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A two-Liouville space scattering theory is formulated in order to understand and by-pass the chan-
nel strong orthogonality assumption standardly used in most quantum kinetic theories of reactive
gases. This two-Liouville space scattering theory can be regarded as an adaption of the two-Hilbert
space theories of Kato and of Chandler and Gibson to density operators. The aspects of superspace
scattering theory presented here are consistent with the existing (one-Liouville space, non-reactive)
formalism of Jauch and coworkers. Mgller superoperators and transition superoperators are given
in forms which are convenient for the kinetic theory description of a reactive gas.
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I. INTRODUCTION

The first attempt [1] at a formal theory of reactive gas kinetic theory required an identification of bound and
unbound components of the reduced density operators for the N-particle system. A major difficulty in carrying out
that analysis was the lack of orthogonality of different rearrangement channels [2,3]. In particular, the set of states
for the three-particle channel in which all particles move independently span the total Hilbert space of the three
particles. Consequently, that channel cannot be orthogonal to any other channel. The intuitive treatment for solving
such problems in kinetic theory was to assume strong orthogonality [1]. In contrast, the present paper uses the
existing multichannel scattering theory [4-7] to develop a two-Liouville space scattering theory. It is expected that
this could be a basis for understanding and possibly by-passing the strong orthogonality approximation standardly
used in reactive gas quantum kinetic theory. An initial attempt at such a kinetic theory development has been made
[8] and it is planned to elaborate on this in a future publication.

A two-Liouville space scattering theory is formulated in this paper after reviewing two-Hilbert space scattering
theory. Abstract two-Hilbert space theories have been formulated by Kato [4], Chandler and Gibson [5] and others
[6,7]. There is a certain flexibility in selecting identification operators and channel spaces, and more so when applied
to a particular problem. This theory has been successfully applied to equilibrium statistical mechanics by Osborn and
coworkers [9], with care being exerted to obtain connected kernels in the time independent formalism as emphasized by
Faddeev [10]. A somewhat different two-Hilbert space theory was formulated by Evans in his effort to describe reactive
gases [11]. But for kinetic theory applications, it is appropriate to develop a two-Liouville space scattering theory
because quantum kinetics involves probabilistic arguments and these can only be formulated in Liouville spaces. The
present formulation requires care in the definition of appropriate operator spaces and superoperators. The selection of
superoperators is not unique, and physical considerations are indispensable for making a useful choice. The trace class
norm discussed by Jauch and co-workers [12], and by Snider and Sanctuary [13] for single channel scattering theory in
operator space has been adopted and certain physical arguments about asymptotic channel diagonality are assumed
in order to obtain a two-Liouville space theory that is consistent with the standard chemical picture of a reacting
system. Transition superoperators are defined in a nonsymmetric manner convenient for application to kinetic theory.

This paper is divided into six sections. Section II is devoted to the kinematical description of the channels and their
spaces. In addition to the usual n-particle Hilbert space $), the notion of asymptotic channels and their associated
asymptotic channel spaces are introduced both from a mathematical and a physical point of view. These are combined
to form the asymptotic Hilbert space H. Identification operators mapping the asymptotic channel spaces to the fully
interacting Hilbert space are introduced to connect the two spaces. A time dependent two-Hilbert space scattering
theory is described in Sec. III with the emphasis on Mgller operators. Assuming the existence of all channel Mgller
operators and their adjoints, a brief discussion of asymptotic completeness is given in order to enhance its physical
meaning. The structure and properties of a two-Liouville space suitable for scattering theory is introduced in Sec. IV.
A restriction of the Liouville spaces to be of Hilbert-Schmidt class seems appropriate for the formulation of scattering
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theory. A two-Liouville space scattering theory is formulated in Sec. V. This formalism is guided mainly by the
chemical conceptualization of the problem rather than by mathematical arguments and proofs, but the existence
and properties of the channel superoperators is based on adapting the single channel theory of Jauch et al. [12]. The
notation is chosen to be appropriate for kinetic theory application. Various Mgller superoperators as well as transition
superoperators are of primary importance for kinetic theory and the definition of these quantities is the main objective
of the development. The paper ends with a discussion, Sec. VI.

