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Abstract

The method of distributed approximating functionals (DAFs) is applied to Burgers’ equation, as a typical nonlinear
PDE, in one and two space dimensions. This equation is similar to, but simpler than, the Navier-Stokes equation in fluid
dynamics. The present approach uses DAFs for spatial discretization and a Taylor expansion for time discretization. Several
moderately large values of the Reynolds number are considered in the present application. The results obtained, which are
in excellent agreement with the formally exact series solutions, are compared with those obtained by other authors using
various different methods. It is found that a simple numerical propagation scheme based on DAFs provides highly accurate
numerical solutions for Burgers’ equation, while requiring very few grid points. © 1998 Elsevier Science B.V.

PACS: 03.65.Db; 03.65.Nk; 03.80.+r

1. Introduction

One of the most important tasks in fluid dynamics is to predict physical quantities such as pressure, velocity
and temperature of a given flow. The fundamental equations for the transport of these properties are the
equations of continuity, motion and energy balance. For a compressible viscous fluid, the equation of motion
is the Navier-Stokes equation. Even using modern computers and for a system of incompressible flow, the
full solution of this equation is still difficult to obtain numerically in the full domain of physical interest.
One of the major sources of difficulties are the inviscid boundary layers produced by the steepening effect of
the nonlinear advection term. This same difficulty is also encountered in Burgers’ model of turbulence [1].
Burgers’ equation [1], in one space dimension, given by
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is a nonlinear partial differential equation where u(x,t) is a velocity-like field and » is a small parameter that
plays the role of the viscosity. In the » = O limit, Burgers’ equation reduces to the momentum equation of a
gas, describing the velocity, u, transported by the fluid motion itself, namely
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This equation has been used for testing certain numerical schemes. The solution to Eq. (2) is highly oscillatory
as has been shown by Jamet and Bonnerot [2] using isoparametric rectangular space-time finite elements. This
phenomenon is due to shock wave fronts produced by the nonlinear steepening of the momentum wave. On the
other hand, if one neglects the nonlinear term, then Burgers’ equation resembles the heat equation
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(given an appropriate interpretation of variables). The competition of nonlinear advection and viscous diffusion
is controlled by the parameter » in Burgers’ equation, and determines the behavior of the solution. There is
thus an analogy between Burgers’ equation and the Navier-Stokes equation in the roles played by the nonlinear
advection and the viscous diffusion terms, and for this reason the analytical solvability of the former makes it an
important model of fluid dynamics. It is customary to test new methods in this field by applying them to Burgers’
equation. As a consequence various numerical methods have been proposed for its solution. Varoglu and Finn
have presented an “isoparametric, space-time, finite element method” [3] for solution, utilizing the associated
hyperbolic differential equation. They obtained very high accuracy and numerical stability with a reasonable
number of elements and time steps. Their method is to be compared with a least-square, weak formulation of
the finite element method used by Nguyen and Reynen [4]. Caldwell et al. [5] have further developed the finite
element method to allow different sizes of elements at each stage, based on feedback from the previous step. A
generalized boundary element approach has been proposed by Kakuda and Tosaka [6]. These authors have given
accurate results for moderately small » and have compared their results with those of Varoglu and Finn [3]
and of Nguyen and Reynen [4]. Bar-Yoseph et al. have recently discussed a number of space-time, spectral-
element methods for solving Burgers’ equation [7]. Arina and Canuto [8] have approached the equation by
a self-adaptive, domain decomposition method called the y-formulation. Various finite difference schemes for
Burgers’ equation have been compared by Biringen and Saati [9]. Shizgal et al. [10} also have compared
different spectral methods for solving this equation. Arminjon and Beauchamp have considered numerical
solutions of Burgers’ equation in two spatial dimensions with » = 1.0 using a finite element method [11].
Distributed approximating functionals (DAFs) have been recently introduced [12,13] as a computational
tool for treating a variety of physics and chemistry problems, with particular emphasis on solving both the
time-dependent and time-independent Schrédinger equations for discrete (eigenvalue) and scattering solution
boundary conditions. They have also been used for analytically fitting finite, discrete sets of potential energy
surface data points. Various forms of DAFs have been proposed for a variety of different problems [15-21].
A recent study [22] indicates that the DAF method delivers the same level of accuracy as do spectral methods
when used for solving the Fokker-Planck equation with nonlinear drift and diffusion coefficients included. In
this paper we explore the usefulness, test the accuracy and examine the limitations of the DAF method for
fluid dynamical problems. We have also computed solutions of Burgers’ equation in two spatial dimensions for
several values of Reynolds number. For a low Reynolds number, our results are in excellent agreement with
those of Arminjon and Beauchamp [11], while using fewer grid points. It is found that for moderately small
v values (i.e., moderately large Reynolds numbers), the DAF approach provides the most accurate numerical
results yet available (up to 9 significant figures), while requiring a small number of grid points and permitting
the use of reasonably large time steps.
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The organization of this paper is as follows. The DAF formalism is briefly reviewed in Section 2. Although
a complete and systematic discussion of DAFs is beyond the scope of the present paper, we outline the
particular DAF formalism (the Hermite DAF) that is used throughout this work. (It should be noted that
there is an intensive, on-going effort devoted to the further theoretical development of DAFs.) Section 3
describes a simple time discretization scheme and reports the results for solving Burgers’ equation with various
moderately small values of the parameter v and a typical choice of initial-boundary conditions. The results
are compared with the formally exact, series solutions [23,24] and with results obtained using various finite
element methods [3,4,6] where available. A more detailed comparison is made between the very accurate
results of Kakuda and Tosaka [6] and ours (which is possible because these authors have tabulated a portion of
their results). For » not too small, only a very few grid points (10 points for » = 0.1) are required for the DAF
method. To evaluate the solution on a very fine mesh grid, we make use of the fact that the DAF-discretization
of the partial differential equation is equivalent to an analytical DAF-fit of the solution over over the domain
of definition. This enables us to demonstrate that the DAF-solution is of the same order of accuracy off the
grid as it is on the grid. Numerical solutions of Burgers' equation in two space dimensions are also presented.
The present calculations include two » values (» = 1.0 and » = 0.01). For the parameter v = 1.0, considered
previously by Arminjon and Beauchamp [11], the DAF-based results converge rapidly with very few grid
points in each spatial dimension. A brief conclusion is given in Section 4.

