ON GENERALIZED SUM RULES FOR JACOBI MATRICES

F. NAZAROV! F. PEHERSTORFERZ2, A. VOLBERG! AND P. YUDITSKII?

ABSTRACT. This work is in a stream (see e.g. [4], [8], [10], [11], [7]) initiated by
a paper of Killip and Simon [9], an earlier paper [5] also should be mentioned
here. Using methods of Functional Analysis and the classical Szegé Theorem
we prove sum rule identities in a very general form. Then, we apply the result
to obtain new asymptotics for orthonormal polynomials.

1. INTRODUCTION

Probably the paper [12] of M.G. Krein started the so called trace formula
tr{o(J) — o(Jo)} = ...,

where ¢ is a function of a certain class, defined on the union of spectra of self-adjoint
operators J and Jy, and in the right hand side one has an explicit functional of
¢. In [12] and in the huge subsequent trace formula literature J — Jy was of trace
class, and the functional of ¢ had a form of a certain entropy. Of course one cannot
hope to have this kind of equality with a wide class of ¢ unless the perturbation
J — Jo is of trace class. There are many reasons for that (the most important
among them is the result of Krein himself that his trace formula tested on many
¢’s implies that the perturbation is of trace class). But we would like to indicate
another reason: the classical trace formulae have the functional of ¢ in the right
hand side, and this functional is very much enracinated in the absolutely continuous
spectrum of J that turns out to be the same as the absolutely continuous spectrum
of Jy. But the absolutely continuous spectrum of the self-adjoint operator can be
completely destroyed by perturbations of the class worse than the trace class, for
example, by the perturbations of the Hilbert-Schmidt class as it claimed by the von
Neumann Theorem. However, a very important effect holds: for some ¢ and for
special types of perturbations J —Jy of not the trace class, the absolutely continuous
spectrum is preserved and a certain trace formula exists. This effect was observed by
Deift and Killip [5] in their study of the absolutely continuous spectrum of discrete
Schrodinger operator. For the continuous Schréodinger operator we refer to paper
of Christ and Kiselev, where the preservation of absolutely continuous spectrum
was proved [3]. In all these examples as well as in the results of the present paper
the “special” nature of the perturbation is grasped by the fact that both J and
Jo are Jacobi matrices (and so the perturbation J — Jy “has the same form” as
unperturbed operator Jp). In such a situation the Hilbert-Schmidt perturbation
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was fully treated in a beautiful paper of Killip and Simon [9]. And a trace formula
of entropy nature was obtained.

In this paper we show that a quite general entropy integrals always give rise
to certain (and it seems to us meaningful) trace formulae. We also show that the
meaning of these formulae lies in the asymptotics of orthogonal polynomials with
respect to measures, whose entropy (the form of which is chosen by us) is finite.

The reader should be warned that in the introduction, just for the sake of brevity,
we focus our attention to the contribution to the trace formula from the absolutely
continuous spectrum only, and forget about the point spectrum. However, the paper
itself treats these both spectra simultaneously, so the main result has an important
“point spectrum” part, and our trace formula always take it into consideration.
But in the introduction we skip it to be more concise.

For Jacobi matrices in a mentioned breakthrough paper [9] of Killip and Simon
the assumption that J — Jy is in the trace class was replaced by the requirement
that J — Jy were in the Hilbert—Schmidt class, and the entropy got the following
form

2
(1) /_2 V4 —ax2logol, . (x)dx,

where o/, . denotes the density of the absolutely continuos part of the spectral
measure of J. The work of Killip and Simon gave rise to an ever—growing literature
proving that certain sets of measures correspond to certain sets of Jacobi matrices
whose coefficients obey explicit estimates (sum rules). The structure of these sums
over matrix entries in general is enigmatic and their explicit form becomes very
fast a quagmire of combinatorial nature. However, we show here that, in a sense,
finding the exact form of such sums is not necessary for establishing some interesting
properties of Jacobi matrices and associated orthogonal polynomials. Also replacing
the constructive approach to finding sum rules (quite puzzling so far and not known
in general) by a non—constructive existence theorem may be interesting in its own
right as it reveals the relationship between Killip—Simon type results, solvability of
a classical homology equation, and trace formula for non—trace class perturbations
J — Jo.

So let us start with a natural question: what happens if the entropy (1) is
replaced by this entropy:

2
(2) / r(z)logaol . (v)dz,
-2

with a rather general weight r(x) nonnegative on [—2,2]? Does this entropy give
rise to a trace formula? How important and usable is this trace formula (if exists)?

The essence of our main result is that under the assumption of finiteness of
“entropy” (2) a certain meaningful trace formula always exists. This formula is
also interesting in the sense that, for example, it gives a nontrivial asymptotics for
polynomials orthogonal with respect to measure ¢. Roughly speaking, this trace
formula can be written as the equality of the entropy to a “naive” trace of the dif-
ference ¢(J) — ¢(Jp) for perturbed and unperturbed operator (¢ depends explicitly
on r). By “naive” trace we understand the limit of partial sums of diagonal entries
of the matrix, that is Zé\/((d)(,]) — ¢(Jo))ek, ex) (of course, here J — Jy is much
worse than the trace class, so the existence of such limit is bound to be nontrivial
even though our ¢ turns out to be a pretty nice function always).