II. KINEMATICS OF MULTICHANNEL SCATTERING
A. The n-particle Hilbert space $

The states of an n particle system are elements of a Hilbert space §, which can be regarded as the linear span of
all square integrable functions ¥ of R3" or more generally as the direct product

of the separable Hilbert spaces §);, one for each particle j. For simplicity, the particles have been assumed to
be structureless and satisfying Boltzmann statistics. The time dependence of a state is governed by a self-adjoint
Hamiltonian H generating a one-parameter strongly continuous Abelian group of unitary evolution operators

U(t) = exp(—iH?). 2)

Here and throughout this paper £ is set equal to 1. The Hamiltonian H = K + V consists of a kinetic energy operator
K and a potential operator V', which is usually assumed to be pairwise additive and of short range. There may be
n-particle bound states for this Hamiltonian spanning the subspace 9B, but since the emphasis of this paper is on
scattering, the discussion is restricted to states that are orthogonal to such bound states, determining the scattering
subspace o, = B*.

B. Asymptotic channel spaces Hg

For an n-particle system interacting with short ranged potentials, it is possible that, at large times, either positive
or negative, the particles separate into many sets which are spatially separated while the particles within each set
remain interacting with each other. Such sets of particles are referred to here as fragments. Clearly a set of particles
which remain interacting for all time must be in a bound state for this set of particles. The classification of what
asymptotic fragments are possible is thus equivalent to the analysis of what bound states (of the subsystems) are
possible for the given n-particle system. Since the fragments are spatially separated, the bound state of a fragment
is determined by the Hamiltonian for the particular set of particles constituting the fragment. Thus the Hamiltonian
for each possible set of particles needs to be examined to see if it supports one or more bound states.

Corresponding to the total Hamiltonian and on the basis of the indistinguishability of the particles, the simplest
bound states to consider are the dimers satisfying, for particles 1 and 2,

H, 1'(921)12 ‘75.(/21)2 =€ u¢.(,21)2 ) (3)

involving the Hamiltonian for relative motion of the pair with £, negative. It may of course be the nature of Hgl)
that no such bound states exist, in which case no 2-particle fragments can asymptotically arise in a collision. Or there
may be a very large number of such bound states, in which case a 2-particle fragment could be in a superposition
of such bound states. Such a linear combination would be time dependent, not only because of the center of mass
motion, but also because of the different bound state energies. Experimentally, some energy selection process of the
measuring apparatus would usually reduce the linear combination to a single bound state, or to the measurement of a

set, of probabilities for the different bound states. For later purposes it is convenient to define the projection operator
2) _ 2 2
Pb(lg = Z |¢£1)2)<¢.(/1)2 (4)
14

onto the bound states for the pair of particles (it is assumed that the |¢,(,21)2) are orthonormal, (¢,(,21)2 ¢221)2) =0up).



Each relative Hamiltonian er?’l), Hf:l), . -,Hg;) can be examined in turn to determine all the possible kinds of
bound states, equivalently all kinds of fragments, that can occur within the n-particle system.

In a scattering process, each of the n particles must begin and end up in some fragment, so the fragments that arise
will also carry a set of labels describing which particles are in each fragment. Each particular way of partitioning the
n particles into a set of fragments Cy,---, Cp,,--- constitutes a (rearrangement) channel C = {C,,}. Each fragment
C consists of a set of |Cp,| labelled particles with the requirement that )", |Cy,| = n is the total number of particles
in the system. The set of states for channel C' define the asymptotic channel Hilbert space Hg which is equivalent to
the product of the space of L? functions on R3¢, with ¢ the number of fragments in the asymptotic channel C, and
the Euclidean space formed by the products of bound states of the fragments. Thus Hg has the form

He = ) Ho,, (5)

Cm€C

where He, , is the asymptotic fragment Hilbert space for the mth fragment. This is in turn spanned by the tensor
products ®¢,, ® xc,, of the bound states ®c, of the fragment and square integrable functions xc, of R® for the
center of mass of the fragment.

