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Bubble Tree Convergence for Harmonic Maps

Thomas H. Parker

Abstract

Let ¥ be a compact Riemann surface. Any sequefice ¥ — M of harmonic maps with
bounded energy has a “bubble tree limit” consisting of a harmonic fgap> — M and a tree
of bubblesf;, : S? — M. We give a precise construction of this bubble tree and show that the
limit preserves energy and homotopy class, and that the images ff tmverge pointwise. We
then give explicit counterexamples showing that bubble tree convergence fails (i) for harmonic
mapsf, when the conformal structure &f varies withn, and (ii) when the conformal structure
is fixed and{ f,,} is a Palais-Smale sequence for the harmonic map energy.

Consider a sequence of harmonic mgps ¥ — M from a compact Riemann surfacg, h) to
a compact Riemannian manifold/, g) with bounded energy

0.1) B(f) = 3 [P < Eo

Such a sequence has a well-known “Sacks-Uhlenbeck” limit consisting of a harmoni; map—

M and some “bubbles” — harmonic ma§$ — M obtained by a renormalization process. In fact, by
following the procedure introduced in [PW], one can modify the Sacks-Uhlenbeck renormalization
and iterate, obtaining bubbles on bubbles. The set of all bubble maps then forms a “bubble tree”
([PW]). One would like to know in precisely what sense the sequéifigé converges to this bubble

tree. The major issue is the appearance of “necks” joining one bubble to the next.

Our main result (Theorem 2.2) is a precise Bubble Tree Convergence Theorem for harmonic
maps. It asserts that a subsequence offthia (0.1) decomposes (in the sense explainegllninto
sequenceg,, ; that converge .12 N CY to the maps in the bubble tree. This includes two strong
convergence statements. The first is that there is no energy loss in the limit, a fact previously shown
by Jost [J]. The second is that the image of the limit is connected, that is, in theHeni are no
necks As a conseqguence, the limit preserves homology and homotopy (Corollary 2.3) and the images
fn(X) converge pointwise to the image of the bubble tree map.

The bubble tree is constructed§fh using the procedure of [PW]. The construction is elementary
and requires only the basic facts about harmonic maps stated in Proposition 1.1. It is also quite
general: it applies to other conformally invariant semilinear equations for which the corresponding
basic facts hold, such as pseudo-holomorphic maps and Yang-Mills fields.



The general analysis @i reduces the proof of Theorem 2.2 to showing that the energy and length
of the necks vanish as — oo. We give two proofs of these facts. §2 we simplify and extend
Jost’s proof using techniques from harmonic map theory. The proof is section 3 is very different:
we view the necks as paths in loop space and prove the required estimates using O.D.E. methods.
From this viewpoint one sees how the necks are “trying to become longer and longer geodesics”
— a phenomenon ruled out by the hypotheses of Theorem 2.2, but which appears explicitly in the
examples of the subsequent sections. At the eri@ ofe use this approach to give a new proof of the
Removable Singularities Theorem for harmonic maps.

In the final two sections we study two closely related situations where explicit counterexamples
show that no bubble tree convergence theorem is possible. These examples illustrate just how subtle
and delicate are the issues of energy loss and pointwise convergence on the necks.

To prove existence results for harmonic maps one would like a bubble tree convergence theorem
that applies to sequences of maps that are not harmonic, but are becoming harmonic in some sense.
In this context it is perhaps most natural to consider Palais-Smale sequences/idf theadient of
the energy (0.1). Yet i§4 we construct examples which dash all hope for a bubble tree convergence
theorem for Palais-Smale sequences. The first is a Palais-Smale sequence 6P mapS? that
approaches a degree 1 harmonic map and a degree -1 harmonic bubble map, but which loses energy
in the limit. The second, more elaborate example, is a Palais-Smale sequence that does not converge
pointwise or inL'2 on any open set.

In the final section we consider sequences of harmonic maps from a Riemann gbiface
where the metric:, is allowed to vary. If the corresponding complex structyyestays in a com-
pact region in the moduli space &f then the Bubble Tree Convergence Theorem 2.2 still applies
(after reparameterizing thé,). But if {j,,} eventually leaves each compact region then bubble
tree convergence can fail. We illustrate this by constructing a specific sequence of harmonic maps
fn: (T? h,) — S? x S! which fails to converge pointwise or b2 on any open set. Nevertheless,
a renormalization scheme (different from the on§bfproduces a limit consisting of bubbles joined
by necks. Again, there is energy loss and the necks fail to converge.

There are other approaches to existence in which one has better control on convergence than for
Palais-Smale sequences. Sacks and Uhlenbeck [SUpfiratmonic maps fop > 2, then take a
sequence witlh — 2. From their results one easily sees that the bubble tree constructigh of
holds for such sequences. Similarly, for the heat flow for harmonic maps Struwe [St] has a partial
bubble tree convergence theorem, and Jost [J] describes an approach using the Perron method. These
approaches are interesting and useful. Itis clear that in each necks necessarily arise, and the issues of
energy loss and® convergence on the necks should be settled in these cases.

The problems raised in this paper have stimulated much recent work, and further progress on the
above ‘neck issues’ has been made by Ding-Tian [DT], Qing-Tian [QT], and Chen-Tian [CT].
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1 The Bubble Tree Construction

Fix a compact Riemann surfa€g, 1) and a compact Riemannian manifdltf, g). In the first three
sections we will consider a sequence of harmonic maps

fn:X—M

with bounded energy as in (0.1). In this section we describe the “bubble tree limit” introduced in
[PW]. This is an inductive procedure that generalizes the Sacks-Uhlenbeck renormaliation procedure
by identifying bubbles on bubbles. The construction described here is a slightly reordered version of
the one in [PW]. The reordering clarifies the role of the “scale size” and, more importantly, the role
of the necks connecting the bubbles. These necks are the central focus of this paper.

The basic building blocks for the bubble tree construction are the following four analytic facts
about harmonic maps proved in [SU].

Proposition 1.1. There are positive constants andep, depending only o(, #) and (M, g) such
that

(&) (Sup Estimate) If : ¥ — M is harmonic andD(2r) is a geodesic disk of radiuz- with
energyE(2r) = %fD(%) |df|? < ¢ then

(1.1) sup |df|? < Cir2E(2r).
D(r)

(b) (Uniform Convergence) K f,} is a sequence of harmonic maps from a di3ier) with
E(2r) < ¢ for all n, then there is a subsequence that converges'in

(c) (Energy Gap) Any non-trivial harmonic mgp: S? — M has energyE(f) > «.

(d) (Removable Singularities) Any smooth finite-energy harmonic map from a punctured disk
D — {0} to M extends to a smooth harmonic mapBbn

Combining these facts with a simple covering argument gives the following fundamental conver-
gence result of Sacks and Uhlenbeck. To clarify the exposition the proofs of the technical Lemmas
1.2-1.6 have been relegated to the appendix.

Lemma 1.2. Let {h,,} be a sequence of metrics &hconverging inC? to » and { f,,} a sequences
of h,-harmonic maps® — M with E(f,,) < Ey. Then there is a subsequence{¢f, }, a finite set of
“bubble points” {z1, ..., z;} € 3, and anh-harmonic mapf, : ¥ — M such that

(@) fn — foo in C* uniformly on compact sets @ — {x1, ..., 73}

(b) The energy densities f,,) = %|df,|> dv,, converge as measuresdtf.,) plus a sum of

point measures with mass; > «:

k
(1.2) e(f) = e foo) + ) mi 8(xs).

=1

The construction involves six steps. The first step depends on a “Renormalization coastant”
which we are free to make smaller if needed; for now we require only that

(1.3) Cr < €)/2.



We will focus attention on one bubble poing, writing =; andm; as simplyx andm. To simplify
notation we adopt the convention of immediately renaming subsequences, so a subseq{ignce of
is still denoted{ f,,}. Numbered constants, such@sabove, depend only on the geometry’bénd

M and on the fixed energy bourid).

Fix a disk D(x,4po) that contains no other bubble points and choose a sequgnee 0 by
letting e,, < min{po, 1/n} be the largest number with

4 /D@,Qen) e(f) < g3

Step 1 (Pullback) Pullback by the exponential map, identifyirig with exg’ f,, andD(z, 2¢,,) with
the diskD,, = D(0, 2¢,,) in T,;X. The pullback measure(f,,) on D,, determines a center of mass
cn = (ck, c2) with coordinates

n'-n

o fDn z e(fn)

1.5 ct =
(1.5) " )

and a scale sizg,, by

(1.6) An = smallest\ such that/ e(fn) > Cgr
D(cn,en)—D(cn,\)

whereCl, is the renormalization constant (1.3).

