JOURNAL OF MATHEMATICAL PHYSICS 47, 082701 (2006)

Mathematical analysis of the wavelet method of chaos
control

Shih-Feng Shieh
Department of Mathematics, National Taiwan Normal University 11677, Taiwan, R. O. C.

Yigian Wang®
Department of Mathematics, Nanjing University, Nanjing 210093, China

Guowei Wei
Department of Mathematics, Michigan State University, East Lansing, Michigan 48824

Choy-Heng Lai
Department of Physics, National University of Singapore, 117543, Singapore

(Received 13 December 2005; accepted 13 April 2006; published online 29 August 2006)

In this paper, we provide mathematical analysis for the controllability of chaos in
wavelet subspaces. We prove that depending on the scale of the wavelet operation
and the number of the coupled oscillators, the critical coupling strength for the
occurrence of chaos synchronization becomes many times smaller if the original
coupling matrix is appropriately treated with the wavelet transform. Moreover, we
obtain rigorous relations connecting the critical values and the wavelet subspace
operations. Our mathematical results are completely consistent with early numeri-
cal simulations. © 2006 American Institute of Physics. [DOI: 10.1063/1.2203229]

I. INTRODUCTION

Chaos is ubiquitous in nature. Controlling chaos is of both theoretical and of practical
importance.l_5 Recently, a new paradigm of chaos control via wavelet transform has been intro-
duced by Wei, Zhan, and Lai in Ref. 6 (also see Ref. 7). It is found that the transverse stability of
the synchronous manifold of a chaotic system could be dramatically enhanced by the means of
modifying a tiny fraction of the wavelet subspaces of a coupling matrix. Nevertheless, rigorous
mathematical analysis of the aforementioned control has not been reported in the literature. Our
objective in the present work is to present detailed mathematical analyses of the wavelet
approach.6

To be more precise, let du/dr=f(u) be a given chaotic oscillator. Consider a coupled nonlinear
dynamical system of N chaotic oscillators,

du _

” =F(u) + eAu, w=(upuy, ... uy)", (1.1)

where (F(u));=f(u;) is a nonlinear function of the ith oscillator, which has a state function u;
€ [0,%) X R", €is a coupling strength, and A is a coupling matrix having the periodic structure at
the boundaries.

The synchronous manifold of the chaotic system, as a subspace of the original coupled sys-
tem, Eq. (1.1), can be studied by setting u () =u,(t)="- - =uy(r)=s(t), where the chaotic solution
s() satisfies the single oscillator equation ds/dt=f(s(t)). The stability property of the synchronous
manifold can be studied in the space of difference variables u,(¢) =u;(t)—s(z), which are governed
by
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dou

T (DF(S(1)) + €A)Su,  Su=(Suy,duy, -+, 0uy)’, (1.2)
where DF(u)=diag(f' (u,),f (1), - ,f (uy)) and S(£)T=(s(z),s(1), ...,s(t)),xy. The second larg-
est eigenvalue N\, of the matrix A plays a dominant role in controlling the stability of chaotic
synchronization.g"lo A critical coupling strength €. can be determined in terms of A,,

L
€=—", (1.3)
_)\2

where L, >0 is the largest Lyapunov exponent of a single chaotic oscillator.
For the nearest neighbor coupling case, the eigenvalue spectrum of an appropriately normal-
ized A is given by

i1
—4sin27T(lT), i=1,2, ... .N. (1.4)

In general, a wider coupling width gives a smaller \,, while a larger number of oscillators requires
a larger €. In controlling a given system, it is desirable to reduce the critical coupling strength e,.

Denote the two dimensional wavelet decomposition and its inverse with periodic boundary
condition by W and W™, respectively. For a given matrix A, the wavelet decomposition allows a
perfect reconstruction, by which there is nothing to gain: A=W~!(W(A)). In Ref. 6, a simple
operation is used to attain a desirable coupling matrix:

A=W (Ox(W(A))), (1.5)

where Oy is limited to be the multiplication of a scalar factor K on the elements of subspaces LL;,
which corresponds to the lowest resolution subspace in both the horizontal and vertical directions
in a two-dimensional multiscale wavelet decomposition. A numerical simulation of a coupled
system of 512 Lorenz oscillators in Ref. 6 shows that for the nearest neighbor coupling case, the
critical coupling strength €, decreases linearly with respect to the increase of K up to a critical
value K. The smallest €, is about 6, which is about 103 times smaller than the original critical
coupling strength, indicating the efficiency of the proposed approach.