If fragments of all sizes occur, equivalently each Hamiltonian Hr(él) with j =1,2,---,n supports bound states then,
see Appendix A, the number of possible channels for an n-particle system is the corresponding Bell number [14], in
particular for n = 1,2,---,6, the number of channels are 1, 2, 5, 15, 52 and 203, with rapidly increasing numbers for
larger n. This count includes the possibility of total bound states, which are not scattering states. In contrast, if only
dimers (and of course unbound particles) are allowed as fragments, the number of channels is 1, 2, 4, 10, 26 and 76
forn=1,2,---,6, see Appendix A.

The time evolution of an asymptotic channel is determined by a self-adjoint asymptotic channel Hamiltonian H¢

which is dense in H. This consists of the sum of the Hamiltonians H(CL:’"D of the fragments restricted to the bound

states of that set of particles,

Ho= Yy HIWPRE. (6)
CmeC

Apart from the discrete eigenvalues of various subsystems, this Hamiltonian has an absolutely continuous spectrum.
In this way, the motion of an asymptotic channel is characterized by a set of freely moving bound fragments, which
is described by an one-parameter unitary group

Uc(t) = exp(—iHct). (7)

It is important to note that, except for the n-body total bound states, no other bound state is uniquely defined by
the n-particle Hamiltonian H. A bound state of s < n particles is only uniquely defined in terms of an appropriate
s-body Hamiltonian H(). For example, a bound state for the pair (12) is only uniquely defined by the two particle

Hamiltonian Hg) Consequently, except for the n-body total bound states, projections onto bound states in the
n-particle Hilbert space $ are in general not mutually orthogonal and the identity of a bound state of fewer than
n-particles in the Hilbert space §) is not unique. In contrast, a bound fragment is defined only asymptotically in an

appropriate subspace Hg, where the associated asymptotic Hamiltonian H‘C(f:;"‘ is the total Hamiltonian.

C. The asymptotic space H

It is an immediate property of the strongly continuous group, Eq. (7), that the asymptotic channel evolution does
not allow the interaction of asymptotic channels. If channel interaction does happen, the process can no longer be
treated as being asymptotic. This lack of interaction among the different asymptotic channels implies a physical sense
of uniqueness. To further emphasize this property of asymptotic channels, the following two physical arguments are
offered: i) The experimental setup is usually such that a particular state of the n particle system is prepared in a
particular channel and the physical observations are designed to select out (count) a particular asymptotic channel
after scattering, thus the asymptotic state of the system can be uniquely identified as being in a particular channel [6],
thus requiring the asymptotic channel spaces to be mutually distinct; ii) At asymptotic times, the particles belonging
to different fragments are so far apart that their corresponding potential interaction dies out, thus the different
asymptotic channels are unique. This picture of asymptotic physical uniqueness is mathematically implemented by
the notion of asymptotic orthogonality. This involves contrasting the time evolution of the states belonging to different
asymptotic channels through a time limiting process [see Eq. (19)].



In order to make multichannel scattering theory appear simple and conceptually concise, it is convenient to construct
an asymptotic space, which is the direct sum of all asymptotic scattering channel spaces

H= P Ho, ®)

cecC

where C is the collection of all asymptotic scattering channels. It is this construction that leads to the two Hilbert
spaces, namely H and §, and the associated scattering theory which allows a clear distinction between different
asymptotic states and also between asymptotic and fully interacting time evolutions. A function in H is a direct sum
of functions, one in each asymptotic channel

o=@ ®c, where d¢ € He 9)
cec
with a norm defined as
1812 =" |®c|®. (10)
c

The asymptotic Hamiltonian H is defined in terms of the asymptotic channel Hamiltonians and the structure of the
asymptotic space namely, acting on ® € H

