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Abstract. This paper develops the Riemannian geometry of classical gauge 
theories - Yang-Mills fields coupled with scalar and spinor fields - on compact 
four-dimensional manifolds. Some important properties of these fields are 
derived from elliptic theory : regularity, an "energy gap theorem", the manifold 
structure of the configuration space, and a bound for the supremum of the field 
in terms of the energy. It is then shown that finite energy solutions of the 
coupled field equations cannot have isolated singularities (this extends a 
theorem of K. Uhlenbeck). 

Introduction 

One of the major discoveries of physics in this century is the recognition that 
non-abelian Lie groups play a role in particle physics. For many years this was 
regarded as a peculiar aspect of quantum mechanics having no classical analogue. 
Then in 1954 C. N. Yang and R. Mills proposed a classical field theory incorporat- 
ing these groups. Recently their theory has received considerable attention from 
both mathematicians and physicists. 

Yang-Mills theory is easily described in terms of modern differential geometry. 
One begins with a principal bundle P with compact Lie structure group G over a 
manifold M. The Yang-Mills field is then the curvature f2 of a connection V on P 
which is a critical point of the action 

A(V)  = j" IOl z . 
M 

When G is the circle group the Yang-Mills field satisfies Maxwell's equations. 
Physically, Yang-Mills fields represent forces. As such they interact with a 

second type of field - the field of a particle. This is interpreted as a section ~b of a 
vector bundle associated to P and the action for the system is essentially 

A(V, qS) = ~ If212 + {Vq~12-m2kbl2, 
M 
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where m is a constant (the mass of the particle). The critical points of this action are 
solutions to a pair of coupled non-linear partial differential equations - the 
"coupled Yang-Mills equations." These are invariant under the infinite dimen- 
sional "gauge group" of all fibre preserving automorphisms of P. This setup 
constitutes a (classical) gauge theory and is the subject of this paper. 

Four-dimensional compact Riemannian manifolds are the natural context for 
Yang-Milts theory for several reasons. First, the four-dimensional Yang-Mills 
action is bounded below by the characteristic number of the bundle, so the field is 
constrained by the topology. This is linked by invariant theory to the conformal 
invariance of the action. This conformal invariance occurs only in dimension four; 
it means that the relevant geometry lies in the conformal structure of the base 
manifold. The curvature is expressed in terms of the connection form co by 
g2 = dco + 1[co, co] and the Yang-Mills action is, essentially, S [dcor 2 + ]co[4. This is the 
sum of a gradient term Idcol 2 and a non-linear ("self-interaction") term jcoj4. By the 
Sobolev inequalities these terms are of compatible strength only in dimension four. 
Thus conformal invariance - which dictates the Sobolev inequalities - is reflected 
in the analytic aspects of Yang-Mills fields. 

To date, the main analytic result for Yang-Mills fields is Uhlenbeck's proof 
[19] that a Yang-Mills field on a four-dimensional space with finite energy cannot 
have isolated singularities. As a consequence, a field on IR 4 with finite energy 
extends via stereographic projection to a field in a non-trivial bundle over S 4. This 
theorem is striking because it shows that the topology is inherent in the field; for 

1 
example the quantity ~-225_2 S f~/x f2 is always an integer the characteristic number 

1 ~  M 

of the bundle. In this sense Uhlenbeck's theorem completes the circle : the analytic 
properties of the Yang-Mills field imply the topology. 

It is natural to ask if isolated singularities can exist for coupled Yang-Mills 
fields. Our main result (Theorem 8.1) shows that such isolated singularities are 
indeed removable. The proof depends crucially on the conformal invariance of the 
coupled field equations. 

In the first three sections we develop Yang-Mills theories on compact 
Riemannian four-manifolds. Section one is an overview of four-dimensional 
Riemannian geometry and is primarily intended to introduce the (considerable) 
notation used in subsequent sections. We begin by discussing the special features 
of the linear algebra of IR 4 which stem from the isomorphism 
Spin(4)=SU(2) x SU(2). This algebraic structure carries over to vector bundles 
over four-manifolds and, when connections are introduced, leads to relationships 
between the curvature, topology and differential operators on these bundles. 

In Sect. 2 we introduce the coupled Yang-Mills equations and show that the 
action is naturally associated to conformal structures on oriented four-manifolds. 
As in physics, we consider two types of equations : the "fermion" equations based 
on the Dirac operator for bundle-valued spinors, and the "boson" equations based 
on the bundle Laptacian. The key properties of the Yang-Mitls equations - their 
gauge and conformal invariance - extend to these coupled equations. 

The Yang-Mitls equations are not elliptic because of gauge invariance. 
Section 4 contains a local slice theorem - similar to those of [4, 12, 20] - for the 
action of the gauge group on the product of the space of connections and the space 
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of fields. In Sect. 5 this slice theorem is used to construct local "gauges" (sections of 
the principal bundle). This breaks the gauge invariance of the equations, which are 
then elliptic and possess the expected regularity; for. example a bounded weak 
solution is C ~. 

The last three sections are devoted to the proof of the removability of isolated 
singularities for finite energy solutions of the coupled field equations. This builds 
on the work of Uhlenbeck [t9, 20]. The proof involves three steps: (i) gauge 
independent estimates, (ii) a choice of gauge and the corresponding gauge 
dependent estimates, and (iii) an examination of how these estimates depend on 
the metric within the conformal class. Together, these yield an energy growth rate, 
from which the theorem follows. 

The gauge independent estimate of Sect. 6 is perhaps of interest in other 
contexts : it shows that the supremum of the total field F = f2 + IVq5 + q~ is bounded 
by the L 2 norm (the energy) of F. One consequence of this is the fact that a solution 

to the coupled Yang-Mills equations is 0 ( 1 ) around an isolated singularity. This 
\ / 

growth rate is enough to establish the existence of a particularly nice gauge around 
the singularity using a theorem of Uhlenbeck. Estimates in this gauge are carried 
out in Sect. 7. These estimates go considerably beyond those of Uhlenbeck [19] by 
showing that the particle field ~b satisfies an inequality (Theorem 7.6) analogous to 
Uhlenbeck's inequality on the curvature (Theorem 7.7). 

The removability of singularities is proved in the last section. Note that this 
means that both the bundle and the field extend across the singularity. Finally, as 
an application, we prove an extension theorem: solutions of the coupled field 
equations IR 4 which decrease at infinity at a certain specified rate extend by 
stereographic projection to solutions over S 4. 

1. Four Dimensional Riemannian Geometry 

Riemannian geometry in dimension 4 is distinguished by the fact that the 
universal cover Spin(4) of the rotation group SO(4) is not a simple group, but 
decomposes as 

Spin(4) = SU(2) x SU(2). 

On the group level this is seen by identifying N 4 and C 2 and with the quaternions 
H. We may regard SU(2) as the group of unit quaternions. For unit quaternions 9 
and h, the map x-~9-1xh is an orthogonal transformation of H = N  ~ with 
determinant 1, and hence gives a homomorphism ~ :SU(2)x SU(2)->SO(4). This 
map has kernel ( - 1 , - 1 ) ,  so displays SU(2)x SU(2) as the 2-fold universal 
covering group of SO (4). 

On the algebra level the isomorphism so(4) =su(2) x su(2) is a consequence of 
the Hodge star operation: *:A2(IR4)~AZ(IR 4) with *2=Identity, and the metric 
gives an identification so(n)=Ag(V). Thus Az(IR 4) decomposes into _+ 1 eigen- 
spaces: so(4)=Ai+GAZ_. The spaces A~ are 3-dimensional spaces of skew- 
symmetric matrices which are isomorphic as Lie algebras to so(3)--su(2). 

We will distinguish the two copies of SU(2) in Spin(4) by writing Spin(4) 
= SU+ (2)x SU_ (2) (this labeling is determined by orientation since a change in 
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A 2 A 2 orientation switches * to -*) .  The elements of + ( _ )  are called self-dual (anti 
self-dual) 2-forms. 

The representations of Spin(4) can be determined using the isomorphism 
Spin(4) = SU + (2) x SU_ (2). First, recall the structure of the representation rings of 
SU(2). The fundamental representation Dt/2 is SU(2)  acting on 1[; 2 in the usual 
manner and all other irreducible representations are symmetric powers 
Dk/2 = SymkDt/2 with k~ 2~ +. Tensor products of these representations decompose 
according to the Clebsch-Gordan formula 

Dk/2@Dl/2 = Dk+l/2@Dk+l- 2/2@ ... @Dlk-l[/2. 

The representation ring of Spin(4) is generated by the two fundamental repre- 
sentations - the spin representations - D~/2 obtained by projecting Spin(4) onto 
SU+(2) and applying D1/2. The representation Dk+/2@Dt/-2 has dimension 
(k+ 1)(l+ t) and factors through SO(4) if and only if k+l is even; these are the 
orthogonal irreducible representations of Spin(4) and all others are symplectic. 

It is often convenient to view the spin representations in the context of Clifford 
algebras. For details we refer to Atiyah et al. [3]. 

Let E=IR. 2k with the positive definite inner product 9 and let {ei} be an 
orthonormal basis of E. The Clifford algebra C(E) of E and 9 is the graded algebra 
C(E) = T(E)/I, where T(E) is the tensor algebra on E and I is the two-sided ideal 
generated by the elements x®x+9(x ,x ) . l  for x~E. Thus C(E) is generated by 
{ei l . . .eJi l<iz<.. .<ir ,  r<2k} with relations eie~+eie~=-26~j. The map 
% a ... A % ~ %  ... % from exterior algebra on E gives a (non-canonical) isomor- 
phism A*(E)~_C(E) of graded vector spaces. Furthermore, the complexified 
Clifford algebra Cc(E ) is algebra isomorphic to the endomorphisms of a 
2k-dimensional complex vector space V: A*(E) ~- Cc(E) ~- End(V). 

The group SO (2k) acts on E and this action extends, showing that A*(E)~-C(E) 
as SO(2k) modules. In fact, SO(2k) acts on C(E) by inner automorphisms and this 
gives an embedding of Spin(2k) in CeV°n(E) with group multiplication given by 
multiplication in the Clifford algebra. On the algebra level s__oo(2k)= A2(E)~-C2(E) 
embeds as the tangent space to Spin(2k) at the identity and the restriction of 
Clifford multiplication A2(E)®A2(E)~C(E) coincides with the Lie bracket under 
the identification AZ(E)= so(2k) by (ei®ej - e~®el)~-,-½e i. e j. 

The inclusion Spin(2k) C C~(E) ~ End(V) makes V a Spin(2k) representation. 
Since 2k is even this is a reducible representation" e = e~e 2 ... e2k is invariant, e 2 = 1, 
and hence V= V+ ® V_ decomposes into the _+ 1 eigenspaces of e. The even 
elements of C(E) commute with e, so C¢~e"(V)= End(V+)@ End(V_) as Spin(2k)- 
modules. The odd elements of C(E) interchange V+ and V_. In particular, each 
xeE  maps V+~V_ and V_--,V+, giving the Clifford multiplication map 
E®V+_ ~V¥ which we denote by x ® O ~ x  .c~. 

In four dimensions the representations l/~ are the 2-dimensional complex spin 
representations D~, 2 mentioned above. In the isomorphism 
A*(IR 4) ~- C~(IR 4) ~- End (V), A 1 -~ Hom (V+, I,L) ~- Horn (V_, V+) -~ A~ with the real 
parts embedded in H o m ( ~ , V  )®Hom(V_,V+) as A ~ = {(A, -A*)}. Also, A~ 

A 2 mA 2 with A~¢=[Hom(V+,V+)] °, where o denotes the decomposes as +c,~ -c 
component consisting of traceless matrices. The real parts A 2 consist of traceless 
skew hermitian endomorphisms of V+. 
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These algebraic facts carry over to vector bundles on oriented four-manifolds 
except for one topological obstruction. By studying the fibration of classifying 
spaces corresponding to the sequence 0~2g2-~Spin(4)~SO(4)~0 and noting that 
B;g 2 = K(~ 2, 1), one sees that an oriented manifold M 4 has a spin structure if and 
only if its second Stiefel-Whitney class c%M vanishes, and that when co2M = 0  the 
spin structures are classified by HI(M;~2).  

When M has a spin structure the frame bundle F of T*M lifts to a Spin(4) 
bundle and there is an associated vector bundle 

+ 
Ek, z = F x (k,o(Dk/2@Dt/2) 

for each irreducible representation of Spin(4). In particular, the spin bundles 
V+ = E l ,  o and V_ =Eo, t and the total spin bundle V= V+ ®V_ are defined. One can 
also form the Clifford algebra bundle C(T*M) on the cotangent space and obtain a 
global Clifford multiplication map 

r ( r * M ) ® r ( ~ ) - . r ( v ~ ) .  (1.1) 

Sections of v are called spinor fields, or simply spinors. 
When co2M#:O the only bundles Ek, l which are globally defined are those 

associated to a representation which factors through SO (4) - those with k + l even. 

Connections, Curvature, and Operators 

Now assume that M is a Riemannian manifold. The metric determines the Levi- 
Civita covariant derivative 

V : F( T* M)-~ F( T* M ® T'M) (1.2) 

on the cotangent space. Choosing a local basis of sections {e i} of T*M we can 
write Ve~=~o)~®e k, where {o~} are the connection 1-forms. The nature of these 
connection forms is best seen in the context of connections on an arbitrary bundle. 

Let G be a compact semisimple Lie group with Lie algebra ~ and let n : P ~ M  
be a principal G-bundle over manifold M. A connection on P is a choice of an 
equivariant horizontal subspace on T,P, or dually a y-valued 1-form on P which 
(i) has horizontal kernel: o( i ,A)=A for A ~ ,  where i , : ~ T , P  is the natural 
inclusion into the vertical subspace, and (ii) is equivariant : g*o(X ) = (Adg-1)co(X) 
for x~F(T,P) and g~G. 

Let ~ denote the affine space of C ° connections of P;  ~g becomes a vector 
space when a "base" connection co o is fixed. The equivariance property shows that 
the difference ~/= o3-coo pulls down to M as a 1-form with values in the adjoint 
bundle P x n~ ,  which we shall also denote by ~. As such, it determines a covariant 
derivative map 

V :F(f)~ F( f® T* M) (1.3) 

by q~-,Vo +_[t/,4~ ], where V o is the covariant derivative corresponding to co o. If 
: G ~  Aut(E) is a representation and E = P x 0/~ the associated vector bundle, then 

co induces a covariant derivative 

V E :F(E)~F(E® T'M) (1.4) 

on E by applying the Lie algebra representation ~ :y~End(/~) to (1.3). 
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For example, if P is the flame bundle of T*M the Riemannian connection can 
be described either in terms of the covariant derivative (1.2) or in terms of the 
corresponding so(n)-valued connection for co. In a local frame co= {co~} are the 
forms described above. 