In this paper we will provide a rigid mathematical analysis of the above wavelet scheme. For
simplicity and without loss of generality, we only consider the wavelet transformation and the
reverse transformation based on the Daubechies wavelet, db1."!

By an i-scale wavelet operation W=W(i) based on the dbl wavelet, a 2% X 2% matrix A is
transformed into another 2% X 2% matrix W(A). Moreover, the subspaces LL; or equally the 25~
X 2% up-left block of W(A) equals QAQT, where

e 0 00
0 0
1
Q:ﬁ ’
0 0 e 0
0 0 0 (3 2k=ix ok

with e=(1,1,...,1);xa and 0=(0,0,...,0),x,.. In other words, every entry of QAQT is the
average value of all items of some 2i% 2! block of A. With the transformation Oy, OAQT is
transformed into KQAQT. Since A=W~'(W(A)), we have that

A=W (O(W(A))=A+(K-1)QAQT. (1.6)

Before stating the main theorem, we introduce some notations. Define series {p;};-, by
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T
pi=200s§—2, i=1,23,.... (1.7)
Moreover, we denote
-2p;
KGN =—"P 41 i=123, ... (1.8)
Ly 2l
4 sin” —
N

Theorem 1: For any i € N, assume p; is defined as in (1.7) and the nature numbers N satisfy
N/27*2 e N. Let A be the nearest neighbor-coupling matrix of order N X N defined as in Eq. (1.1).
Suppose by i-scale wavelet operation (1.5) with the scalar factor K=1 that the coupling matrix is
transformed from A to A. Then for any such K, all the eigenvalues of A are nonpositive; More-
over, it holds that p; is an eigenvalue of the matrix A.

Theorem 2: Let i, p;, N, A, K, K be defined as in Theorem 1. Assume K (i,N) are defined by
(1.8). Then the second largest eigenvalue of Aisa decreasing function of K. Moreover, the second
largest eigenvalue ofz‘; is equal to p; for any K=K (i,N) and is strictly larger than p; (thus its
absolute value is strictly less than —p;) for any 1 =K<K_,(i,N).

Since the critical coupling strength is determined in terms of the second largest eigenvalue of
the coupling matrix, by Theorem 2 and (1.4) we have the following result.

Corollary 1.1: The i-scale wavelet control method with K (i,N) as the scalar factor can
enhance the stability of a synchronous manifold of an N coupled system by reducing the critical
coupling strength as much as p;/4 sin*(w/N) time.

In the following, we denote a “block circulant matrix” with blocks A,A,,... A, by

A] A2 A3 e An
An A1 . . . .
beirc(A1,A,, ... A,) = A; L A'2 AQ
A3 A4 Al A2
A2 A3 A4 e A,Z Al

Moreover, we denote average values of all elements of a matrix A=(a;;),x, by aver(A), that is,
aver(A)=(1/n?)="

i.j=1%j:

Il. PROOF OF THE MAIN THEOREMS

In this section, we will prove Theorem 1 and Theorem 2. First, we introduce some useful
lemmas.

A. Preliminaries

Lemma 2.1: Assume matrix A is of order N XN and A is defined by i-scale wavelet operation
(1.5) with the scalar factor K= 1. Then it holds that

K-1
A-A= ?ANI»@) B;, (2.1)
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with

and
B, = eTe,

where N;=N/2!, e is defined as in the introduction, and ® represents tensor product of matrices.
Proof: First note that the nearest neighbor matrix A can be written in the form

. N
beirc(AL A, ... Ay), Ni=3,

2[
where matrix A; of order 2% 2% (j=1,2,...,N,) satisfies
_2 1 e 0
0 0 0
1 -2 .
A= . A=Al =] ,
i 0 0
1
1 0
0 1 -2
(2.2)
N
A=0. 3=1=7-1. (2.3)
It is obvious to see that aver(A;)=-1/2%"" and aver(A,)=aver(Ay)=1/ 2%,
From (1.6), we obtain that A is of the form
A =bcirc(A Ay, ... Ay), (2.4)
with
~ K-1 ~ K-1 ~ K-1
1=- ﬁBi +A;, A= TBi"'AZ’ Ay = TBi"‘ Ay,
2 2 i 2 :
A;=0, 3=j=N;-1. (2.5)
Thus the lemma can be obtained easily. O
Proposition 2.1: Let A=bcirc(A,A,,...,A,) be a real symmetric block circulant matrix.