Lemma 1.3. After passing to a subsequence we haye < en/2n2, An < en/n2, and there is a
constant’’; such thatf,,(0D,,) lies in the ballB( foo (x), C3/n) in M.

Step 2 (Renormalization) Renormalize the',, by

1. centerizing using the translatidh (z) = z + ¢y,
2. rescaling by\,,(z) = A\, 2,

3. Compactifying by lettings = S, be the unit 2-sphere in the fiberaof the bundlel, > & R;
this comes with a stereographic projection: S — T,X that takes the north pole™ =
(0,0,1) € S to the origin, the south polg™ to infinity, and the equator to the unit circle.

Then consider the compositidty, = T}, o A,, o o on the domairs,, = R, D(0, 2¢,,) in S and define
therenormalized mapas the pullbacks

(1.7) fo=Rifn: Sy — M.
Lemma 1.3 and the definitions of and),, imply that the domains),, exhaustS — {p~ } asn — oo,
and the conformal invariance of the energy meansigt,) < E, for all n.

Lemma 1.4. The f,, are harmonic with respect to metrics that converge uniformiyChto the
standard metriggs on compact sets i9, — {p}. The measures(f,,) have center of mass on the
z-axis and satisfy

(1.8) lim e(f,)=m and lim e(f,) =Cr

n—oo S n—oo S
n n

whereS,; is the part ofS,, in the southern hemisphere.
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We next find a convergent subsequence{ﬁ}f}. Choose a sequend€;, of compact sets that
exhaustS — {p~}. Fork = 1,2... successively apply Proposition 1.2 to the seque{rﬁﬁ} on
K, then take the diagonal subsequence. This yields a subseque{]ﬁg} dhat converges il on
S — {y1,- - -y, p~ } to @ smooth harmonic maf,, : S — M, with

l
(1.9) e(fn) = e(foo) + Y _my; 8(y;) +7(x)d(p")

Jj=1

wherem; > ¢. By Lemma 1.4 and (1.9) the center of mass of the measyftg) + 3. m; d(y;)
lies on thez-axis of S. We can also assume (see appendix) that the boundaries of the domains
B, = 0~ 1D(0,n) satisfy

(1.10) fn(0Bn) C B(foo(p™), Cafn).

Step 3 (Iteration): The above renormalization procedure associates to each bubble paajuence
of harmonic mapsS, — M which converge to a harmonic mafy, : S, — M in C'on S, —

{yla s 73/1(37),197}-

Lemma 1.5. (a) Each secondary bubble poigt lies in the northern hemisphere 6f
(b) If E(f,) < € thenf__ is a map to a single point and either (i) there dre> 2
secondary bubble points, or (f)= 1 and7(z) = Ck.

We can now repeat the renormalization around gaand iterate, obtaining bubbles on bubbles.
Lemma 1.5b and the inequalityz < ¢)/2 < m; show that each iteration reduces the energy by
at leastCr. Hence the process terminates after at nigstC', iterations. The result is a finite tree
of bubbles. Before describing this tree, we go back and modify the above procedure to keep careful
track of what is happening near the south pole.

Step 4 (Extended Maps) Inside the domainD(0, 2¢,,) of f,, we identify three nested domains:

the disksD,, = D(cp, €,), the smaller disk®!, = D(c,,n)\,) and the annuli4,, between them
(Figure 1). Doing this at each bubble point, then restricting and extending, yields three sets of maps,
as follows.



Figure 1

Base Maps: Restrictingf,, gives a map
(1.11) fu: S = Jexp,, D(cni eni) = M

which, near each bubble point is defined outside the loopD],. By Lemma 1.3 the image of this
loop lies in the ballB(f-(x),C3/n). Extendf,, over D,, by coning off the image:

— r
(1.12) F(r.0) = —f(en0)
where (r, §) are polar coordinates aroundin ¥, and the multiplication on the right is done in
geodesic coordinates d#( f-(z), C3/n). Doing this at each bubble point yields thase maps

fniX— M.

Bubble Maps: Restrictingf,, to the inside diskD(c;,, nA,) C TX and renormalizing gives maps
R f, : 071D(0,n) — M, these agree witlf,, on their domains. Using (1.10) we can again extend
these taS,. by coning over the south pole , obtainihgbble maps

(1.13) Rfpa:Se— M.

Neck Maps: Finally, restrictingf,, to the intermediate annular regionih3 gives aneck map

(1.14) fula,  An = D(cn, €n) — D(cn,n)pn) — M.

The base maps converge fg. The mapsfn of step 2, however, are now decomposed into the
bubble maps, which converge nicely 6n to f_, and the neck maps, which are pushed into the
south pole as — oo and account for the term(x)d(p~) in (1.9). Specifically, after passing to a
subsequence we have:
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Lemma1.6.(a) f,, — fxoin L2 NCY0onY,
(b) Rf, — f. in L2 N C° on compact sets i, — {y1,- - -y}, and

(¢) 7(x) = limsup,, E(¢,|4,) and

(1.15) B(fa) — E(fx) + Y |7(@) + lim B(f,.,)] -

{xl} n—oo

Step 5 (Renormalized Neck Maps) The domain of the neck maps (1.14) is a “no-man’s land”
between the base and the bubbles. XQrthis domain shrinks inta: asn — oo, while on S the
renomalized domaiik;, ! 4,, shrinks into the pole~. Thus the neck map is a piece of the original
map f,, that is not part of the base map nor the bubble map. It must be treated separately.

It is natural to renormalize the neck maps to make them maps from a cylinder. For this we write
fn(r,0) in polar coordinates centered epand consider

(116) ¢n : [Oa Tn] X Sl - M by ¢n(t7 9) = fn(ene_t, 9)

Note that the image a$,, is the union of the loops,, ; = ¢, (t,-) C M for 1 <t < T,,; each has an
energy

2
(1.17) Po(t) = /0

Lemma 1.7. The neck maps (1.16) are harmonic with respect to metrics of theditrmn,, d6? with
T,, — oo andn,, — 1in C? asn — oo. They satisfy

(1.18) supe(gn) < CiCh.
Moreover, for0 <t < T,
(1.19) lengtl? Yot < 27P(t) < 2mC1Cg.

and at the ends

(1.20) lengtl? v, o < 27P,(0) < - and  lengthy,; < 27P,(1) < @
b n ’ n

Now redefineCr to insure that the number; Cr is small, say2rC1Cr < min{1/100, %6]\4}
whered; is the injectivity radius ofA/. Then (1.19) and (1.20) show that the image of each neck
map is a thin tube in\/ whose boundary curves are squeezed as oc; in fact from Lemma 1.3
and (1.10)

n n

(1.22) Yno C B <f(x), C3,> and Yn,1, C B <fz( ), C4>

Remark The inner and outer radii of the neck domaip are somewhat arbitrary. But for any choice
the ends are still squeezed as in (1.21). In fagtuniformly squeezes each finite regiin L] into
neighborhoods of (z), and finite regions$7,, — L, T, into neighborhoods of . (p~).



Step 6 (The Bubble Tower) The result of steps 1-5 is a finite tree of bubbles whose vertices are
harmonic maps and the edges are bubble points. The tree is constructed from the séfjuense
follows: The{f,} converge tof, : ¥ — M onX — {z1,- - -z }. The base vertex of the tree is the
map f~, which we relabelf,. For eachz; the renormalization process gives a sequere,, } of
neck maps and a sequendéf,,} of bubble maps converging to a harmonic nyap Sgi — M. The
pairs (z;, ¢n 5, ) label edges eminating from the base vertex. The €dgep,, .,,) terminates in the
vertex f; which, in turn, is the source of new edges; }, and so on.

