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Abstract

The Navier-Stokes equations with both periodic and non-slip boundary conditions are solved using a new class of
wavelets based on distributed approximating functionals (DAFs). Extremely high accuracy is found in our wavelet-DAF
integration of the analytically solvable Taylor problem, using 32 grid points in each of the two spatial dimensions, for
Reynolds numbers from Re = 20 to Re = oco. The present approach is then applied to the lid-driven cavity problem with
standard non-slip boundary conditions. Physically reasonable solutions are obtained for Reynolds numbers as high as 3200,
using 63 grid points in each spatial dimension. Our results indicate that wavelet methods are readily applicable to those
dynamical problems for which the existence of possible singularities demands highly accurate solution methods. © 1998

Elsevier Science B.V.

PACS: 02.70.Rw; 02.30.Mv; 02.60.-x; 52.35.Mw

1. Introduction

In statistical mechanics, nonlinear partial differen-
tial equations (NPDEs) often arise when only part of
the degrees of freedom in a physical system are ac-
counted for explicitly. Since this is the standard ap-
proach in treating macroscopic systems, such equa-
tions are ubiquitous in the physical sciences and en-
gineering. There are no general analytical solutions to
most NPDEs of interest. Further, despite extensive ef-
forts, finding numerical solutions for such equations
is still a challenge because of the possible existence of
singularities and/or homoclinic orbits that can induce
instabilities or sharp transitions between different re-
gions of “solution space” [1]. These difficulties can
occur in many physical systems, including black holes
in astronomy, shock waves in fluid flow, vortex sheets

in high Reynolds number incompressible fluid flow,
and burst zvents in wall regions of turbulent bound-
ary layers. Computational difficulties associated with
these phenomena typically result from changes occur-
ring over a broad range of spatial scales. The presence
of these features can cause difficulties for numerical
algorithms and can lead to numerically induced spa-
tial and/or temporal chaos [2].

The Navier-Stokes equations provide an especially
important ¢xample because of their wide applicabil-
ity to modelling such diverse phenomena as weather,
aerodynamic flow, chemical reacting flows, etc. These
phenomena typically depend critically on compli-
cated boundary conditions which in themselves can
lead to very rich multiscale behavior of a flow. Com-
plicated boundary conditions create difficulties for
global basis set expansion methods. Consequently,
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the most widely used solution techniques for solving
the Navier-Stokes equations are local, such as finite
difference or finite elements methods. However, these
can encounter difficulties in delivering sufficiently
accurate spatial derivatives, especially in regions of
transition in scale lengths.

Recently, attention has been given to using wave-
less {3437 fon dus preapras Ircaase o an okadirdd
character in either Fourier or physical space. How-
ever, to date these attempts have not fuifitied their ini-
tial promise. In our view, there are two major difficul-
ties in applying wavelet methods to solve the Navier—
Stokes equations. The first is that treating complicated
boundaries, while simultaneously carrying out a mul-
tiresolution analysis, has proved problematic. The sec-
ond difficulty is that most existing wavelets are not
smooth and rapidly decaying in both the physical and
Fourier domains. These include wavelet systems such
as the Haar, Shannon, Meyer, Daubechies and Battle-
Lemarié wavelets [ 14-16]. An exception is the Gaus-
sian family of “wavelets” [16], which do have opti-
mal smoothness and localization in both physical and
Fourier spaces. However, it is costly to achieve high
accuracy using these.

Recently, Hoffman, Kouri and coworkers [17-21]
have developed alternative methods based on dis-
tributed approximaung functionais { DAYs) and have
successfully applied them to a variety of computa-
tional problems (e.g., linear and nonlinear PDEs,
signal processing, and various manipulations of ex-
pecimental data}. DALS have beea shawn ta have
mathematical properties in common with wavelet
“scaling functions” and have been used to create fam-
ilies of wavelets. We refer to these DAF scaling func-
tions as wavetet-DAFs, and the associated {(mother)
wavelets as DAF-wavelets [22,23,25]. These are in-
finitely smooth and well localized in both physical and
Fourier spaces. Furthermore, by appropriate choice
of DAF parameters, they can be wade achitcacdy
close to ideal band-pass filters [19,22,24]. To date,
DAFs have in general been used without recourse to
multiresolution analysis, by simply tuning the DAF
parameters to yield any desired (e.g., machine) accu-
racy [22,24-28]. All of the calculations in this study
also focus on achieving high accuracy, without mak-
ing use of muttiresotution anatysis. Taking advantage
of the multiresatution capadbilities of wavelet-DAES (g,
of caurse, sl an tmgparane and challengiag prablem
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Fig. 1. The Shannon-Gabor-DAF wavelet. Solid line: the
wavelet-DAF; dashed line: the DAF-wavelet.

which we will address in future work. In this regard,
wavelet-DAFs show substantial promise because one
can work solely in the physical space with guaranteed
localization and smoothness in Fourier space.