ON GENERALIZED SUM RULES FOR JACOBI MATRICES 3

Also the existence of such limit (and its equality with the entropy (2)) has several
features, which, in our opinion, are interesting in their own right:

e this existence of the limit of partial sums turns out to be a quite general
fact,

e the underlying reason for this wide generality of existence of the limit of
the partial sums is in a solvability of a certain homology equation, which
we write down explicitly (by the way the scope of generality is not clear to
us at all, we use still the polynomial nature of r),

e let (2, 1) be a probability space, let 7 be a measure preserving transforma-
tion, and let h be a function such that [ hdu = 0. The homology equation
statements (at least the ones that one can meet, for example, in statistical
mechanics, see [2]) are usually claiming that if the sums Z,]CV:O h otk are
bounded g a.e. then (under natural assumptions on (€2, u, 7)) h is homol-
ogous to zero, which means h = v o7 —~. In our case we prove and use a
“one—sided” homology theorem, which says that if sums are bounded from
one side (say, they are positive), then h is homologous to a positive function.
This positive function hides the sum rules! But we use only its existence
rather than how it looks like to prove our trace formula and orthogonal
polynomials asymptotics.

Let us finish by saying that the classical trace formula found lots of applications
ranging from the completely integrable systems theory to a theory o hyponormal
operators to name just a few. The “regularized trace formulas” also proved to
be quite useful. Here we present one more creature of this nature and show one
application (see also [7] for very interesting further applications).

1.1. Finite dimensional perturbation of the Chebyshev matrix. Let {e, },,>0
be the standard basis in I2(Z, ). Let J be a Jacobi matrix defining a bounded self-
adjoint operator on [2(Z, ):
Jen = Pn€n-1 + dn€n +Pn+1€n+1, n > 17
and
Jeg = qoeo + pre1.
Under the condition p,, > 0, the vector eq is cyclic for J. The function
r(z) = {(J — 2) "eo, eo)
is called the resolvent function. It has the representation
do(x)

The measure o, do > 0, is called the spectral measure of J.

Using a three term recurrence relation for orthonormal polynomials { P, (2) }n>0
with respect to o one can restore the coefficient sequences of J

2Py (2) = pnPp-1(2) + @uPu(2) + Pnt1Poyi(2), n2>1,
and
2Po(2) = qoPo(z) + p1P(2).
With a given J we associate a sequence J(n) defined by

() = P, k<n
p k — 1, an’
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, k<n
q(n)x = {Qk

0, E>n’
J(n) is a finite dimensional perturbation of the “free” (Chebyshev) matrix Jy =
S+ + Si, S+€n = €n+1-
Note that
ro(2) = ((Jo — 2) e, e0) = =¢,
where 1/{ + (¢ =z, ( € D, that is { = === V;L4. Further, in terms of orthonormal
polynomials

7ann(Z) - CQn—l(z)
PnPn(2) = (Pu1(2) ’
where @,, are so called orthonormal polynomials of the second kind

Qn(z) = / an(iz : an(2) do.

(They satisfy the same three term recurrence relation as P,’s but with a different
initial condition.) What is important for us

: PRV | —Tm ((x + i0)

r(n)(z) = ((J(n) = 2)~"eo, e0) =

and
(4)  o(J(n)N{R\ [-2,2]} = {z € C\ [-2,2] : pu P (2) — ((2) Po-1(2) = O}

The perturbation determinant of J(n) with respect to Jy is well defined and we
can introduce a function

1
An(C) = == det((J(n) — 2 Jo—2)7h.
(©) T t((J(n) —2)(Jo —2)7")

Then
(5) log An(2) = —t(n)o — 3 Ak
" kzk
k>1
where

n—1
t(n)o = logp;, t(n),=tr(J(n)* = J§), k> 1.
j=1

On the other hand one can find the determinant by a direct calculation:

An(2) = (PnPn(2) = (Pa1(2))C",

where as before 1/( 4+ ( =2z, ( € D.
Therefore, A, (z) has explicit representation (5) in terms of coefficients of J(n),
on the other hand it has nice analytic properties: its zeros in C\ [—2, 2] are simple

and related to the eigenvalues of J(n) in this region (see (4)); it has no poles; and
by (3)
1 V4 —z?
A, 0))? = —~—".
(© Anla+i0)f = - L

That is, we can restore A, (z) only in terms of these (partial) spectral data (see the
next subsection).
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1.2. The Killip—Simon functional via spectral data.

Definition 1.1. Let J be a Jacobi matriz with a spectrum on [—2,2] U X, where
the only possible accumulation points of X = {x1} are £2. Following to Killip and
Simon, to a given nonnegative polynomial A we associate the functional that might
diverge only to +00

(7) Aa(J) ::ZF(JJ;C)—l—%/_Qlog (4—/91:2> Alx)V4 — 2% dx,

2nol, .

F(m):/;A(x)\/xQ—éldx for x> 2,
F(a:):—/m Alx)Vx? —4dx  for =< —2.

-2

Let us point out that the Killip-Simon functional A 4(J) is defined in terms of the
spectral data of J only. Let us demonstrate how to obtain for a finite dimensional
perturbation J(n) of Jy a representation of A4(J(n)) in terms of the recurrence
coefficients.

First, let us note that the function log A, (z) is well defined in the upper half
plane, in fact, in the domain C \ o(J(n)). Moreover, the boundary values of the
real part Relog A, (z +i0), z € [—2,2], are given by (6). For x > 2 the imaginary
part of log A,,(2) (that is the argument of A,,(¢)) is of the form

~arg Ao+ i0) = #{y € o(J() -y > 7)
and similarly,
%argAn(x +i0) = —-#{y€o(J(n)):y <z}

for x < —2. Therefore, multiplying log A, (z) by A(z)v2% — 4, where A(z) is the
given nonnegative polynomial, we get a function with the following representation

9) A(2)V/72% — 4log Ay (2) = By (2) + / y @A

n))$—27

where B, (z) is a (real) polynomial of degree one bigger than A and

= A(z)V4 — 2% log %077(4{)(?2&7 x € [—2,2]
Mo(@) = § A@)Va? —dg{y € o(J(n)) 1y > @}, @ >2
A(x)Vo? —4d4{y € o(J(n)) 1y <z}, =< -2

Thus the functional Aa(J(n)) = [ d\,.
Let us mention that the polynomial B,,(z) is determined uniquely by (9) since

dAy, d\, 1
(10) / Mo ___.:0()7 2 s 0.
U(J(n))x—z z z

Lemma 1.2. Uniformly in n

/d)\nZC>—oo.
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Proof. We need to estimate from below
1 V4 — z?
S F(yk)+—/ 1 g<7x) A(z)V/4 — 22 da.
o7 (n) 2 J_ 2ol .
Yrco(J(n

The sum is positive. We need to estimate only the —log™ part of the integral. But
— 2 !
log™ (\/4 T ) < 2oy, . 7
V4 — 22
and this is integrable with respect to A(z)v4 — z2.

