth map
Gir1,, X (EXE) ,~(EXE),,

for {(k+ 1)p>4 (cf. Uhlenbeck [20]).
It is also apparent from Eq. (4.1) and (4.2) that the tangent space to the orbit of
the gauge group through (V, ¢)e €& is the image of
K:A’>A'%x & by X—(VX,oX)d). 4.3)

The L? orthogonal complement of the image — which is the kernel of the adjoint
operator K* — provides a natural slice for the gauge orbit. This adjoint is
K*:(n,p)>V*n+{p,0( )¢, where this last term specifies an element of 4°=(4°)*
via the Killing metric and evaluation. More generally, for cach 0<AeR we can
consider the subspace ker K¥ where

K p)=V*n+ Ay, o 9>
From (4.1), (4.2), and (4.3) we see that O0=K¥[g-(V+n —V,g-¢—¢] if and only if
0=V*VX +V*n+V*RX,n)+A{p, o )¢ +eX) (@ +y) ol )d>
+ASX, p+v) o)) (4.4)
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This is an elliptic equation for X, and if X is a solution then g =exp(X)} is a gauge
transformation which carries (V 47, ¢ + ) onto the slice ker K¥ through (V, ¢).

The slice theorem will apply at the regular points of ¥ x & — the open dense set
of points (¥, ¢) where ker K, ={Xe€ A7, , »/VX =0 and o(X)¢ =0} is zero (i.e. where
the action of the gauge algebra is free).

Theorem 4.1. Let M be a compact Riemannian 4-manifold, possibly with boundary.
Fix aregular field(V, p)e (€ X &)y, ,withk 20,2 <p<4.Thenthereisa constant ¢,
such that for every field (n, w)e(A* x &), . 1,p With |1, W)y 4 1, , <o there is a gauge
transformation ge%, ., ,, unique in a neighborhood of the identity, with

Kilg-W+m—Vv, g-(¢+y)—¢)=0
weakly. If V, ¢, n, and yp are C® then g is C™.

Proof. The proof is an application of the Banach space implicit function theorem.
Let TCAJ, , , be the subspace of X€ A}, , , which vanish on 0M (T=4;., , if
OM =¢). Let F be the map

Tx(A' X &)yt , AR,
defined by F(X,(n,y))=right-hand side of (4.4). Since multiplication is a con-
tinuous map

Lysy ¥ Lysy oLy, and Ly, XLy =Ly,

{Palais, Sect. 9} we have

IF (1, WDl p S el s 2, p + Illea 1, H IR Dt
+ Allwll+ 1,p”¢”k+ 1,p+/1“X“k+2,p' ol 1,p° o+l 1.p
+ Al Bl 1y 18X, ¢+l 1,p)-

When the norms of X, 5, and v are small, the continuity of exp: A9, 25 %k12p
implies that

ISX, & +W)lis 1, = lexpX) (@ + )= (@ + )=o) @+ W)+ 1,
Scllo+ vl 1.p ”X”k+2,p7

and similarly [RX, 7)., ,Sc(lX Ik+2 p+ I#lli+1,,) Thus there are neigh-
borhoods U of zero in T'and V of zero in (A* X 3 2 such that F is a continuous
map F:Ux V—Aj . Similar estimates show that F is C".

The dlfferentlal of F at zero is D, F(0,0)X = K*KX =V*V'X + A(o(X)¢, o( )p>.
For k=1 multiplication is a continuous map L., ,X L.y , XL, ,~ L, , (see
[147) so

HNEK*KX ||, = 1V*VX Ny S el 10X D

while for k=0 this difference is bounded by ||¢H NX M =, 1X 15, ,5 in both
cases |[K*KX||, ,=c3lX |2, ,» The elements of T satlsfy the Poincaré inequality
IX1lo, ;S IKX ||y ,- Integrating by parts,

IXTlo,2 Scall KX [[o,, S ey <X, K*KXD) 1 Secy X o, +cae™ HIK*KX g,
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for any ¢>0; choosing ¢ sufficiently small and subtracting yields
XNl 2=cs|K*KX |, ,. Also, using Kato’s inequality as in the proof of
Proposition 2.1,

IX|d*d|X| < <X, V*PX ) = <X, K*KX) — o) S IX||K*KX],

so d*X|=|K*KX| pointwise and by standard theory (Morrey [13,
Corollary 5.3.17)

1XT o =cs(IK*KX o, o+ 1X 1o, ) S, I K*KX g -

Hence
IX1 5, , = IV VX, , 4 csliX o, , S(L+ce; +escg) | KFKX g -
For k=1 interpolation gives
X ks, SIK*KX [yt l@llEs 5, el X iy 2, + @XM, 2)+ col X To,
and — again choosing ¢ small - ||X ||, ,=c; ol K*KX]|, , Thus
3 IK*KX | p S 1X [l 2, , Sl K*KX )y,

for all k, so D, f is an isomorphism.

By the implicit function theorem there is a map (1, )X (, w) uniquely defined
on a possibly smaller neighborhood of the origin, such that F(X(», y),(n, y))=0.
X(n, ) then satisfies (4.4) and the desired gauge transformation is g =expX(, v)).
If ¥,¢,n, and v are C™ then, applying the theorem with k=4, X is C?; elliptic
regularity (Morrey, Sect. 6.8) then implies that X, and hence ¢, is C*. [J

The slice theorem gives a manifold structure on the orbit space of the gauge
group.

Theorem 4.2. Let ZCE X & be the set of regular points. Then for k>0, 2<p<4,
Rysv1,p/Gr42,p 15 a smooth Banach manifold and R,y ;= Rysy )/G4en, s a
smooth principal 4, ., -bundle.

Proof. We must first show that the slice of Theorem 4.1 is globally effective, i.c. that
the slice intersects each gauge orbit at most once. For this we adapt the argument
of Atiyah et al. [4].