H® = (D Hodc. (11)
ceC

D. Identification operators

Each channel Hilbert space He can be identified with a subspace $)¢ of the n-particle Hilbert space $), so there is
an identification operator Jo which carries out this mapping

Jo :Ho = $Hc C 9, (12)
according to
Jo®o =T, V &c € He, with e € Ho C H. (13)

An arbitrary element ® of H is a direct sum of subspace elements, see Eq. (9), so there is a linear identification
operator J mapping the whole asymptotic space H into $), namely

J:H - $, (14)
as a composite of the Jgo
Jd = Z Jo®c = Z T (15)
cec cec

Operators adjoint to these identification operators are bounded and satisfy the mapping relations

Jot 9 - He (16)
and
JU9 - H (17)
Note that, in general
JIIe £, JJU#T. (18)

This completes the kinematical description of the asymptotic channels and spaces of a system of n indistinguishable
particles. Two-Hilbert space scattering theory is based on this structure.



III. TWO-HILBERT SPACE SCATTERING THEORY

Hilbert space scattering involves the association of a scattering state ¥ with an asymptotic state ® at an asymptotic
time ¢ — +o0o. The details of such an association depends on which asymptotic channel evolution operator Ug(t) is
to be used when comparing the full and asymptotic time dependence. Specifically only certain scattering states are
related to asymptotic channel C' and these are determined by the projection operators Qg. Mathematically these
projectors are determined by

QilIJ _ { U if 3®¢ € He, limy 700 [| U#)T — JcUc(t)®c ||[— 0 (19)
¢ 0 otherwise.

Physically () is an observable (projection operator) which verifies whether a scattering state ¥ will asymptotically

develop into a state in the asymptotic channel C in the infinite future whereas Qg is the analogous operator which

verifies that a scattering state ¥ has asymptotically evolved from a state in asymptotic channel C' in the infinite past.
These projection operators satisfy the orthogonality conditions

Q5Q% =Qdc,p, and QpQp = Qcdc,s (20)
and strong completeness conditions (asymptotic conditions)
YRE=1.=)Qc, (21)
cec cec

where I, is the identity operator for £),. The validity of these statements certainly depends on the form of the
potentials but an elaboration of these conditions is not attempted here. That any initial asymptotic state will end up
in (a combination of) final asymptotic states, and vice versa, is the essense of Eq. (21). As well, it also says that any
n-particle state that is not totally bound is a scattering state, having well defined incoming and outgoing free motion
(asymptotic) states.

The existence of the Qg projectors are equivalent to the existence of channel Mgller operators

Q=5 t_l}goo et Joe~Het (22)

defined in terms of the strong operator limit. In particular, the channel Mgller operator Q$ maps a channel state &¢

into a scattering state lI!(CH. For multichannel scattering, the adjoints ng are the weak operator limits [5]

+t iHct 71 —iHt
0 =w tllglooe Jie . (23)

The ranges R(Qg) of the different Mgller operators are mutually orthogonal subspaces of o,
0:0E" = Qoo . (24)

JiFrom the properties of Qjé, Egs. (20) and (21), it follows that the sum of the ranges of the Mgller operators spans
all of Hoo. The sum of the Mgller operators

0 =) OF (25)
C

is a mapping from H to $) satisfying the completeness relation
Q0L = I,. (26)

By the construction of the asymptotic space, the asymptotic channels are orthogonal to each other, so the Mgller
operators satisfy

oo = Pis.p, (27)

where Pg are asymptotic channel projection operators selecting out the channel space Hg from its direct sum H.
Necessarily the Pg are mutually orthogonal to each other,



PPy = PGic,p, (28)
since their ranges act on different parts of the direct sum Hilbert space H. Their sum is also the identity

Pri=0ala.=1 (29)
cec

of H, where the interpretation of this sum in terms of the Mgller operators is also indicated. The combination of Egs.
(26) and (29) implies that the Q4 are partial isometries.
An alternate method of identifying the Mgller operators 2. mapping H to § is via the asymptotic time limit

QL =s— lim et je Mt (30)
t—Foo
i From the point of view of the two-Hilbert spaces, the Mgller operator Q4 (2_) maps an asymptotic state ® € H
into a scattering state ¥4 (¥_) € £).