This paper is organized as follows. In Section 2
we give the expressions for discretizing the NPDEs,
and briefly discuss the numerical algorithm. Results of
applications are discussed in Section 3 and Section 4
contains our conclusions.

2. Numerical algorithms

The Shannon-Gabor wavelet-DAF (in 1-D) is
giver by (23]

H i
sin [Z(x — x;)] oG- /20?

dsgwp (X — Xi) =
T(x—x)

(B

where A is the grid spacing and o is a scale parame-
ter. These wavelet-DAFs have optimal time-frequency
localization as well as both smoothness and rapid de-
cay properiies {see Fig. 1). The nth order derivative
operator is generated by

d [sin [Z(x - x)]
5(") —x) = Y SN |
swp (X — Xi) dxn[ T(x—x)

cerimarn] @

The wavelet-OALF approximation (0 a function and its
e derivative are given by appropriate convolfutions,
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which in the trapezoidal rule quadrature approxima-
tion are given by

w
F(x) = Y 8sewo(x — x) F(x) (3)
i=—W
and
w
FO(x) ~ Y 88wp(x = x) F(x) (4)
=—W

where the kernel is banded, with total bandwidth
2W + 1, because of the rapid Gaussian decay. For
the two-dimensional flow problems we consider, we
simply employ a direct product of DAFs in x and y.
(There are generalizations of the DAF-wavelets that
treat multi-dimensional problems without assuming a
product form and one may also carry out calculations
which employ Monte Carlo type sampling.) In the
calculations reported below, we use a half-band width
W of 32 and o /A = 3.3. An important aspect of the
DAF expressions for approximating a function and
any of its derivatives at any point x is that they are
completely unaffected by the fact that, used in a tra-
ditional manner, the Shannon-Gabor wavelet-DAF is
not orthogonal. In fact, in the theory of DAFs, it has
been shown that the DAFs correspond to using a dif-
ferent basis for each point. The expansion coefficients
are determined by a variational technique which turns
out can be solved to arbitrarily high accuracy, so that
one avoids having to compute the overlap matrix be-
tween different non-orthogonal functions [19,20,23]
We consider the time-dependent, incompressible
fluid Navier-Stokes equation in the primitive variable
formulation,
v

1,
E..{.V.VV_—VP—Q—EVV in 2, (5)

with the incompressibility condition,
V-V=0 in£. (6)

Here, V is the velocity field, p is the pressure, and
{2 is the domain of the flow. We shall examine two
separate boundary conditions, namely periodic (the
Taylor problem) and the more usual requirement that
the fluid velocity at the wall, V = V |4y, is equal to the
local velocity of the wall. Since our primary emphasis
is on the spatial discretization, we will use a simple

first order time approximation with a forward Eulerian
scheme for the nonlinear convection and a backward
Eulerian scheme for the diffusion [29]. That is (using
standard notation),

Vn+1 -y 1
VROV = - a+1/2 2yn+1

Ar + Vp + Rev

in 2, (7)

where n + 1 stands for the present time step. The
pressure is treated as an intermediate force field and is
approximated by the divergence of Eq. (7). This leads
to a Poisson equation evaluated between the time steps

V2pn+l/2 - frl in 0, (8)
where

V"
fr= VAt V(YT (9)

The Poisson equation for pressure plays the role of
the incompressibility condition (6) in the solution do-
main, provided that the boundary condition is satis-
fied [30]. As is well known, part of the difficulty in
solving the incompressible Navier-Stokes equation is
that both the governing equations and the boundary
conditions are overspecified for the velocity field, and
there is no unique governing equation and boundary
condition for the pressure. Otherwise, the incompress-
ible equation is easier to solve numerically than its
compressible counterpart, because the latter has so-
lutions containing possible shock waves and contact
discontinuities.

In the present work, we employed wavelet-DAFs to
achieve extremely high accuracy. This involves using
the differentiating wavelet-DAF expression, Eq. (4),
to convert the Egs. (7) and (8) into inhomogeneous
algebraic equations. Then one alternates between solv-
ing the algebraic equations arising from Eq. (7) and
updating the pressure by solving Eq. (8). Next, one
solves the algebraic equations due to Eq. (7), and so
on. At each time step, we used matrix diagonalization
to solve each of the two sets of inhomogeneous al-
gebraic equations generated by the DAF-wavelet dis-
cretization of the Poisson-like equations (7) and (8).
A wavelet-DAF-FFT solver for these equations, which
will take advantage of the banded, Toeplitz structure
of the DAF-wavelet matrices, is under development.
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3. Applications

To illustrate the accuracy and robustness of the
wavelet-DAF method for solving the incompressible
Navier-Stokes equation, we consider two different
numerical examples. Since one of the difficulties in
solving the Navier—Stokes equation is associated with
the boundary conditions, we chose to consider two
different boundary conditions, namely, periodic and
non-slip. The first example is the Taylor problem [33],
which is analytically solvable. Thus, it provides an
ideal test for various solution approaches [34,35].