Given a connection V E on a vector bundle E we can form several natural 
operators from V ~ and a symbol map. Extending V g to the covariant derivative 
IV= V® 1 + 1 ® V E on A*®E (where V is the Riemannian connection on A*) and 
taking exterior multiplication or its adjoint (contraction) as the symbol, we obtain 
an exterior differentiation D :F(A*®E)~F(A *+ 1GE) and its formal adjoint D*. 
In a local orthonormal frame {e i} 

{ D4)=~eiA 4)eF(A*®E). (1.5) ivy4) 
0 * 4 )  = - E 21v4) 

There are also two second order operators of interest: the trace Laplacian 

( : ) * :  = - Z 

on F(E) and the bundle Laplace-Beltrami operator []]=(DD*+D*D) on 
F(A*®E). We will discuss these later in relation to the Weitzenb6ck formulae. 

The covariant derivative V= V e of (1.3) now extends via (1.5) to an exterior 
differentiation D on the space of sections A* =Y(A*®y) 

r(~)=AO v___V_~A 1 0 , A 2  O ,... (1.6) 

by 4)~-+V o + It/, 4)], where V 0 is the covariant derivative corresponding to coo. Then 
A* is a graded Lie algebra with operations 

(i) The bracket on y and exterior multiplication give a map APQAq--)A p+q 
which we denote by co®q~-~[co, t/]. 

(ii) The Killing form gives a positive definite metric on y and a multiplication 

AP ® Aq~ F(AP+ q( T* M)) 
by 

(~® A)Q(fi Q B)~+( A, B )~ A fi 

for aEF(AP), fie F(Aq), and A, BEFQT). We denote this by co®tl~-~co/', ~7. These 
operations satisfy (cf, Atiyah and Bott [1]) 

(a) [coP, coq] = ( -  t) pq+ 1 [coq, o:], 
(b) cop A coq =( - -  1)Pqco p A co p, 
(c) ( -  1 : ' [ o : ,  [co", coq] + ( -  [co', co ]] + ( -  1:[co', [co , coq] = 0 

(Jacobi Identity), 
(d) [co, t/] :, ~ = co A [t/, ~] (Invariance of the Killing form), 
(e) D[co p, t/] = [Dco p, ~/] + ( - 1)P[co p, Dr/], 
(f) d(co p A t/) = Dco p A ~ + ( -  1)P~: A DO. 
The curvature of a connection co on the principal bundle P is the y-valued 

2-form f2(X, Y)=dco(hX, hY), where h is the projection onto the horizontal 
subspace of co. In fact, D = doh is a derivation on equivariant y-valued 1-forms on 
P given by D4)=d4)+[co, q~] for l-forms with vertical kernel and D4)=d4) 
+½[co, 4)] for connection forms 4) (Kobayashi and Nomizu, Sect. 2.5). In particular 
~2 = dco + ½ [co, co] on P. Now fix a connection coo. For any other connection co, the 
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difference t /=co-c% descends to M as an element of A 1 and the difference of the 
curvatures is 

~ -  o0 = & + ½ [co, co] - ~ [coo, O~o] = & + ½ D,  t/] + [co, t/], 

+~[~,t/]. O = O  o+Dot / 1 (1.7) 

There is a second way to describe (2 in A*. Any q)~A ° lifts to an equivariant 
y-valued function on P and D~b has vertical kernel. Hence 

D oD((o) = d(DO) + [co, DO] = d(d(a + [co, qS]) + [co, D~] 

= [De), 4)] - [co, D(o] + [co, D#)] = [f2, 4 ] .  

This formula descends to the base: 

Do V(qS)= [O, qS] for ~b6A °, (1.8) 

i.e., the curvature endomorphism ~ on A ° is the composition of the first two 
operators of (1.6). Similarly, the curvature of an associated bundle E is 
OEE F(A 2 ®End(E)) defined either by ~2 ~ = 0((2) where q : ~ E n d ( E )  is the defining 
representation, or as the composition (2 ~= D ~o V E in the sequence 

E 

F(E) v , F ( A ' ® E )  D~ D~ ...... , F(A2®E) , ... 

corresponding to (1.6). In terms of a local basis of vector fields {ei} and dual forms 
{e i} 

O( 4 ) = D o V ~b = D (~, V/aeit = ~ (FiqSek/x Vkei + Vy/~ek A ei) , 
/ i ,k 

and noting that Vie y -  V j =  [e i, e y] for the Riemannian connection, 

O,j= V f j -  VjV~- gte,,,, 1 (1.9) 

and similarly for fff. 
An important consequence of the Jacobi identity is the Bianchi identity DO = 0. 
When P is the frame bundle of M it has a metric connection and we will denote 

the Riemannian curvature of M by R ~ F(A2 ®so (n)). 
In four dimensions the Riemannian curvature Re A 2 ®so(4)= A 2 @A 2 decom- 

poses under the splitting A 2 - A  2 -  +,,~mA 2_. In fact, because of the symmetry 
Riyk~ = Rkt o, R is an element of the symmetric tensor product Sym 2 (A2+ ®A 2_). As a 
Spin (4)= SU + (2) x SU_ (2) module this breaks into 5 irreducible pieces according 
to the Clebsh-Gordon formula 

(Sym 2 A 2)o • 1 G [A2+ ® A 2- ] • (Sym 2 A 2_)o @ 1, (1.10) 

where o denotes the traceless elements in the symmetric product. The components 

(W+, f i_ ,2B ,  W_ s )  of R under this decomposition are R = \ 12 , ~ where s is the scalar 

curvature, B is the traceless Ricci tensor, and W e are the self-dual and anti-self- 
dual components of the conformally invariant Weyl tensor (cf. Singer and Thorpe). 
This decomposition distinguishes several important classes of four-manifolds : M 4 
is Einstein if B=-O, conformatly f la t  if W-O,  and self-dual (anti-self-dual) if 
W- - 0  (W + =0). 
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On a four dimensional Riemannian manifold the metric covariant derivative 
on the spin bundle V÷ is a map V:F(V+)-~F(V+®T*M). Note that 
V+ ® TffM-~ V+ ® V+* ® V_ = V_ ®A2+~ and that the projection V+ ® T * M ~  V is 
Clifford multiplication. Thus V on V± decomposes into two operators: the Dirac 
Operator ~:F(I~)-~F(V~), whose symbol is Clifford multiplication, and the 
Twister Operator ~'F(V±)-+F(A]:~), whose symbol is the orthogonal complement 
of Clifford multiplication. In a local orthonormal frame {e ~} 

{ ~(o = ~ e  i. Vi~ ~6F(V). 
~ = V~ + ¼Ee'. ~(a®e i 

The Dirac operator is elliptic and is formally self-adjoint on the total spin 
bundle V. 

The metric connection also gives a covariant derivative on each bundle E~,~ 
associated to the frame bundle of T'M,  V: F(Ek,~)~F(Ek,~®T*M). Because 

Ek, t@ T*M ~ Ek, I@E1,1 ~ Ek+ 1j+ 1 @Ek+ 1, t- 1 @Ek- 1, l+ 1GEk- 1,t- l 

V decomposes into four operators : two Dirac operators, a Twistor operator, and 
the adjoint of this Twistor operator. For example, dOd* : A~ @ A I ~ A  c 3  2 
=A2c®A2~ is a homogeneous first order operator El,l-+E2,0@Eo,2 which 
coincides with the sum of the two Dirac operators on El, 1. 

Finally, if P is a principal bundle with connection over M 4 and E is a vector 
bundle associated to P, then the covariant derivative on E extends to tV= V®I 
+ I®V E on Ek,~®E and we obtain Dirac and Twistor operators on Ek, z®E. 

Topological Invariants 

Compact four dimensional manifolds M possess two real characteristic classes: 
the Pontryagin class plM and the Euler class e(M). By Chern-Weil theory these 
can be expressed locally as polynomials in the curvature of M and hence as 
polynomials in the irreducible components {s, B, W -+ } of the curvature 

1 ~ iw+t~_lw_?,  PlM= 4 ~  M 
(1.11) 

1 s 2 
z(M)= C 

More generally, let G be compact simple Lie group. Then Hi(BG; IR) vanishes for 
i=1 ,2 ,3  and is IR for i=4.  Thus there is a single real characteristic class for 
principal G-bundles over M 4 ; it lies in dimension 4. In the context of Yang-Mills 
theory the corresponding characteristic number is called the Pontryagin Index of 
the bundle and is denoted by k. According to the Chern-Weil prescription it is 
obtained by substituting the curvature f2 of P - or of the adjoint bundle ~ - into 
the Killing form. In terms of the anti-self-dual components f2 -+ of f2 

k=  8_75n21 .I t0+12-10- t  2. (1.12) 
M 
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WeitzenbSck Formulae 

Let M be a spin four-manifold with Riemannian connection V and curvature R and 
let E be a vector bundle over M with connection V E and curvature f2 ~. Then the 
Dirac operator 

9 :F(V®E)-+F(V®E) 

is defined for E-valued spinors by 9 = ~ e  i- IV/, where IV = V® 1 + 1 ® V ~ is the total 
covariant derivative on V®E. The square of this operator has an algebraic 
decomposition into Laplacian and curvature terms; such a decomposition is 
called a Weitzenb6ck formula. 

To compute 9 2 it is convenient to choose an orthonormal local frame {e i} 
around a point x ~ M  and vector fields {ei} dual to {e i} with (Ve~eJ)x=O for all i,j. 
Since V has no torsion it follows that [e~,e~]~=0 and that the total curvature 
£2=R®1 + 1®£2 ~ of V ® E  is f2i~= ]VIlV ~ -  IVf,:. Squaring 9 and separating the 
symmetric and skew-symmetric parts: 

o r  

9 2 = (Y'd. IV3(~eJ.lV) = ~,e i. d.lV~lVj 

= - 2 IV2tV ~ + ~ e ~" eJ, (tVIIVj --IVjtVj) 
Z,J 

9 z  = IV*iV+½ ~ e i . d . R f ~ ® l  +½ ~ e/' d ' (1  ®f2/~). 
i.j i.j 

(1.13) 

The principal term IV*IV is the positive trace Laplacian of IV. The endomorphism 
N = ½ ~ e i . # . R i ~  of V involves only the Riemannian curvature of V and can be 
expressed in terms of the irreducible components {s, B, W -+ } of R as follows. 

R acts on spinors via the spin representation ekA e ~ - - ½ e  k. e z. and the image 
c(R) =--l~Ri~uei .eJ.ek.e  ~ is an even element of C(A1), so has three components 
A ° ® A 2 ® A  4 according to whether 2pair/1 pair/none of the indices of ei.eJ.e k.e l 
are the same. But the A 2 component vanishes because R :A2-~A 2 is symmetric, the 
A 4 component vanishes by the Bianchi identity, and the A ° component is 

s 
- ~ ( R i j i j e  i. d .  e i. d + Rijjie i. d .  e j. d) = ~. 

Thus we arrive at our first Weitzenb6ck formula: the square of the Dirac operator 
on E-valued spinors is 

S + ½~e i  "ej" Q~.  (1.14) 9 2 = I v * I v +  

By replacing E by V* ® E  we get a Dirac operator on V® V* ®E ~ A* ®E, i.e. 
on E-valued forms. For this 9 

2__ * 1 i l~A* 41_ V i j.~'2E 9 - tV  t V + - ~ e  . d .  (1.15) "'ij  --2¢_, e "e i j  

and 9 2 is closely related to the bundle Laptace-Beltrami operator D = D D  * 
+D*D. Indeed, 9 = D + D *  on A*®E and 9 2= []  +D2 +(D*) 2. Although D 2 and 
(D*) 2 are not zero, we can ignore them by focusing only on that component of 9 2 
which preserves degree and then (1.15) decomposes [~. 
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(1.16). Thus 

explicitly, 

Under the isomorphism V® V* = A*, e i .e~. corresponds to 
-(ei_3eJ/", . + e iA e jJ - ) ,  so the middle term of (1.15) is 

1 A* j " = - 2 ~ R i j  (e~.J e A • + e' A ej .J.). 

Alternatively, we can write R A * = R V ® I  + I ® R  v* and 

~ = - ~  2 RokI ei 'e3"ek'et" @1 +½ 2 Rijkt e i ' e j '  ® ek ' e t ' ,  
i jk l  i < j , k < l  

S 
where the first term is ~ as above. In the second term R is acting through the 

Clifford multiplication map 

R e A 2 ® ( A 2 )  * , End(V)®gnd(V*)~gnd(A*) (1.16) 
c ® c  

which can be computed on each component of A* using the decomposition (1.t0) 
of the curvature. 

1. Scalars embed in A* = V® V* as multiples of the identity and on them 

(ei l e  ~ A • + e i A e~ 5 . )=3  u. 

Hence the Weitzenb6ck formula for E-valued scalars is simply 

[] = IV*IV. (1.17) 

2. One- forms embed in V ® V *  as skew adjoint elements of 
(V+ ® V_*)@(V_ ® V*) and the only traceless Ricci tensor can act on them through 

s 
~ = ~  + B ( ) = R i c ( )  is contraction with the Ricci tensor (more 

= -- ½ ~ Riju(ei_Je i A . + e i A ej J . ) (ek@et - -  e~@ek) 
k < l  

applied to a t-form e" is ~(e "~) = ~R~mei). The Weitzenb6ck formula for 1-forms is 

1 e i  [ ] - - IV*IV+Ric( )+2~ .eJ.f2~. (1.1S) 

3. Sel f -dual  2- forms embed in V ® V *  as traceless self-adjoint elements and 
only the scalar and self-dual Weyl curvatures can act on them. In fact, (1.16) 

S S 
restricted to End(A2+) is twice the identity and, by (1.10), ~ =  ~ + ~ + W+(). As 

noted earlier, Clifford multiplication coincides with brackets in so(4)=A 2, so for 

= ~4~kle k A eZ~r(A2+ ®E), 

-':~V e ~ . d -  ~2~(~) = - [ ( ~ ' )  +, 4)] = EOj~(¢,j) -- Qd¢~k)] 

The Weitzenb6ck formula is 

S 
[ ]  =IV*IV+ -3~ + w * (  ) -  I[(f2~) *, . ] .  

e i A e k . 

(1.19) 
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The same formula holds for anti-self-dual 2-forms when W + and (f2~) + are 
replaced by W- and (~E)-. 