Fix (Vo, ¢o)e ;. q,, and let N be a neighborhood of (¥, $,) in the slice at
(Vo ¢p)- Since Z is open we may assume that NC#. The orbit through any
(Vy,¢,)eN under the identification ¥ x&=A4'x& by (V,Q)«AV—V,,¢—,) is
{(gVg™ 1 (0(g)— D )/g€%, 5, ,}. Under the embedding %,CEnd(y) the elements
ge¥, have pointwise constant norm ¢,. Let End{g)=1V,@V, be the orthogonal
decomposition, where ¥, corresponds to the Ad G-invariant endomorphisms and
write g=g,+g,. Now ¥, induces a connection on End(g) and L,{V;) decomposes
into the (finite dimensional) eigenspaces of the Laplacian V}*V, :

LZ(V1)=FO(V1)(—B }.Z() r/l(VJ-

The map g-(p(g)— I)¢, induces a continuous map

Grr 2,0 (V) Ly(E)
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whose image is compact and — since (V, ¢,) is regular — does not contain the zero
section. Hence [[(¢(g)— D¢, 1§ ,=¢, and

lg115,2=11gl5 2 Sci 'eo- Vol M - [i(elg) = D¢, 115 »

for all ge%,., ,nI'o(V}). Since the elements of I}(V;) >0 satisfy the Poincaré
inequality we obtain

lg:l3,2=c(lgVig™ 13,2+ 1e(g) = D115, 2)  Y9€Fss 2, (4.5)

Interpolating as above and noting the equivalence of |, , ,, and |, , . this
extends to

1g10k+ 2,5, 7o S€3U09V19 ™ it 1, . 7o T 1@ =Dy Lt 1.5, v2)- (4.6)
Now if (V,, ¢,)=(gV,9~ ', 0(g)p,)e N is gauge equivalent to (V,,¢,) then

V=V, =@ s p Vogc; ! lgs “k+2,p, Vo

from (4.6). By the Sobolev embedding this implies (with N possibly smaller) that g,
is small in the sup norm. Decompose 4 into simple factors 4 so 4,C2, End(¢)
=Z,Vi®Vi, where each V; is one-dimensional. We then have

lgh—I1=1—lg6l=1—-1/1—Ig})* <lgil
and |g—I1* =g, — I|* +1g,1* £2lg,|* pointwise. Inserting this in (4.5) and (4.6) gives
Vo=V s — b ) 1,p, V0_2_C4“g"”|k+z,p, Vo -+ 4.7

Again making N possibly smaller, (4.7) insures that ||g—1I|l;.. , , is small enough
for Theorem 4.1 to apply and we conclude that g is the identity. Thus the slice is
globally effective.

The proof is completed by a straightforward argument; see Mitter and Viallet
[12]. O

5. Gauges and Regularity

In this section we show that solutions to the coupled field equations have the
regularity properties expected for elliptic equations, specifically, that for p>2 an
L, , weak solution is C*. This is basically elliptic regularity ; the subtlety is that
the coupled equations are elliptic only after a choice of gauge. We first reinterpret
the Slice Theorem. Rather than using a connection to identify ¥ = A", we shall
choose a point xeM and a ball B=B(x;r) around x and use a fixed gauge -
considered as a section of the frame bundle of E - to pull down connections. This
identifies the space %5 of connections over B with A'[;. Let ¥, be the connection
corresponding to 0O A, under this identification. Then, in terms of covariant
derivatives, the original connection is V=d+w, and V, is simply exterior
differentiation d. The Slice Theorem 4.1 (with ¢ =0) vields:

Proposition 5.1. Let Vbean L, ., ,, k20, 2<p<4 connection on a bundle E over a
4-manifold M and let o:M—Frame(E) be a C* gauge for E. Then there exists a
constant y>0 depending only on M such that if V=d+w and |0, ., ,<7 in the
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gauge o then there is a gauge transformation ge9, ., , such that d*w=0 in the
gauge g-o. If Vis C® then g is C*. [

We now have a two step program for obtaining natural gauges: (i) Choose a
C* gauge around a given point x,, and (ii) modify this to a gauge in which d*w=0
using the above proposition. To accomplish (ii) it is necessary to make the L, ,
norm of the fields small. For this we shall use the rescaling principle.

Theorem 5.2. Let V be an L, , p<<2<4 connection on a domain D CM*. Then there
is a C® gauge ¢ and a gauge transformation ge¥, , such that, after a constant
conformal change of metric, d*«w =0 in a neighborhood of Oe D in the gauge g+ o and
the new metric.

Proof. Given &>0 choose a C* gauge in a neighborhood of 0e D and a small ball
B(1,7%), t>1, around 0 with |[Vw|, ,<e in the original scale. Enlarge B(1,7%) to
the unit disk B(r,1) by a conformal change of metric. Since |w]|*? and |Fw|?
=|) *®V,w|” have conformal weight 2p rescaling gives

‘ _a _
“CUH%‘;szgmz,n:sz Hw”gf’zp;mz,ﬂ) and | Vw”g,p;B(z,x)zle) 4 Va)”g,p;B(l,tz)'
In the new metric we have, by Holder’s inequality,

fleo] 1,p:B(z, 1) = Vw“o,p;g(c, 1 +C”w“0,2p;B(r, 1)
S Vol p a2 Telolo, 2p 801,02
=l +c)k,

where ¢?? is the volume of the unit ball in the rescaled metric which is uniformly
bounded in 7 for 1< 1. When ¢ is sufficiently small Proposition 5.1 applies. This
completes the proof. [

Uhlenbeck [20] has proved the much more difficult fact that the rescaling used
in this proof depends only on {[2], .

We can now prove a regularity theorem.

Theorem 5.3. Let (V,¢)e(6 x &)y ,p>2 be a weak solution to the coupled Yang-
Mills equations (2.5) or (2.6). Then there is an L, , gauge in which (V, ¢) is C*.