Intrinsically, thex;; are points inS¥ = S(T>X @ R). Compactifiying the vertical tangent space of
Sy — ¥ gives anS?-bundleS?Y. over SY; this is where the third level of bubble points lie. Iterating
yields a tower ofS? fibrations. - - — S*¥ — ... — S — ¥,

Definition A bubble domairat levelk is a fiberS = S? of ¥ — S¥~1¥. A bubble toweiis a
finite unionT of bubble domains which form a tower, i.e. such that the projectidh 0fS*¥. lies in
T NSkt

Given a sequence of harmonic maps, the iterated renormalization procedure singles out a bubble
domain towerT’ = ¥ U |JS; and sequences of (extended) base maps= f, : ¥ — M and
bubble mapsf,, ; = ?fmlzk : St — M. Together these form a sequencebabble tower maps
{fn1}:T — M. By Lemma 1.6 these convergein* N C%to alimit{f;} : T — M.

Figure 2

An example of a bubble tree is shown in Figure 2. The bubble tower is at the left, the image is
in the center, and the corresponding bubble tree diagram is at the right. The connecting tubes in the
center picture are the images of the neck maps, ; these are part of the image of the original maps
fn, but are not part of the image of the bubble tower maps. Note that some bubbles may be maps to a
single point; we call thesghost bubblesThis example includes instances of the two types of ghost
bubbles described in Lemma 1.5.

Each vertexf; of the tree has a homology clag§]| and an energ¥(f;). Since the neck maps
carry no homology (their images are thin tubes) we Hgive= [f,] + >, [Rf,] at each level of the
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bubble tree. Iterating this and (1.15) shows that the bubble tree limit preserves energy and homology
in the sense that

(1.22) E(fn) = E(foo) + D [E(fra) + 7(2)]
and if eachf,, represents the same homology clagten
(1.23) a = [fa) = > If1]

(both sums are over all bubble pointst all levels in the tree).

Thus far, the bubble tree construction is very general. The entire procedure requires only a con-
formally invariant equation with the properties of Proposition 1.1. Indeed, it was originally developed
for pseudo-holomorphic maps ([PW]); it also applies without change to constant mean curvature maps
and thea-harmonic maps of [SU], and with minor changes to Yang-Mills fields ([F]). For alternative
renormalization schemes in various contexts see [BC], [J], and [T]. In the next two sections we use
properties special to harmonic maps to prove one last fact crucial about the bubble tree limit.

2 The Bubble Tree Convergence Theorem

The bubble tree construction §1 associates to each bubble paind sequence of neck maps :
[0,7,] x S' — M whose images are thin tubes M. Using these, we can associateatdwo
numerical quantities:

{ energy loss 7(z) = limsup,, E(d,.)

neck length v(z) = limsup, sup,co,r,)xst dist(on(p), #n(q))
In this section we will prove that both these numbers vanish.
Lemma 2.1. At each bubble point we haver(z) = 0 andv(z) = 0.

Lemma 2.1 completes our analysis of the bubble tree, and, with the resilts iofimediately
gives our main convergence theorem.

Theorem 2.2. (Bubble Tree Convergence for Harmonic Mapshet{f,} : ¥ — M be a sequence
of harmonic maps from a fixed Riemann surfékeh) to a compact Riemannian manifo{d/, g)
with E(f,) < Ey. Then there is a subsequengé,} and a bubble tower domaifi’ so that the
renormalized maps

{fni}:T—M

converge inL.%? N C to a smooth harmonic bubble tree még} : T — M. Moreover,

(@) (No energy loss)E( f,,) converges to . E(fr), and

(b) (Zero distance bubbling) At each bubble paint(at any level in the tree), the images
of the base may; and the bubble mag; meet atf;(z;) = f;(p™).

Consequently the image of the linif;} : 7 — M is connected and the images of the original
mapsf, : ¥ — M converge pointwise to this imad¢;}.



10

Thus the image of the limit map appears like the first picture in Figure 2 instead of middle picture.
The limiting image has no necks

Remark: Theorem 2.2 is exactly the result proved in [PW] for J-holomorphic maps. For harmonic
maps the “no energy loss” statement was previously proved by Jost ([J]). The argument below uses
aspects of both these proofs. It simplifies Jost's argument and includes the zero distance bubbling
statement and the precise statement of the convergence of the images.

Zero distance bubbling implies that the bubble tree limit preserves homotopy. Eacli,map
Y. — M represents a cladg,] in the set[3, M] of free homotopy classes. A bubble tree map
f:T =%XuUlJSr — M also has a clasg] € [£, M| obtained by succesively adding the bubble
maps to the clasg)] of the base map as follows. For each bubble pejndf f;, choose a patt from
the image pointf;(z;) to f;(p~), the image of the basepoint of the bubble dom#&jn Then form
the connected sum by mapping an annulus araynid the boundary of a tubular neighborhoodchof
and the interior of this annulus tf by stereographic projection and the bubble map — this reverses
the bubbling procedure. In general the choiceyak well-defined only up tar (M). However,
by Theorem 2.2b there is a canonical choice, and with that choice we have the following homotopy
statement.

Corollary 2.3. If each f,, represents the same homotopy clasgin}M] then

(2.1) a = [fa] = D _[fi]

(sum over all vertices of the bubble tree). If = S? then this statement is true im(M). The
corresponding homology statement (1.23) also holds.

O
The proof of Lemma 2.1 is based on the observation that a harmonic map can be “suspended” to
give a conformal harmonic map. This trick was first used by Schoen [S] to prove a regularity result;
his method was simplified by @ter [G] and used in the present context by Jost [J].
To describe the suspension process, we consider a harmoni¢ map— M from a diskD with
energyE(f) and Hopf differential

(2.2) vpde® = [1fol? = fy = 2i{fe. fy) ] d2*.

Recall thaty is holomorphic, and vanishes if and onlyfifis conformal. The suspensian of f is
defined by finding the unique solution to

(23) 55207 852 7317[]]0’ g‘aD =0

and setting
F = (f,z+¢ : D— M xC.

Then F is harmonicand conformal since its Hopf differentialyp = ¢ + 40(z + £)0(z + &) =
¥y + 40£0z vanishes. Moreover, sinagis holomorphic withZ! norm bounded b2 E( f) we have
the pointwise bounds

(2.4) [ < der E(f)
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andi|d(z + ¢? = 1+ [¢[?/16 < 1 + ¢}E(f). Hence the energy df on any subdomaial C D
satisfies

@) [er) = [en +(1eglusP) < [ en) + a1+ G2

and for the circleS,, C D of radiusr

(2.6)  length{F(S,)) < /0 %lagfwae(ﬂ&\ df < length(f(S,)) +2r (1+ E(f)) .

The advantage afonformalharmonic maps is that their images are minimal surfaces. We can
then use the following standard measure-theoretic facts about minimal surfaces.

Lemma 2.4. Let (M, g) be a closed Riemannian manifold and ¥ebe a minimal surface i) x
R?, g + dx? + dy?). There are constanis,, ep; > 0 such that if Ared>) < €, then

(a) (Isoperimetric Inequality) Arg&@) < ¢ lengti#(9%), and

(b) (Monotonicity) for any ballB(p, §) aroundp € ¥ that contains no part od>

2
(2.7) AreaX N B(p,d)) > 7‘52
4y,

Proof Statement (a) follows from the isoperimetric inequality of Hoffman and Spruck [HS]. Mono-
tonicity is an easy consequence: by (a) the funcign) = Areax N B(p,r)) satisfies\/ A(r) <
e A'(r); integrating from0 to § gives (2.7). O

The proof of Lemma 2.1 is now quite simple.

Proof of Lemma 2.1 Apply the bubble tree construction §1 with Cr = %min{eo, er ), where

these are the constants of Proposition 1.1 and Lemma 2.4. Then, starting with the s€diiénce
D(cp,€,) — M around a bubble point, form the suspended maps and restrict to the collar domain
A, of (1.14), obtaining conformal harmonic maps : 4, — M x C. LetX,, = F,(A,) be the

image surface. Since the energy of a conformal map is the area of the image, (2.5) shows that
Areay,) = E(F,) < E(f,)+ c€e2 < Cr+ca/n?,

so AredY,,) < e, for all largen. Moreover, as — oo the lengths of the boundary curv@s go to
0 by (2.6) and (1.20). Applying the isoperimetric inequality,

(2.8) E(f,) < E(F,) = Area%,) < cylengtt?(9%,,) — 0,

and hence (z) = 0.