Denote Ck:E;‘=le‘[kU‘l)/"]2”Aj, k=0,1,...,n=1, t=\-1. Then eigenvalues of A consist of eigen-
values of C;, k=0,1,...,n—1.
Proof: See p. 211 in Ref. 12. O

B. Proof of Theorem 1

Proof of nonpositivity: First, we prove that for any K=1, all the eigenvalues of A are non-
positive. From Lemma 2.1, we have that
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~ K-1
A=A+ 7ANI'® B,;. (2.6)

We will prove that [(K—1)/ 22i]ANi®B,< is seminegative definite. Then by the seminegative defi-
niteness of A and the fact that the sum of two seminegative definite matrices is seminegative

definite, we obtain that A is also seminegative definite. Thus all its eigenvalues are nonpositive.
Since [(K-1)/ 22’]ANi®B,- is a real symmetric block circulant, by Proposition 2.1, it is sufficient
to prove the nonpositivity of eigenvalues of matrices,

_IB.+ el(k2[/N)2’nB. + el[k(N—zi)/N]ZﬂB' k=0.1 E
1 1 12 s ly eeey Zl

1, (2.7)

or equally,

k2! N
-2+2cos—27|B;, k=0,1,...,——1. (2.8)
N 2!

Obviously, B; has 0 and 1 as its eigenvalues and the term in the parentheses is less than or equal
to 0. Thus, each eigenvalue of the matrices defined in (2.7) and (2.8) is nonpositive. Then from the
symmetry, we obtain that (K—1)/2%Ay ®B; is seminegative definite. Thus, the proof is com-
pleted. l O

Remark 2.1: From the fact that A has only one zero eigenvalue, we conclude that A has at
most one zero eigenvalue. On the other hand, since the sum of elements in every column of Ais

zero, we obtain that A has at least one zero eigenvalue. In a word, it has and only has one zero
eigenvalue.
Now we prove the second part of Theorem 1, that is, for any K= 1, p; is an eigenvalue of the

matrix A.

Combining (2.4), (2.5) and Proposition 2.1, we have that the set of eigenvalues of A is equal
to the collection of the eigenvalue of the 2i % 2! matrix,

) 1 e—i(211'l/n)

D, (l) + dD,(l) := +d, d[1...1],

ei(2771/n) 1 )

[=0,1,....n—-1,

with n=N/2%, d;=(c/2*)[2 cos(2ml/n)-2], c=K~-1.
The following two propositions are useful for the proof of Theorem 1 and Theorem 2.
Proposition 2.2 (rank one update for Hermitian matrices): Ler A be an NXN Hermitian

matrix and u € CN. Suppose (\;,u,) and ():k(a),ﬁk(a)), k=1,...,N, be, respectively, the eigen-
pairs for A and A+auu? with the order \y=\,=<---<\y and ):1 SXZS ---S):N.

(i) Assume a>0. If u'u, # 0 and u'uy, # 0 for some k' >k; then Ay =Ny(a) =\p.

(ii) If w?a=0 for some k"; then Ny(a)=N\ for all a.

Proof: See Ref. 13. O
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Proposition 2.3: Denote (\i,wy), k=0, ... ,m—1, the eigenpair of the matrix

-— 2 1 e |
1 -2
G=
1
e 1 =2 |uxm
with a any real number. Then
Ny=2cos 6,—2
and
u; = (”k,j);nzl’
where
2k«
0o=—+—, k=0,....m-1,
m m
and
1, if >+ a?=0,
U =
7 ¢y (sin j6, + e sin(m + ) 6,) + co(sin(m + 1 + j) 6, + e“sin(j + 1)6,),  otherwise.