!
2rol, .

([l
Let us define
®(z) =Const + a1z + -+ + Amgo2™ T2
by
1 (2 A(x)—- A
' (2) = 2A(2) — —/ M\ML —z2dx.
T 4 x—2z
Note that
(11) 2)V z \/ z?dx + 9'(
G T —2
Multiplying both sides by log Ay, (2) = —t(n)o — >, % and comparing the “1—
term” in both sides, using (9), (10), we get
t(n)2 t(n)m+2
d\, = — at(n)g + a1t(n)1 + 2a +ot+(Mm+2)amqs——r
w (W) + art(n)s + 205" (1 + Dz 2

= —at(n)o + tr{®(J(n)) — ®(Jo)},

where we put
1 2
a=— / A(z)V4 — 2% dx.
T J-2

Note, if A(z) = 1, that is a = 2, ®(z) = Const + 22/2, then we are in the
Killip—Simon case [9]:

/d)\n:t(z) —2t(n)o = Z )3 — 1 —logp(n ;;

For a more general example see Sect. 6.

l\DM—l

1.3. The Killip—Simon functional via coefficient sequences. For a bounded
operator G in [*(Zy) we denote G*) := (S*)*GS¥ . In other words, we “obliterate”
the first k£ columns and rows of the infinite matrix G.

Lemma 1.3. Forallk>1andn>1-1
(J(k))len - (Jl)(k)en

Proof. Let us mention that the decomposition of the vector J'ej, begins with the
basic’s vector ej4,,—;. Therefore the orthoprojector Pj_1 onto the subspace spanned
by {eo, ...ex—1} annihilates this vector, P,_1J'e;, = 0. Thus, by induction,

(JNHe, =g® (JENle, = JB(JHRe, = (ST)k TSk (ST )k T Ske,
=(ST)" I = Peo1)J ey = (ST) T ey = (1) We,
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d

For a bounded Jacobi matrix J (and a polynomial A) let us define a function of
a finite number of variables

ha=ha(J) :=—alogpmia + {P(J) — ®(Jo)}emt1, Emt1)-

Note that due to the previous lemma

haot" = —alogpmyria+ ({&(JM) = d(Jo)}ems1, emin)
= —alogpmikt2 + {P(J) — ®(Jo)}emtkt1s Emtkt1),

where 7 acts just as a shift of indexes: 7(p;) = Prmt1, 7(¢m) = ¢m+1- In this case
each term of the series
Z hA o Tk

was just defined. It is a polynomial expression on matrix elements of J, and it is of
“of finite window” type. This means that k—th term depends only on ps, ¢, |s— k| <
[ in a polynomial way, and [ is independent of k.

Definition 1.4. With a given Jacobi matriz J and a polynomial A of degree m we
associate the formal series

m

(13) Ha(J) =Y (—alogprsr + ({(J) — ®(Jo)bex,ex)) + Y haorh.
k=0 k>0

Note that Ha(J(n)) is just a finite sum, in fact h o 7% vanishes starting with a
suitable k, moreover H4(J(n)) = Aa(J(n)).

Nobody however said that the series Y., ,ha o 7% in the above definition con-
verges for a given J. B

Notice that for J(n) we have uniformly in n (see Lemma 1.2)

(14)  Ha(J(n)) = —at(n) + tr{®(J(n)) — ®(J)} = /dAn >0 > —oo.

1.4. Results.

Theorem 1.5. Let A be a nonnegative polynomial. The spectral measure o of a
Jacobi matriz J with a spectrum of the form [—2,2] U X, where £2 are the only
possible accumulation points of the discrete set X, satisfies Aa(J) < oo if and only
if series (13) converges; moreover Ha(J) = Aa(J).

In a sense our result is a kind of “existence theorem”. The existence of what
exactly will become clear when we discuss the homology equation in Lemma 3.1.
One can understand the equality Ha(J) = A4s(J) as a trace formula. In the right
hand side we have a certain entropy of the spectral measure (see (7)), in the left
hand side we basically have the limit of partial sums of the type Zé\[((@(J) —
®(Jy))em, em) (actually with a logarithmic term). This limit of partial sums can
be viewed as a regularized trace of ®(J)—®(Jy). This trace formula turns out to be
useful. For example, it gives the following application to asymptotics of polynomials
orthogonal with respect to measure o of finite entropy. We call here the measure
o supported on [—2,2] U X (X accumulates only to points +2 and lies outside of
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[~2,2]) the measure of finite A-entropy if do = oy, .dx +dos + 3, cx ks, dos
is any positive singular measure on [—2, 2], and

2 )
E F(mk)—i—i/ log(u) z)V4—22dr < oco.
2 J_o 2mo!

a.c

Theorem 1.6. Let A(x) be a nonnegative polynomial of degree m with all zeros on
[—2,2]. Let a measure o supported on [—2,2) U X satisfy the condition [ dX\ < oo,
where

3 A(z) V4 —leog(ig“‘g‘j)) z€[-2,2]

(15) N(x) = N(x;0) = Al)Va? —4#{ye Xy >z}, x>2
Alz)Va? —4#{ye X ry <z}, < -2
Then the sequence of orthonormal polynomials P, (z) = P,(z;0), normalized by
B, (2) 1
i e (B4 1vo (L),
¢ z) exp ( NBNCET 4> CA\ e

the polynomial B,,(z) (of degree m + 1) is determined uniquely by the condition

(¢ V=P - 7= = 0 ).

converges uniformly on compact subsets of the domain C\[~2,2] to the holomorphic
function

(16) D(2) :exp( e \/T/x_z)

Note that as well as in the Szego case the limit function D(z) can be expressed
only in terms of ¢, . and X.