The statement(z) = 0 now follows from monotonicity. Fixy > 0. Since the lengths of the
curvesoy, go to 0 there are point®, @ € M x C such thatoX,, C B(P,0) U B(Q,J) for all
largen. By (2.8) we also have Arga,,) < 52/8(:%\4 for all largen. If, for some largen, there is
a pointR € X, notin B(P,2J) U B(Q,2J) then monotonicity gives the contradictory statement
6% < 4c%,Areay, N B(R,5)) < 6%/2. Thereforey,, C B(P,25) U B(Q,2d), and sincex,, is
connected,, C B(P, 49) for all largen. Hencev(x) = 0. O
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3 Path Space

In this section we give a second proof of Lemma 2.1. This proof is direct and elementary, and uses
no any special techniques from harmonic map theory. The viewpoint introduced in the proof is an
important prelude to the examplesgi#h ands5s.

From Lemma 1.7 the neck maps are a sequence of hap§), 7,,] x St — M that are harmonic
for metricsdt® + n,d#* (with , — 0 in C2) and have energy

1 Tn 2m B
E(¢n) = 2/0 /0 |0sn|” + 17 Ogdnl* i dbdt < Ch.
Equivalently,¢,, associates to eacha loop~.(0) = ¢(t,0) in M and thus defines a path
0,T,] — Ln

in the free loop spac€,, = L'“?(S', M). From this viewpoint,E(¢) can be thought of as a
Lagrangian

I
3 16) = 5 [ 16+ P a
which is the sum of kinetic and potential energy terms
- 21 ) 27 ) do
G P = [ ol vias, P = [ 1ol -
0 0 V1

This Lagrangian describes the motion of a point particle moving in loop space in the potehtial
By Lemma 1.7 the trajectories corresponding to the neck maps lie near the sei’,; where— P
assumes its maximum; this is the submaniféti= M of point maps along whicli.(¢) reduces to
the geodesic energy. One can visualize two types of trajectorifgias in Figure 3. Trajectory A
rises, follows a geodesic along the “ridg#, then falls; the corresponding surfacelifis the long
neck of Figure 3b. Trajectory B rises and falls with little motion aldvg corresponding to the small
neck of Figure 3c. We will show that the neck map trajectories are of type B.

Figure 3a Figure 3b Figure 3c

The estimates below use two facts about the neck mgps
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(@) ¢, extends to a finite-energy harmonic mapoc) x S — M (by (1.16), noting that the neck
mapsf, in (1.14) extends over the disk), and

(b) E(¢n) < Cg, where we can choosér smaller if needed.

Our first lemma shows that property (a) implies that),,) can be calculated from the functidi(t).

This is equivalent to Lemma 3.5 in [SU]; the proof is transparent in the present context. Our second
lemma derives an inequality fd?(¢) using methods familiar from the theory of geodesics. A simple
comparison argument then proves Lemma 2.1.

Lemma3.1.1f ¢ : [0,7] x S — M is harmonic and extends as in (a) above then

(3.3) o /OT P() dt.

Proof. The Hamiltonian corresponding to the Lagrangian (3.1), namely

(3.4 H(t) = 5 [16d” ~ P()].

is a constant of motion. Sineghas finite energyf, H(t) dt < E(¢) < oo, SOH = 0. Hence the
integral (3.1) reduces to (3.3). O

Lemma 3.2. If Cf, is sufficiently small then for each), with n large

(3.5) PI(t) > iP(t) > 0.

Proof. SetX = ¢.(0/dg), T = ¢.(0/0,), anddd = n~'/2d¢. ThenP(t) is the integral of X |20
and P’ (t) is the sum of the first variation in tHE direction and the derivative of the metric:

2
P = [ 20X, 9xT) ~IXP D
0
where¢ = %77—17'7. Differentiating again and computing second variation in the usual way (cf. [CE])
2
P'(t) = / 2VrX|? + 2(R(T, X)T,X) + 2(VxV7T, X)
0
— 44X, VrX) + (& - EIX|* df

whereV and R are the covariant derivative and the Riemannian curvatufd oNow integrate the
term involvingV x VT by parts, subsitute in the harmonic map equation

1
VT = = 'VxX — €T + (X =0 "Ogn
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and estimate, usingX, V- X)| < |X|? + |V7X|? and the similar inequalities foiX, V x X') and
(X, T). Sincen — 1in C? asn — oo we obtain

21 21
Py > /0 2 (IVxTP + 57! [VxX[2) @ — 2|Rl||TIE /0 X a8

27
—c(n)/ VX2 4+ |V X2+ X+ |7 40
0

with ¢(n) — 0. But |R| is bounded|T|?> < |d¢|*> < C1Cg by (1.18) and, since the Hamiltonian
(3.4) vanishes, the integral ofT'|? df is the integral of X|? df. Thus for largen

2T
(3.6) P'(t) > /0 VX[ — eiCrP().

By (1.19) and the choice af' made after Lemma 1.7, the image curye = ¢(t,-) lies in
a coordinate chart of radiuB = /C,Cg. In this chart the metric is uniformly equivalent to the
euclidean metric and the Christoffel symbols satidfy < coR < ¢2v/C1Cgr. Moreover, for any
R"-valued functiony on S! Fourier expansion shows that

/027T 9g7]” < /0% ‘857‘2.

27 27 27
e < [ClopxP = [ Ivax -rer P
0 0 0

2 2
2 /0 VX[ + 2T X% /0 XP

Hence

(3.7)

IN

Using the above bound dnand (1.18),I'||.X| < |I'||d¢| < c2C1Cr. Hence forCr small the last
term in (3.7) can be absorbed on the left, giving

3 27 27
(3.8) [ ixe <2 [ v,
4 0 0

The norms in (3.8) are with respect to the euclidean metrics and M in normal coordinates; for
largen and smallC, these can be replaced by the metric norms after increasing the constant slightly.
Thus (3.8) gives

27
(3.9) P(t) < 3/ IVx X2
0

The lemma follows by combining (3.6) and (3.9) and takirg < 1/12¢;. O

Proposition 3.3. There is a constants such that for all largen
(@) E(¢n) <c3/n? and
(b) dist(n(p), én(q)) < cs/n for any pointsp, g € [0, ;] x S*.
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Proof. Fix n. By Lemma 3.2,P(t) satisfiesP” > 1P with initial conditions P(0) = ¢ and
P(T),) = €2. Let f(t) be the solution of

Y f0=a,  fT)=e

" __
f_4

ThenP(t) < f(t) by the maximum principle. Explicitlyf (t) = Ae'/? + Be~t/? with

1 Q

(310) A = 1—&2 (61—&62), B = 1_

o2 (62 - 0461> y

anda = e’*/2. Hence by Lemma 3.1
Th Tn B
E = / P(t)dt < / Aet’? 4 Be V2 dt = 2(a— 1) [A + ]
0 0 a

Subsitututing ford and B, simplifying, and using (1.20) yields

E < 2<Z;1> (1 +e2) < 2[PO)+ P(T)] < 5.

To bound the length of the image we compute the length of the eimé) for 0 < ¢ < T, for
each fixed, and average ovék. This average lengti satisfies

2L el ()

Noting that (3.4) vanishes and thats uniformly close to 1, we have

1/2

1 27
5 (/o Ik d9> < VPI) < V) < |AM2e 1 |B|M2e 1,

Integrating, we get

VERL < (va - o0) (|4 + |Z1)

Using the definitions ofy, A, andB, and simplifying,

(3.11) V21 L < coyfes + €c <\ﬁ%> < ooy P(1) + P(T;).

Finally, note thatP(¢) has no strict interior maximum df, 7;,] sinceP” > 0 by (3.5). Thus the loop
Yt = én(t,-) has

(3.12) lengt (v,) < 2nP(t) < 2r [P(0)+ P(T,)].
For pointsp = (t1,601),q = (t2,602) in [0, T},] x S', (3.11), (3.12) and (1.20) give
dist (¢n(p), #n(q)) < length(y,, ) + L +length(y,,) < c3/n.

O
Proposition 3.3 implies Lemma 2.1, thus giving a second route to Theorem 2.2. In fact, Proposi-
tion 3.3 is a sharper result: it shows that the length of the mee&sured along the imagmes to 0,
while Lemma 2.1 shows only that the image lies balls with radii going to 0.
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Finally, the argument of this section gives a new proof of the Removablity Singularities Theorem
(Proposition 1.1d above and Theorem 3.6 in [SU]).