2. The distributed approximating functional formalism

The distributed approximating functionals (DAFs) have been introduced [12,13] as a mapping of a certain
set of continuous L2-functions approximately onto themselves, accurate to a given tolerance. The set of all
such functions is termed the DAF-class. Again, to a specified accuracy, DAFs can be discretized so that the
mapping samples the class of functions of interest only on a grid of points. One of the important properties
of certain DAF fits is that they are well-tempered [21] (by which term we mean that both the DAF-class
functions and their derivatives, up to some order, are approximated to the same order of accuracy both on and
off the grid). The continuous DAF-mapping is then, by definition, always well-tempered. We remark that the
continuous DAF-mapping is exact for polynomials of degree M + 1, where M is the degree of the highest
polynomial used for constructing the DAF. Polynomials, of course, are not L?, which is why the mapping or
fitting is approximate for L? functions.

The ability of DAFs to provide an analytical representation of a function and its derivatives in terms of a
discrete set values of the function only is central to its successful use in various computational applications. A
variety of realizations of DAFs have been proposed, depending on the nature of the application of interest. We
shall limit the following discussion to the Hermite DAF on a grid (derived by discretization of the continuous
Hermite DAF), which is the form utilized exclusively in the present work [12]. For simplicity, we illustrate
only the one-dimensional DAF formalism. The generalization to more dimensions is straightforward.