2. SEMICONTINUITY OF SZEGO TYPE FUNCTIONAL

For a measure p on the unit circle T we denote by Sz(u) the functional

dita.c.
= [1 d
Sz(u) /T og — = dm

Recall the main property of this functional

Sz(p) = mf{log/ |1 — f>du(t) : f is a polynomial, f(0) = 0}.

Lemma 2.1. Let puj, converge weakly to p. Then
(17) lim sup Sz(ug) < Sz(w).
Proof. Since for every e there exists a polynomial g, g(0) = 0, such that

log [ 1= gf? du(t) < Sa(u) + <,
T

starting from a suitable k& we have

log/ 11— g|? duw(t) < Sz(p) + 2¢.
T
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But for every k

Sz(pr) :inf{log/T |1 — f|? dug(t) : f is a polynomial, f(0) = 0}

<tog [ 1= g diu)
T
Thus (17) is proved. O

Lemma 2.2. Let p be a normalized nonnegative weight, i.e., p > 0, prdm =1,
such that plogp € L*. Assume that . converges weakly to u. Then

dm dm
18 liminf/lo —— pdm > /10 dm.
(18) 8 e P O s P

Proof. Define a map ¢ : T — T by ¥(e??) = exp{i f09 p(e??) df} and denote by ¢
the inverse map, Y o¢p =id : T — T. Let us apply Lemma 2.1 to the sequence
fin = Wy © ¢ that converges weakly to fi := p o ¢.

d d
lim inf / log — " gm > / log -2 i,
T d(ﬂk)a.c. T d/fba.c.

Making the inverse change of variable in each integral we have

d d
liminf/logﬂpdm > /log pam pdm.
T d(pr)a.c. T dpig.c.

Since plogp € L' we get (18).

Corollary 2.3.
liminf Aa(J(n)) > Aa(J).

n—oo
Proof. Outside of [—2, 2] we apply the Fatou Lemma, e.g. [16], p. 17, and on [—2, 2]
we apply Lemma 2.2 ([l
3. LEMMA ON POSITIVENESS AND ITS CONSEQUENCES

Let I be a compact subset of R, 0 € I. Let a function h € C(I') be such that
h(0,...,0) = 0. Then

H(z) = Z M(Zit1s Tig2, oo Tigl)
i=0

is well defined on the space of sequences:
I° ={z: 2 = (zg,21,...,2n,0,0...), z € I'}.

In this section we prove a lemma on the solvability of a homology equation
mentioned in the Introduction.

Lemma 3.1. Assume that H is bounded from below, H(z) > C for all x € I§°.
Then there exists a function g of the form

g(x1, .y zy) = ATy, oy 1) +y(22, oy ) — Y(T1, -0y T—1), Y E C(Ilil),
such that g > 0.

We start with the following sublemma:
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Lemma 3.2. The set G, consisting of functions of the form

G = {g(xla "'axl) + ’Y(xla "'axl—l) - 7(x27 ...,IIZ[)},
where g € C(I'), 9 > 0,9(0) =0, v € C(I'"1), is closed in C(I').
Proof. We give a proof in the case of three variables (the general case can be
considered in the same way).
Let
(19) h(z,y,z) = lim{gn (2, y, 2) + 1 (2,y) — 1 (y, 2)}-
Notice that, assuming the normalization -, (0) = 0, we have a uniform bound for
Tny T 2 no,
Tn(@,y) < h(z,y,0) + h(y,0,0) + 2,
and
rYN(ya Z) > _h’(oa Y, Z) - I’L(O, Oa y) -2
Let us reformulate the claim of the lemma in the following way: for the given
h € C(I®) there exists v € C(I?) such that
(20) ’y(x,y) _’Y(y»'z) < h(xay,z)'
First, let us construct a function ; which is defined on I? and satisfies (20),
that is we do not claim that - is a continuos function. We define

Y1 (z,y) = limsup v, (7, y).

Since
limsup(a + b) > limsupa + liminf b

we get
lim sup v, (z, y) — im sup v, (y, 2) =limsup v, (x, y) + lim inf (=, (y, 2))
<limsup(vn(2,y) — ¥n(y, 2)) < h(z,y,2).

Next, we construct an upper semicontinuous function

Y2(20,9%0) = limsup (2, y)
(z,y)—(x0,y0)

The same reason shows that (20) holds with v = 42. Now we are in a position to
prove that there exists a continuous function v that satisfies (20).

Let T’ be the set of upper semicontinuous functions defined on I? with normal-
ization v(0) = 0 that satisfy (20). The previous construction shows that I" # (.
Now, the key point is to consider the function

73 :=sup{y:vy €'}

It belongs to I since sup{f1,02} € T'ifonly 5, € T, 82 € T.
Our first claim, concerning ~s, is: y3(x,y) is continuous on z uniformly on y,
that is Ve 30 such that |« — x¢| < 0 implies

Iv3(x,y) — v3(zo,y)| <€ V.

Assume, on the contrary, that it is not. This means that there exists € > 0, a point
xo € I and a sequence {(xy,yn)}, limz, = xo, such that either

(21) ’73(550,%) S 73(xnayn) -6
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or

(22) Y3 (Zns yYn) < v3(z0,Yn) — €.