Proof. Fix xe M. By Theorem 5.2 there is an L, , gauge defined in a neighborhood
of x such that V=d+ w with d*w=0 in this gauge. Expanding the field equations
in this gauge, we have J=D*Q=d*dw+wldo+iw[w,»]. But dd*w=0, so
d*dw = Tw=V*Pw+ Ric(w) by (1.18). Thus a boson field satisfies

Aw— Ric(w)~ o ldo—}o 1[w, o]~ Red(V+w)p, o > =0
{ Ap+ 2w 1p+w Ia(d)+ —2—«;15 +ald|*p+m*p=0

weakly, where 4 is the (metric) Laplacian on functions. Applying & to the
equation 2¢=m¢ and using (1.14) gives similar equations for fermion fields.
These are uniformly elliptic systems, and regularity follows by standard elliptic
theory (Morrey, Sect. 6.8). [
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6. Gauge Invariant Estimates

We now begin the calculations leading to our first main estimate on solutions to
the coupled field equations : the supremum of |F| in a ball is bounded by the energy
fIF? in a larger ball (Theorem 6.3). For this we use the DeGeorgi-Nash iteration
scheme, following (Morrey, Sect. 5.3). There are, however, two complications.
First, because differential equations for vector-valued functions are not directly
amenable to this approach we must convert the coupled differential equations for
¢ and @ into a differential inequality for the function |F|. Second, in order to
manage the non-linearity of the resulting inequality we need a growth condition
on the L? norm of the coefficients. This is easily verified if we assume sufficient
regularity for the fields, as we shall. (In the next section, when we take up the
problem of the removability of singularities the need for this growth condition will
be the chief difficulty.)

All estimates in this section will be a priori, that is, we will assume {by Theorem
3.3) that the fields are C* away from an isolated singularity. We will also treat m as
a function rather than a constant; this will be important later, in Sect. 8, when we
examine how solutions on R can extend to S*.

The computations are greatly facilitated by choosing an appropriate coor-
dinate system. Fix a point xe M and let {e;} be an orthonormal basis of T M.
Extend the ¢; to local vector fields e; such that (Ve)(x)=0 for all i,j, and hence
[e,e;](x)=0. Let ¢ ' denote the 1- form dual to e, The Riemannian curvature form
R and the bundle curvature form Q=QF at x are then

(Ry=rity
QE=VEVE_VEVE,

Choose a local basis of sections of the adjoint bundle 4 in the same manner: let
{o,} be an orthonormal basis of g, and extend these to local sections with
(V¥ )(x)=0 for all [, . Let {¢°} be the dual sections of g*. Our calculations will be
done in these frames at xe M, but the final result will be manifestly independent of
x and the orthonormal frame.

Theorem 6.1. Let (¢, Q) be a solution of either the coupled fermion equations (2.5) or
the coupled boson equations (2.6). Then the total field Fe I'(F) (see Definition 3.5)
satisfies

0<Ld*d|F|? —|d|F|[* + W FI* + (5101 + || FI?, (6.1)

where o is a constant of weight O (in the boson case) or 1 {in the fermion case) and
ueI'(L?) depends only on the 1-jet of the Riemannian curvature of (M, g,) and either
the 1-jet of m (in the boson case) or the 2-jet of m (in the fermion case).

Proof. We begin with the fermion case, dividing the proof into five steps.
Step 1. Apply 2 to the equation Dp=m¢ to get D2p=dm-Pp+mBPp=dm-¢
+m*¢ and

0=L¢, Z*¢>—m*|$p|* — b, dm-$). (6.2)



588 T. H. Parker

Step 2. Differentiate the equation 2%2=m>¢+dm-¢ using the total covariant
derivative | on V@E

0=W2*¢—om* ¢p—m*V, p—(Vdm)-d—dm-V, . (6.3)
Commuting derivatives in the leagﬁng term introduces curvature terms: [, 9
= (e V)= (VlV,+ Q) =2WV,+ ¢ Q,; and
M2 =2V D +e- Qe
=D+ Q) +e - O,
=D —e -V Q)+e ¢ QW +e-el- Q7
=D+ Y & (W Qu—V2,)— W2, — 28,

i<j

=9, — V32, — 20, (6.4)

(using the Bianchi identity). Here 2=R"®14+1QQF is the total curvature of
V®E so, for example, the second term is

V.0 =V.Ry;+ ViQ5 =(D*R), +(D*Q"),.. (6.5)

In this we recognize the current (D*QF), = J, [originally Je(4* ®4)*, but here we
have its image under the identification g=4* and the representation
1®e: (AM)* Ry~ (A')*@ERE*]. Combining (6.3), (6.4), and (6.5), taking the inner
product with [,¢, and summing on k gives
0=LW$, 2% )y — W, [(D*R),+J, 1+ 9> — 2V, Ry + QEWip>
— Bgn> it & — PV $I — (e, (Vi) -+ dm- P, (66)

Step 3. Differentiate the second field equation D*Q=J. With the Bianchi identity
DQ =0, this gives

(DD*+D*D)Q=DJ = —~1D[{¢,e" 9(6")o,Re"]

= —3Re—3ReZ{F¢, " o(c")p )0, @€ A e*
and

0=42,2%Q) +3Re{[Vi, " 2(¢)>. (6.7)
Step 4. Combine (6.2}, (6.6), and (6.7) into a single equation for F=Q
+1 Woh+1é:
0=(F, 2°F) —m*(jt¢|* + 1t~ W¢I*) — {2, dm 1) — (17 W, dmeo WD
— T R, TP UD*R) T 1) — 2K I, (R + Q) W)
—1720m* T W, td> — 17 2T W, (Vidm)-tdh> + 3 Re(tlVip, ek Qu(td)) .
{6.8)

The leading term can be expanded according to the Weitzenbock formulae (1.14),
(1.19) for 22 on the spinors ¢, ;¢ and on the g-valued 2-form Q

CF.DF)=(F, ~FWF) + 5 IF+ 21912~ <2 W@)
+ et el - Qirp)> + (T, et el - QE(T T 4+ (R [2, 2.
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Let # be the bundle map & —F ®L? defined by

@(F)_— F+ uszﬁ W(QE)— 1 2D*R@1¢— 2Rt~ |Vigp-&*

(regarding 1 2D*Re T®g®L? as a map V2QE—-TQV*®E). Then # depends
on the 1-jet of the Riemannian curvature of M and is bounded by a constant ¢ of
conformal weight 2, Now substitute into (6.8), multiply by - 1, and estimate, using

Wb 1T o)y S5 %< e o)) < g, e( el
<t ?¢-|F?