4. Since [] commutes with the star operator, the Weitzenb6ck formula on 
E-valued 4-forms is given by (1.17) and on E-valued 3-forms by (1.18) with the 
curvature terms replaced by their .-adjoints. 

Sobolev Spaces 
For functions on a bounded domain D in lit" the Sobolev space Lk, p(D ) is the 
completion of the space of Coo functions in the norm 

k \lip 
ilfEl~,p-- ! Z tOJl') . 

These spaces are related by the Sobolev embedding theorems: for p ,q>  1, the 

inclusion Lk, p(D)-+L~,q(D) is continuous for k - n  > l -  _n and compact for k -  _n 
P q P 

> l - _ n ,  and the inclusion C~(D)--+Lk, p(D) is compact for k - n  >l. This setup 
q P 

carries over to vector bundles on compact Riemannian manifolds M ~alais). In 
fact, given a C OO vector bundle E with metric over M, we can complete the space 
Foo(E) of C ~° sections of E by either 

(i) choosing a coordinate covering {V~} and a subordinate partition of unity 
{4)i} and defining Lk, p(E ) by the inclusion {4)i}:Fff(E)--+OiFv~(E); 

(ii) choosing a connection V on E compatible with the metric and defining the 
norm TI tlk, p,V by the above formula with ~ replaced by 17. 

These procedures yield equivalent Banach spaces, We will use the second 
definition, and, after fixing a connection, write [tk, p,V as llk, p. 

In dimension 4 the relevant Sobolev inequality for functions is 

c[S +r 1 
Br } B. 

on the ball B, of radius r, or 

on M. Here c is a constant depending on M. If f has compact support on B, then 
we have the Poincar6-Sobolev inequality 

 c.,.sl ll . 

These inequalities extend to sections of vector bundles by Kato's inequality 
lal4)ll_-< IV4)l for 4)6 Foo(E) (we have 12i4)l. di4)ll = ldl4)il = 2IRe (4), 174))1 < 214)1" I V4)l so 
Id14)ll____lV4)l on the set where 4)=1=0 or dl4)l=0 and, by continuity, everywhere). 
Thus, for example, there is a constant c=c(M, V) such that for any 4)eL~, 2 

Such inequalities will be used frequently in Sects. 6-8. 
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Four dimensional Riemannian geometry provides the background for the field 
theories we shall be concerned with. We now turn to the dynamical aspects of 
these theories, introducing the action and the field equations themselves. 

2. Coupled Yang-Mills Equations 

An important guiding principle in geometry is the requirement of naturality. We 
begin this section by describing the geometrical data necessary for a gauge theory 
and indicating how naturality determines the theory once this geometric context is 
fixed. 

Let ~ : P-- ,M be a principal bundle over an oriented four-dimensional manifold 
M with compact simple structure group G. Let ~o:G-~Aut(/~) be a unitary 
representation of G, E = p  x f12 be the associated vector bundle, and let W be any 
bundle associated to the frame bundle of M. The field equations we seek will 
specify a metric g from the space Jd of Riemannian metrics on M, a connection I7 
from the space (g of connections on P, and a section ~b from the space g = F(E® W) 
of sections of E. We shall assume that they are variational equations, that is, they 
arise as the stationary points on ~d x (g x g of an action integral 

A(g, V,~)= ~/1(g, co,0), (2.1) 
M 

where the Lagrangian/t  is a 4-form constructed from g, 17, and qS. 
Now P is a manifold with a certain geometric structure - a free right action of 

G. An automorphism of P is a map f :  P ~ P  which preserves this structure : f ( x g -  1) 
=f(x)g  -1 for all xEP and geG. Let Aut(P) denote the group of all bundle 
automorphisms f such that the induced map rcof: M---,M preserves orientation, 
and let Auto(P ) denote the subgroup of automorphisms which induce the identity 
transformation on M. There is an exact sequence 

0-~Aut o(P)-~ Aut(P)--,Diff(m), 

where Diff(M) is the group of orientation preserving diffeomorphisms of M. The 
group Auto(P ) can be identified with the space of sections of the bundle of groups 
P x AdG- 

In the terminology of physics, a section s : M  ~ U ~ P  is called a local choice of 
gauge, an automorphism fEAu to (P  ) is a gauge transformation, and the group 
N =  Aut0(P ) is the gauge group of the bundle. 

Note that the Killing form provides an invariant metric h on the adjoint bundle 
g and hence a hermitian metric on E. 

We shall require 3 things of the Lagrangian form/1(9, 17, q~) 
(i) regularity - in a local coordinate system and local choice of gauge, 2 

should be given as a universal polynomial in g, h, F, q~, (detg)-z/z, (deth)-1/z and 
their derivatives, where F are the Christoffel symbols of 17; 

(ii) naturatity - the map 2 : ~  x cg x N-~A%~/) should be a natural transfor- 
mation with respect to the bundle automorphism J; i.e., 

2((~of)*g, f ' V ,  e(f*)O)= f*/1(g, 17, 0);  

(iii) conformal invariance - for any function a on M, 2 satisfies 

2( e2~ g, [7, ~ ) = 2(g, V, ~ ) . 
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Remark. If there is no bundle P present then the naturality property (ii) is Einstein's 
"principle of general covariance" asserting that the equations of physics are 
covariant under arbitrary coordinate changes. Naturality with respect to Aut o (P) 
means that 2(g,f*V,Q(f*)O)=)~(g, V, 0): this is Weyl's principle of gauge in- 
variance. 

We can now use invariant theory to determine the possibilities for 2. For the 
case 2=2({/, V) if we require naturatity under orientation preserving diffeo- 
morphisms of P then SO(4) invariant theory (Stredder [18]) implies that 

2=al[s[2 +azJBJ2 +a3lW+[2 +a4lW-12 +asf2 A Q+a6f2 A .f2, 

where {s, B, W -+ } are the components of the Riemannian curvature of g, f2 is the 
curvature of co and the a i are real numbers. The actions ~)~ for various values of the 
a i include the topological invariants p l(M), z(M), and P l(f) from (1.11) and (1.12). 
Of the remaining three independent possibilities two depend on the curvature of g; 
for remarks on these see (Bourguignon and Lawson [6]). Here we will be 
concerned with the action which depends on the bundle curvature : the Yang-Mills 
action 

A(g, V)= 5 F2A *~2= 5 tf2[2V-~g dx* A ... Adx 4. (2.2) 
M M 

This action is evidently regular and Diff(M) covariant. It is conformally invariant 
because the • operator on 2-forms is, or more explicitly 

A(e2~ g, V)= ~ e-4" g~Ok'(f2ik, f2~,)(det(e2~ g))*/adx 1/x ... /~ dx # = A(g, oo). 
M 

As for gauge invariance, a gauge transformation gel# carries V to goVog-1 and 
Y2=DoV to gf2g-1; the Lagrangian IOt 2 is then unchanged because the Killing 
form is invariant. 

Since tf2J 2 = If2 + 12 + jO-t 2, Eq. (1. t2) shows that A(g, co) >= 8rt2k with equality if 
and only if f2- - 0. Thus self-dual connections are absolute minima of the Yang- 
Mills action. 

It would be interesting to continue with the invariant theory, incorporating the 
field 0 and finding all Lagrangians satisfying (i), (ii), and (iii). Instead we will 
simply write down the two action integrals considered by physicists and verify 
naturality. Following the terminology of physics we will call these the "fermion" 
and "boson" actions. 

Definition. The fermion action is defined on E-valued spinors OeF(V®E) by 

a(g, V, 0) = 5 If212 + (~b, @o)dv(g), (2.3) 
M 

where ~ is the Dirac operator and ( , )  is the inner product on V®E and 

dr(9)  = 1 / ~ t g d x  ~ / ,  d x  2 / ,  d x  3 A d x  ~ 

is the volume form of g. 

Definition. Similarly, the boson action is defined on E-valued scalars OeF(E) by 

A(g, V, 0 )  = .[ [j~,~[2 _~_ IIV012 + 6 1012 - P(O)dv(g), (2.4) 
M 
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where the potential P : E ~ I R  is a gauge invariant polynomial on the fiber of 
degree <4. 

Both Lagrangians are regular, Diff(M) covariant, and gauge invariant. The 
conformal properties of these action integrals wilt be discussed in the next section. 

Remarks. 1. For our purposes the requirement degP < 4  arises as follows. We wish 
to vary the action over the Sobolev space cgx,2 X gl,2" By the Sobolev inequality 
(1.20) any polynomial in ¢ of degree < 4  is then integrable, while higher degree 
polynomials need not be. 

2. The term ~<¢,N¢> in the fermion Lagrangian is not positive definite. 
Indeed, suppose 4)= ¢ + + ¢_ e F(V+ G V ) satisfies ~q5 = )@ for some eigenvalue 2. 
Then ~ = ~ b + - q 5  satisfies ~ ¢ = - 2 ~ .  Thus the spectrum of N is symmetric 
about zero. 

Variation of the actions (2.3) and (2.4) yields a complicated system of nonlinear 
equations for g, co, and ¢;  when the Lagrangian ~s of general relatively is included 
these are complete classical equations of a Yang-Mills particle coupled to gravity 
(Hawking and Ellis, Sternberg). We shall simplify this system by disregarding 
the dependence on g (and fixing h). Because of conformal invariance this amounts 
to f ixing the conformal structure of M. 

With this agreed, the next step is to calculate the Euler-Lagrange equations of 
the fermion and boson actions. 

The Field Equations 

For a spinor field (oeF(V®E) the first variation of the action (2.3) is computed as 
follows. Choose a 1-parameter family of connections gs=Vo+sq+  ..., 
rt e F(A 1 ®~) and a 1-parameter family of spinors q~t = ~bo + t~v + ..., ~p ~ F(V ® E). 
The curvature and total covariant derivative on V ® E  are [cf. (1.3) and (1.7)] 

Hence 

S 
f2 s = f2 o + sDotl + ~ [rh 11] 

IV~=lVo + se@. 

A(V~, q~t)= j fool 2 + 2S(Oo, Dd/> + t(lp, ~ ¢ 5  + t(qS, NqS) 
M 

+ s(qS, ~ e ' .  0(rh)¢5 + .. . .  

where {e ~} is a local orthonormal frame and we have retained only the terms linear 
in s and t. The first variation equations are 

0 =  ~ 2(D*fLt l )+(4) ,Ze ' .e( t l , )¢> v~er°°(Al®]) 
M 

o= S <~, ~¢> + <¢, ~ >  vt°er~(V®E) 
M 

or (noting that @ is self-adjoint) 

1 e i ~D*a=J(¢)=-~Y~<,~, .~o(~ )~>~®e~ 
t~¢ =o, 
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where {o-~} is a local orthogonal basis of sections of~, {~r ~} the dual basis in F(y*). 
Here J(qS) is the current due to the field ~b; it is real-valued since (qS, e i. ~(ql)q~> 
= -  (e ~'0, Q(qi)4> =(  ei'~°(th)qS, ~b) and is thus an element of (A1) *. It should be 
interpreted as a 1-form on the space of connections cg. 

The calculation of the first variation of the boson action (2.4) is similar. 
More generally we shall replace the second field equation by the corresponding 

eigenvalue equation. In the fermion case this is @~b=mqS, where m is a real 
constant (9  is self-adjoint). In the boson case there are two possibilities: the 

S 
eigenvalue equation IV*IVy-~b=m24 or the equation with potential [V*IV~b 

S 
- g q~ = P (4)); the latter equation is particularly important when P is the Higgs 

potential P(qS) = 14~l 4 -  l~bl 2. We shall deal with both possibilities simultaneously by 
taking P' of the form P'=a1442~+m2c), where a and m 2 are real with a = 0  and 
m 2 <0  allowable. 

Thus the equations which we shall study are the coupled fermion equations 

D' f2=  J = iV/~ e i 
~ b = m q ~ , - 5 ~ \ ~ "  e(a~)4> ~®e,  (2.5) 

and the coupled boson equations 

{ D * f 2 = J =  - Re~f [~b ,  0(o'~)4) a~®e i 
(2.6) 

[v*fv4~ = 6 4~ + al4'12~ + m ~ .  

In physics, ~ is a 9auge field, oo its potential, ~b is the field of a particle 
interacting with O and m is the mass of the particle. For example, when the 
structure group is S ~ (2.5) describes an electron interacting with an elec- 
tromagnetic field. 

When ~--0  the fermion and boson actions reduce to the Yang-Mills action 
and the field equations become the Yang-Mills equation D*O=0. Self-dual 
connections satisfy this equation because they are absolute minima of the action. 
This also follows from the Bianchi identity: if ~ is self-dual ~ = * O  and D*(2 
=*Df~=0.  

The current J6A  ~* which appears in the field equations is a D-coclosed form. 
This is a consequence of a gauge invariance. In fact, evaluating D*J on X~F(y) 
gives D*J-X=J(IFX). But IVX is an infinitesimal gauge transformation [see (4.1) 
below] and J is constant on gauge orbits; hence ~J(IVX)=0 and D*J = - O. 

The equation D J = 0 also follows from direct calculation. For example, in the 
fermion case • J = ½ (qS, e ~ . Q(a~)q~> a ~ ® • e i and, in an orthonormal frame {e i} with 
V~ei= ~c~=0 at a point xcM,  the field equations give 

D * J  = - Re (IV~q~, e i " ~ ( 6 ~ ) c p ) 6 ~  = Re(e i" ]~qS, ~(o-~)~b>a~ 

= Re (m~b, ~(a~)~b)a~ = 0 

since (q~,Q(a~)~b) is pure imaginary. Alternatively, we can use the first field 
equation: for O =~2~®o-~c A2®~ we have 

D , J  = D ~ , ~  = [~, ,~ ]  = ,  ~ <~ ,  ~ > -  [~,  ~ ]  = 0. 
e,/~ 
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When the structure group G is abelian the equation D ' J = 0  becomes d ' J = 0 .  
This is the equation of (infinitesimal) conservation of charge in electromagnetism. 

Gap Theorems 

The field equations (2.5) and (2.6) are simplest when a = m = 0 .  Then 4> satisfies 
S 

either ~ b = 0  (4> on E-valued spinor) or {V*IV~b = gq~ (~b an E-valued scalar). 

Proposition 2.1. Let E be a vector bundle over a manifold M and let (q~, (2) be a 
S 

solution to the coupled boson equations D*(2= J, IWIVq~ = ~ qS. I f  M is compact with 

positive scalar curvature, or if M = 1R a and c~ vanishes at infinity, then ~ = 0 and ~2 is 
a Yang-MilIsfield. 