It is well known that the functional 6(x — x’) (known as the Dirac delta function) has the properties

X0

f(x) = /S(x—x')f(x')dx', (4)
P = /5”’(x—X’)f(X’)dx’, (5)

where the superscript (/) denotes the Ith derivative. However, relations (4), (5) are of little numerical utility
for practical computations; e.g., they cannot be approximated directly by quadrature. The DAF approximation
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to the §(x — x’) can be constructed by using the even Hermite polynomials H, (because the delta function is
an even function of its arguments) as

, 1 —(x—x')? -1\" 1 x—x
w1 = goo () 2 (3) e (7)) ©
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Obviously, for any fixed o, the Hermite DAF 8y (x — x’ |o) becomes identical to the delta function when the
degree of the polynomial M goes to infinity. That is,

lim Sy(x—x' o) =8(x—x). (7
M-—oc0

On the other hand, for fixed M, the Hermite DAF becomes identical to &(x — x’ ) in the limit ¢ — 0,
linBSM(x*x’ o)y =8(x—x'). (8)
O~

In analogy to the functional properties given in Eqs. (4) and (5), the continuous DAF-mappings are

o0

f(x) = foap(x) = / u(x —x"|o) f(x') dx', (9)

FO(x) m fOe(x) = / 80 (x — x' o) f(x') ', (10)

where 61(‘? (x — ' |o) is termed a “differentiating DAF”, and is given by

M/2

> (5 l)n(— Vs (S22, (11)
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8¢ (x — x' o) = 2211 SXP ( 202 )

The Hermite DAF expressions, Eqs. (9) and (10), can be dlscretlzed by quadrature, thereby providing a
computational scheme for generating continuous fpar(x) and fDAF(x) representations from knowledge of
S(x) on a discrete grid of points (the quadrature points). With an appropriate choice of M and o, the Hermite
DAF thus provides a controllable approximation to DAF-class functions at any x-value of interest, namely

F(xX) = foar(x) =AY Suy(x — xilo) f(x:) (12)

where A is the grid spacing. This is the expression used for DAF-fitting coarse grid solutions in Section 4.
Moreover, discretized differentiating DAFs provide a controllable approximation to d'[8(x — x’ )] /dx!, and
therefore can be used to generate analytic derivatives for the DAF-class of functions at any x-point according
to

) =Azaﬁ)<x—xi|o->f(x.~). (13)

This important feature makes the DAFs a powerful computational tool for solving various ordinary and partial
differential equations. In particular, a given operator of the general form

9 3?
L=A(x)+B(x)5;+C(x)5;5+~- (14)

has the Hermite DAF representation
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L(x;, x;) = A(x) 6y
M/2

LA —(x,»—x,)z) (:1) L (x,——xj)
+B(x,)\/§a_2exp( 57 ; ) ( )——\/2—;’1!}‘12"+1 Jio
/2 ;
A ~ =3\ ¥ (:_1) et (25)
+C(x.)ﬁa3exp< 557 >§ 7) Tt T, )t (15)

This is the form that is most useful for ordinary differential equations and partial differential equations. It can
also be used directly for numerical diagonalization for eigenvalue problems.

The most attractive properties of the Hermite DAF for solving differential equations can be summarized as
follows: (i) It transforms ordinary and partial differentiation into action with an appropriate integral kernel,
which, when evaluated by quadrature, reduces these operations to matrix-vector multiplication. (ii) The Hermite
DAF leads to highly banded representations of derivatives, and consequently is similar in this regard to finite
difference and finite element methods. This is in contrast to the global nature of spectral methods, which makes
their practical applications for complicated boundary condition and complex geometry problems difficult. Thus,
in these two points, the DAF method possesses the best features of earlier approaches. It has sufficient flexibility
to handle complicated boundary conditions and geometries, where the dominant methods are finite differences
and finite elements, while delivering an accuracy characteristic of spectral methods. Since the DAF does
not require a Gaussian or fixed sampling quadrature rule in its discretization, the number of grid points is
not restricted by the degree of the polynomial. This implies that DAFs can be used for an arbitrarily large
domain without introducing a large number of basis functions. (iii) Unlike spectral methods and finite element
methods, the DAF method is extremely simple and entails low CPU costs. The DAF matrix and its derivatives
are calculated once for all purposes in a computation. In addition, Bg,’,)(x —x" ) and 8 (x — x’ ) both depend
only on (x — x’ ), and as a result, the DAF matrices (on a uniform grid) have a Toeplitz structure. Thus, one
needs to store only (W + 1)-numbers for 55‘?()@ —x; ) (each ) and for 8y (x; — x; ) in order to generate the
DAF matrices (here 2W + 1 is the DAF-band width). (iv) The DAF-matrix acting on a vector can be evaluated
by fast convolution, so the effort of evaluating expressions like Eqgs. (12) and (13) scales as N log,(2W + 1),
where N is the number of grid points.