IV. KINEMATICS OF TWO-LIOUVILLE SPACE

In analogy with having separate Hilbert spaces for channel and fully interacting systems, separate Liouville spaces
for channel and fully interacting density operators are introduced. Identification mappings between the channel and
fully interacting spaces are defined. Various time evolution superoperators are introduced and their generators are
identified as Liouville superoperators. Certain adjoint properties of these generators are discussed. The results of this
formalism is used in the following section to develop a two-Liouville space scattering theory.

A state of a system is described by a density operator p. Necessarily, p is a positive, self-adjoint, trace class operator

Trp < 00 (31)

on the Hilbert space $. In this work the Banach space of Hilbert-Schmidt class operators [15] on §) is referred to
as the Liouville space £. This is a subspace of the tensor product space $ ® §. An asymptotic Liouville space is
introduced later. It should be stated that the terminology “Liouville space” has appeared in many places in the
literature, being understood to be, to authors’ knowledge, the space of all operators on ). The present restriction
seems more appropriate for this work. Any linear mapping from a Liouville space to the same or another Liouville
space is referred to as a superoperator. The trace class operators, of which p is an element, is a subset of the Hilbert-
Schmidt operators. The reason for explicitly selecting the Hilbert-Schmidt class, is that this allows the use of all the
power of Hilbert space theory, in particular the notion of self-adjointness.
Since the expectation value for an observable A has the form

(4) = TrAp, (32)

it is natural to write this expectation value as the Hilbert-Schmidt inner product {(A'|p)). But this requires that the
observable A corresponds to a Hilbert-Schmidt operator. But this does not fit all cases, for example, the normalization,
Eq. (31), does not fit into this scheme since the identity is not a Hilbert-Schmidt operator. Thus only observables
that are represented by Hilbert-Schmidt operators can be thought of in this way. But since real measurements are
always limited in the range of values that they can observe, this latter restriction may be a reasonable compromise.

An alternate argument for the use of Hilbert-Schmidt theory in kinetic theory is when one considers only linear
deviations from thermal equilibrium p, = exp(—H/kpT)/Trexp(—H/kpT). One way of expanding the full density
operator about equilibrium in terms of a perturbation ¢ is to write

p=pe+p pi/”. (33)

This leaves the density operator to be self-adjoint even if ¢ and p. do not commute. An expectation value for
observable A could then be written as

(A) = TrAp, + Trp,/* Apl/* i/ ppl/*. (34)

In the manner that it is written above each of pé/ 4Ap£/ * and pi/ 4¢pi/ * can be considered as a Hilbert-Schmidt
operator even if A and/or ¢ are only bounded, as long as the equilibrium density operator can provide sufficient

convergence properties. Some other ways of linearization of the density operator are discussed in Ref. [16].



The time evolution of a density operator is given by a combination of Hilbert space evolution operators, Eq. (2),
according to

p(t) =U(t)pU (1) = U(t)p. (35)
Algebraically it is easily shown that the evolution superoperator can be written in exponential form
U(t) = e it (36)

in terms of its generator, the Liouville superoperator L, which is the commutator of the Hamiltonian H with the
operator on which it acts, in particular, acting on p,

Lp= Hp — pH. (37)

Technically, if equations involving Lp are to be used in kinetic theory, p must be in the domain of definition of L. On
the basis of our formulation in Hilbert-Schmidt space, L can be defined as the self-adjoint extension of the commutator.
As a self-adjoint superoperator L has a domain of definition that is dense in £, so the requirements on the operator
on which it can act is in principle well defined. Of course the evolution superoperator U(t) is bounded so is defined
on all of £.