Here ¢y and c, are arbitrary complex numbers.
Proof: By directly solving the eigenvalue problem for G, Gu=\u, we obtain the difference

equation
M‘j+1—(2+)\)uj+uj_]=0, j=2,...,m—1, (29)
with
uy=e"u,,,
Uy = €Uy (2.10)

Equation (2.9) has characteristic equation 72— (2+\)r+1=0, which yields

-
24N £V2+N)2-4
( )\; Vo4 2.11)

o=
The second equality holds since eigenvalues of G are nonpositive. Now set

u;=Ar| + Brh=Ae"’ + Be™’, (2.12)

where A and B are constant coefficient to be determined. Substituting (2.12) into (2.10), we obtain

A+B=e"*Ae™ + Be™™),

A0 4 pomitmi)0 — gia(f 010 4 Bo10) (2.13)

Since (A, B) is a nonzero solution of Eq. (2.13), it turns out that
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1— el(mﬂ—a) 1- —(1m0+a)

=0,

e‘1(m+1)9_ el(ﬁ+a) —1(m+1)6 —1(9—01

e

or, equivalently,

cos mb=cos a.

Thus, 6,=2kmw/m+a/m, k=0,...,m—1, and, hence, by using (2.11), we have \;=2 cos 6,—2
This gives the proof of the first assertion.

To see the eigenvector of G corresponding to eigenvalue A\, we first consider that for a=0
and k=0, i.e., \y=0. It is easy to see that the vector (I,...,1)T is the eigenvector of G corre-
sponding to 0. Now, assume a# 0 and k# 0. For convenience, we write 6= 6, and u;=uy.;. Choose
Al_l e1(m0—a) B1 _1+e—1(m0+a) A _el(m+1)6’_el(9+a) and B2 _e—l(m+1)9+e—1(0—a)Wlth 0= ak for
some k. Note that (A,,B,) and (A,,B,) are solutions of (2.13). Set u-—2(c1A1+c2A2)e””

2(01 1 +CB5)e™V0=c (sin jO+e7'* sin(m+)) 6,) +co(sin(m+1+)) O +e'“sin(j+1)6) and the
second assertion follows. O

Proof of the second part of Theorem 1: Let a=1 and m=2!. From Proposition 2.3, it follows
that p; is an eigenvalue of D,(n/2). To see that p; is also an eigenvalue of D;(n/2)
+d,;,D,(n/2), we choose ¢;=1 and ¢,=0. From Proposition 2.3 again Dl(n/ 2) has an eigenvector
u=[sin(j7/m)]i., corresponding to the eigenvalue p;. Since D,=ee' and e'u= 7L sin(jw/m)=0,
applying (ii) of Proposition 2.2, we see that p; is an eigenvalue of D,(n/ 2)+dn,2D2(n/ 2). O

C. Proof of Theorem 2

Proof of the first part of Theorem 2: Let n=N/2" and D,(I),D,(l),d,,I=0,1,---,n—1 be
defined as in the last subsection. Since d;=0, applying Proposition 2.2 to —D,(l)—d;D,(l), we
have that the eigenvalues of D,(l)+d,D,(/) are increasing functions of d;, which, by Proposition
2.1, implies the first part of Theorem 2, that is, the second largest eigenvalue of Aisa decreasing
function of K. O

Now we are in a position to prove the second part of Theorem 2.

Denote a=2l/n. We have

D,(l) = . (2.14)

e 1 -2

From Proposition 2.3, we have that any eigenvalue of D,(/) can be written in the form

N=2cos O(k,I)-2,

with O(k,l)=2kmw/2'+a/2, k=0,1,...,2=1, [=0,1,...,n—1. Obviously, for every such / and
ky,k, with k; # ks, it holds that |6(k,,l)— 6(k,,I)| =2 /2!, which implies that there is at most one
ke{0,1,...,2=1} such that |A(k,I)| = m/2". Then we have that for every matrix D,({)+d,D,(l)
(I=0,1,...,n—1), there is at most one nonzero eigenvalue that is larger than or equal to p;
=2 cos(m/2))~2. It implies that if for some d;=d;, D;(])+dD,(I) has eigenvalue p;, then all its
other eigenvalues are less than p;.

Remark 2.2: If such d, exists for D(1)+dD(1), then by the first part of Theorem 2, we have
that all its eigenvalues will be less than or equal to p; for all d,<d;k. Then for the proof of the
second part of Theorem 2, it is sufficient to prove that the existence of such d? for every .