The robust nature of the DAF-approach is illustrated by applying the method to Burgers’ equation in one
and two space dimensions in the next section.

3. Numerical applications

In order to demonstrate the method’s usefulness, test its accuracy and explore the limitations of the DAF
method for fluid dynamical problems, we study the nonlinear Burgers’ equation (1) as a numerical example.
A Taylor expansion scheme for the time discretization is discussed in Subsection 3.1. Subsection 3.2 presents
the numerical results of 1-space dimension for a typical set of initial-boundary conditions. The results for
various » values are compared with values obtained using the formal series solution, or those obtained by other
authors using various methods. Well-tempered DAF solutions are presented in Subsection 3.3. Results off the
grid are compared with both series solutions and those in the literature. Subsection 3.4 treats Burgers’ equation
in 2-space dimension for several values of Reynolds number. In the present computation, the Hermite DAF
parameters are taken as M = 88 and o = 3.05A, for all cases.
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3.1. Numerical scheme

To solve initial value problems of nonlinear partial differential equations by an explicit method, a time
discretization scheme is required. In the present case we shall utilize the particularly simple strategy of a Taylor
expansion in time, using the PDE to evaluate the time derivatives. However, we point out that the DAF approach
can be used with many other time propagation schemes as well.

Let us consider a general class of nonlinear equations of the form

a“(a"t' D 2wy (x, 1) = L(x, £ ux, 0)u(x, 1) = LIDu(x 1) | (16)
The Taylor expansion of Eq. (16) is giving by
(AD)" 9"

u(x t+ A1) = —u(x)

n=0

(an? ., /
Ru(x, 1) + AL(Du(x, 1) + = [L2(1) + Li(2)] u(x, 1)
(At)3 3 ! ’ "
+5 [L2(1) + L) Ly(1) + 2L () L(1) + Lyy] u(x, ) + -+ - . (17)

It is understood that we evaluate all quantities on the right-hand side of Eq. (17) at time ¢. This is the expression
used for the present computations. Numerical tests indicate that a truncation at the term which is linear in At
(first order expansion) is good for sufficiently small Ar’s. However, for a larger Az, it is necessary to retain
up to quadratic terms in At (second order expansion) or terms of even higher order to achieve the desired
accuracy and numerical stability. For a given time ¢, the DAF representation of Eq. (1) is constructed according
to Eq. (15). A more detailed discussion is given in the next subsection.

3.2. Numerical results

We consider Eq. (1) with the following initial-boundary conditions:

u(x,0) =sin(wx),
u(0,t) =u(1,1) =0. (18)

A formally exact solution [23] for this problem is available as an infinite series for the parameter range
v > 0.01. As noted by Miller [25], the infinite series converges too slowly for it to be of practical use for
v < 0.01. The present work is limited to moderately small » values (» = 0.1, 0.01 and 0.005). For smaller
v values, a significant decrease in the grid spacing and a reduction in the time increment are required for the
solution to be stable. The numerical parameters and mesh data used for the present study are summarized in
Table 1.