[cf. (2.5)]. The result is the more manageable inequality
O=<{F,WW,F)+ulFI>+ (519 + ¢ FI?, (6.9)

where p=[o+m?+|dm|+1 " ?|dm* +1"%2dm|] is a function of conformal
weight 2.

Step 5. Because [V is compatible with the metrics on V®E and A*®g,
d*d|F|* =2d*[Re (F,W,F)e']=2Re[{WF,WF)+(F,IVV.F>]
so (F,WWV,Fy=%d*d|F|*— |V F|*<id*d|F|>—|d|F||* by Kato’s inequality. Putting

this in (6.9) completes the proof in the fermion case.
The boson case is completely analogous so we will be brief.

Step 1. From 0=*¢— %¢—a|¢|2¢-—m2¢ we obtain 0={¢, — V> — %W

—alg|* —m*|¢|>.
Step 2. On E-valued scalars we have [V*|V'=D*D, while

VD= (e AWVy=e AWV, +3)=DW,+e rQy
and similarly |7, D* = D*lV, —e, 10, . Hence
W.D*D=D*DV,— 20y, € AW,— WL,

= D*D|Vk - Z(Rki + sz)w; - (D*R)k - Jk

(J, is the boson current), and O= <{!7kq§, V. (lV*quﬁ — %qﬁ —alp|*p— m2¢)>
becomes

— (Wb, W) — 2 W, (Res+ QLW
(. (D*RY+ T )b — ( +a|¢|2+m)nv¢|2

ﬂak@ +ai¢i2+m2> Fib, 6>
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Step 3. From D*Q=J we obtain 0={Q, [1Q—DJ). Here [JQ can be expanded
using (1.19) while

—<{Q, DJ>=Re{Q, DK, 0( )pre"))
=Re[{Ve, Quld)> + (Wi, QW) ]
=31AD)* + W, QW) -

Step 4. Set F=Q+ V¢ +1°¢pe(F), define Z::7 -F QL* by
R(F)= %F— %Q— W(Q)+ 2R,V — gr*m@rzfp +172D*R@12,

and let ¢ be an upper bound for #Z. Add the results of Steps 1, 2, and 3, multiply by
—1 and estimate, noting that

W, 1@ =KW, e )1 < I917IF ¢l

and

Suld? <, #> =2: KW o, )17 <2- 1812V 1>

The result is
O (FWVFy + W|F1> + 519 |FI? + (14 3a+|daD|)- |FI?,

where i ={g¢+m?+1 2dm?) has weight 2. The proof is completed by Step 5
above. [

Proposition 6.2. Let F be a C™ field which satisfies the differential inequality (6.1)
on a ball B,CM of radius r. Then for any ne C¥(B,) and p>7%

éf |d(nlFIP)|* < C(p) Bf (ld*dn?| + 4ldy|?)| F|?»
+¢ BrpC(p) g ld(n-|FIP)? (6.10)

for some constant ¢, where C(p)=p/2p—1 and B* is the conformally invariant
integral

B*r)= | ul*+51Q> +ao?lgl*.
B,
Proof. Set b=|u|+5|Q|+a|¢|> and evaluate (6.1) on the test function 52 f??~2
where f=|F| (technically, take f=|F|+¢ and let ¢—0 at the end). Integrate by
parts and simplify using df?? =pf?? " 2df?, etc.
=3 27 2df? = [P 22 2af P + [ by £

1
R e U A e T A e

2 -
<o fld*d 2|20 p215n2|dfp|2+jbn2f“.
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2

Transfer the middle term to the left-hand side, multiply by { and note that

2p—
1
p 1

172 and |d(nf?)* < 2ldn|*f*? + 2n>*|df?|*. This gives

2 2
a7 S 5 P =P+ 4idn?) 12+ 5 P o 70,

and the last term is bounded by the Hélder and Poincaré-Sobolev inequalities

fon? 22 < (o) A (' ¢ OS> O

Theorem 6.3. Let (¢, Q) be a C* solution on a ball B,z CM to either

(i) the coupled fermion equations (2.5) with me L, (B,g) for some p>2,

(i) the coupled boson equations (2.6) with mzeLl’ ABag) for some p>2.

Then there is a constant C of conformal weight zero such that for all xe By and
r<R

IFeP=Cr™ [ [Fp)IPdy.
Br+»

Proof. Since F and the Riemannian curvature of M are C* the hypotheses imply
that ue L (B, ) for some p>2 and, by Hélder’s inequality, that (r)<c ,7° for some
0>0.

Fix p2 1 and set r,=(2c,c'pC(p))~ "/°. Then whenever r<r , (r,) <(2¢'pC(p)) ™"
and we can move the last term of (6.10) to the left-hand side. Choosing 1€ CJ(B,,)
with =1 on B,, 09 <1, |dn| £2/r and |d*dn?| < 2/r* gives

[laIFPP< | |d-|FIPD2<er™® [ |FIP VYr&r,
B, Bayr Bar

for some constant ¢. Now given a ball By of large radius we can cover it with balls

of radius r<r, and use the above and the Poincaré-Sobolev inequality to obtain

(cf. Morrey, p. 136)
(5 IFI‘”’)“Z ScpCpy*?-r~2 [ |F**, 0<r<R, p=z1.
Br

BRr+r
The inequality now follows by iteration (Morrey, Theorem 5.3.1), and counting
conformal weights we see that C is weightless. []
Theorem 6.3 is immediately applicable to the problem of the behavior of fields
around a singularity.