The following proposition will help us to complete the proof of Theorem 2.
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Proposition 2.4: Let d=[2 cos(w/m)—2]/m. Then the matrix

G= +d| 0, 1] e mm,

e 1 -2

has eigenvalue 2 cos(mw/m)—-2 for and a#0, £
Proof: Consider the eigenproblem of the matrix G, which is equivalent to

ey = N+ 2w+ +d 2 u;=0, k=2,...m-1, (2.15)
j=1
y = 2uy + €U, +d > u;=0, (2.16)
j=1
U,y —2u, + U +d, u;=0. (2.17)
j=1

Denote ify=u; /27 u;. Then we have

le—l - ()\ + Z)ﬁk+ ﬁk+1 +d=0,
i, - 20, + e, +d =0,

i, -2, + e, +d=0. (2.18)

In the following, for the sake of notation without leading confusion, we use the notation u;, with

the restriction E;":lu]:l to replace the notation iz;.

Obviously, (2.18) has a special solution of the form u;=d/\, k=1, ... ,m. Thus the general
solution of (2.18) is of the form

1k

d
up=Ce*?+ Che” 1 (2.19)

with the boundary condition

ug=e'u,, Uy, =eu, (2.20)

where cos O=(\+2)/2.
Now we determine C; and C, with the boundary condition

d d
Ci+Cy+ L= C, 'm0 4 C e armd) 4 e_lax (2.21)

and

d d
Clel(m+l)0+ Cze—l(m+])0+ X — Clel(0+a) + Czel(—0+a) + emX' (2.22)

Thus we have
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1 1 1 — gt-atmo) 0 C,| dle™-1
_ el(f)+a) _ el(—0+a) 0 1 - e—l(a+ml9) C, = X -1 |

Then we have

— (e—la_ 1)6—1(0—a) _ (e"’— 1) d
C = (1- el(—a+m0))(el(0+a) _ el(—0+a)) X (2.23)

and

=1+ (e—la _ 1)61(0+a) d

C2= (1 — gi(@tm0))(1(6+a) _ pi(=0ra)) % (2.24)
From 27 u;=1, we obtain that
X 0(11_—;0 %) . Cze‘ 9;1_—6 i_e %) . m% . (225)
Combining (2.23)—(2.25), we have
1 (1= 1-em? N
el@_e—la(ela_elmg_ e“’—e“’”") +m= s (2.26)

We note that f=arcos[(N+2)/2]=7/m. Substituting d=[2 cos(w/m)-2]/m into (2.26) and by
direct computation, we obtain that 2 cos(7/m)—2 is a root of (2.26) thus an eigenvalue of G. [

Proof of the second part of Theorem 2: Denote )\(ll) (K) and )\(21) (K), respectively, the largest and
second largest eigenvalue of D(/)+d;D,(I). From Proposition 2.3, it follows that

p
2l n
2cos{ — | -2, o<i<—,
mn 2
T n
A1) =9 2cos ~2=p;, =7,
2m-1)m 2wl n
2co8| —m ™+ — | -2, —+1<iI<n-1,
m mn 2
\
and
2m—-1)m 2wl n
2co8| —+— | -2, o<i<-—,
m mn 2
T n
AP (1) =4 2cos=2=p,, =7,
2l n
2cos|l — | -2, —+1<I<n-1,
L mn 2

where m=2' and n=N/m. Here we note that )\(11)(1)>pi>)\(21)(1) for 1=0,...,n/2-1,n/2
+1,...,n—1. Since the largest eigenvalue of A equals 0=\?(K)=\,(K), we see that the second

largest eigenvalue of A at K=1 equals max{)\il)(l)|l=0,...,n/2—1,n/2+1,...,n—1}. On the
other hand, applying Proposition 2.4 with m=2/, we have that for [#0,n/2 and d,=p;/m, i.e.,

m .
K=4+ 1 EKEI),
2l
2cos— =2
n

D,(l)+d;D,(I) has eigenvalue p,. By using Proposition 2.2, )\(1])(1() is decreasing in K. Hence
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AO(K) KGN

AP

Agﬁ)(l

AP = 2D (ky

FIG. 1. An illustration of the eigenvalues curves of A.

7\(11)(1() <pis

for K> Kil) and [ #0, n/2. Thus, for K> max#o’n,z{Ki_Z)}=Ki_l)=KC(i,N), we have \,(K)=p;. Also,
for 1 <K<K.(i,N), \y=max;o,.» )\(1')(1() (see Fig. 1 for an illustration). This completes the
proof. U
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