Proof When M is compact and s > 0  integration by parts gives 

o =  ~ {{v4,{ ~ + 6 {q~? 
M 

so q~- 0 and Y-= 0. On IR +, we can convert the equation {V*lPq~ = 0 into a differential 
inequality for [q~[ by 

(a) d*dl(al2=Zd*((o, lV(o)= - 2{{Vqb{2 + 2(~, IPl[7qb) = -- 2{{V~bl 2 , 

(b) d*d{~{ z = 2d*({dld?)= - 21d[¢112 + 21¢{. d*d{~]. 

These give Iq~ld*dl~bl = Idkbll 2 -  I[Vq~{ 2 <0, or dIq~l >_0. If Iq~l vanishes at infinity 
the maximum principal (Morrey, p. 61) implies that ~b=0; hence the current 
J=( IV~ ,o ( ' )~ )  vanishes, and (2 is a Yang-Mills field. []  

For the pure Yang-Mills equations and for the coupled fermion equations, we 
have the following L 2 "gap theorem" (part (a) is essentially due to Bourguignon 
and Lawson [6]). 

S 
Proposition 2.2. Let M be a compact Riemannian 4-maniJbld with ~ - I W- t  >- e > O. 

Then there is a constant c o such that 
(a) An), Yang-Mitts (2 with t{(2- {o 2 <co is self-dual. 
(b) Any solution ((2, (a) to the massless coupled fermion equations (2.5) with 

I](2-11o,2<% satisfies ( 2 - = - J - J + - - 0 .  

Proof (a) From O=D*(2=D(2 we obtain 0 = D O  + _+D(2-, 0 = D ( 2 - = D * ( 2 -  and 
hence D O -  =0. Integrating ((2-, D ( 2 - )  over M, using (1.19), integrating by parts 
and applying Kate's inequality gives 

o_> ~ {d1(2-1t2+~{(2-{2-{(2-13. 
M 

By the H61der and Sobolev inequalities the last term is bounded by 
ell(2-1lo,2(11d(2-] 2 2 1]o,2+]](2-1{o,2), which is dominated by the first two terms 
whenever 1{(2-lie, 2 is sufficiently small. This is a contradiction unless ( 2 - - 0 .  
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(b) If q5 = (q~+, q5 -)~ V+ G V_ satisfies @q5 = 0, then (~b, ~2~b- ) = 0. Using (1.t4) 
on V- and repeating the above argument shows that qS- ----0 whenever 1[O-I[o.2 is 
sufficiently small. But then 

- 2 D * f 2 = - 2 J = ( 4 - , e ~ . ~ (  )qS+)+(q~+,e~-Q( )~b')-0 

and f2- - 0  by part (a). [] 
This argument and the fact that ]t f tl o,, <- c 11 df 11 o, 2 for f e  L1,2(1R 4) also shows 

that Proposition 2.2 holds for M = lR 4. 

3. Conformal Invariance and Rescaling 

From physics we know that the Lagrangian and the energy must be conformally 
("scale") invariant. The Lagrangians introduced in Sect. 2 do not, a priori, have this 
property. We will now show how to arrange conformal invariance by further 
specifying the geometric properties of the field ~b. 

Let M" be an oriented manifold and F the GL(n) frame bundle of its cotangent 
bundle zM. A choice of conformal structure on M reduces F to a principal bundle 
F c whose structure group is the conformat group CO(n)=IR + x SO(n). The 
representations of CO(n) are specified by pairs (w,~) where wclR+ and 
o:SO (n)~GL(W) is a representation of SO(n); the representation (w, Q) takes the 
matrix B=21/"A, where 2=MetBl and AcO(n), to 2'~o(A). The number w is the 
conformat weight of the representation and of the corresponding bundle 
Fcx (~, Q)W. 

In this context there are two vector bundles of primary importance: a trivial 
real line bundle L=Fcx(t ,~)IR with weight 1 and an orthogonal bundle 
T = F  c x (O,id)IR " with weight 0. A choice of a metric within the conformal class, 
trivializes L and z*M then becomes an orthogonal bundle under the conformal 
isomorphism z*M = T®L. 

If M 4 has a spin structure, Fc lifts to a conformal spin bundle/3~ with structure 
group CO(n)=lR x Spin(n). Spinors of weight w are then sections of 

2 0 V~+ =F~ x (.,,v~)l:l:: - V ~ ® L  w . 

A metric 9 on M provides a trivialization of L and a Riemannian connection 
on z*M and T. This connection on T induces one on V ° ~  - V w and allows us to 
define a Dirac operator ~ :F(V~)~F(V~®L) for each conformal weight w. More 
generally, if E is a vector bundle associated to a principal bundle P over M then a 
connection on P gives Dirac operators ~:F(V~®E)~F(V~'+~®E). 

Replacing 9 by a conformally equivalent metric 9'=s2~ 9 changes the 
Riemannian connection on z*M and the trivialization of L, and transforms the 
Dirac operator ~ on F(V ~) to ~ '  given by (cf. Hitchen [9]) 

~'~ = ~ -  ~d~. ~ + wdG. ¢. (3.1) 

In particular, the Dirac operator on spinors of weight 3/2 is independent of the 
metric within the conformal class (see also Fegan [7]). 
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This conclusion also follows by examining the spinor Lagrangian 

(4), ~ 4 9 5  dl//-d-~dx 1 A d x  2 A d x  3 A d x  4 4 ) ~ F ( V ~ ® E ) .  (3.2) 
M 

- I -+e  2 ' r -  ~7@]R, when This integral is invariant under constant conformal changes u y, 
the integrand has weight 4. But qSsF(VW®E) has weight w (assuming E is 
weightless) and ~eF(V~'®E®L) has weight w + 1. Thus the Lagrangian, and the 
corresponding field equations, are scale invariant on spinors of weight w, when 
2w + 1 =4, i.e., w =3. Invariance under arbitrary conformal changes follows from 
(3.1). 

The equation 9~b = mq~ is conformally invariant if we interpret m as a section 
of L :@q5 = 4~®rn~ Va/2®L. Then both ~ b  and rn~b have weight ~. 

The boson equations for scalar fields can likewise be made conformally 
invariant. In this case the Lagrangian is basically [cf. (2.4)3 

S (l~,]V~)]//~tg dxlAdxzAdx3Adx4 ~EF(E®L). (3.3) 
M 

If q5 has weight w, IVq~ has weight w +  1 and this Lagrangian is invariant under 
constant scale changes when 2w + 2 = 4 and w = 1. Thus we take ~b to be a section 
of E®L. 

While this Lagrangian (3.3) and the corresponding Laplacian are not invariant 
under arbitrary scale changes, there does exist a modified Laplacian which is 
conformally invariant. To find it we return to the viewpoint taken in Sect. 2 and 
seek a second order weight 2 operator A on F(E®L) constructed naturally from 
the metric on M, the connection on E, and their derivatives. By invariant theory 
(Atiyah, Bott, and Patodi and Stredder) A = I~[V+ p(R, f2~). where IP[Vis the trace 
Laplacian on E®L and p(R, 0 E) is a polynomial in the curvature tensors R of M 
and f ~  of E. But p(R,O~)eEnd(E®L) must have weight 2; the invariant theory 
then shows that A = IV* t V+ a. s for some constant a. A direct calculation (see Hitchen 
[10]) shows that this is indeed conformally invariant when a = l / 6 ,  that is, 

solutions of (II7*]V + 6) ~b = 0 remain solutions after a conformal change of metric. 

S 2 
In the corresponding field equations with mass, I~lV~b = g q~ + m qS, m is again 

interpreted as a section of L. Likewise, in the potential P(qS)= akbl~ + mZkbl 2, a has 
conformal weight zero and reeF(L). 

The above argument also shows that the Lagrangian 

S 
.[ IIV~bt 2 + g I~btgdvg (3.4) 
M 

is scale invariant. Together with the conformal invariance of (2.2) and (3.2), this 
completes the verification that the fermion and boson Lagrangians (2.5) and (2.6) 
meet the requirements of Sect. 2: they are regular, natural, and conformally 
invariant. 

We conclude this section by describing several useful devices, related to 
conformal invariance, which will be important later. 
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The first of these is the total field F. To define it, fix a metric 9o on M and let 
zEF(L 1/2) be the function of weight } with z---1 in the trivialization of L 1/z 
determined by go- 

Definition 3.t. The total field F is the section of a weight 2 bundle ~ defined as 
follows. 

(i) When (qS, O) is a solution of the fermion equations (2.5), 
F = f2 + ~-lek®tVk~ + ~ ({e k} is an orthonormal coframe) is a section of 

= (A 2 r®~7 ® L  2) @(T®L 1/2 ® V 3/2 ®E) (~(L 1/2 ® V 3/2 ®E).  

(ii) When (qS, f2) is a solution of the boson equations (2.6), 
F=f2+ek®]Vk4+z2~ is a section of 

=(A2T®y®LZ)@(T®L@E@L)@(L®E®L). 

When ~ is given the direct sum metric, [FI2d% is a conformally invariant 
energy density for the field (qS, f2). Fix a point p6M and let B(z,r) be the ball of 
radius r in the metric 9 = z-ggo . The local energy integral of (qS, f2) around p is 

E(z,r)= ~ [FlZ= j' [O[2+[z-llVqblZ+[~b[ 2, 

B~,,) B(~,~) (3.5) 
g(z,r)= ff IFI2= j" IOI2+IIV4~I2+I~20512 

B(~, r) B(~, r) 

in the fermion and boson cases respectively. E(z, r) thus depends on both the scale 
and the radius r; we will abbreviate it to E(r) when the scale has been fixed. The 
conformal invariance of IFl2.dvg implies that E(~, r )= E(1, rZr). 

Suppose that IFI 2 is integrable on some neighborhood U ofpeM. Then, given 
e>0,  we can find an R such that B(1,2R)CU and E(t,2R)<e. Now change the 
metric to 9=R-29o. Under this rescaling solutions of conformally invariant 
equations remain solutions, while B(1, 2R) becomes B(2) and the energy in the new 
metric satisfies E(2)=E(R 1/2, 2)= E(1, 2R)<e. Thus we have the 

Rescating Principle 

Given e > 0 and a solution (~b, f2) to conformally invariant field equations defined 
in a neighborhood of p6M with locally finite energy, we may assume - by a 
constant conformal change of metric - that (qS, f2) is a solution on B(2) to the field 
equations (with rescated m and s) and that E(2)< e. 

4. A Slice Theorem and the Orbit Space 

In this section we prove a local slice theorem for the action of the gauge group on 
c~ × & This extends similar theorems which appear in Atiyah et al. [41 and 
Uhlenbeck [20]. 

The center of the gauge group - the sections of the trivial bundle P × AdZ, 
where Z is the center of G - acts trivially on the space of connections. Thus we will 
deal with the group fge=F(PXAdG/Z) of effective gauge transformations. To 
topologize fqe, note that the adjoint representation is a faithful representation 
Ad:G/Z~End(p) and hence defines an embedding fqe~F(Px AdEnd(~)). This 
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latter bundle inherits a connection from any given Ve~ and the Sobolev 
completion ~fk, p of the effective gauge group - with norm determined by V -  
appears as a closed subspace of Lk, p(P x aaEnd(~)). For pk > 4, fgk, p is a smooth Lie 
group, any g~Nk, p is continuous, and the map X~-+exp(X) induces a smooth (non- 
linear) map from a neighborhood of 0 in A°p into ffk, v" This is a standard result. 
Mitter and Viallet [12], for example, give a proof for p--2, and their proof is valid 
for pk>4 because multiplication induces a continuous map Lk, p XLk, p~Lk, p 
(Palais, Sect. 9). The effective gauge group (9 e also acts on g = F(P x oE) if Z £ ker0 ; 
this occurs if the highest weight of ~o lies on the root lattice of:7*. In this section we 
will assume that ~ is such a representation. 

We first determine the equation for the orbit of (qe in a neighborhood of a C ~° 
field ([7, 4,) ~ c# x d °. This connection V provides an identification c~ = A 1 by V + ~ ~--~t/. 
Choose a gauge transformation 9 close to the identity and write g = exp(X), X s  A °. 
Then 9 transforms the connection V+r / to  

g . (g+ t/)= V+gVg -1 +(adg)t /  
o r  

exp (X) (V+ 11) - V= exp (X)Vexp(-X) + Ad [exp(X)]q. 

This expression is non-linear in X;  we can write it as its linearization plus a 
remainder: 

exp (X) (V+ t/) - V= t/+ VX + R(X, tl). (4.1) 

R(X, tl) is a power series of brackets of X, VX, and q, and R(tX, tt/)= O(t2). 
Now suppose that there is a field 4 , s g = F ( W ® E )  present (W is any bundle 

associated to the frame bundle of M). Write nearby fields as 4, + ~ where ~Ed ° is 
small. Then g =exp(X) transforms 4, + ~p to ~(g)(4, + ~c,), or 

exp (X)(4, + ~P)- 4' = ~ + o(X) (4, + ~P) + S(X, 4' + ~P) , (4.2) 

where S(tX, 4) + 9) = O(t2) • 
It follows from these transformation formulae that the action of the gauge 

group induces a smooth map 
%+ i.~ x (%~ x g)~,v--,(~ x g)k,. 

for (k+ 1)p>4 (cf. Uhlenbeck [20]). 
It is also apparent from Eq. (4.1) and (4.2) that the tangent space to the orbit of 

the gauge group through (g, 4 , ) ~ g  is the image of 

K:A°--*A ~ x E  by X ~ ( V X ,  o(X)4,). (4.3) 

The L 2 orthogonal complement of the image - which is the kernel of the adjoint 
operator K* - provides a natural slice for the gauge orbit. This adjoint is 
K* :(q,~)~V*t/+(lp,0()4') ,  where this last term specifies an element of A°=(A°) * 
via the Killing metric and evaluation. More generally, for each 0 <2s lR  we can 
consider the subspace kerK~ where 

K* :(q, w)~v*~  + ;<~, ~( )4,>. 

From (4.1), (4.2), and (4.3) we see that 0 = K*[g. (V+ t / ) -  17, g. 4 ' -  4,] if and only if 

O= V*VX+ V*rl+ V*R(X, rl)+2<W,O( )4,> +2<0(X)(4, + V2),~o( )4'> 

+ 2(S(X, 4' + ~P), O()4'). (4.4) 
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This is an elliptic equat ion for X, and if X is a solution then g = exp(X) is a gauge 
t ransformat ion which carries (V+r/, ~b + tp) onto  the slice ke rK*  through (V, ~b). 