Corollary 6.4. Let (¢, ) be a solution to the coupled field equations whichis C* ina
neighborhood of a point pe M but is undefined at p. Assume that the energy ofr) is
finite on some ball B(p; r) and that the mass m satisfies the hypotheses of Theorem
6.3 on B(p; r). Take p as the origin and let ¢ >0 be given. Then (¢, Q) is conformally
equivalent to a solution on B, with

12, (X)), IV ()] S IF(x)| = Clx| ™2 E2Ux]) £ Celx| ™2

1
for each xe B, —{0}. Moreover, |¢| =0(;> at the origin.
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Proof. By rescaling we may assume that (¢, Q) is defined on B, and that E(2)<e.
For xe B, — {0} set r=2%|x|. Then B,,CB,— {0} and F is C* in B,. By Theorem 6.3

IF)P=Clxl™* | [FP=ClxI™* E*(2lx])
B(x, 2r)
for xe B, — {0}. This gives the first statement and the second follows by noting that
|dl¢|| <|V¢| and integrating inward from the unit sphere. [

7. An Energy Growth Rate

We shall now focus attention on C® solutions of the coupled field equations with
finite energy and with an isolated singularity. We have just derived one fact about
such fields: |Q| and |W¢| grow as O(r~2) at the singularity. We also have the
regularity Theorem 5.3 at our disposal, but this requires that the field be L, , for
some p>2. What is needed is a growth rate of the form

[IFP<er?

B,
for some ¢ and 6 >0, where the ball B, is centered on the singularity. This section is
devoted to establishing such an estimate.

Although the growth estimate involves only gauge independent quantities the
proof requires a specific choice of gauge — a trivialization of the principal bundle P.
For this we rely on a theorem of Uhlenbeck which provides a trivialization around
the singularity and includes rather specific information about the connection and
curvature forms in this gauge. Integration by parts in this gauge, first for the field ¢
and then for the curvature form €, results in an inequality for the energy integral
E(r). By the rescaling process this becomes a differential inequality and integrating
gives the desired growth rate for E(r).

Throughout this section we assume the fields are C* away from an isolated
singular point, taken as the coordinate origin. We shall also assume that the mass
coefficient m satisfies the hypotheses of Theorem 6.3. The rescaling process allows
us to work in an arbitrarily small neighborhood of the singularity, conformally
enlarged to the unit ball. Consequently, we expediently ignore the curvature of the
base manifold. This simplification does not essentially affect the theorems.

A few words on notation. The letter ¢ will be used for a universal constant
(depending on Sobolev norms, the volume of the unit ball, etc.). Its value will be
continually updated so, for example, when ¢ is multiplied by 2 the result is
immediately renamed ¢. We will need the energy integral E(z,r) defined by (3.5).
After fixing a scale we will denote E(t,r) by E, or replace it in the estimates by an
upper bound e. We will frequently use the evident inequalities [|Q]q,, [Vllo2
< E=<¢and the Sobolev inequality ||¢||3, = cE* = ce?. All Sobolev norms are taken
on the unit ball.

The starting point for our gauge dependent estimates is the following theorem
of Uhlenbeck.

Theorem 7.1 (Uhlenbeck [197). Let w be a C® connection form on B,—{0} with
curvature Q. Then there is a constant x such that if |Q(x)|-|x|* <e<xk on B, —{0}
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then there exists a “broken harmonic gauge” on B, — {0} whose properties we now
describe. Set

A= (xRS X =27 ),

S;= {x|Ix| =277} =inside boundary of 4.

The broken harmonic gauge is C* on each A, and the gauges from A; and A, | agree
on §,. Write

;== wlAi

Q- QIA,} expressed in the gauge on 4,.

Then {&'} and {Q'} satisfy
(a) whls,=wg" s, w,=tangential components of w,
(b) d*a' =0,
(c) d*wi=0on S, and S,_,, where ~ denotes restriction to the sphere,
(@) [wi= | 0.=0, w,=radial component of w,
Si Si1
and there exist constants b, A>0 such that
(@ [, <2772, =2'e,
(f) j‘ la)ilz é(/l'— b282)_ 1 ‘2-2i j‘ !Qilz.
A; A;

This theorem is proved in (Uhlenbeck [197). In outline, the construction of the
gauge proceeds as follows. Choose a basis for g at the north and south poles of S,
and extend these by parallel translation along polar geodesics. These gauge meet at
the equator and one shows that the transition functions can be made small. These
transition functions can be spread out away from the equator, resulting in a C*
gauge over S,. The Slice Theorem then gives {c) on S, and, by the same process, on
each S;. Now repeat the procedure to fill in between the S, : we have a gauge on S,
which extends inward by parallel translation and one on §;,, which extends
outward ; these meet in the middle of 4; and the transition functions are small.
Spread out the transition functions and apply the Slice Theorem ; this gives (b).
Statements (a) and (d) are inherent in this process and (¢) and (f) are consequences
of (a)-(d) and the curvature hypothesis. [

Remarks. 1. Note that such a gauge can be chosen for any connection; it is not
necessary that Q satisfy the field equations.

2. The broken harmonic gauge trivializes the principal bundle P and therefore
trivializes all associated bundles E over B,.

Since we are assuming that the coefficient m satisfies the hypotheses of
Theorem 6.3, we can apply Corollary 6.4 to obtain a field on B, — {0} satisfying the
hypotheses of Theorem 7.1. Hence there exists a broken harmonic gauge.