The second example is the cavity flow, which is an-
other commonly used benchmark problem for testing
Navier-Stokes solvers [36-38]. Our DAF-wavelet re-
sults are presented in the following two subsections.

3.1. Periodic boundary conditions

We consider Eq. (5) in a square [0,27] x [0, 27]
with periodic boundary conditions in both dimensions.
The initial values for the velocity vector V = (u,v)
are taken to be

u(x,y,0)=—cos(x)sin(y),

v(x,y,0)=sin(x) cos(y), (10)

and obviously satisfy the incompressible condition
uy + vy = 0. The analytical solutions are given by
u(x, y, 1) = —cos(x) sin(y)e 2/Re
—2t/Re )

(1D

v(x,y,t) =sin(x) cos(y)e

Our calculations are conducted at a variety of
Reynolds numbers ranging from Re = 20 to Re = 0.
A total of 32 grid points in an interval of [0,2] in
each dimension is used for testing the accuracy of our
wavelet-DAF approach. The L, integration errors for
four times (¢ = 0.5,1.0,1.5,2.0) and various time
meshes are listed in Table 1. The overall errors are
extremely small due to the high accuracy of approxi-
mating spatial derivatives. The errors are shown to be
clearly first order in the time discretization. The L,
errors for various Reynolds numbers are listed in Ta-
ble 2. Our results are much more accurate than those
reported by E and Shu [34] using an “essentially
non-oscillatory” scheme (ENQ) with the same num-
ber of grid points. However, a detailed comparison

Table 1

21

L errors of the numerical solutions for the Taylor problem (Re =
1000, N =32)

At

t=0.5

1=1.0

t=1.5

t=2.0

0.1
0.05
0.01
0.005
0.001
0.0005
0.0001
0.00001

3.23(-07)
1.62(—07)
3.23(-08)
1.62(—-08)
3.23(—09)
1.62(—09)
3.27(-10)
7.29(—11)

6.46(—07)
3.23(-07)
6.46(—08)
3.23(—-08)
6.46(—09)
3.23(—09)
6.53(—10)
1.39(—10)

9.68(—-07)
4.84(-07)
9.66(—08)
4.84(~08)
9.68(—09)
4.84(—09)
9.78(—~10)
2.00(~10)

1.29(—~06)
6.45(—07)
1.29(-07)
6.45(—08)
1.29(—-08)
6.45(—09)
1.30(-09)
2.53(—10)

Table 2

L; errors of the numerical solutions for the Taylor problem (Af =
0.001, N = 32)

Re

t=05

t=1.0

t=1.5

t=20

20

180

1000

10000

100000
oo

7.70(-06)
321(-07)
3.23(-09)
3.20(—-11)
7.01(—-13)
5.59(—15)

1.46(~05)
6.35(-07)
6.46(—09)
6.39(—11)
1.39(—12)
7.46(~15)

2.10(—~05)
9.43(-07)
9.68(—09)
9.60(—11)
224(-12)
1.03(—14)

2.65(—05)
1.24(—-06)
1.29(-08)
1.28(—10)
3.28(—-12)
1.38(—14)

is not possible because these authors did not report
the time meshes used in their integrations (as shown
in Table 1, our approach reaches machine accuracy
when the time mesh is sufficiently small). We also
note that, although we use a grid spacing about three
times larger than those used by Braza et al. [35], our
wavelet-DAF results are substantially more accurate
(they used a predictor-corrector pressure method,
with a finite-volume second-order-accurate scheme
and an alternating-direction-implicit procedure). It is
interesting to note that the wavelet-DAF approach be-
comes even more accurate when the Reynolds number
increases, reaching the computer limit of accuracy
at Re = oo. This observation has not been reported
previously. This indicates that our wavelet-DAFs pro-
vide an extremely accurate spatial discretization for
the incompressible Navier-Stokes equation.

3.2. Shear-driven cavity flow

Laminar flow in a square cavity, whose top wall
moves with a uniform velocity in its own plane, has
served as a model problem for testing and evaluat-
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ing various numerical techniques for decades. On the
one hand, the geometry of the problem is so simple
that technical aspects can be easily compared in nu-
merical tests. On the other hand, singularities occur
at the corners of the model, which make it a nontriv-
ial problem. In fact, there is an open question for this
system about the possible appearance of a Hopf bifur-
cation at some critical values of the Reynolds num-
ber [39]. This has stimulated a new wave of both the-
oretical and numerical studies on the system. Whether
such a bifurcation can indeed be detected by numeri-
cal methods is not altogether clear at this point due to
the limited accuracy of conventional numerical tech-
niques and limited computer capacity. Some resulits,
obtained by spectral methods with regularized bound-
ary conditions [40], gave strong indications that the
continuous system could bifurcate to a periodic flow.
However, additional studies, based on more accurate
and reliable approaches, are required to draw a defini-
tive conclusion. Our wavelet-DAF approach appears
to be promising for resolving this open question. How-
ever, since the objective of the present work is simply
to introduce our method for fluid dynamical problems,
we shall not address this question in the present study.