Proof of Removablity Singularities: Integration by parts with a cutoff function shows thais
weakly harmonic (cf. [PW] Lemma 3.5). It then suffices to establish an energy growth rate

(3.13) /D(O )e(f) < Cr®

for r < ro and somex > 0 (by [M] Theorem 3.5.2 this means th#tis Holder continuous, and
hence is smooth by standard bootstrap arguments). Theim&px S' — M defined byf(r,0) =
#(e™, ) is harmonic with finite energy, and by Lemma 3.1 (3.13) is equivalent to

(3.14) Btoo) = [ "o = [P as < oo

for t > ty. Choosety so thatE(ty, c0) is small enough that Lemma 3.2 applies, and choose a
sequence; — oo with P(t;) — 0. Applying the comparison argument of Proposition 3.3#nt;]
shows thatP(s) < A;e®/? + B;e~*/2; solving for A; and B; and lettingt; — oo reduces this to
P(s) < P(to)exp|(to — s)/2]. Integrating oveft, co) then gives (3.14) witlw = 1/2. O

The above proof simplifies further because we can assume (by making an initial conformal change
of metric) that the metric is locally euclidean.

4 Palais-Smale Sequences

This section presents examples that show that energy loss can occur for Palais-Smale sequences for
the energy function

B = 5 [ 1P

with respect to the naturdl’? metric. Of course, there are numerous technical problems arising be-
causel!? is the “borderline” norm. However, the recent regularity result of Helein [H] (that weakly
harmonicL!? maps are smooth) has renewed interest in proving a bubble convergence theorem for
Palais-Smale sequencesiof? maps. The examples below show that this cannot be done: a general
Palais-Smale sequence simply does not have enough regularity to have good convergence properties.

Remark Because thd.!? norm is borderline, the space of map$?(X, M) is not a manifold.
Hence we must be careful about the definition of Palais-Smale sequence. On a Hilbert manifold a
sequencs f,, } is Palais-Smale i£(f,) < Ep and|/grad E(f,)|| — 0. This latter condition is
equivalent talE'y, — 0 as a functional on the tangent space. We will use this definition, interpreting
the L1? “tangent space” to be the? completion of the smooth variational vector fields. Thus we
say that{ f,,} is Palais-Smale iF(f,,) < Ey and

(41) ’dEfn(X)‘ < Cn”X”LQ with cn — 0.

Our examples are based on the following elementary observationy Lep, 7] — M be a
geodesic parameterized proportion to arclength. Then the map

f:00,T) x S* - M
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by f(t,0) = ~(t) is harmonic — sincg is independent of the harmonic map equation
ORI + 03 = Ty (Ouf 0uf™ + 0p 0" )

reduces to the geodesic equation. The energy of this harmonic map depends on the parameterization:
if the image geodesic has lengththen

1T o 12
(4.2) E(f) = 2/0 /0 417 dt = A

Thus, eveniifL is fixed, we can choosE to make the energ¥ (f) equal to any given number.

Using this observation we can construct a Palais-Smale seqégncé? — M by the following
general procedure. First choose two harmonic maps, a base¢’ m&fy — M and a bubble map
h: S? — M, and a closed geodesicin M that intersects the images pfandh. Fix an arclength-
proportional parameterization efwith p = ~(0) € im(f) andg = v(a + bn) € im(g) for each
n € Z. After a rotation we can assume that there is paint S? with f(z) = p andh(z) = q.
Then choose disk®(z, §,,) C D(x,¢,) and define map®,, : S — M that agree withf outside
D(z,¢,), that takeD(x, d§,,) onto most of the image df (by conformally rescaling:), and take
the annulus between these disks first to a cylifdef] x S!, then to the geodesig starting atp,
wrapping around: times, and ending at (see Figure 4). Wheg, andd,, are choosen appropriately,
these map$,, give a Palais-Smale sequence that loses energy in the neck.

Figure 4

This construction can already be carried out when the target manifold is the 2-sphere. Later in
this section we will fill in the details to prove the following specific result.

Proposition 4.1. For eacha > 0 there is a Palais-Smale sequenge, } of smooth maps? — 52
that converges pointwise &% — {z} to a degree 1 harmonic mafy and after renormalization at
converges to a degree -1 harmonic mamnd

(4.3) lim E(®,) = E(f) + E(h) + a.

n—oo
The mapsb,, represent the same homotopy class, but their images have no pointwise limit.

The same construction reveals a more fundamental impediment to a bubble tree convergence
theorem. Recall that by Lemma 1.1b a sequence of harmonic maps cannot bubble unless a certain
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threshhold of energy concentrates at a point. It was this fact that allowed us, in the proof of Lemma
1.2, to identify the bubble points and show that each bubble carries a certain minimal amount of
energy. Our second example shows that Lemma 1.1b fails for Palais-Smale sequences: there is no
such energy threshold, and energy loss can occur on a dense set.

Proposition 4.2. For eacha > 0 andz € S? there is a Palais-Smale sequence,, } of smooth maps
S2 — S? that converges pointwise &% — {x} to a harmonic magf with

(4.4) lim E(®,) = E(f) + a.

n—oo

More generally, given any countable set of poifits} C S? and positive numbersy; } with >~ a; <
oo, there is a Palais-Smale sequence that loses eneygy eachz;. If {z;} is dense, this sequence
fails to converge in.»2 or C° on any open set in the domain.

The remainder of this section is devoted to the proofs of Propositions 4.1 and 4.2. We first
construct the sequendeb,,} of Proposition 4.1, then verify the Palais-Smale property, and then
modify the construction to prove Proposition 4.2.

Fix a numbery > 0. For eachm > 0 set

1
Op = eV and €n = —e /e

and considefR? as the overlapping union of the digR(0,¢,/62) and the annuliA(e,, 2) and
A(62 /n, 00). We will construct maps,, : R? — S? by defining mapsf,,, g, h., on these domains
and patching them together on the overlap annuli

52 5 €n €
A, = A i,i B, = A ivi‘
<n n> (6n 63)

(i) Let £, : A(6%/n,00) — S? be the restriction of the stereographic projectjoinom R? to the unit
sphereS? ¢ R?; this is the conformal harmonic map given explicitly by

1+r2’1+r2’1+r2> =Ty

f(x,y)—<

(i) Define g, : A(en,2) — [0,n%/a] x S' — 52 by composing the conformal majp, 6) —
(—log(nr),#) with an arclength-proportional parameterization of a geodesic that winds around the
spheren times:

(1, 0) = <—sin {2”0‘ log(nr)} 0, cos [27;“ log(nr)]> .

n

Then as in (4.2) eacl, is harmonic with energy

(4.5) E(gn) = 4m°a.
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(iii) Define h,, : D(0,¢,/62) — S? by inverting and rescaling the stereographic projecfipthus
h., is the conformal harmonic map

2, 2
€T €Y

hn(xa y) = f(rT’ T‘T)

We next patch these maps together adgrand B,, using “log cutoff functions’s,, andn,, defined
as follows. Choose smooth functiogsands; with

At) = 1 for t<n A(t) = 1 for t<n?/a—2yn
10 for t>2n M=V 0 for ¢t>n2/a—/n

and with0 < 3,7 < 1,|5'| < 2/y/n, and|i7'| < 2/+/n pointwise. Then the cutoff functions

Bn(r,0) = B(—log(nr))  and  na(r,0) = 7(=log(nr)),

satisfy

8w 8w
4. L2 < — n? < —.
(46) Joase s T [ e < R

Define the patched-together map by
(4-7) ¢n = Bnf + (1 - ﬂn)nngn + (1 - nn)hn

Outside the regiond,, and B,, only one termin (4.7) is non-zero. Ferc A,,UB,, f,(2), gn(z) and
h.,(z) lie near the north polg of S? and (4.7) means the sum in stereographic coordinates agound
More specifically, one checks that

(48)  f(A) CB(M2/m)  f(A UB,) C B(p,dza/v/n)  h(By) C B(p,2/n).

Finally, define®,, : S — S2 by composing stereographic projectign' : 5 — R? with ¢,,. These
®,, represent the same homotopy class (sinde?) = 1) and their images have no pointwise limit
(®,, wrapsn times arounds?). Hence Proposition 4.1 is proved by the following lemma.

Lemma4.3. {®, = ¢, o f~'} is a Palais-Smale sequence satisfying (4.1).