Consider the first possibility (21). The function h(x,y, z) is continuous therefore
we can choose such N that

|h(xN7 Y, Z) - h(.’L'07 Y, Z>| < 6/2
for all (y,z) € I?. Note also that (xg,yx) is not the point of normalization,
(x07yN) 7é Oa since
7h(07 Zz, y) - h(07 07 :C) < ’Y(Ia y) < h(l’, Y, O) + h’(ya Oa 0)7
and hence lim, )0 v(z,y) = 0 = ¥(0) for all y € T'.
Put
1’7 Y l’? x )
na(z,y) = Y3(z, y) (z,y) # (2o, yn)
73(330>yN)+€/27 (33711) = (CEO/!/N)-
Let us check that 74 € T. Tt is upper semicontinuous, y4(0) = 0. Further, for
(yN7 Z) 7é (.fo, yN) we have
Ya(®o, yn) — V4(yn, 2) =73(w0, yn) + €/2 — Y3(yn, 2)
<y3(zn,yn) — €/2 = 13(yn, 2)
Sh(xN7 YN, Z) - 6/2 S h({l?[), YN, Z)
Moreover the inequality v4(z,y) — v4(y, 2) < h(z,y, 2) holds for (y,z) = (zo,yn)
and for all other values of x,y, z.
On the other hand =4 could not be in the class, since
74(1‘0)?/1\7) > SUP{’Y@OJJN)’ v € F}

Therefore we arrive to a contradiction.
In the second case (22) we get a contradiction using the function

e _ ’)/3(33,y), (Ivy)#(xN’yN)
() {73($N,yN)+€/27 (z,y) = (zn, yn),

and following the same line of proof. Thus, the first claim is proved.
Our second claim is: y3(x,y) is continuous on both variables. If not, then there
exists € > 0, and a sequence {(z,,yn)}, im(z,, yn) = (2o, yo), such that
Y3(Tn, Yn) < ¥3(T0,Y0) — €

(recall y3(z,y) is upper semicontinuous).
Let us choose N such that

(xn,yn) #0,
(23) h(zo, Y0, 2) — €/3 < h(zN,yn, 2), Yz,
Y3(Y0,2) — €/3 < y3(yn, 2), Vz.

The last inequality is satisfied since v3(y, z) is continuous on y uniformly on z (the
first claim).
Define

o) = 473 ), (z,y) # (N, YN)
75(@9) {73(xNayN)+e/3v (x,y) = (xN,yn)
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and check that 75 € T'. It is upper semicontinuous, v5(0) = 0. Using (23), for
(yn,2) # (xN,yN), we have
Ys(zn,yn) — ¥5(Un, 2) =vs(@N, yn) +€/3 — 3(yn, 2)
<v3(%0,Y0) — 2¢/3 — 13(yn, 2)
=73(z0,Y0) — 13(Y0,2) — €/3
+73(Y0, 2) = v3(yn, 2) — €/3
<h(zo,y0,2) — €/3 < h(zn,yn, 2).
Moreover the inequality v5(z,y) — v5(y, 2) < h(z,y, 2) holds for all other values of
x,Y, 2.
yOn the other hand ~5 could not be in the class, since
Y5(xn,yn) > sup{y(zn,yn), ¥ €T}
Thus 73(z,y) is a continuous function. The lemma is proved.
O

Proof of Lemma 3.1. Suppose that h does not belong to the closed convex set G.
Therefore there exists a measure p € C(I')*, du > 0, such that

(24) ; h(z)du(z) <0

and
/n (V(@2y ooy 1) — Y(T1y ooy 2i—1)) dp(z) =0, Vy € C(I'TH).

In other words, define

(25) du(y) = / dnlyz), el
then
(26) du(y) = / _duz)

We want to get a contradiction between (24) and H > C by extending the
functional related to p on functions on I§°.

We can normalize p by the condition [, du = 1. Let us think of p as of the
probability

and we want
(27) Pl : zivr € (vi, ¥y +dys), 1 =1,...,1} = du(y), for all k,

that is the probability should be shift invariant. Actually we will define on IV+!
step by step for increasing N probabilistic measures

(N

d:u’ )(«Il,...,l'N_H)

such that
(28) / 4™ (w,y,2) = d(y), ye 1"
xelk1 zeTk2

Wherek1+k2:N, k120,k220
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Define a system of probabilistic measures u(x|x1, ...,2;—1) on I such that

(29)
/f(xl,...,xl)du:/du(zl,...,xl_l){/lf(xl,...,:cl_l,z)du(x\xl,...,xl_l)},

actually this is the Fubini Theorem.
Let us make one-step extension of p by using the conditional probabilities

dpV (21, ...z, x) = dp(ey, ... 2)dp(]e,, ... x).

Now we have to check that (28) holds true. As p(x|z1,...,x;—1) is probabilistic we
get

/ du(l)(xl,...,xl,x):du(xl,...,xl).
xel
By (26) and (29) we have

/ dp(l)(x,ml,...,xl) :/ du(z,xq, ..., z)dp(z|z, ..oy 21-1)
zel xzel

=dv(xy,...,z—1)dp(zg|z, . x—1) = dp(xy, .. ., 3;).
Continuing inductively in this way
d,u(N'H)(ml, e N1, T) = du(N) (@1, s enp—1)dp(z|eN, oy TNI—1)s
we get (28).
Now we are in a position to finish Lemma’s proof. For z’s of the form z =
(z,0,...), z € IV, we can integrate H against p(N—0:

[ @@ =
zelN

On the other hand using the definition of H and the key property (28) of p(N=0
we get

G0 C< [ H@HYD <@ lpll+ V-4 [ b))
zelN It
Since N is arbitrary large, (24) contradicts to (30). O

Corollary 3.3. For a nonnegative polynomial A there exist continuous functions
ga and ya such that

(31) ha=ga+yaoT—7a

and ga > 0.