In the subsequent theorems this gauge is used as a “reference frame” in which
to observe the field ¢ ; we will express w and ¢ in the broken harmonic gauge and
use estimates (a)—(f) to argue that the covariant derivatives V¢ of ¢ and Q of w are
essentially the same as V¢ and V. In doing this we may assume, by the rescaling
principle, that ¢ is as small as required.
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As an example of a theorem in this vein we have

Lemma 7.2. In the broken harmonic gauge the connection form w on the unit ball B

and the unit sphere S satisfies
@) Jlof*<ce?-[ QP <ce?,
B B

(b) [lwgl* <ce?- [ |24/%, w,=tangential components of w
B B
Jfor some constant ¢ whenever ¢ is sufficiently small.

Proof. From Theorem 7.1e,f,
flol* <o’ [ o1 <(2be)*(A-b%?) 1272 [ Q17 <ce? | 107
i Ay A

A Aq

Summing on i gives statement (a). By Theorem 7.1c d*w,=0 on S, ie., w is a
coclosed 1-form on 3. Let A’ be the first eigenvalue of the Laplacian on such forms
(X +0 by Hodge theory). Then 4’ {|wyl? < {ldw,l* on S and |lw| , <be by Theorem
7.1e, so

A‘l
§192061% = fldeog +3 [0, 06117 2 fldeol* — |02, fldovl* — %, fleogl* 2 = [laogl?
when ¢ is sufficiently small. The desired inequality for , is then
[laogl* < oll% Tlogl® S202)71b%2 - [1Q0°. O
S S

S

The next lemma shows that the Sobolev L, , norm based on |V is essentially

equivalent to the one based on ¥ in the broken harmonic gauge. Before stating it

we introduce some notation which will facilitate changes from [ to ¥ and allow us
to deal with the fermion and boson equations simultaneously.

According to the Weitzenbock formula, the fermion equation Z%¢=m?¢

+dm-¢ (cf. Theorem 6.1) is P*Vp=m>p +dm- ¢ — }p —Yéi-e/-0,($) and, since
d*@w=0 by Theorem 7.1b,
PRV = (I — ) ([ — ) = *W p — 201 p + o leofgh).
Thus ¢ satisfies
V4V =m* + dm- — %q& — Yol Q($)— 20 P+ (@)

in the broken harmonic gauge. Similarly, a boson field satisfies

PG =adlp+mio— 26~ 20176+ Jolg).
Set
M@) =g g+ (am-g- 2 9)
0(¢) =201 ¢+ 0 Jox$)
Q¢ =(Te ¢, f0)
H()= gl
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[the terms in parentheses occur only in the fermion case and the Higgs potential
H(d)) occurs only in the boson case]. With this notation

Vol =V +wd|*=[Vpl* +{¢,Q(¢)) and ¢ satisfies
V*Vgp=M+H—-Q—Q)¢. {7.1)
Lemma 7.3. There is a constant ¢ such that whenever ¢ is sufficiently small

(1712~ ce?E> < (P12 < [ 17] +ce?E?
B B B

in the broken harmonic gauge.

Proof. We have [Vo]>=|V]>+<4, Q(¢)), while [{¢, Q@)I<2lwl ][IVl

+]¢|? - lw|* can be estimated using Lemma 7.2a:

“((b QeNI=2lwlos 1¢lloa- IFPllor+ 8134 Il <ce’E:. O

Equation (7.1) shows that to highest order the components of the field ¢ are
harmonic functions. We next note an interesting fact about finite energy harmonic
functions in four dimensions: the L, norm of the tangential derivatives dominates
the norm of the radial derivatives.

Lemma 7.4. Let f be a harmonic function on B, — {0} CR* with [ |Vf1? finite. Then
B
IV 1P [ VAP
By By

Proof. Expand f in spherical harmonics {c,}: =) a,0,". Because the o, are
orthonormal

[ WA =] S n¥(a)irn=2 rdr < § 17fP.
B; 0 B

By hypothesis the right-hand side is finite and hence the spherical harmonic
expansion of f involves only non-negative powers of r. In four dimensions
VV,=r"*V(r*V,), so V,V,f =Y n(n+2)a,s,r" 2 On the sphere of radius r
j‘ IV,-ffz :an(a,,)z _r2n-—2 ‘}.3 ,
s,
while
[ 90,6 = nln+2) (a,r*" 2 1.
S,
Thus
RALAA RS A Z 2n(a,)*r*"" 1 20,
Sy

and integrating by parts
e FROO M PRSI A

The lemma follows by integrating over r. [
Of course the field ¢ is not harmonic in the broken gauge so Lemma 7.4 does
not directly apply to it. However,
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Lemma 7.5. Let ¢ be a solution of Eq. (7.1) over the flat unit ball. Assume Me L,{(B).
Then if ¢ is sufficiently small

[ I7,91> 22 [ 17yl + ce*E* +ce? | M3,
B B

when ¢ is expressed in the broken harmonic gauge.

Proof. The field ¢ satisfies —A¢=e(¢p), where e(@p)=(M+H—-Q— )¢ is an
“error” function which we shall estimate. Let u be the potential of e(¢) (obtained by
convolving with the Newton kernel). Then u satisfies du=e(¢p) and the function
[ =¢+uis harmonic. Applying Lemma 7.4 to f leads to the inequality

§IV,0> =2 [Vl +4 [ vul®.
B B B

There are standard estimates on the last integral In particular, (Morrey,
Theorem 3.7.3b) if e(¢)e L,;5(B) then | Vull2, <clle(d)li3 0,4/> Lhis can be estimated
by Holder’s inequality and Lemma 7.2:
le(d5, 43 S WM + H— Q)+ 2|o0] - V| + o] )] 13 4/
§6ii¢i1§4(ﬂMﬁéz+azii¢li‘é‘4+ “QHéz‘*‘ e ”04)'*‘2“w”04ml7¢h02
Zce?| M3, +ce’E?
when ¢ is sufficiently small. The lemma follows. [