Proof. Only one term of (4.7) is non-zero outsideg, U B,,, SO

1
EG) = 5| P+ [ doal + [ [ o).
(¢n) 2 [ A(S /ny00) 4] A(e/5%,6°% /n) 4| D(0,¢/6) ) AnUB, el

Since the energy is conformally invariant we havéd,,) = E(¢,,) andE(h,) = E(f) over corre-
sponding domains. Calculating the energypfas in (4.5) and taking the limit gives

(4.9) lim E(®,) =2E(f) + 4ra + % lim |do,,|>.

n—oo n—o0 AnUBn

Differentiating (4.7) and taking th&? norm, we have
[ o P <[ P 4 ldgaP o+ 1457 - g0
AnUB,, Ay,

+ 3/ (dgnl? + [dhn? + |dnn(gn — hn)[2.
B'VL
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From the defintions of, g, andh,, one calculates thatlf|?> = 8/(1 + r2)? < 8,|dg,| = 27a/nr,
and|dh,| = 4€2/(r? + €*). From (4.8) we knowf — g,,| < 4m(a +1)/y/n on A, and|g, — h,| <
4m(av+1)/y/n on B,,. Also using (4.6), we obtain

(4.10) / g, |2 < er(a+ 1)2n 32
An,UBy,

Combining this with (4.9) gives (4.3) and shows that the enerfi@s, ) are uniformly bounded.
It remains to verify (4.1), wheré&( is a smooth vector field tangent £ C R? along the image
of &,,. Thus we haveX - ®,, = 0 pointwise, and

dBy, = (d*d®,)T = d*d®, — |d®,|*®,

whered*d is the Laplacian or$? and7" denotes this projection onto the tangent spacg’ta R3.
But X is already tangent antiZs, vanishes everywhere except on the domalpsands,, in S? that
correspond to4,, and B,, under stereographic projection, so

(4.11) dEg, (X) = /

(X,d*d®,) = / (X, d*d®,)
52

A.UB.,

Now introduce log cutoff functions,, (r,6) = {(— log(nr)), where has support off, 3\/n] U
[n?/a — 3y/n,n?/a], is equal to 1 on\/n,2,/n] and [n?/a — 2y/n,n?/a — y/n], and satisfies
0 < < 1land|C'| < 2/\/n pointwise. Ther,, is identically 1 on4,, U B, and has support on the
larger annulid!, = A(63 /n,1/n) andB!, = A(ep, €,/52).

Expanding the annuli,, and B,, in this way makes little difference; in particular one can check
that, as in (4.6) and (4.10),

32
(4.12) / dcl? < 22X and / ldo,|? < coa+1)2n=3/2.
ALUB, Vn ALUB,

We can then replac& by ¢,, X in the middle term of (4.11) and integrate by parts,

|dEs, (X)| = /

(X, d*d®,) = / (dX, Cad®y) + (dCp, X - dDy,).
52

Al UB!,

Differentiating the conditionX - ®,, = 0 gives X - d®,, = —dX - &, with |®,| < 1 pointwise.
Hence by Hlder's inequality, the conformal invariance of thé norm, and (4.12)

[dEs, (X)| < ([€ud®nll2 + [ldCall2) [[dX ]2
< (ldonll2,ar0m; + lldall2,arus;) 1dX ]2 62
< ala+1)27 Y2 X |0
This is the Palais-Smale condition (4.1). O

Proof of Propostion 4.2. Simply replace the mags, in (4.7) by the point map.,(z) = p wherep
is the north pole of5?. The resulting map®,, are then degree one maf$ — S? with a “tail”: a
small neighborhood of one point is taken to a geodesic that wirtilees around the imags?. The
proof of Lemma 4.3 (without change) shows that this sequence is Palais-Smale, and (4.4) replaces
(4.3).
For eachn this construction modifies the map: S — S? in a diskD(z, 1/n) (by adding a tail
of energyc) to produce a ma@,,. Write ®,, = T'(z, «) f, whereT'(z, «) denotes this operation of
adding a tail.
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Now fix a countable dense set of distinct poifits} in S? and numbers;; > 0 with Y o; < oo.
For eachk = 1,2... there is anM, such that the disk®(x;, 1/My), i =1, ..., k, are disjoint, and
then

q)n,k: = T(l’k, Ozk;) s T(l‘g, OéQ)T(LL‘l, Oél)f

is well-defined for allh > M. Asin (4.9) and (4.10) we have

k k
(4.13) E(®,r) < E(f) +47T3204i +cln_3/22(ai +1)%

Thus the energieg'(®,, ;) are bounded uniformly once we pass to a subsequencewith:. The
remainder of the proof of Lemma 4.3 shows that

k
[dEg, (X)| < esn™ 2 (i +1)° | X2 < cala) kn 2 || X]|12.

Choose a subsequent@, = @, ,} inductively by settingu, 1 = max {ny + 1, My, k*}. This
sequence has bounded energy and satigfies, (X)| < csk || X |12, SO is Palais-Smale. But it
clearly fails to converge if.'? or C° on any open set. O

5 Varying the Conformal Structure

Thus far we have considered maps from a Riemann sublaséh a fixed Riemannian metrik. In

this section we allow the metric to vary, and ask how sequences of harmonicfmags, h,,) — M

can degenerate. Of course, the hypotheses of the Bubble Tree Convergence Theorem 2.2 are confor-
mally invariant, so it is only the conformal classes of the metfics} that are relevent. The hypothe-

ses are also invariant under reparameterizations so, modulo reparameterization, only the complex
structuresj,, associated to thg,, are relevent. In particular, if these complex classes range over a
compact region in moduli space théfi, } has a subsequence whose images converge pointwise to the
connected image of a bubble tree map. On the other hand, we will show by an explicit example that

if the conformal classes are unbounded in moduli space then the bubble tree convergence procedure
can break down completely.

Proposition 5.1. There is a sequendgh,,} of conformal structures on the tord¥ and a sequence
of harmonic map®,, : (72, h,) — M = S? x St with E(f,,) < E, such that every subsequence
fails to converge irC'' on every open séf C 72.

In the example the images, as setdin do exhibit some regularity — they look like “necklaces”
as in Figure 5. Later in this section we give a renormalization procedure that makes sense of the limit
as the image of a collection of “bead mags” — M. This renormalization is completely different
from the one og1l. Moreover, energy is lost in the limit.

To produce the example, we look for harmonic maps fidm S* into S? x R, whereS? is the
unit sphere. Using coordinatég, v) on S? x R C R? x R, the second fundamental form is
h (), () = |@* (v,0).
wherev is the unit normal. We seek a harmonic mfapf the form

f(t,0) = (r(t)cosb, r(t)sinb, z(t), w(t))
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with 72 4 22 = 1. Fixing the metriadt? + d6? onRR x S, one finds that
MY Vf) = (r? + 72+ 22) (rcosf, rsind, z,0).

Thenf satisfies the harmonic map equatitsf = —h(V f, Vf) if and only if

1) (b) #(t) = r(1=r") = £

It is easy to check that if satisfies (5.1a) then = /1 — 22 satisfies (5.1b). Equation (5.1a) can be

rewritten as )
d z 9
- =0
dt <1 —2 ) ’

(5.2) 32 =01-2%)(c— 2%

and hence

for some constant. We are looking for non-trivial solutions withr| < 1 for all ¢, so (5.2) implies
thatc > 0; we will rewrite this constant as= 1/k? for somek > 0. The solution of (5.2) is then the
elliptic integral

@)+ = /\/1—g2 01— k202

Inverting this gives the solutions of (5.2) in terms of Jacobi elliptic functions (cf. [D]):

{ 2(t)  =sn(’5, k)
r(t) =+v1-22=cn(:52, k)
w(t) =at+b.

Thus we get solutions depending on four parameters. Two of these — the time trangjadiah
the translation of the image— do not affect the geometry. Setting these equal to zero, we have a
2-parameter family of harmonic mags,, : R x S — S2 x R given by

(5.3) fra(t,0) = (cn(t/k, k) cosB, cn(t/k, k) sinb, snt/k, k), at).