The slice theorem will apply at the regular points of c~ × g _ the open dense set 
of points (17, 4)) where kerKa = {X~ A°+ 2,p/VX = 0 and 0(X)4)= 0} is zero (i.e. where 
the action of the gauge algebra is free). 

Theorem 4.1. Let M be a compact Riemannian 4-manifold, possibly with boundary. 
Fix a regular field (17, c~ )~ (c6 x g)k + 1 ,p with k >= O, 2 < p < 4. Then there is a constant c o 
such that for every field (rl, ~p)e(A 1 x E)k + 1,v with ]l(t/, ~P)llk+ t,v < Co there is a gauge 
transformation g E CKa+ 2, p, unique in a neighborhood of the identity, with 

K ~ ( g - ( V + ~ ) -  V, g.(4) + ~ ) -  ~ ) = 0  

weakly. U" V, ~, r h and ~ are C ~ then g is C ~. 

Proof The proof  is an application of the Banach space implicit function theorem. 
0 which vanish on 3M 0 Let  TCA°+2,p be the subspace o f X  Ak+2, p (T= Ak+ 2, p if 

3M = ~b). Let F be the map 

T × (A 1 × g)~+ i,p-~Ak°p 

defined by F(X,(t h ~p))=right-hand side of (4.4). Since multiplication is a con- 
t inuous map 

Lk+l,pXLk+l,p-"~Lk, p and Lk+2,pXLk+l,p--rLk+l,p 

(Palais, Sect. 9) we have 

]l F(X, (t/, ~))[[k,p < C(1]X]lk+ 2,; + I1 ~[]k+ I, p + IIR(X, t/)ljk+ 1,p 

-~"'~']]IPllk+ l,pll4)lJk+ l,p-l-2llX[lk+ 2,p" ll~Jlk+ l,p'll~-~-l])l[k+ l,p 
+ ,~ll ~ Ilk+ 1.," Ils(x. 4) + t;)ll k + 1.,). 

When the norms of  X, rl, and ~p are small, the continui ty of  . o exp. Ag + 2,p--~ ~ k  + 2 ,p 

implies that 

]IS(X, 4) + ~)l[k+ t,p = I[ exp(X)(4~ + ~P) - (4) + W)-  o(X)(4) + ~)11 ~+ i,p 

< cll0 + ~l[k+ ~,v" IlXllk÷ 2,p, 

and similarly tlR(X,r/)II~+l v<c(llXilk÷2 p+ll~tlk÷l,.). Thus there are neigh- 
borhoods  U of  zero in T and' V of zero in i'~i 1 x g)k + 1, p such that  F is a cont inuous 

0 map F:  U x V---~Ak, p. Similar estimates show that F is C ~. 
The differential of F at zero is DIE(O, 0 ) X = K * K X =  V*VX+2(o(X)4), O()4)). 

For  k >  1 multiplication is a cont inuous map Lk+l ,  p × Lk+l ,  p ×Lk, p~Lg, v (see 
[14]) so 

111/*gxIIk, p--II V*VXllk, vl < cl tt411g+ ~.pllXllk, p, 

while for k = 0  this difference is bounded  by ]lc~ll~,p.tlXll~<CNIlXll2,.; in both  
cases ][K*KXI[k,p<C3 Ilxllk+2,.. The elements of T satisfy the Poincar6 inequality 
Ilxll o, 2 < c4 II KXll o, 2- Integrating by parts, 

ItXIIo,2 <c411IC¥tlo,2<c4(~ (X,K*KX))l/2<~c411Xl!o,2 +c4~-*ltK*KXilo,2 
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for any e>0 ;  choosing e sufficiently small and subtracting yields 
lIXllo,2<cs[IK*KXIEo,p. Also, using Kato's inequality as in the proof of 
Proposition 2.1, 

IXId*dlXl < <X, V*VX> = <X, K*KX) -Wo(X)4)I 2 < ~Xl IK*KX[, 

so d*d~I<=IK*KXI pointwise and by standard theory (Morrey [13, 
Corollary 5.3.1]) 

II X It co "Q C6(H K* KX I] o, 2 + ]IX tl o, 2) --< c7 II K * K X  I] o, p. 
Hence 

llXII2,p < It V*VXtlo,p + cs IIXllo, 2 =<(1 +c2c 7 + CsCs)IIK* KXllo, p. 

For k > 1 interpolation gives 

X k+2 p< K * K X  k p~-Cl 4) 2+z,p(F,[lXllk+2,p-~C(,f,)[lX[lo,2)-t-c9tlXllo, 2 

and again choosing e smal l -  IlSllk+z,p<CloqlK*KXl[k,p, Thus 

c~IlIK*KXIIk, p < IIXIIk+2,p<=cllg*KXllk, p 

for all k, so D l f  is an isomorphism. 
By the implicit function theorem there is a map (t/, ~p)~X(t/, ~o) uniquely defined 

on a possibly smaller neighborhood of the origin, such that F(X(rl, ~0), (t/, ~0))= 0. 
X(~/, ~0) then satisfies (4.4) and the desired gauge transformation is 9 = exp(X(t/, ~0)). 
If V, 4), ~1, and W are C ° then, applying the theorem with k_-> 4, X is C 2 ; elliptic 
regularity (Morrey, Sect. 6.8) then implies that X, and hence g, is COO. [] 

The slice theorem gives a manifold structure on the orbit space of the gauge 
group. 

Theorem 4.2. Let .~ Ccg x 8 be the set of  regular points. Then for k>0,  2 < p < 4 ,  
Nk+l,p/fqk+2,V is a smooth Banach manifold and Nk+ l,p~Ylk+ l,V/CYk+ 2,p is a 
smooth principal Nk+ ~, p-bundle. 

Proof We must first show that the slice of Theorem 4.1 is globally effective, i.e. that 
the slice intersects each gauge orbit at most once. For this we adapt the argument 
of Atiyah et al. [4]. 

Fix (Vo,4)o)e0Cek+l, v and let N be a neighborhood of (Vo,4)o) in the slice at 
(Vo, 4)o). Since o~ is open we may assume that NKN. The orbit through any 
(V1,4)O~N under the identification Cgx g = A l x  d o by (V,4)),~(V-V1,4)-4)1) is 
{(gVlg- 1, (~(g) _ 1)4) 1)/g~ ~fk + z, p}. Under the embedding ~ C End(y) the elements 
ge(¢~ have pointwise constant norm Co. Let End(y)= VoO V 1 be the orthogonal 
decomposition, where V o corresponds to the Ad G-invariant endomorphisms and 
write g = go +g~. Now V a induces a connection on End(y) and Lz(V1) decomposes 
into the (finite dimensional) eigenspaces of the Laplacian [71" V 1 : 

Lz(V~)=Fo(V1)@ ~ rz(l/]). 
~>0  

The map g~(Q(g)-1)4)1 induces a continuous map 

¢#k+ 2,p~Fo(V1)~L2(E) 
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whose image is compact  and - since (171,050 is regular - does not  contain the zero 
section. Hence IT(~(g)- 1)051]T 2, 2 > cl and 

11911 2 2~l]g[l~,2 <=c-~lco.VolM.l](~(g)_i)051 2 2 

for all gE~k+2,p~ffo(Vl). Since the elements of F~(V1) 2 > 0  satisfy the Poincar6 
inequality we obtain 

}tgl 2 . (4.5) 1to,2<=c2(ilgV~g- li ~, 2 + ' ~ I1(°~(g)- I)051 Io,2) Vg@~k+ 2,p 

Interpolat ing as above and noting the equivalence of ]]k,p, Vo and t]k,p,v,, this 
extends to 

Ilglllk+2,p, Vo<=C3(llgVlg-lHk+l,p,~o +ll(~(g)-I)0511[k+l,p, vo). (4.6) 

Now if ([72, 052)=(gVIg-1,0(g)051)~ N is gauge equivalent to (V 1, 051) then 

H(V2 - V1,052 - 05 1)Ilk+ 1,,, vo > c f  1Hg 1 Ilk+ 2,,, Vo 

f rom (4,6). By the Sobolev embedding this implies (with N possibly smaller) that  g 1 
is small in the sup norm. Decompose  ff into simple factors ffi so ~ e C Z ~ E n d ( j )  
= Z ~  • ~ ,  where each ~ is one-dimensional.  We then have 

]g~ - I1 = 1 -[g~l = 1 - ]/1 -[g~l 2 < Ig]l 

and ]g - i]2 _ Igo - Ii a + ]91[ 2 =< 21g1[ 2 pointwise. Inserting this in (4.5) and (4.6) gives 

11(V2 - V1, 05~ - 05a)llk+ 1,p, Vo > c4]]g- IIlk ~ 2,p, Vo. (4.7) 

Again making N possibly smaller, (4.7) insures that IIg-IlIk+z,p is small enough 
for Theorem 4.1 to apply and we conclude that  g is the identity. Thus  the slice is 
globally effective. 

The proof  is completed by a s traightforward argument ;  see Mitter  and Viallet 
[12]. [ ]  

5. Gauges and Regularity 

In this section we show that solutions to the coupled field equations have the 
regularity properties expected for elliptic equations, specifically, that  for p > 2 an 
L1, p weak solution is C a. This is basically elliptic regulari ty;  the subtlety is that 
the coupled equations are elliptic only after a choice of gauge. We first reinterpret  
the Slice Theorem. Rather  than using a connect ion to identify cg = A 1, we shall 
choose a point  x ~ M  and a ball B = B ( x ; r )  around  x and use a fixed gauge - 
considered as a section of the frame bundle of E - to pull down connections. This 
identifies the space cg B of connections over B with A I[B. Let  V o be the connection 
corresponding to O~AIIB under  this identification. Then, in terms of eovariant  
derivatives, the original connect ion is V = d + o ,  and V o is simply exterior 
differentiation d. The Slice Theorem 4.1 (with 05-0)  yields: 

Proposition 5.1. Let V be an Lk + 1. p, k > O, 2 < p < 4  connection on a bundle E over a 
4-manifold M and let a : M ~ F r a m e ( E )  be a C a gauge for E, Then there exists a 
constant 7 > 0  depending only on M such that i f  V = d  + o3 and llo3]lk+l,p<? in the 
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gauge ~ then there is a gauge transformation g~Nk+a,;  such that d ' co=0  in the 
gauge g'cr. I f  V is C ~ then g is C ~. [] 

We now have a two step program for obtaining natural gauges: (i) Choose a 
C ~ gauge around a given point Xo, and (ii) modify this to a gauge in which d ' c o =0  
using the above proposition. To accomplish (ii) it is necessary to make the Lk. p 
norm of the fields small. For this we shall use the rescaling principle. 

Theorem 5.2. Let  V be an L1, p p < 2 <4  connection on a domain D C M 4. Then there 
is a C ~ gauge rr and a gauge transformation gEf¢2, p such that, after a constant 
conformal change of  metric, d ' co=0  in a neighborhood of  Oe D in the gauge g. cr and 
the new metric. 

Proo f  Given e > 0 choose a C ~ gauge in a neighborhood of 0e D and a small ball 
B(1, z2), -c > 1, around 0 with [11709110,p < e in the original scale. Enlarge B(1, r2) to 
the unit disk B(z, 1) by a conformal change of metric. Since Icol 2p and IlTcof 
= t ~  ek® Vkco[ v have conformal weight 2p rescaling gives 

2p and Ilcoll~,2p, B(~,l)=~zP-4ttcollo,2p;m,~2) ]]Vcollg,,;B(~,x~=z2p-41lVo)llg,p;B<l,~). 

In the new metric we have, by H51der's inequality, 

I[(Ol[ 1,p;B&, 1) "~ 1[ VCOll O, p;B<~, a> + cllcoll o, 2p; B~, 1> 

H VCOHO,p;B(1,r~) + C[ICgI[O, Np;B(1,~2) 

_<- (1 + c)e, 

where c 2v is the volume of the unit ball in the rescaled metric which is uniformly 
bounded in z for z < 1. When e is sufficiently small Proposition 5.1 applies, This 
completes the proof. []  

Uhlenbeck [20] has proved the much more difficult fact that the rescaling used 
in this proof depends only on ITf21i0, p. 

We can now prove a regularity theorem. 

Theorem5.3. Let  (V,~b)6(Cgxg)l.pp>2 be a weak solution to the coupled Yan g- 
Mills equations (2.5) or (2.6). Then there is an L2, p gauge in which (I 7, ~b) is C ~°. 

P r o @  Fix x~ M. By Theorem 5.2 there is an L2, v gauge defined in a neighborhood 
of x such that V = d + co with d'co = 0 in this gauge. Expanding the field equations 
in this gauge, we have J=D*f2=d*dco+~oJde)+)co_l[co,  co]. But dd*co=0, so 
d*do~= []co= V*Ko+ Ric(o)) by (1.18). Thus a boson field satisfies 

Aco- Ric (co)- co_ldco - ½co_l [co, co] - Re ((V + co)qS, e()qS) = 0 

A4 + 2coJ 4 + colco(qS) + 6 q5 + al4;12~b +/y124 = 0 

weakly, where A is the (metric) Laplacian on functions. Applying ~ to the 
equation @q~=m4~ and using (1.14) gives similar equations for fermion fields. 
These are uniformly elliptic systems, and regularity follows by standard elliptic 
theory (Morrey, Sect. 6.8). [B 
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6. Gauge Invariant Estimates 

We now begin the calculations leading to our first main estimate on solutions to 
the coupled field equations : the supremum of IF[ in a ball is bounded by the energy 
~1F12 in a larger ball (Theorem 6.3). For  this we use the DeGeorgi-Nash iteration 
scheme, following (Morrey, Sect. 5.3). There are, however, two complications. 
First, because differential equations for vector-valued functions are not directly 
amenable to this approach we must convert the coupled differential equations for 
4 and O into a differential inequality for the function ]fJ. Second, in order to 
manage the non-linearity of the resulting inequality we need a growth condition 
on the L 2 norm of the coefficients. This is easily verified if we assume sufficient 
regularity for the fields, as we shall. (In the next section, when we take up the 
problem of the removability of singularities the need for this growth condition will 
be the chief difficulty.) 

All estimates in this section will be a priori, that is, we will assume (by Theorem 
5.3) that the fields are C ® away from an isolated singularity. We will also treat m as 
a function rather than a constant; this will be important later, in Sect. 8, when we 
examine how solutions on IR can extend to S 4. 

The computations are greatly facilitated by choosing an appropriate coor- 
dinate system. Fix a point x ~ M  and let {el} be an orthonormal basis of TxM. 
Extend the e i to local vector fields e i such that (Viej)(x)=O for all i,j, and hence 
[e~, e~](x)=0. Let e ~ denote the 1-form dual to e i. The Riemannian curvature form 
R and the bundle curvature form f2 = f2 E at x are then 

~ Rij = ViV j -  VjVi 
E E E E E 

t a ~  = ~ ~ - ~ ~ . 