Theorem 7.6. Let (¢, Q) be a C*® solution of the coupled field equations on B, —{0}.
Assume that the energy ¢ is sufficiently small. Then for some constant ¢

f Vel* +1)* — ceE* —ce f IMP2<c f Vo> +1gl*.
Proof. We are going to subtract from ¢ a radially symmetric solution to 4y =0 on
each annulus A4,, and integrate by parts. Let ¢(r) be the average value of ¢ on S,
and let i, be the function on A, linear in 1/r* with values y,= ¢ on 04,. Then v, is

continuous and radially symmetric and Ady,=0. Furthermore, because
0=|V(¢—p)>=IV|* +Vy|* —2 Re{V¢, Fy) and

J<V¢ Ppy= [ {p,Vpy= | (p,Pyp)= g Pl

24y 04,

on each A, the function p={y,} satisfies

JIPpl*= | 179, (7.2)
By
Set f=¢—w. Then j f=0 and by the Poincaré and Kato inequalities
f1f12<flf 2<H Waf1?, (7.3)

where [, is the covariant derwatwe on §, and ), ! is the first non-zero eigenvalue
of the Laplacian on §,.
With these facts, we shall examine the integration by parts formula

f WLV =L V*P>= | {fiW,d). (7.4)

DA4n
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The first step is to sum this equation on n to get an integral over B,. For this it is
necessary to check that the intermediate boundary terms cancel and that the inside
boundary term vanishes as n— c0.

The intermediate boundary terms will cancel if {f, |V.¢> is continuous across
each S,. But y is continuous and — because the gauges from 4, and 4, , | agree on
S,—¢,IF¢ and hence {f, |V.¢p) are continuous in the broken harmonic gauge. As for
the inside boundary term, the bounds [F(x)| < cE(2)x()-|x| "2 and |¢(x)| < cE(2|x))
-Jx|~* from Corollary 6.4 give

< |Vr¢>| <sup(¢|+|@)-cEQr)r~2-VolS, ScEX2r) r=27".
S

But lim E(r)=0, so this vanishes as n— oo.
r—0

After summing on n and using the field equations, (7.4) reads

Bf<i‘7ﬁ 1V¢>—<f=(M—Q~H)¢>=S§ WA Z ¥ (7.5)
The sphere integral can be estimated by first using (7.3)
A
AW S5 [P+ WS [P+ 0P, (7.6)

and writing [V, f1*=Vy$|* —2Re<[y¢. Vs> +Vywl?. Note that 0=Vp=[,p
—wyy and d*w,=0 by Theorem 7.1c so, integrating by parts,

5<l%¢a W)= — j. (b, wplVp)= f (e, wgip) .
s s 5

Hence
i”%ﬂz‘“ l’%¢12=£lw9w12—2 Re<wyo, wew>=~<.£!wef]2
= [Iwelliilflzéibzszf s 12
by Theorem 7.1e and (7.3). When ¢ is sufficiently small this gives
,SfHVef!Z§2£HVg¢!2, (1.7
and (7.6) becomes
§<f7 Vo>=(1 +i)£!IV¢§2- (7.8)
To estimate the left-hand side of (7.5), we write {If,y)=<Vf,Ved

+<af, W +<{Vf,wd) and bound {Vf, V> =|Ve|*> —~<V.yp, V.¢p> below using (7.2)
and Lemmas 7.5 and 7.3

[ <LV = [ 1017 +1V,01* — (V01> + 4V, wl?)
By B,
> [ YVol* — ce?E* — ce? | M |3, — 31V
B,

215 é Wel? — ce*(E* + | MI3,). (7.9)
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Using Lemma 7.2 we also have
(1) K, Wllor < loligs+ W3, Ilfil&SCSZEZ+Cszllf||34,
(ii) IV oddlloy Slwlds+ o015 1WolE, S ce’E
(iii) IKAM —Q—H)d) o1 = I$lloa(I MG, + ||Q|102+a“¢)“o4+ 1/1154)
Sce(E*+ M3, +aligllgs + 11 f1i54)-
Combining (7.5}, (7.8), (7.9) and these estimates yields

Bf W1? — ce(E* + | MI5,) — ce(l pll 54 + I!flifm)écsf Wel*. (7.10)

It remains to estimate | |3, and |[¢]3,. For this we use the Sobolev-type
inequality (see Morrey, p. 82)

flqi'lzéce[f Wel?+ flqﬂ, (7.11)
By B S1
which can be combined with the usual Sobolev inequality to give
’s‘élléécw Wel* + fl@lzy (7.12)
B St

We can also apply (7.12) to f. Note that [Vf =|Vf+ f satisfies

W13, <20V 13, +2lwlds- 1134,
that |w||3, £ce* by Lemma 7.2a, and that

IVf132=217l13, S cll +2%)E?

by (7.2) and Lemma 7.3. The sphere integral is bounded by (7.3) and (7.7). It
follows that, for ¢ sufficiently small,

}Iffié4§cEz+cS§ el (7.13)

Finally, multiply (7.10) by 1+c¢, and add to (7.11), incorporating (7.12) and
{7.13). The theorem follows when ¢ is sufficiently small. J

We next derive an analogous estimate for the curvature field €. This theorem
was obtained by Uhlenbeck [19] when @ is a Yang-Mills field. We repeat her
proof, adding a current term.

Theorem 7.7. Suppose that £ satisfies D*Q=J on B, — {0}, where J is the fermion or
boson current. Then for ¢ sufficiently small there is a constant ¢ such that
Jl1QF—ceE*<c [ 192
By S1
Proof. Again, integrate by parts in the broken harmonic gauge and estimate the

extraneous terms. Since Dw=dw+[w, ©]=0+3[w, @], the differential of the
R-valued 3-form w A xQ is

d(w A *Q)=Dw A xQ— w A D(+Q)
=Q A0+ Hw, 0] A*Q— o AxD*Q
=[1Q? + K [w, w], @) —{w, D*Q)] - volume form.
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From the field equations {(w, D*Q) =J(w), so on the annulus A4,

J orxQ= [ 197 +[w,w], 2)—J(w).
An

24n

Because 0A, is spherical only the tangential components w, A (x£2), contribute to
the boundary integral. But the components of (x£2), are the components of Q2 with
a radial part, so we can replace (xQ), by Q,=> Q, dr e’