Proof. Note that by (14) we know that Ha(J(n)) are uniformly bounded from
below. 0

Corollary 3.4. Let J be such that p, — 1 and q, — 0. Then
m

(32)  Ha(J) =Y (—alogpri1+ ({(J) — ®(Jo) ek, ex) —va+ Y gaoT.
k=0 k>0

k

That is the series with positive terms Zkzo ga o 7" converges if and only if the

series Y p~ohao 78 converges. In particular, the series Y k>0JA© 78 converges if
and only if Ha(J) < o0.

Proof. We use representation (31) and continuity of v4.
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4. PROOF OF THE MAIN THEOREM

Assume that for a given J its spectral measure o is such that A4 (J) < oo, see
definition (7). Note that due to Denisov—Rakhmanov Theorem [6]

(33) pu(0) =1, gqu(o) — 0

and we can use (32) as a definition of H4(J).

With the measure o let us associate a measure o, that we get by using the
following two regularizations. First, we add to its absolutely continuous part the
component € dz, that is (07)4... = o), .. + €. Second, we leave just a finite number of
the spectral points outside of [—2, 2], say, that one that belongs to R\ [-2—¢,2+€].
It is important that

(34) Pn(0e) = pul0),  anloe) = gn(0)

for a fixed n as € — 0. The measure o, satisfies the conditions of Szegd’s Theorem,
and therefore (" P, (z, 0.) converges uniformly on compact subsets of C \ [~2,2] to
a certain function that can be expressed directly in terms of (07)4... and the mass—
points outside of [—2, 2], see e.g. [13]. We use the consequence of this statement in
the form

Cn(pn(ae)Pn(Za Ue) - Cpnfl(za Ue)) - A(Z, Ue)
uniformly on compact subsets of C \ [~2,2]. Here A(z;0.) is defined by

A(z;og)exp{\/ﬂ/ L dA(‘”)}

r—2z x2—4
In other words
log A(z; J(n;0.)) — log A(z;0.), n— oo,

uniformly on C \ supp(c.).
Finally, since (all) coefficients in decomposition (5) of log A(z; J(n;0.)) at infin-
ity converge to the corresponding coefficients of log A(z; 0.) we get

Ha(Jc(n)) — Aa(Je), n— oo.
Evidently Aa(Je) < Aa(J). Therefore for every d there exists ng such that
Ha(Je(n)) < Aa(J) +6

for all n > mg. Since in the case under consideration H 4 is (basically) a series with
positive terms, we get that every partial sum is bounded

HY (J.(n)) < Aa(J) + 6.

Note that the left—hand side does not depend on n if n is big enough. Thus

HY (J) < Aa(J).
Now, for a fixed N let us pass to the limit as ¢ — 0. Due to (34) and continuity of
ga, for all N

HY(J) < Aa(J).
But this means that

limsup Ha(J(n)) = limsup Aa(J(n)) < Aa(J).
Using Corollary 2.3 we get
Hy(J)=limHs(J(n)) =lmAs(J(n)) = Aa(J).



ON GENERALIZED SUM RULES FOR JACOBI MATRICES 15

Finally, starting with the condition that series (13) converges we conclude that
limsup Ha(J(n)) = limsupAa(J(n)) < oco. Therefore, due to Corollary 2.3, we
have A4(J) < oo and this completes the proof.

5. ASYMPTOTIC OF ORTHONORMAL POLYNOMIALS

Proof of Theorem 1.6. First let us mention that simultaneously with the conver-
gence

A (n)) = / Ay — A(J) = / ix,

we proved
(35) lim [ P(z)d\(x) = / P(2)d\(z)

for every P(x) = Q*(z) and hence (35) holds for all polynomials. Since the vari-

ations of A\,’s are uniformly bounded and since there is a finite interval [aq, as]

containing the support of each measure A, in the family, A,, converges weakly to .
We will estimate the difference

/d)\n _/ d\
T—z T—z

on a system of contours of the form

T={z=a+iy:a<az<b y=+¢ |yl <c, v=a,b}

that shrink to the interval [—2,2].
Integrating by parts, on a horizontal line we have

‘/ A= Ap)dz| _[o2 A= An|da
(x—2)?

© dx
< A — A T
e et GOV s
Jar A= 2aldz |\ (0) = An(0)|
< +
< 2
Since the A, (z) are uniformly bounded and lim,, . An(z) = A(z) for all z, the
above estimate shows that for every e > 0 there exists ng such that
/ dn / dX

T —z T —z

when z runs on a horizontal line of the contour 7.
Next, let us consider, say, the right vertical line on 7. Assume that b is between
of two consequent points zx41 < xj of the set X. We can even specify b = (xg41 +
x)/2. The point is that starting with a suitable n the interval [b — §/2,b+ 6/2] is
in a gap of the support of A — \,,. Here 0 := (x — xg+1)/2. Put A(z) = M) — A(b)

and A, (z) = A () — An(b). Doing basically the same as on a horizontal line, we
get

Cc

Sev nznﬂv

fbofa/z |5‘_5‘n|d$ ~ ~ * dx
< Mas) — X, _ar
< 6/2)° + | Aa2) — An(a2)] >

Jar A= dalde - [X(ag) — A(an)
(5/2)? ©6/2)

and the same estimation for fb76/2.