Whenk = 1, the Jacobi functions reduce to hyperbolic trig functions; in particulér, $ih =
tanh(t), and crit, 1) = sechit). Fork < 1 the functions s(t/k, k) and crit/k, k) are periodic ir¢
with period4 Kk, whereK is the complete elliptic integral

[ d¢
&4 K_A V-0 -k

Like the ordinary trig functions they also satisfy

(5.5) st +2K1,k) = (-1)!sn(t,k)  and  crt+2KI, k) = (—1)'en(t, k)

for integersi. Now ask approaches 1 the periot)k becomes arbitrarily large. Thus given a
positive integerp and a real numbest > 0 we can choose an increasing sequehge— 1 with
4Kk, = n?/a and takek = k, anda = a/np in (5.3). After composing with the projection
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S?2 x R — S? x R/Z, this gives a sequence of harmonic mgps: R x S* — S$? x S that are
periodic int with period4K,,k,p. Then

(56) (bn(t) = fn(4Knknpt)

are harmonic maps ofi! x S! with the metric(4K,k,p)%dt*> + d#*, and hence are also harmonic
for the conformal metric

(5.7) hy = dt* 4+ (4K, k,p)~2d6? = dt* + (o/n?p)2db.
Note that the conformal classes of these metfics} are unbounded in the moduli space of the
torus.

Lemma 5.2. Let T}, be the torusS* x S! with the metric (5.7) and let/ = S? x S' be the product
of the unit 2-sphere and the circle of length 1. Then the functions

(5.8) On(t,0) = (cN(4K,pt, ky) cos @, cn(4K,pt, ky) sin €, sN4K,pt, k), nt (mod1))

give harmonic maps,, : T,, — M with E(f,) < Ey (see below).

Looking at the last component we see tl@at,,| > n at each point, so the statement of Proposi-
tion 5.1 clearly holds for this sequence.

Henceforth consider the subsegencé®f} withn = 2pm +1, m =1,2,3,.... In the remain-
der of this section we will use a renormalization method to describe the geometry of this subsequence.
The image ofp,, is a “necklace” consisting dfp “beads” strung together Bp strings; Figure 5
depicts the case = 2. The mape,, is equivariant under the rotatian— ¢ + 1/p, and because of
(5.5) the energy density (5.12 below) is invariant undes ¢ + 1/2p. To analyze these we divide

the torus into “bead domains” and “string domains”. THebead domain ob, is a thin cylinder

centered on = [/2p:
l
B = {(t,0) : [t——|<n3?
= {0 - g <)

and therth string domain is the cylinder betweé and By 1:

(5.9) S, = {(t, 9) : LT <t< frl n_3/2} .
2p 2p

Beads: Consider the restriction af,, to the bead domai;. Translating by — ¢ + 1/2p, reversing
steps (5.6) and (5.7) above, and using (5.5), this corresponds to the harmonic map

(5.10) ((—1)lcn(kt,kn) cos 0, (—1)lcn(ki,kn) sin 0, (—1)lsn(ki,kn), :; + ;p (mod 1)> .

n n

defined on the domai,, = [—p\/n/a, py/n/a] x S' with metricdt?4-d6*. Next recall that there is a
conformal mag: : RxS' — S2 (“Mercator projection”) given by:(t, §) = (secht cos @, secht sin 6, tanht).
Pulling back byu~! gives therenormalized bead map

Rl% : (Nil)*qﬁn : M(Qn) — M.
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Lemma 5.3. Asn — oo, the renormalized bead mag# ¢,, converge tap, = ((—1)!1d.,1/2p) :
S% — 52 x St uniformly on compact sets > — {(0,0,+1)}.

Proof. Ask = k, — 1 we have ciit/k, k) — secht) and siit/k, k) — tanht) uniformly on
compact sets. Thus, — ((—1)'u,1/2p) uniformly onQy for eachN > 0. The lemma follows
because the domaing(2y) exhausts? — {(0,0,+1)} asN — oo. O

Pn

T, 52 x St

Figure 5: The map¢,, takes the four shaded annuli , to approximations to the corresponding vertical spheres in
S? x St It takes the neck between loopsndb into a thin tube near the geodesic that goes froto 3 around the circle
{north polg x S* m times, and then on tG.

Strings: On the string domains the maps behave very much like the necks in the example$dof
— the images become longer and longer geodesics.

Lemma 5.4. The imagep,,(.S;) of each string domain is a thin tube that wraps more thartimes
around theS! factor of M = S? x S'. Asn — oo this tube has circumference 0 and energy

(5.11) /S e(én) — %.

Proof. Let w be the projectiond — S!. For each fixed) the curvey(t) = 7 o ¢,(t,0) has
4 = n = 2pm + 1. Integrating over the limits (5.9) shows that length = m + 1/2p for largen.
Using the properties of the Jacobi elliptic functions (cf. [D]) and the metric (5.7) one finds that
the energy density(¢) = $h70;¢0;¢ Vh dtdd is
1— k2
+ 2Knp< 5 no4 2cr? (4K,pt, kn)>] dtde.

n

«
2p

(5.12) e(én)(t) = {

Integrating overS;, changing variables to = 4K kpt and noting that the functiof(t) = cr?(t/k, k)
is 2K k-periodic by (5.5),

fyon oG oomt) (=) < 2 [ o]
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wherev = p\/n/a. Asn — oo we havek,, — 1 and by (5.4)

K(1—k?) < 41 —k2 1—k2 — 0.
v/ \ﬁ VA

Thus, after noting thag(2Kk — t/k, k) = £(t) by (5.5),

(5.13) / o0 = 55 + 7 dm [ ey ar
S k?
Again using basic properties of the elliptic functions one finds thd0pR k|

¢ =~ VA - (1~ 21 1%) < ~26/T- €

sincek < 1. On the other hand(7) = sech 7 satisfiesy’ = —2g/T — g with £(0) = ¢(0) = 1,
¢'(0) = ¢'(0) =0,and¢”(0) < —2 = ¢”(0). It follows that on[0, K k]

(5.14) £(t) = cr(r/k, k) < secH(r) < 4e™ 7.

One then sees that the limit in (5.13) is zero, so (5.13) reduces to (5.11). Finallynftke range
(5.9) and consider the loap, (¢, ). Using (5.8) and (5.14), its length is

21 2
/ 1Ogdn| d0 = 27 [CN(AK,pt, k)| < 47 exp(———Lt) < 47 ex Ry,
0 [0 [0

O
The total energy ob,, comes from th&p beads, each with energlyr, and the2p strings, each
with energy (5.11). Thus

(5.15) E(én) — Spm+ =2,
p
This gives the last statement of Lemma 5.2.

The beads in this example are different from the bubbldglef- energy is not concentrating at
isolated points and the renormalization of step 8lofloes not apply. Nevertheless, Lemmas 5.3 and
5.4 do give a bubble graph (it is not a tree) that describes the limit: i2hasrtices labeled by the
bead map®'_ joined in a circle by2p edges labeled by the string ma4z§,$|5l. These string maps are
clearly part of the same general picture as the proofs of section 3 and the examples of section 4. But
now, because the metrics are changing, the Bubble Tree Convergence Theorem 2ehéagy.is
lost in the strings and the images do not converge pointwike energy lost — the last term in (5.15)
— can be choosen to be any positive number.

6 Appendix

This appendix contains the proofs of Lemmas 1.2-1.7. These proofs are elementary but technical;
they use only the facts stated in Proposition 1.1. Some of these proofs can be simplified by assuming
— after an initial conformal change — that the metric is euclidean. We have avoided this to make the
proofs more adaptable to other contexts.
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Proof of Lemma 1.2: CoverX by é-balls such that the balls of half the size also cover and such that
each point lies in at most 10 balls. At madiEy /¢y of these balls contain energy greater that
passing to a subsequence we can assume that the centerpoints of these balls conv@rgeQ.&t

be the union of these limit ‘*high energy’ balls. By Lemma 1.1b we can choose a subsequence that
coverges inC! on ¥ — Q(J). Doing this successively with = §; — 0 and taking the diagonal
subsequence gives a subsequef;g that converges i’ on X —n;Q(4;) to a limit f., . Moreover,

the intersectiom;2(¢;) consists of point§xy, ..., z;} with I < 10Ey /€. Then f is smooth and
harmonic on® — {z1,...,x;}, and therefore extends to a smooth harmonic rhap ¥ — M by
Lemma 1.1d. It also follows that the energy densities converge as in (1.2). Finadly, 4f ¢, for
some; then integrating (1.2) over a sufficiently small diBKz;, 2r) we see that (1.1) applies, giving

a uniform bound or( f,,) for all largen, soe( f,,) could not be approachingfameasure. O
Proof of Lemma 1.3: Choose a subsequen¢g,, } inductively as follows. Giverk > 1 write