The numerical solution obtained from the DAF approach, using the second order Taylor expansion for » = 0.1,
and the series results [23] are shown in Table 2 and Fig. 1. The present DAF results are obtained using a time
increment of Ar = 0.025; 10 grid points were used in discretizing x. As is seen from Fig. 1, the series solutions
and the DAF calculations agree to graphical accuracy. In this case we are able to make a detailed comparison
between our results and the accurate numerical results by Kakuda and Tosaka [6], obtained by using their
generalized boundary element approach, since these latter authors have tabulated a portion of their results. Their
results were obtained by using 40 elements and up to 5 iterations. A plot of their pointwise absolute errors
for four different times and our corresponding errors is given in Fig. 2. It is seen that, although much less
computational effort and fewer grid points are required in the DAF approach, it provides much higher accuracy
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Table 1
Data for applications
Dim. v At N Expand. order Fig. no. Table no.
1 0.1 0.025 10 2 1,2 2
1 0.1 0.0t 15 4 3
t 0.1 - - - 6,7 7
1 0.01 0.0t 45 2 34
1 0.01 0.01 50 2 4
1 0.01 0.01 25,30,35,40,45,50 2 5
1 0.01 0.01 25,30,35,40,45,50 1 6
1 0.005 0.005 80 2 5
2 1.0 0.002 10x 10 4 8
2 1.0 0.0005 20x20 4 8
2 0.01 0.002 80x 80 4 9
2 0.0t 0.001 100x 100 4 8 9
Table 2
Numerical solutions for » = 0.1 (N =10, At =0.025)
X u(x,0.05) u(x,0.25) u(x,0.75) u(x,1.50)

series present series present series present series present
0.0 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.1 0.25869 0.25919 0.16026 0.16056 0.08342 0.08350 0.04374 0.04376
0.2 0.50005 0.50062 0.31623 0.31672 0.16652 0.16564 0.08575 0.08578
0.3 0.70646 0.70663 0.46300 0.46348 0.24448 0.24464 0.12394 0.12340
04 0.85990 0.85951 0.59409 0.59436 0.31738 0.31755 0.15556 0.15563
0.5 0.94237 0.94176 0.70001 0.69990 0.37892 0.37906 0.17691 0.17698
0.6 0.93743 0.93706 0.76530 0.76478 0.41922 0.41928 0.18327 0.18334
0.7 0.83343 0.83348 0.76372 0.76295 0.42093 0.42090 0.16962 0.16969
0.8 0.62896 0.62921 0.65373 0.65305 0.35896 0.35885 0.13253 0.13259
0.9 0.33936 0.33954 0.39259 0.39226 0.21312 0.21302 0.07323 0.07327
1.0 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
Table 3
Errors obtained using second order Taylor expansion (v = 0.1, Ar =0.01, N =15)
t =0.05 t=0.25 =075 t=15
1‘2 Loo LZ Loo Loo Loo
8.00(-8) 1.43(-7) 3.88(—8) 7.62(-8) 7.61(-9) 1.47(-8) 2.03(—-9) 3.11(-9)

at all times. Even higher accuracy than that shown in Table 2 is easily obtained with the DAF approach. This
is seen from Table 3, where a slightly smaller time increment (A7 = 0.01) and 15 grid points are used. The
accuracy of the DAF approach is about 9 significant figures for later times. A fourth order Taylor expansion in
the time is used for this particular calculation.

In Table 4 we list the series solutions [23] and the DAF calculations using the second order Taylor expansion
for parameter v = 0.01, with a time increment of At = 0.01 and using 50 grid points. We also test the accuracy

and stability by varying the number of grid points. Results have been obtained with the following number of

grid points:
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ufx,t)

and Tosaka (100 elements and 5 iterations).

Fig. 1. The solutions of the Burgers equation for » = 0.1, At =0.025. Solid line: series; Triangle: present (10 grid points); Square: Kakuda
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Fig. 2. The pointwise absolute errors from the solutions of the Burgers equation (v =
points); Dash: Kakuda and Tosaka (100 elements and 5 iterations).
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