The laminar incompressible cavity flow has singu-
larities at its corners where high accuracy is required to
describe the vortices. Gervais et al. [41] use a confor-
mal image of the regular mesh by the mapping X (i) =
sin?( %fn'x(i)), Y (i) = sin’( %fn'y(i)) to achieve better
resolution at corner regions. As shown in the previous
example, the wavelet-DAF discretization provides ex-
tremely high accuracy for spatial discretizations. This
feature is utilized further in the present example by
combining the wavelet-DAF accuracy with a some-
what different conformal mapping so as to achieve
even greater accuracy with a smaller number of grid
points. To this end we consider a transform in the do-
main of [0,1] x [0, 1],

[tan A, (x — ) +tan A, /2],
(12)

[tan Ay (y — :1—2) +tanA,/2],
(13)

where the mapping parameters 0 < A, < 7 and 0 <

A, < 7 are used to adjust the grid density distribu-
tion in each dimension. In general, larger A, and A,

1
X{(x)=—
() 2tan A, /2

1
Y(y) = ————
) 2tan A, /2

distribute more grid points in the corners, where they
are needed for the cases of high Reynolds numbers.
The boundary conditions are chosen as non-slip on
three walls for both u and v; 4 and v are symmetri-
cally extended outside the walls so that their (ficti-
tious) values in these regions can be used to estimate
the derivatives near the boundaries. On the upper lid
and beyond, v and u are set identically to 0 and 1,
respectively. Neumann boundary conditions are used
for the pressure.

Four different values of Reynolds numbers, 100,
400, 1000 and 3200, are considered in the present cal-
culations, which used 63 or fewer grid points in each
dimension, in contrast with the 129 points, in each di-
mension, typically used for this problem [36]. The
time mesh used for ali cases is Ar = 0.002. When
Re = 3200, a total of 60 time units is used for the
time integration. All other results are iterated up to 30
time units or fewer. We note that for relatively small
Reynolds numbers, 100 and 400, convergence is at-
tained in under 5 time units. Fig. 2 shows streamlines
for the solutions subject to the above four Reynolds
numbers. The streamline plots show a large primary
vortex near the center of the cavity, along with two
secondary vortices at the bottom corners. A shift of
the center of the primary vortex toward the center of
the cavity and a growth of the secondary vortices can
be noted as the Reynolds number increases. The left
and right asymmetry increases as the Reynolds num-
ber increases. This behavior is characteristic for this
system.

4. Conclusion

We have numerically solved the incompressible
Navier-Stokes equation, with two different boundary
conditions, using our wavelet-DAF approach. The
approach is shown to provide highly accurate results
while using a relatively small number of grid points
in solving the periodic Taylor problem (a standard
problem for testing fluid dynamics methods). In par-
ticular, our results are much more accurate than the
near-fourth-order, essentially non-oscillatory (ENO)
scheme used by E and Shu. Only about a third of the
number of grid points are required for our wavelet-
DAFs to achieve the same accuracy as that obtained
by Braza et al. [35] using their second order method.
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60

Fig. 2. The streamlines at different Re values: (a) Re = 100, N = 52, A, = 1.0, Ay = 1.0; (b) Re =400, N =54, Ay = 14,4, = 1.0; (¢)
Re = 1000, N =58, A, =2.0, 4, = 1.0; (d) Re =3200, N = 63, Ay = 2.0, A, = 1.2. All results are plotted with a 129 x 129 grid.

In the case where the Reynolds number approaches
infinity, our method yields results of machine accu-
racy. This is an indication of the superior accuracy of
our wavelet-DAF approach for spatial discretizations.
In our second example, a benchmark driven cavity
problem, we integrate the system with 63 grid points
or fewer, in each dimension, for Reynolds numbers
as large as 3200. Results of similar accuracy have
previously been obtained using 129 grid points in
each spatial dimension [36]. The streamline plots

indicate that our results correctly describe the physics
and are consistent with those of other authors [36].
Our results indicate that our wavelet-DAF approach
offers significant advantages over conventional local
methods in terms of accuracy, and that it is superior to
existing global methods in its ability to handle bound-
ary conditions. We believe that various wavelet-DAF
methods can play an important role in fluid dynami-
cal computations where singularities, such as vortex
sheets, burst events and shock waves, can be present.
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