Now sum on n. The intermediate boundary terms cancel as before. The inside
boundary term can be estimated using Corollary 6.4 and Theorem 7.1e

§ (g, 2,0 SN N, - 0"l - VOIS, Scr ™ 2EQ2r)-br™ e-cr® ScEQ2r),
Su

which vanishes when r=2""—0. This gives
Bj 121> + X [w, w], Q) —J(w)zsj {we, .. (7.14)
Now by Lemma 7.2 and Theorem 7.1f we have
[{[o,0], @ <o), 2], S ceE?
and can bound the fern‘iion and boson currents, respectively by

1T (@)oy =12<¢, €' oles 1) llo1 S llllgz - 1¢I5, S 1QNT, - I BN5s S ceE?
1T(@)o, = 1Y ReWid, olet)p (o1 SNl oullWil3, + 00ll54) S ceE2.

Also, [lwgl®=c (|2l from the proof of Lemma 7.2, so
s 5
[ <05 Q> S 10 +1Q 12 Zc [ 1017
S 5 S

The theorem now follows from (7.14). ]
Finally, we combine the previous two theorems and make explicit how these
estimates depend on the metric within the conformal class.

Theorem 7.8. Let (¢, Q) be a solution to the coupled fermion or boson field equations
with locally finite energy at a singularity pe M. Assume that the mass coefficient m
satisfies the hypotheses of Theorem 6.3. Then for all r Sr, the energy in the ball of
radius r around p satisfies

E@)<Zcr® for some 6>0.

Proof. Rescale and fix a metric g, in which (¢, Q) is defined on B, — {0} and ¢ is
small enough for the previous theorems to hold. Let B{z,r) be the ball of radius rin
the metric g=1"*g, and let E(z,r) be the integral (3.5) of the energy density over
B(z,r). Then E(z,r)= E(1, %) and the function E(t)= E(x, 1) satisfies

d d

;{-T-Ez(r) =-—F*1,1?)

d 2
dz _231:12 ™

t=1 =1 r=1

is the integral of the energy density over the unit

r=1

The expression g—-Ez(r)
r

sphere.
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Adding the inequalities of Theorems 7.6 and 7.7 gives
EXt)—ce- | IMPZct’[E* ()] (7.15)

B(z, 1)
when t=1. But this equation is conformally invariant (M has weight 2 and the
sphere integral has weight —1) except for the factor &, which decreases as t
decreases. Hence (7.15) holds for all t<1 with e=E(1, 1) fixed.
The hypothesis MeL; (B,) for some p>2 implies, by Holder’s inequality,
[ IM|*=c,r’ for some 6>>0. Since M has conformal weight 2 we have
B(1,n

§oIMP= [ M]?Zce,r.
Bz, 1) B{i,7)

Substituting into (7.15) yields the differential inequality E*(1)—ctE*(1)) <c,7’,
<1, and integrating this gives (even when M =c,=0)

E(1,7)=E(1)£ct¥

for some cand 6 >0. [

8. Removable Singularities

The regularity theorems of Sect. 5 and the energy growth rate established in Sect. 7
together yield a theorem on the removability of singularities.

Theorem 8.1. Let (¢, Q) be a solution to the coupled field equations (2.5), (2.6) with
[finite energy in a neighborhood D of pe M. Assume that (¢, Q) is C* in D—{p} and
that the mass coefficient m satisfies

(i) me L, (D) for some p>2,

(ii) m*e L, (D) for some p>2,

in the fermion and boson cases, respectively. Then there exists a continuous
trivialization of the principal bundle over D in which the connection and the field ¢
extend over p to C® solutions of the field equations.

Proof. By rescaling we may assume that D—{p}=B,—{0} and that a broken
harmonic gauge exists. Theorem 7.8 then implies that FeL, for some p>2, so
¢eL, ,and Qe L, Furthermore, since d*w =0 in the broken harmonic gauge,

Vol =|do]=|Q2—3o, 0] <|Q]+]o]?

and hence wel, , (using Lemma 7.2a). Regularity now follows from
Theorem 53. [

Finally, we will use Theorem 8.1 to show how solutions to the coupled fermion
or boson equations defined on R* extend to solutions on S*.

Suppose that (¢, Q) is a C* solution to the coupled field equations on R*. Let
0:S*—IR* be the stereographic projection from the north pole p. Because ¢ is a
conformal transformation and the field equations are conformally invariant, the
pulled back field (c*¢, 6%Q) is a C* solution on §*— {p}. Theorem 8.1 will now
show that the singularity at the north pole is removable provided that the energy is
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finite and that the condition on m is valid. To state this condition, it is convenient
to follow the stereographic projection ¢ by the stereographic projection ¢’ from
the south pole. The composition ¢’c is the conformal inversion f:R*—R* by
f(x)=x/|x)*> which transports the singularity to the origin of IR*. The differential of
fis f(x)- X =|x]>-X for Xe TR*=IR*. A quantity ¢ of conformal weight w then

satisfies (f*&)(x)=|x|"2"¢& (f%) We can then translate the hypotheses of
X

Theorem 8.1 into hypotheses on the original field on R*. The conditions on m
become conditions involving weighted Sobolev spaces on R* or - after the in-
version — conditions at the origin. We then have:

Corollary 8.2. Let (¢, 2) be a C* solution to the coupled Yang-Mills equations (2.5)
or (2.6) on R*, Assume
1) For fermion fields ¢, that the energy

&L Q17 + IxIW el + x|~ %]

is finite and that |x|™*m (E?F) €L, (p>2) locally at the origin.

2) For boson fields ¢, that the energy

T 108 HPS 1 1P

Jx|?
(2.6)) are bounded at infinity.
Then (¢, Q) extends via stereographic projection to a C* solution on S*. [

is finite, that |x|™*m? X ler (p>2) locally at the origin and that a and da (see
)
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