/°° (A=) da
b

+6/2 (x—2)2
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In other words the estimation

A(2)V 22 —4log A, (2) — Bu(z) — / dx

r—z

(36) <e

holds on the rectangle 7 if n > nyg. -
Introduce the holomorphic function D(z) by (16), z € C\ [—2,2], and consider
the difference

___ Bn(®» A(2)V22—4log Ap (2)—Bn(2)—[ 22
‘An(z)e A(z)m — D(Z) = |D(z)| e A(z)m 1

on the contour 7. Due to (36) the difference is uniformly small on the contour and
therefore also in the exterior of the rectangle.
Thus we have

(37) Cn(pnPn(z) - CPnfl(Z)) €xXp (_A(zin/(zz)i—ll> — D(Z)

uniformly in the domain C\ [~2,2]. Let us derive from this an asymptotic for the
orthonormal polynomials properly.
First of all due to (33) we have [14]

Pn,l(z)

Pz ¢
uniformly in C \ [~2,2]. Therefore from (37) we get
. B ) o)
(38) " Pn(2) exp( A2 1 e

Next we will adjust a bit the polynomials B, in (38).
Let J(n) be n x n matrix with coefficients pg, g, respectively Jo(n) is n by n
matrix that we obtain cutting the Chebyshev matrix Jy. Recall that

Po(z) = P det(z — J(n))
in particular
ot — o) = S =
et(z — Jo(n)) = s
That is )
1 det(z—J(n)) = C)w
pro-Pn det(z — Jo(n)) 1— (242
and hence

log(¢" T/ 22 — 4P, (2)
 —log(py.pn) - IO o) _ P 0) )

Thus we can substitute By, (z) by the polynomial B,,(z), which is uniquely defined

by ~
VAR ) - e =0 (i ).

since by condition (33) for any fixed k
tr(J"(n) = Jg) = te(J*(n) — J5 (n)) — 0, n — co.
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6. APPENDIX: SIMON’S CONJECTURE AND LAPTEV—NABOKO—SAFRONOV
EXAMPLE

It is more convenient (uniform) to use two sided Jacobi matrices acting in (?(Z).
In particular, then the function H,(J) is positive [11].

6.1. Positive definite Hankel minus Toeplitz. Recall that the Chebyshev poly-
nomials of the second kind Uj(z) form an orthogonal system with respect to the

weight v4 — 22,
2
(39) l / Ul(fL‘)Uk(l‘) vV 4 —x2dxr = 25&[,
™ J_2
where
¢'=d -
(40) Ui(z) := oo =6 e

Note also that the following map transforms the polynomials of the second kind
into the Chebyshev polynomials of the first kind

(41) zUl(z)—1/2 Mw%—x?dwzﬂ(z).
mJ T —z
Lemma 6.1. For m #n

(42) HUmU"(J):tr{ tn | }

m+n |m—n| Jo,

and

J
TZn 2 TTQL 2
0 1

J

J Jo

Proof. We have
() = zUm(z)Un(z)f% / Um(x)wxﬂl — 22%dx

_l/—Um(x) —Unl®) Vi 2.

T T—z
Using (39), (40), (41) we have for m > n
1 _
D' (2) =2Upm (2)Un(z) — — / Mxﬂl — 22dz U, (2)
T T —z
:Tm(z)Un(z) = Um+n(z) - Um—n(z)-
Since T}, = kU, k > 1, we get
B(z) = Tintn(2) . Tin—n(2)
m+mn m-—n

-+ const.

By orthogonality also
1 /2
a=— / U (2)Up(2)V4 — 22 dx = 0.
™ J_—2

Thus (42) is proved. A proof of (43) requires just a minor modification. O
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Proposition 6.2. Let J be a finite dimensional perturbation of Jy. Define
Ty > 1
(44) an() = T A2
Sologp? k=0

Then the matriz {ax1(J) — ajp—y(J) }r>1,1>1 is positive.

Proof. Put A = |B|* with B =Y, Ujc;. Since Ha(J) > 0, due to Lemma 6.1, we
get

> Aanui(I) = ap—y () }erar > 0.

k>1,0>1
O

Note that continuous positive kernels of this kind are a classical object, see e.g. [1].

6.2. Laptev—Naboko—Safronov example: A = Ul2. This case was considered
n [11].

Proposition 6.3. Let A(z) = UZ(z). Then As(J) < oo if and only if T;(J)—T;(Jo)
is Hilbert—Schmidt.

Proof. Due to Lemma 6.1
T2(J) — TF (Jo)
Huy(J) = trw 2§:logpz

Note that a row in the matrix T;(.J) is of the form

<61|TZ(J):[ 0 (tl)ifl ((jl) (tl)' 0 ],

where (t;); = pi+1Pivo---piri and (§;); is a row—vector of dimension 2/ —1. Therefore

) = 1 {30 P 4 a2 - 1 - o) |

and the condition H4(J) < oo is equivalent to T;(J) — T;(Jp) is a Hilbert—Schmidt
operator. O

It is possible to reformulate the above condition in terms of the coefficient se-
quences of J. For n = 2 Theorem 6.4 was proved in [11]. For n > 2 it was proved
in [11] under a certain extra assumption, which, as we can see, is superfluous.