Choose a local basis of sections of the adjoint bundle y in the same manner: let 
{~} be an orthonormal basis of Yx and extend these to local sections with 
(Vy¢)(x) = 0  for all i, c~. Let {o -'} be the dual sections of y*. Our calculations will be 
done in these frames at x~M,  but the final result will be manifestly independent of 
x and the orthonormal frame. 

Theorem 6.1. Let (4, f2) be a solution of either the coupled fermion equations (2.5) or 
the coupled boson equations (2.6). Then the total field F ~ F( ~ )  (see Definition 3.5) 
satisfies 

0 <½d*dlFI 2 -IdlF[[ 2 +#lFl = + (5101 + ~1412)1F[ z , (6.1) 

where ~ is a constant of weight 0 (in the boson case) or 1 (in the fermion case) and 
#~F(L 2) depends only on the 1-jet of the Riemannian curvature of (M, 9o) and either 
the 1-jet of m (in the boson case) or the 2-jet of m (in the fermion case). 

Proof. We begin with the fermion case, dividing the proof into five steps. 

Step 1. Apply ~ to the equation ~ 4 = m 4  to get ~ 2 4 = d m . 4 + m N O = d m .  0 
+ m24 and 

0 = ( 4 ,  9 2 ¢ >  - -  m214l 2 - < 4 ,  din-4>. (6.2) 
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S t e p  2. Differentiate the equation o~2=m2~b+dm-~ using the total covariant 
derivative IV on V ® E  

0 = IVk~2¢ - Ok m2.  0 --  mZIV~¢ - (Vkdm)" ¢ --  din.  tVkCb. (6.3) 

Commuting derivatives in the leading term introduces curvature terms: IVkN 
= J[7k(ei. [[7/) = e i . (IVilV k + ~-~ki) = ~J[Tk 4- el" ~'~ki and 

IVk @2 = ~ l V k ~  + d . O, ,eJ .  l~  

= ~ l q  + e J" IV~(e'. ~ , )  + e l .  d .  ~k,lq 

= ~21Vk--  e ~" e i" (IV~,) + e J. e i" (2k,IV j + e i" e j" (a~,ivj 

= ~ l v ~  + Y. e J-e ~. ( I @ ~ , - I V 6 k ; ) -  IVg?~, - 2~?~,tq 
i<j 

= ~ 2 1 V k - - I ~ 0 ~ , -  2~k~I ~ (6.4) 

(using the Bianchi identity). Here ~ = R V ® l + l ® O  ~ is the total curvature of 
V ® E  so, for example, the second term is 

117/~i = GR~, + 17fl2~i = (D*R)~ + (D* fae)~. (6.5) 

In this we recognize the current (D*f2~)k = dk [originally ae(A ~ ®~)*, but here we 
have its image under the identification y = y *  and the representation 
1 ® o : ( A ~ ) * @ y - - + ( A ~ )  * @E@E*]. Combining (6.3), (6.4), and (6.5), taking the inner 
product with IVk(a, and summing on k gives 

0 = <lYe, ~ Z(lVq~)) - ( I V ¢ ,  [(D*R)~ + Jk]" C)) --  2(tVk¢, ( R ~  + f2f~)l<¢) 

- ~km2(lVk4), ~ )  -- m2llV~l 2 -- (IVk4), (IV~dm)" ¢ + d m .  IVk(a). (6.6) 

S t e p  3. Differentiate the second field equation D*Y2 = J. With the Bianchi identity 
DO =0, this gives 

(DD* + D*  D)Y2 = D J  = - 7O[(¢ ,  e k. e(a~)~ ®ek 3 

= --½Re--½ReZ([~¢, e ~- O(o~)¢)%®e' ~ e ~ 
and 

S t e p  4. Combine 

+'c-'-IV~ + : ¢  : 

0 = (O, ~ 2f2) 4- ½ Re (IV~qS, e k. O i k ( ¢ ) ) .  (6.7) 

(6.2), (6.6), and (6.7) into a single equation for F =  f2 

0 = (F,  ~ 2 F )  - m2(1~¢12 + I <  11V¢12)- (~¢,  din. ~ )  - ( z -  l lVk¢, din. ~- 1tYpe) 

- -  (~ - * IFkqS, z - 2[(D*R)k 4- Jk]" z¢)  -- 2 (z -  1 ]17k¢ , (Rki + E2ki)Ze - 11~¢) 

-- ~ - 2 eg km2 ( ~ - l lVk(O, "c (o ) -- , -  2(~- 1]Vk ¢ ' ( ]17kdm ) . z qS ) + ½Re (z]V~¢, e k . Edlk( Z 4~ ) ) . 

(6.8) 
The leading term can be expanded according to the WeitzenbSck formulae (1.14), 
(1.19) for ~2 on the spinors 4, IVk~ and on the ~-valued 2-form g~ 

s 
(F, ~2F}  = (F, - f~]~F} + ~ ]FI  2 4-  1~ f2]2 - -  (Q' ~V(Q)) 

+ ( ~ ,  e i. e j .  Q~(v¢)} + (~-  *IVk¢, e i. e j- ~2~('c- l IVk¢)) 4- (~Q, [(2, (2 ] ) .  
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Let N be the bundle map ~ Y ® L  2 defined by 

s s f2E_W( f2e )__ZD.R@~c~_2Rk i . . c_ t lV i~ .ek  
~(F)  = 4 F + 12 

(regarding z - 2 D * R e T ® y ® L  2 as a map V2®E--*T®V4®E).  Then ~ depends 
on the 1-jet of the Riemannian curvature of M and is bounded by a constant 0 of 
conformal weight 2. Now substitute into (6.8), multiply by - 1, and estimate, using 

(.c-llVk~) .c-2jk(T.qS))(1 -2 k [ k~,O( )"c¢)1 =7~ [(¢,e . O ( ) ¢ ) ( z  1V~ 

<<21q~12-1Fl 2 

[cf. (2.5)]. The result is the more manageable inequality 

0_-< ( f ,  I~IV/F) + #IFI 2 + (5lf2l + z-21qStZ)lF12 , (6.9) 

where #=[Q+m2+ldm[+(2 ldmZl+z-Z l2dm[]  is a function of conformal 
weight 2. 

Step 5. Because IV Js compatible with the metrics on V ® E  and A2®g, 

d*d[F[ 2 = 2d*[Ue ( f ,  ]Vf )e  i] = 2Re [(]VF, [VF) + (F,  [V/]Vf)] 

so ( F ,  IViI~F5 1 , 2 =gd d]F] -IIFFI 2 <½d*d[F] 2 -  ]diEt] 2 by Kato's inequality. Putting 
this in (6.9) completes the proof in the fermion case. 

The boson case is completely analogous so we will be brief. 

Step 1. F r o m  O=[V*lV~)-~)-al~)12qS-m2~) we obtain 0=(qS,-[VilV¢)-6l~b[ 2 

- at¢14- m2]~12. 

Step 2. On E-valued scalars we have IV*IV=D'D, while 

lgkD = tVk(e i/', IV/) = e i a (IVilVl, + ~2ki ) = Dig k + e i ,", ~2ki 

and similarly IVkD* =D*lVk--ejAi2kj. Hence 

IVkD* D = D* DIV k -  2(2kle j e i/x IVj- IViOki 

= D*DIVI, - 2(Rki + ff2fi) lV i - (D*R)k - Jl, 

the boso  curro t,, and (Jk 
\ \ - -  , ' /  

becomes 

0 = (tVaqS, -[v//Vi(lVk~b)) - 2(lVkq~, (Rkz + ~f,)lVi4 5 

s +rn2) (V~¢, ¢ )"  
- k(~ +ai412 
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Step 3. From D*f2=J we obtain 0 = ( O ,  IS]O-D J). Here IS]f2 can be expanded 
using (1.19) while 

-- (0 ,  D J )  = Re(O, D((IVk¢, Q()¢)ek)) 

= Re [(l~IVk¢, f2~(¢)) + (lYre, o,~(1~¢))] 

= ½1o(¢)12 + (IVk¢, o~(t~¢)>.  

Step 4. Set F = O + IV¢ + z2¢ e F(ff), define ~ : : ff  ~ ®L e by 

N(F) = ~s F -  s o - 2  W(O) + 2Rk~l<¢ - gl r - 2ds @ ~2¢ -}-"c-2D*R@"c2¢, 

and let 0 be an upper bound for ~ .  Add the results of Steps t, 2, and 3, multiply by 
- 1  and estimate, noting that 

and 

(lV,,¢, & ( ¢ ) )  < I<(IV¢, o( )¢7>t 2 =< l<Dt211v¢t 2 

The result is 

akl¢l 2" <lV~¢, ¢> =< 2. IKV4, ¢>12 =< 2.1¢121[V¢12. 

0 =< (F,  IV, IV, F )  + #'IFI 2 + 51f21" IFI 2 + (1 + 3a + Idal)l¢l 2. I/:12 , 

where #'=(o+mZ+z-ZdmZ) has weight 2. The proof is completed by Step 5 
above. []  

Proposition 6.2. Let F be a C °~ field which satisfies the differential inequality (6.1) 
on a ball B~CM of radius r. Then for any rl~C~(Br) and p>½ 

j" Id(rtlFP,)l 2 < C(p) f. (Id*dr/21 +41dr/12)lFI 2p 
Br Br 

+ c'fl(r)pC(p) f Id(tl" t f l ") l  ~ (6.10) 
B~ 

for some constant c', where C ( p ) = p / 2 p - 1  and f12 is the co~gbrmally invariant 
integral 

~2(r) = S 1~12+51°12+~21¢14. 
Br 

Proof. Set b=l#1 +51OI +ale] 2 and evaluate (6.1) on the test function t/2f 2p-2, 
where f =  IFI (technically, take f =  IFI +e  and let e ~ 0  at the end). Integrate by 
parts and simplify using dfZP=pf2p-Zdf 2, etc. 

0 < - ½~d(~12f 2p- 2)df2 - ~ 2 f z p -  2jdfl 2 + ~ btl2fZp 

<-- ~.rd,l-1 ~.df~" 27 2 f. ,t~ldf.l~_ ; S,7~idf.l~ + Sb,~V~,, 

=< ;Sld*dtl21f 2p 2p-~lsr/21df'12+Sbtl2f 2". 
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2p 2 
Transfer the middle term to the left-hand side, multiply by ~ and note that 

1 
P ~  > and Id(r/fP)l 2 ~ 2ld~/12f 2p + 2qZldfpl2. This gives 
2 p - 1  

SId(r0Cp)12 =< 2p p- 1 ~(Id*d~21 +41d~lZ)f2P+ 22pp~2-1fbt12f2P' 

and the last term is bounded by the HStder and Poincar6-Sobolev inequalities 

~btl2 f2P <(SbZ)~/z(j" (rIfP)4)~/2 <=c'fi(r)~ld(rtfP)t 2. [] 

Theorem 6.3. Let (~),~) be a C ° solution on a ball B 2 R C M  to either 
(i) the coupled fermion equations (2.5) with mE L2,p(BER ) for some p>2,  

(ii) the coupled boson equations (2.6) with mE E LI,p(B2R ) for some p > 2. 
Then there is a constant C of conformal weight zero such that for all x E B  R and 

r<=R 

IF(x)12<-_Cr -4 ~ IF(y)I2dy • 
BR+r 

Proof. Since F and the Riemannian curvature of M are C °~ the hypotheses imply 
that #e Lp(BER ) for some p > 2 and, by H61der's inequality, that fl(r)<= clr ~ for some 
~>0. 

Fix p > 1 and set rp = (2qc'pC~))- i/~. Then whenever r < 5,  fi(rp) < (2c'pC~))- 1 
and we can move the last term of (6.10) to the left-hand side. Choosing q e C~(B2,. ) 
with t/_--1 on Br, 0<~/_-< t, td~/l £2/r  and ld*dq21 _< 2/r 2 gives 

IdlflPl2- -< S Id(n'lFlP)l 2<=cr-2 ~ IFF Vr< 5 
Br B2r B2r 

for some constant c. Now given a ball B g of large radius we can cover it with balls 
of radius r < rp and use the above and the Poincar6-Sobolev inequality to obtain 
(cf. Morrey, p. 136) 

(SIFI4pli/2 <c(pC(p)) 2/~'r-2 ~ IF[ 2p, 0-<r-<R, p > l .  
/ BR+r 

The inequality now follows by iteration (Morrey, Theorem 5.3.1), and counting 
conformal weights we see that C is weightless. [] 

Theorem 6.3 is immediately applicable to the problem of the behavior of fields 
around a singularity. 

Corollary 6.4. Let (~, ~) be a solution to the coupled field equations which is C ° in a 
neighborhood of a point pe M but is undefined at p. Assume that the energy c~(r) is 
finite on some ball B(p ; r) and that the mass m satisfies the hypotheses of Theorem 
6.3 on B(p ; r). Take p as the origin and let ~ > 0 be given. Then (q~, ~) is conjbrmally 
equivalent to a solution on B 2 with 

IO, (x)l, I IVq~(x)t < IF(x)l < Clxl- 2. E(21xl) < C~lxl- 2 

for each x e B  1 -{0}. Moreover, I~bt=O(i1 at the origin. 
\r/  
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Proof.  By rescaling we may assume that (qS, f2) is defined on B 2 and that E(2)_-< ~. 
For  x e B  1 - {0} set r--½lx]. Then B2~CB 2 - {0} and F is C oo in B,. By Theorem 6.3 

IF(x)12~=C[x1-4 S IFI2~=Clxl-~'E2(21xl) 
B(x, 2r) 

for x~ B~ - {0}. This gives the first statement and the second follows by noting that 
IdtqSll < IlV~b[ and integrating inward from the unit sphere. [] 

7. An Energy Growth Rate 

We shall now focus attention on Coo solutions of the coupled field equations with 
finite energy and with an isolated singularity. We have just derived one fact about 
such fields: If21 and IlV~l grow as O(r - z )  at the singularity. We also have the 
regularity Theorem 5.3 at our disposal, but this requires that the field be Ll,p for 
some p > 2. What is needed is a growth rate of the form 

IFI2<=c? 
B~ 

for some c and 6 >0,  where the ball B r is centered on the singularity. This section is 
devoted to establishing such an estimate. 