Dy, = D(0,2¢;) as the union o3, = D(0, ¢ /8k?) and the annulusl, = Dj — By. By (1.2) and
(1.4) there is anVy, such that for alh > N,

8k —1 8k2 +1 m
T Q1.2 < n < —5 d n < o5

By Lemma 1.2 we can also assume thatriior N

(A.1)

and sup |6(fn) - e(foo)‘ <1l
Dl—Bk

=

(A.2) sup dist(f,(2), foo(2)) <
z2€0Dy

Setn, = max{Ny, 1 + n,_; }. Starting withny = 1, this defines a subsequengg,, }, which we
immediately renamé f,,}. Then for each the denominator in (1.5) is at least(8n? — 1)/8n?,

while 2
1
et < st [ et [ et < am [ F5 ]

Hence|c,| < €,/2n%. We then hava,, C B’ = D(c,, €, /n?), so for eachn

€0
R A e

It follows from (1.6) that\,, < e,/n?. Finally, applying (1.1) on disks i& with radius equal to the
injectivity radius ofX gives

(A.3) sup |dfso|> < CoEy.
)

Using this and (A.2) we have

, . C
(A.4) dist(foo (@), £(0Dy)) < 2epsup |dfoo] + sup dist(fp(2), foo(2)) < f
2€0Dy,
O
Proof of Lemma 1.4: Write the metric ori, X as exfig = go + h whereg is the euclidean metric
andh = h;;jdx'da’ satisfiegh| < ce2, |0h| < c’en,~and\82h\ < ¢’ on D(0,2¢,). Recall thatr is
conformal:c*gg = 1 gs for some functionp. Thenf,, is harmonic for the pullback metric

o* AT [go + h] = 0" N2 (90 + (A;Tf:hij)d:vidmj] = \2 [gs + ¢_10*(A2T7’:hij)da§id:pj] .
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and hence for the conformal metige + ¢ ~1o* (A} T h;j)dz'dx’. Because) ando, are smooth
away fromp~, convergence follows by bounding tii& norm of AT h;;(2) = hij(Au(2z + ¢n))
on its domain. But this is bounded by the supiof+ |\,0h| + [A\20%h| on D,,, which is less than
c"¢2 — 0 by the above bounds and Lemma 1.3.

The energy ofn in .S, is the energy off,, on D,,, which converges ten by (A.1). Similarly, the
energy offn in S, is the energy off,, in D(0, €,) — D(cx, Ayn), Which isCr by definition (1.6), plus
the energy off,, in D,, — D(0, €,,), which converges to 0 by (A.1). Finally, by definition the measures
e(T* f,) —and hence(A* T f, ) — have center of mass at the origin,«d,,) has center of mass on
the z-axis. O

The inclusion (1.10) is obtained by repeating the argument of Lemma 1.3. Specifically, asin (A.4)
we can pass to a subsequence to insure that

(A.5) sup dist(f,,(2), foo(2)) < and  sup le(f,) — e(foo)| < 1.
2EB,, B

S|

Asin (A.3) and (A.4) we then obtain

(A.6) sup|dfo|? < C1Ey  and  distfo(p7), f,(0Bn)) < G
S

n

Proof of Lemma 1.5: Integrating (1.9) oveb,, , comparing with (1.8) and noting that; > ¢y > Cr
shows that each; lies in the northern hemisphere.

If E(f,) < € then by Proposition 1.1¢__ is a map to a point and(f.) = 0. The limit
measurey , m;o(y;) + 76(p~) in (1.9) has center of mass on thexis and by (1.8) has energyr
in the southern hemisphere and enengy- Cz > 0 in the northern hemisphere. This is impossible
if I =0, and ifl = 1 itimplies thaty, is the north pole and = C. O

Before proceeding we make two observations. First, from (A.2) and (A.3) we have

(A7) sup e(fn) < 14+supe(fo) < 1+ CoEy = Cs.
D1—D(0,en/8)

Similarly, (A.5) and (A.6) give

(A.8) sup e(f,) < Cs.
B,

Second, we can bound the energy of the cone extension (1.12) as follows. The mefifc en
D(cp, €,,) is uniformly equivalent to the euclidean metric, so for largé,, satisfies

J

But| f(en, 0)| < C3/n by Lemma 1.3 and on the circi#D;, we havelr 9y f,.| < |dfn| < +/Cs by

(A.7). Thus
- n C? C
e(f,) < 2rm (/0 rdr) (62;2 +C5) < n—;

(A.9) /|

Using (A.6) and (A.8) we get a similar bound for the extensions (1.13).

Fulen,0)|”

2
rdrdf.

€

1
20 e )

€n 27
e(F..) g/ 0,F 2|0 F |2 rdrdo :/ /
D, o Jo

/
n

/
n
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Proof of Lemma 1.6: For notational simplicity we assume there is only one bubble point. By Lemma
1.3 the off-center disk®!, = D(cp,€,) in (1.11) satisfyD(0,¢,/2) C D,, C D, = D(0,2¢,).
Hence forn > k > 1, (A.9) and (A.7) give

(A.10) /Dk e(f,) = /D e(fn) + /Dk_D

Also, connecting each € Dy, by a line to the nearest point &D,, and using the triangle inequality,
Lemma 1.3, (1.12) and (A.7)

e(fn) < Cy (71124—6%)

/ /
n n

(ALY dis(fo(Dy), foo(@)) < diSFp(Dn). foo(@)) 4261 sup |dfu] < %Hek%@

k—Ln

Now fix § > 0 and choosé large enough that;, (A.10) and (A.11) are all less thatfor all n > k.
With this k, we havef,, — f in C' onX — Dj. Consequently

[ e elh)] + sup distF, (2) f(2) < Cab
by z€X]
for all largen. It follows thatf,, — f. in L2 N C° onX. The same argument, now using (A.8) and
(1.10), shows thak f,, — f~ in L2 N C° on any compact set il — {y;}.

The partitioning done in step 3 @fL accounts for all the energy, and the extension adds only a
small amount by (A.9), hence

E(fa) — B(feo) + lim > [E(fala,,) + E(RF,)] -
{z:}

Now the setsB, = o 'D(0, k) exhaustS ask — oo, and forn > k the domains,, of f,
containsB;,. Hence

7 = lim lim e(f,) = lim lim [/S . e(fn)—i-/ . e(fn)]

k— o0 n—00 Sn— DB, k—o00 n—00

The sup bound (A.8) implies that this last integral vanishes in the limit. SipeeB,, = R, ! [D(0,2¢,) — D(c,,n

k—ocon=00 | JD(0,2¢,,)—D(cnren) An

By Lemma 1.3D(0, 2¢,,) — D(cq, €,) lies in the domaind,, of (A.1). Hence the first integral in
(A.12) vanishes as — oo, and after taking a subsequence the second converdies ¢ap F(¢»,).
O
Proof of Lemma 1.7: In polar-normal coordinates exp = dr? +r%n(r, 0)d6* where|1 —n| < cr?,
|on| < ¢'r, and|9%n| < . Writing ®,,(t,0) = (ene™t,0), ¢, = @ f,, is harmonic for the metric

o (dr2 + 7“277d02) = e [dt2 +n(ene, 9)d92] ,

and hence for the metric in square brackets. The chain rule shows thaj, — 0 in C? and
T,, = log(e,/nA,) — oo by Lemma 1.3.
The first inequality in (1.19) is the usual length-energy inequality for loops parameterized by
[0, 27]. Now by definition (1.6)p,, has energy at mogty on 4,,, and each point ofi, 7' — 1] x S*
lies in a unit disk inf0, 7},] x S', so by (1.1)

2w
Pu(t) = /0 o> do < 27C1Cr  for1 <t <T,—1.
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For0 < t < 1 and largen, v, is the image undey,, of a circle that lies in the regiolty,, =
D(cn,€n) — D(cp, €,/8) to which (A.7) applies. Since !9, becomes a unit vector as— co we
have

Sgp\amn(tﬁ)\z < 28(1]1p7"2’dfn|2 < 4Csel.

ande,, < 1/n. HenceP(t) < 87C5/n? < 27C1Cr for0 <t < 1andlargen. ForT,, —1 <t < T,
we get a similar bound using (A.8). The lemma follows. O
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