Theorem 6.4. Let A(z) = U2(z). Then Aa(J) < oo if and only if
(45) D uwt € D gy €8 {ui} € PP, {gi € P2,
k=1 k=1

where u; = p3 — 1.
A proof is splitted in several lemmas.
Lemma 6.5. Let J = S7'P+Q +PS and
T.(J)={..+ Ao(n) + A1(n)S + ... + A, (n)S"},
where Q,P, Ax(n) are diagonal matrices. Then
(46) A, (n) =PPY | pl=ntD)
(47) Ap—1(n) =P.PC"HQ+ QY + .+ QY)Y
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and
Apa(n) =P PUMIL(BM) — T+ P2 — T+ . 4 (PC9)2 - ]
+Q[Q+ QD4 +Q )]
(48) +Q(71)[Q(*1)+ +Q(fn+2)]
+

+QIHDQ-n Y.
Proof. All three formulas can be proved by induction using
T,(J) = JT-1(J) — Ty—o2.
Let us prove (48). We have
Ap_o(n) = ST'PA,_1(n —1)S+QA,_o(n — 1) + PSA, _3(n —1)S~!
—Ap_a(n—2).
Substituting (46) and (47) we get
Ap_o(n) =S71PPPY P+ g
+QP...P(_"+3){Q + Q(—l) 4o+ Q(—n+2)}
+PSA,_3(n—1)S7! — PPV, p(-n+3)
:pp(—l)._.P(—n+3){(]p(1))2 -1+ QQ+ QY4+ ..+ Q(—n+2)]
+PAL Y (n — 1)},
Iterating the last relation we obtain (48). O
Lemma 6.6. IfT,(J)—T,(Jy) is Hilbert-Schmidt then relations (45) are fulfilled.

Proof. Since A, (n)—1I, Ap—1(n) and A,,_2(n) are Hilbert—Schmidt operators, using
Lemma 6.5, we have

(49) {P1iivPnsi — 1} € 12
(50) {ProiePn14i(qi + oo+ Gu144)} € 12
and

i+n—1 i+n—2

(51) Plie--Pn—2+i Z (i — 1)+ Z a + Z aaq| ¢ €1
k=i

=i i<k<I<itn—2
Having in mind (49) we simplify (50) and (51)
{gi + ..+ qno14i} € 1P
and
itn—1 , [ itns2 , 1 i+n—2 2 ,
(52) %(pk1)+2;Qk+2<§Qk> el

Now we wish to separate “p” and “¢” conditions in (52). It is evident that a+b € [?
implies @ € [? and b € [? if only a; > 0 and b; > 0. Note that (49) implies
{(p1yi-.Pnii)?/™ — 1} € 2. Thus using this condition and the inequality

Pyt +piy—n
n

> (PrgivePnss) ™ — 1
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we get from (52) {¢7} € I and {3}, (p},, — 1)} € I°.
Finally we note that
(1 =17+ o+ (pn = 1) =(p] =) + ... + (o, = 1)
—2{(p1 = 1) + ... + (P — 1)}
Since
2n{(pr-pa)"™ =1} <2{(p1 = 1) + . + (0 — 1)}

<Pl -+ +n-1)

we have {>_, (pi+x — 1)} € * and therefore {(p; — 1)?} € I2.

The following lemma can be shown by induction.

Lemma 6.7. Let J = Jg+ dJ then

0
dp_i41+ ... +dpo
dq_i41 + ... +dqo
-1 2dp_i12 + ... + 2dp

(53) dTi(J)eg = Y SLSK[dT + ..+ dJO D) Skey = | dd-i42 + .+ da
kZ:O 2dp71+3 —+ ...+ deg

dpy + ... + dp;
0

Proof of Theorem 6.4. We only have to show that conditions (45) imply T'(J) —
T(Jy) is Hilbert-Schmidt. Note that each entry is a polynomial of ¢;,u; with
u; = p; — 1. Moreover, the linear term is described in Lemma 6.7. Note also that
the sequences {uéqfﬂ}i, {uﬁuf+j}i, {qf-qfﬂ}i belong to 2 for k +{ > 2. Thus,
having in mind the structure of the matrix T'(J) — T'(Jy), we get that each diagonal
forms an {%>-sequence, as was to be proved. ([

6.3. Simon’s conjecture. Since Ha(Jy) = 0 and Ha(J) > 0 the decomposition
of H 4 about Jy begins with a quadratic form, more exactly:

Lemma 6.8. Let J = Jy+ dJ then the decomposition of H 4 about Jy begins with
(54) HAG) = S ACR)Id) + ...
where (dj| ={...,2dpo,dqo,2dp1,dq1, ... }.
Proof. We start with the formula
dH4(J) = tr{A(J)Re(Z~* — Z)dJ},
where Z is the lower triangle solution of the equation Z~! + Z = J. Note that the
decomposition of Z~! — Z about .Jy is of the form
Z7'—Z=8"-S+dJ-2dZ + ...
Using
dJ =—-Z"'dz2Z "' +dzZ
we get
~dZ|g—s = [ZdJZ + Z(—dZ)Z) z—5 = SdJS + S*dJS* + ... .
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Therefore the leading term in the decomposition of Re(Z~! — Z) is the Hankel
operator
I=..+81dJS™ +dJ+SdJS + ...,
and
Ha(J) = %tr{A(Jo)F A} + ... .

Let us mention that I'ey = dj, thus we can rewrite this Hankel operator into the

form

T = S*|dj){eolS*.
Since A(Jp) and S commute and I'S = S™IT" we get

tr{A(Jo)T dJ} = tr{A(Jo)T' (S~ dP 4 dQ + dPS)}

= tr{A(Jo)[' (25~ dP + dQ)}.

Substituting I' we obtain
tr{A(Jo)['dJ} = tr{A(Jo)(Z S¥|dj)(eo|S*) (28~ 1dP + dQ)}
= tr{A(Jo)|dj){eo| Y _(28*~1dPS* + S*dQS*)}.
But {(eg| Y- (25*1dPS* + S¥dQS*) = (dj| and this completes the proof. O
We believe that related to this quadratic form condition

(55) (A(Jo)dj, dj) < oo,
should play an important role in a counterpart of Simon’s conjecture formulated for

the unit circle in several talks, for example [15]. Specifically, in Laptev—Naboko—
Safronov case, where

A(Jo) = (T + 8%+ ...+ 8272 (I + 8% + ... + §%72),
condition (55) means
{dgit1 +dgiva + ... +dgiy1} € (Z),
{2dpi1 + 2dpiso + ... + 2dpi} € 12(Z),
compare (45).
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