Although the growth estimate involves only gauge independent quantities the 
proof requires a specific choice of gauge - a trivialization of the principal bundle P. 
For  this we rely on a theorem of Uhlenbeck which provides a trivialization around 
the singularity and includes rather specific information about the connection and 
curvature forms in this gauge. Integration by parts in this gauge, first for the field ~b 
and then for the curvature form f2, results in an inequality for the energy integral 
E(r). By the rescaling process this becomes a differential inequality and integrating 
gives the desired growth rate for E(r). 

Throughout this section we assume the fields are Coo away from an isolated 
singular point, taken as the coordinate origin. We shall also assume that the mass 
coefficient m satisfies the hypotheses of Theorem 6.3. The rescaling process allows 
us to work in an arbitrarily small neighborhood of the singularity, conformally 
enlarged to the unit ball. Consequently, we expediently ignore the curvature of the 
base manifold. This simplification does not essentially affect the theorems. 

A few words on notation. The letter c will be used for a universal constant 
(depending on Sobolev norms, the volume of the unit ball, etc.). Its value will be 
continually updated so, for example, when c is multiplied by 2 the result is 
immediately renamed c. We will need the energy integral E(z, r) defined by (3.5). 
After fixing a scale we will denote E(r, r) by E, or replace it in the estimates by an 
upper bound ~. We will frequently use the evident inequalities IIf~lloz, IIIV~llo2 
-< E -< e and the Sobolev inequality ]l q5 [I o24 _-< cE 2 <= c ~2. All Sobolev norms are taken 
on the unit ball. 

The starting point for our gauge dependent estimates is the following theorem 
of Uhlenbeck. 

Theorem 7.1 (Uhlenbeck 1-19]). Le t  o9 be a Coo connection f o rm  on B 2 -  {0} with 

curvature f2. Then there is a constant  ~c such that i f  IO(x)l" Ixl 2_-__~ < ~ on B 1 -{0}  
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then there exists  a "broken harmonic gauge" on B a -  {0} whose properties we now 
describe. Set  

A,= {x12-' < txl < 2  -i+ 1}, 

S~= {x[lxl = 2 -/} = inside boundary of A i . 

The broken harmonic gauge is C ° on each A i and the gauges f rom A, and A, + a agree 
on S v Write 

o91 = cola~ expressed in the gauge o n  Ai. 

Then {co/} and (f2 ~} satisfy 
(a) co~[s~.= c°~ + t ls,, coo = tangential components of co, 
(b) d*co~=0, 
(c) d*o)~ = 0 on S~ and Si_ t, where - denotes restriction to the sphere, 

(d) S ' -  ' -  cot-  S co , -  0, co, = radial component of co, 

and there exist  constants b, 2 > 0 such that 
(e) ]Ico'I] ~o < 2-~}lf2ll oo - -<2`be, 
(f) .f koi12 < ( 2 -  b2e2)- l . 2 -  2' ~ 10'12. 

Ai Ai 

This theorem is proved in (Uhlenbeck [19]). In outline, the construction of the 
gauge proceeds as follows. Choose a basis for g at the north and south poles of S, 
and extend these by parallel translation along polar geodesics. These gauge meet at 
the equator and one shows that the transition functions can be made small. These 
transition functions can be spread out away from the equator, resulting in a C oO 
gauge over S 1. The Slice Theorem then gives (c) on S 1 and, by the same process, on 
each S,. Now repeat the procedure to fill in between the S 1 : we have a gauge on S i 
which extends inward by parallel translation and one on S,+ 1 which extends 
outward; these meet in the middle of Ai and the transition functions are small. 
Spread out the transition functions and apply the Slice Theorem; this gives (b). 
Statements (a) and (d) are inherent in this process and (e) and (f) are consequences 
of (a)-(d) and the curvature hypothesis. [] 

Remarks.  1. Note that such a gauge can be chosen for any connection; it is not 
necessary that f2 satisfy the field equations. 

2. The broken harmonic gauge trivializes the principal bundle P and therefore 
trivializes all associated bundles E over B 1. 

Since we are assuming that the coefficient m satisfies the hypotheses of 
Theorem 6.3, we can apply Corollary 6.4 to obtain a field on B 2 - {0} satisfying the 
hypotheses of Theorem 7.1. Hence there exists  a broken harmonic gauge. 

In the subsequent theorems this gauge is used as a "reference frame" in which 
to observe the field ~b; we will express co and q5 in the broken harmonic gauge and 
use estimates (a)-(f) to argue that the covariant derivatives [V4~ of ~b and f2 of co are 
essentially the same as V~b and Vco. In doing this we may assume, by the rescaling 
principle, that e is as small as required. 
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As an example of a theorem in this vein we have 

Lemma 7.2. In the broken harmonic 9auge the connection form co on the unit ball B 
and the unit sphere S satisfies 

(a) S Icol 4<cez "~ [0t 2 < c~4, 
B B 

(b) ~[coo[4<c~ 2.S If~0012, co0=tang ential components of co 
B B 

for some constant c whenever ~ is sufficiently small. 

Proof. From Theorem 7.1e, f, 

f Ico[ 4 ~  ]IcoiH 2 S Icoi[2<(2ibe)Z(2-b2e2)-12-2if [~c~i[ 2~-~ce2 S [J"~l 2" 
Ai Ai Ai. Ai 

Summing on i gives statement (a). By Theorem 7.1c d 'co0=0 on S, i.e., co is a 
coclosed 1-form on S 3. Let 2' be the first eigenvalue of the Laplacian on such forms 
()~' + 0  by Hodge theory). Then 2'~[co0[ z <~[dcoo[ 2 on S and licol[ ~ < b~ by Theorem 
7.1e, so 

~ t  

_ _ ~2 z >  ~S lco0V S I~9oolz = S ldcoo + } [co, coo]V >= S lltcool ~ llcotl ~ ~ tdcooV l lcol~tco01 = 

when e is sufficiently small. The desired inequality for co o is then 

f tco014--< lico[l ~ S Ico0I = =< 2(2')- lbZg2-~ I(~001 z . [ ]  
S S S 

The next lemma shows that  the Sobolev L~, z norm based on ]V is essentially 
equivalent to the one based on V in the broken harmonic gauge. Before stating it 
we introduce some notat ion which will facilitate changes from IV to V and allow us 
to deal with the fermion and boson equations simultaneously. 

According to the Weitzenb6ck formula, the fermion equation ~24=m2~ 
S 

+ din. c~ (cf. Theorem 6.1) is ]g*lVq5 = mZq5 + din. ~b - ~ 4) - ~ e  i. e j • Oij(~b) and, since 

d ' c o = 0  by Theorem 7.1b, 

v *  v ~  = (IV - co)*( IV-  co)4) = lV*lV~ - 2coJ  IV~ + co J co(q~). 

Thus 05 satisfies 
S 

V* V(o = mZ(a + din. 4) - ~ q5 - ~ e  ~. eJ • faij(qS) - 2coJ IVq~ + co_lco((o) 

in the broken harmonic gauge. Similarly, a boson field satisfies 

Set 

V* Vcb = algalZcb + m24) - 6 4) - 2o)1117q~ + d co(qS). 

s (  s) 
M((a)=ma(9 - -6 4)+ din.4)-  ~ 

Q( 4)) = 2co JIv 4) + co Jco( 4)) 

~(~) = (F,e'.  d .~9,F~))  

H( O)= a[qSIz d? 
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[the terms in parentheses occur only in the fermion case and the Higgs potential 
H(~b) occurs only in the boson case]. With this notation 
11174bl 2 = tV4 b + c°4b{ 2 = {V~T z + (~ ,  Q(4))  and q~ satisfies 

V*VeJ=(M + H -  Q-12)q5 . (7.1) 

Lemma 7.3. There is a constant c such that whenever ~ is sufficiently small 

I {v~l 2 -  c d ~ 2  --< ~ r{~[ 2 ---- I I v~r ~ + c~2~  
B B B 

in the broken harmonic 9auge. 

Proof. We have Ilv412=rv4r2+(q~, Q(4)>, while 1(4), Q(4~)>r<Rlol.r4~l.lpv~[ 
+ {412- tcol z can be estimated using Lemma 7.2a: 

j" 1(4, Q(4)>I-_< 211~[1o4 • HqbI[o4" 1{117411o2 + 1}~11o24 • I[(B'11~4 ~ c~212 - [] 
B 

Equation (7.1) shows that to highest order the components of the field q5 are 
harmonic functions. We next note an interesting fact about finite energy harmonic 
functions in four dimensions: the Lz norm of the tangential derivatives dominates 
the norm of the radial derivatives. 

Lemma 7.4. Let  f be a harmonic function on B 1 - { 0 }  CIR 4 with ~ {gf}2 finite. Then 
B 

IVJF2<= ~ IVofl 2. 
BI BI 

Proof  Expand f in spherical harmonics {a.}: f =  ~a.a . r" .  Because the ak are 
orthonormal 

1 

y lVrf{2=~Zn2(a.)2r2"-2.r3dr<= f lvf{ 2 . 
B~ 0 BI 

By hypothesis the right-hand side is finite and hence the spherical harmonic 
expansion of f involves only non-negative powers of r, In four dimensions 
Vy~=r-317~(r3V~), so V y J = ~ n ( n + 2 ) a , ~ r , r  "-2. On the sphere of radius r 

J" {V, f t  2= 2 nZ(a,) 2 "r2"- 2"r3, 
S. 

while 

Thus 

f . V,V,f = ~ n(n + 2) (an)2r 2"- 2. r 3 " 
S. 

f "  V~VJ-{V,  f l  z = ~ 2n(a,)2r 2"- 1 > 0 ,  
St n> 0 

and integrating by parts 

IVof{ z = - ~ f . VoVof = ~ f .  V~VJ> ~ {Vrf{ 2 . 
S~ Sr Sr Sr 

The lemma follows by integrating over r. [] 
Of course the field 4) is not harmonic in the broken gauge so Lemma 7.4 does 

not directly apply to it. However, 
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Lemma 7.5. Let 49 be a sohttion of  Eq. (7.1) over the flat unit balL Assume M~ L2(B ). 
Then if ~ is sufficiently small 

117,4912<2 ~ 117o491Z+c~2E2+ce21lMllZo2 
B B 

when 49 is expressed in the broken harmonic gauge. 

Proof. The field 49 satisfies -A49=e(49), where e(49)=(M+H-Q-f2)49 is an 
"error" function which we shall estimate. Let u be the potential of e(49) (obtained by 
convolving with the Newton kernel). Then u satisfies Au=e(49) and the function 
f = 49 + u is harmonic. Applying Lemma 7.4 to f leads to the inequality 

117r4912 ~ 2 ~ 117o491z + 4 ~ 117ul 2 . 
B B B 

There are standard estimates on the last integral. In particular, (Morrey, 
Theorem 3.7.3b) if e(49)~L4/3(B ) then tl 17u11022 £ ctle(49)1]~),4/3. This can be estimated 
by Hrlder's inequality and Lemma 7.2: 

Ile(49)LI24/3 =< II(M + H-O)49 + 21col 1117491 + I~ol a "149111o,,/32 
=< CI14 N 24(11Ml122 q-a2  H4t1044-} - II~'2t1022 + 11(.oil44)--} - 2tlc011024 N t17491i02 2 

< c ez Jl mll ~2 + ce2E2 

when e is sufficiently small. The lemma follows. [] 

Theorem 7.6. Let (49, f2) be a C °° solution of the coupled field equations o n  B 2 - {0}. 
Assume that the energy e is sufficiently small. Then for some constant c 

S t11749t2+149t z -c~Ez-ce  ~ tml 2<c .[ H174912 +t4912- 
Bi Bl $1 

Proof We are going to subtract from 4) a radially symmetric solution to A~ = 0 on 
each annulus A,, and integrate by parts. Let qS(r) be the average value of 4) on S,. 
and let ~p, be the function on A, linear in 1It z with values ~,, = q~ on OA,. Then ~p, is 
continuous and radially symmetric and A~p,=0. Furthermore, because 
O<117((/)-w)Iz=I17~Iz + tVv212- 2 Re(V49, 17W> and 

f <v~,  v~> = .[ <49, v~> = I (~ ,  v~> = I tv~l 2 
An OAn OAn An 

on each A,, the function ~ = {tp,} satisfies 

1171,/)12 ~_ "~ ~ 1174912 . (7.2) 
Bl Bt 

Set f=49-~p.  Then ~ f = 0  and by the Poincar6 and Kato inequalities 
Sn 

S Ifl z<R ~ ldlt z < 2  .[ llgofl z, (7.3) 
Sl S1 St 

where IV o is the covariant derivative on S 1 and 2-1 is the first non-zero eigenvalue 
of the Laplacian on S v 

With these facts, we shall examine the integration by parts formula 

S (IVf, IV49) - <f, 117*1V49> = ~ (f ,  1V~49). (7.4) 
An OAn 
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The first step is to sum this equation on n to get an integral over B 1. For this it is 
necessary to check that the intermediate boundary terms cancel and that the inside 
boundary term vanishes as n ~  oo. 

The intermediate boundary terms will cancel if ( f  IVy0 ) is continuous across 
each S,. But ~ is continuous and - because the gauges from A, and A,~ ~ agree on 
S,-4, IV0 and hence ( f  IVy0 ) are continuous in the broken harmonic gauge. As for 
the inside boundary term, the bounds JtV0(x)I _<_ cE(2jxi)" txl- 2 and kb(x)l _-< cE(2lxt) 
. Ix[- 1 from Corollary 6.4 give 

~ ( f ,  IVy0) < sup(10l + IqSI). cE(2r)r- 2. VolS, =< cE2(2r) r = 2-" .  

But limE(r)=0, so this vanishes as n--,oe. 
r~O 

After summing on n and using the field equations, (7.4) reads 

[. (,{Vf ]VO) - ( f ( M - f 2 - H ) 4 )  = S ( f  IVy(a). (7.5) 
Bi Si 

The sphere integral can be estimated by first using (7.3) 

1+2  2 
! ( f ,  [ 1 7 r 0 ) ~ !  if[2 Ar_llVr(a]2 .~ ~ ! t [ V o f ]  +[]V~O,2, (7.6) 

and writing IlVofl2=lVoOl2- 2Re(lVoO, lVdp) +llVo~pl 2. Note that O= VoW=lVotP 
-O9o~ p and d'co0=0 by Theorem 7.1c so, integrating by parts, 

S S S 

Hence 

llVofl 2 -[[VoO[ z = ~ [COotp] 2 - 2 Re (COo0, COotp ) <S re°of[ 2 
S S S 

< [I COo 11 ~ ~ If[ 2 < )~b292 ~ ilVoflZ 
s 

by Theorem 7.1e and (7.3). When e is sufficiently small this gives 

and (7.6) becomes 

S IIVofl 2 ~ 2 S IIVoO[ e , (7.7) 
S S 

S <f, Iv,qS) ~ (1  +~c) S IIV0t 2 . (7.8) 
S S 

To estimate the left-hand side of (7.5), we write <IVLIVw)=<vLv(a> 
+ ((of, IV(a) + (Vf ,  coO) and bound (Vf, vO) = ]Vdp[ z - (Vr~p, g O )  below using (7.2) 
and Lemmas 7.5 and 7.3 

S (vj; v4))> S Wo(al2+lvr~t2-(tv, oI2+¼1v;~l 2) 
B1 B1 

> [. ½tVOt2-ce2E2-ceZlIMItZz-¼tV~I z 
B1 

~>~ ~ HV012 -- cg2(g 2 -t- IIMII22). 
BI 

(7.9) 
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Using Lemma 7.2 we also have 

(i) II (cof, IVC) IIox =< Ilcoll2~ + ItlVq~l[g2" tlfll~4<ce2E 2 +ceZllfllg4., 

( i i )  II ( V f c o 4 > l t 0 1  ~ ttcof1024 + II{bli24 • I I lV~ l122<_~ce2E 2 , 

(iii) II<f,(M-O-H)c~>llOl < [14tlo4(HM[12m + 11allo22 +allq~H24+ ][fl124) 
<c~(U + 1t MIt~2 + a114)tl24 + tl fqL~)4) • 

Combining (7.5), (7.8), (7.9) and these estimates yields 

S tlV~°lm-c~(E2+llMIl~2)-c~(l14)l124+llfl12o4) <c J' IlVq~I2" (7.10) 
BI $1 

It remains to estimate tlfllo24 and tlq~I[24. For this we use the Sobolev-type 
inequality (see Morrey, p. 82) 

~1 kbl2 <c° [~111v~bl2 + ~! t~12I' (7.1t) 

which can be combined with the usual Sobolev inequality to give 

I1¢,,2,<c[~11I@512+ s~ 1¢121. (7.12) 

We can also apply (7.12) to f Note that IVf=lVf+cof satisfies 

ltlVfl122<=NiiVflt22 ,2 i 2 +211COI104" llfllo4, 

that/Icol124<ce 2 by Lemma 7.2a, and that 

11 rfl{ 22 < 2 l[ V~ tl 22 <- c(t + g2)g2 

by (7.2) and Lemma 7.3. The sphere integral is bounded by (7.3) and (7.7). It 
follows that, for e sufficiently small, 

I[fH24 <=cE2+c ~ IIVc~I 2 . (7.13) 
S1 

Finally, multiply (7.10) by 1 + c  o and add to (7.11), incorporating (7.12) and 
(7.13). The theorem follows when e is sufficiently small. []  

We next derive an analogous estimate for the curvature field f2. This theorem 
was obtained by Uhlenbeck [19] when O is a Yang-Mills field. We repeat her 
proof, adding a current term. 

Theorem 7.7. Suppose that f2 satisfies D*O = J o n  B 2 - {0}, where J is the fermion or 
boson current. Then for e sufficiently small there is a constant c such that 

Igal2-ceE2~c [. IOI z. 
BI S1 

Proof. Again, integrate by parts in the broken harmonic gauge and estimate the 
extraneous terms. Since Dco = dco + [co, col = O + ½[co, co], the differential of the 
N-valued 3-form co A *f2 is 

d(co A *O) = DCO A *O-- CO A D(*O) 

= O  A *O + ½[co, co] A *O-co  A *D*O 

= [ l o l e  + I co 7([  , co], O> - (co, D*O>]" volume form. 
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From the field equations (co, D'f2> = J(co), so on the annulus A, 

coA*f2= ~ 1~2[2+½<[co, co],f2>--J(co). 
OAn An 

Because 0A, is spherical only the tangential components coo/x (*I2)0 contribute to 
the boundary integral. But the components of (*f2) 0 are the components of f2 with 
a radial part, so we can replace (*f2)0 by O r = ~ f2ridr/x e( 

Now sum on n. The intermediate boundary terms cancel as before. The inside 
boundary term can be estimated using Corollary 6.4 and Theorem 7.1e 

(COo, f2~> < tlf2qT ~" iTconlT co "VolS ,<cr -  ZE(2r) .br- le-cr 3 <=cE(2r), 
Sn 

which vanishes when r=2 -n - ,0 .  This gives 

]f2[ 2 +½([co, co], O> - J(co) = ~ (coo, f2~). (7.14) 
BI $1 

Now by Lemma 7.2 and Theorem 7.if we have 

j" <Eco, co], ~> < Ilcotl24 . I1~11o~ < c~E2 
B 

and can bound the fermion and boson currents, respectively by 

IIS(co)t[o~ = 11~ (¢ ,e  ~ • Q(eiAco)¢> [I o 1 < Iio)tlo2" 11011024 < 11o1122 . [1¢11~, <caN2 
II J(co) llol = IlY~ Re (\~¢,  Q(e,_lco)¢> Ilol < I1¢11o,(11\V¢112oz + 1[c<1o2,) < ceE z. 

Also, ~ Icool2<c f I0ool 2 from the proof of Lemma 7.2, so 
S S 

<coo, ~ >  ---- c S tQ00tz + lorl 2 =< c ~ l~tZ. 
S S S 

The theorem now follows from (7.14). [] 
Finally, we combine the previous two theorems and make explicit how these 

estimates depend on the metric within the conformal class. 

Theorem 7.8. Let (4), f2) be a solution to the coupled fermion or boson field equations 
with locally finite energy at a singularity p~M. Assume that the mass coefficient m 
satisfies the hypotheses of  Theorem 6.3. Then for all r < r o the energy in the bail of  
radius r around p satisfies 

E(r)<cr ~ for some 6 > 0 .  

Proof Rescale and fix a metric g0 in which (~b, f2) is defined on B 2 - { 0 }  and e is 
small enough for the previous theorems to hold. Let B(z, r) be the ball of radius r in 
the metric 9 = z-4go and let E(z, r) be the integral (3.5) of the energy density over 
B(z, r). Then E(z, r) = E(1, zZr) and the function E(z) = E(z, 1) satisfies 

JzE2(z) = l = d  Eg(1,z2) = l = 2  d Ez(r) =1. 

The expression d E2(r ) is the integral of the energy density over the unit 
r-] ,-  

s p h e r e .  
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Adding the inequalities of Theorems 7.6 and 7.7 gives 

Ez(z) -ce"  S IMl2<=czE[E2(z)] ' (7.15) 
B(z, 1) 

when z=  1. But this equation is conformally invariant (M has weight 2 and the 
sphere integral has weight - 1 )  except for the factor e, which decreases as z 
decreases. Hence (7.15) holds for all z =< 1 with e = E(1, t) fixed. 

The hypothesis MeL~,p(B1) for some p > 2  implies, by H61der's inequality, 
IMI2_-<Cl ra for some 6>0. Since M has conformal weight 2 we have 

B(1,r) 

j" IMI2= j" IMI2<q.?. 
B(~, 1 ) B( t ,  r) 

Substituting into (7.15) yields the differential inequality E2(z)-cz2(EZ(z)) '<clz ~, 
z__< 1, and integrating this gives (even when M = c  1 =0) 

E(1, ~c) = E(z) <= cz ~' 

for some c and ~'>0. [] 

8. Removable Singularities 

The regularity theorems of Sect. 5 and the energy growth rate established in Sect. 7 
together yield a theorem on the removability of singularities, 

Theorem 8.1. Let (~, f2) be a solution to the coupled field equations (2.5), (2.6) with 
finite energy in a neighborhood D of  p6 M. Assume that (e~, f2) is C ° in D -  {p} and 
that the mass coefficient m satisfies 

(i) m6Lz,;(D) for some p>2,  
(ii) m26Ll,p(D) for some p> 2, 

in the fermion and boson cases, respectively. Then there exists a continuous 
triviatization of  the principal bundle over D in which the connection and the fietd 4) 
extend over p to C ~ solutions of the field equations. 

Proof By rescaling we may assume that D-{p}  =B 2 -  {0} and that a broken 
harmonic gauge exists. Theorem 7.8 then implies that F~Lv for some p>2,  so 
~AeL1, v and f2~Lp. Furthermore, since d 'c0=0 in the broken harmonic gauge, 

Iwot = [dcol = [m-½[co,  coil = IQI + lcol 2 

and hence coeL1, p (using Lemma7.2a). Regularity now follows from 
Theorem 5.3. [] 

Finally, we will use Theorem 8.1 to show how solutions to the coupled fermion 
or boson equations defined on IR 4 extend to solutions on S 4. 

Suppose that (qb, (2) is a C ~ solution to the coupled field equations on IR 4. Let 
o. :S4~IR 4 be the stereographic projection from the north pole p. Because o. is a 
conformal transformation and the field equations are conformally invariant, the 
pulled back field (o-*4, ~*g2) is a C ~ solution on S 4 -  {p}. Theorem 8.1 will now 
show that the singularity at the north pole is removable provided that the energy is 
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f ini te  a n d  t h a t  the  c o n d i t i o n  o n  m is val id.  T o  s t a t e  th is  cond i t i on ,  i t  is c o n v e n i e n t  
to  fo l low the s t e r e o g r a p h i c  p r o j e c t i o n  (r by  the  s t e r e o g r a p h i c  p r o j e c t i o n  a '  f r om 
the  s o u t h  pole .  T h e  c o m p o s i t i o n  o-'~ is the  c o n f o r m a l  i nve r s ion  f : I R 4 ~ I R  4 b y  
f ( x )  = x/[x] 2 which  t r a n s p o r t s  the  s ingu la r i t y  to  the  o r ig in  of  1R 4. The  d i f ferent ia l  of  
f is f . ( x ) . X =  Ixl z .X  for  X ~  TxlR4 = IR ~. A q u a n t i t y  ¢ o f  c o n f o r m a l  we igh t  w then  

(~..~]. W e  can  then  t r a n s l a t e  the  h y p o t h e s e s  of  sat isf ies ( f*~ )  (x) = Ixl -  2 ,~  \txl / 

T h e o r e m  8.1 in to  h y p o t h e s e s  on  the  o r i g i n a l  f ie ld on  11t 4. T h e  c o n d i t i o n s  on  m 
b e c o m e  c o n d i t i o n s  i nvo lv ing  w e i g h t e d  S o b o l e v  spaces  on  IR 4 o r  - a f te r  the  in-  
ve r s ion  - c o n d i t i o n s  a t  the  or ig in .  W e  then  h a v e :  

C o r o l l a r y  8.2. Let  (49, f2) be a C ~ solution to the coupled Yang-Mills equations (2.5) 
or (2.6) on IR 4. Assume 

1) For fermion fields 4), that the energy 

S 10[ 2 + [x121k174912 + Ix[- 214912 
IR4 

is f inite and that txl m EL2,v(p > 2 ) locally at the origin. 

2) For boson fields 49, that the energy 

.f Ifal ~ +1lv4912 + !x[-4149t 2 

is finite, that t x l -~m 2 e L1,p(p > 2 ) locally at the origin and that a and da (see 

(2.6)) are bounded at infinity. 
Then (49, f2) extends via stereographic projection to a C ~ solution on S ~. [] 

Acknowledgement. I thank Professors K. Uhlenbeck and S.-T. Yau for their suggestions and 
encouragement. 

R e f e r e n c e s  

1. Atiyah, M.F,  Bott, R. : On the Yang-Mills equations over Riemann surfaces (preprint) 
2. Atiyah, M.F., Bott, R., Patodi, V.K. : On the heat equation and the index theorem. Invent. Math. 

19, 279-330 (1973) 
3. Atiyah, M.F., Bott, R., Shapiro, A. : Clifford modules. Topology 3, Suppl. 1, 3-38 (1964) 
4. Atiyah, M.F., Hitchin, N., Singer, I. : Self-duality in four-dimensional Riemannian geometry. Proc. 

R. Soc. (London) A362, 425-461 (1978) 
5. Atiyah, M.F., Singer, I. : The index of elliptic operators. III. Ann. Math. 87, 546-604 (1968) 
6. Bourguignon, J.P., Lawson, H.B.: Stability and isolation phenomena for Yang-Mills fields. 

Commun. Math. Phys. 79, 189-230 (1981) 
7. Fegan, tL : Conformally invariant first order differential operators. Q.J. Math. 27, 371-378 (1976) 
8. Hawking, S., Ellis, G. : The large scale curvature of space-time. Cambridge University Press 1973 
9. Hitchin, N. : Harmonic spinors. Adv. Math. 14, 1-55 (1974) 

10. Hitchin, N. : Linear field equations on self-dual spaces. Proc. R. Soc. (London) A370, 173-191 
(1981) 

11. Kobayashi, S., Nomizu, K. : Foundations of differential geometry, Vol. I. New York : Interscience 
1963 

12. Mitter, P.K., Viallet, C.M. : On the bundle of connections and the gauge orbit manifold in Yang- 
Mills theory. Commun. Math. Phys. 79, 457-472 (1981) 



602 T.H. Parker 

13. Morrey, C.B.: Multiple integrals in the calculus of variations. Berlin, Heidelberg, New York:  
Springer 1966 

14. Palais, R. : Foundations of global non-linear analysis. New York: Benjamin 1968 
15. Samelson, H. : Notes on Lie algebras. New York: Van Nostrand, Reinhold 1969 
16. Singer, I.M., Thorpe, J. : The curvature of 4-dimensional Einstein spaces. In:  Global analysis, 

Papers in honor of Kodaira, K., Spencer, D.C., Iyanaga, S. (eds.). Princeton NS: Princeton 
University Press 1969, 1969, pp. 355-365 

17. Sternberg, S. : On the role of field theories in our physical conception of geometry. In : Differential 
geometrical methods in mathematical physics, Vol. II. Bleuler, Petry, Reetz (eds.). Lecture Notes in 
Mathematics, Vol. lb, pp. 1-55. Berlin, Heidelberg, New York: Springer 1978 

18. Stredder, P.: Natural differential operators on riemannian manifolds and representations of the 
orthogonal and special orthogonal groups. J. Diff. Geol. 10, 657-660 (1975) 

19. Uhlenbeck, K.: Removable singularities in Yang-Mills fields. Commun. Math. Phys. 83, 11-30 
(t982) 

20. Uhlenbeck, K. : Connections with L p bounds on curvature. Commun. Math. Phys, 83, 31-42 (1982) 

Communicated by A. Jaffe 

Received December 2, 1981 ; in revised form March 8, 1982 