It is natural to further define an asymptotic density operator ¢, which is required to be a positive, self-adjoint and
trace class operator on the Hilbert space H and thus an element of H ® H. Mathematically the matrix elements of a
density operator p have two channel indices and both diagonal and off-diagonal elements in channel label can occur.
Physically, in a scattering experiment, the fragments are expected to be prepared in a particular channel long before a
collision and a scattered state to be well resolved into one asymptotic channel at a time long after a collision. This is
also assumed by Evans et al. [17]. As a consequence, in the remainder of this paper, the channel off-diagonal elements
of p are taken to be identically zero and p reduces to the simple direct sum

o =EP e (38)
C

In this way the asymptotic Liouville space L is considered in this work to be the restriction of H® H to the direct sum
of channel Liouville spaces L. These are, in turn, the Hilbert-Schmidt subspaces of the respective tensor products
He ®@He . Thus, L = @¢lLe, with each Lo a proper subspace of I, o C L. For each channel C there is an asymptotic
self-adjoint Liouville operator L [here acting on p¢] which is defined in terms of the asymptotic channel Hamiltonian
Hc

chc = HC’@C — chc, for pc € Le. (39)

In an analogous manner, an asymptotic Liouville operator L is defined in terms of the asymptotic channel Hamiltonian
H. In particular, acting on the asymptotic density operator g, it is

Lp=Hp - pH, forpel. (40)

As a consequence of the restricted channel diagonality of g, it follows that the asymptotic Liouville operator L is
diagonal in channel label according to

Lp = @ choc. (41)
C

This argument of asymptotic diagonality leads to a two-Liouville space scattering formalism which parallels the
existing Liouville space multichannel scattering theory both of Lowry and Snider [1] and of Evans et al. [17].

While the full evolution of the n-body system is governed by the superoperator U(t), Eq. (36), the asymptotic
evolution is determined by the asymptotic evolution superoperator

U@) = e-ilt. (42)

The connection between the Liouville space £ and the asymptotic Liouville space L is via the identification mapping
J. This is the composite of channel identification superoperators according to

j@EGBJC@Cz@JC@CJgJZGBpC:% Vpel (43)
C C

It is the channel diagonality of o that simplifies this identification to a direct sum. The adjoint 7' of the identification
mapping maps £ to L, but in a nonunique manner, compare the analogous properties of the adjoint Hilbert space
identification operator, Eq. (18).



V. TWO-LIOUVILLE SPACE SCATTERING THEORY

A two-Liouville space scattering formalism suitable for kinetic theory is now developed. Jauch et al.’s [12] method
of defining what is referred to here as a Mgller superoperator is adapted for each channel. These are then combined
to give a Mgller superoperator appropriate for the complete asymptotic state space L. A non-symmetrical transition
superoperator and its channel components are defined from the asymptotic Liouville space back to itself. Such non-
symmetrical transition superoperators are found to be convenient for formulating kinetic theory in the asymptotic
channel Liouville spaces [L,8].

For single channel scattering, Jauch and co-workers [12] argued that the trace norm is appropriate for the formulation
of the asymptotic scattering condition. Adapting their criteria to the single channel C, with the insertion of the
identification mapping Jc and using the superoperator notation introduced above, their asymptotic condition is the
question of the existence of 2¢pc as determined by the existence of the limit

Tr|U(=t)JcUc (H)pc — Lepc| — 0 (44)

as t & —oo. [see Refs. [12,15] for the definition of the positive operator |A| asociated with operator A.] Jauch et
al. [12] further prove (for the single channel case, so here applied to an individual channel C) that there is a partial
isometry ¢ of the Hilbert space in terms of which the Mgller superoperator may be expressed, namely

Qcpo = Nopcl,. (45)

This Q¢ is a generalization [12] of the Mgller operator in that there is, in general, a time dependent phase factor
&c(t) that enters into the Hilbert space convergence criteria, Eq. (19), namely

Jm (| U@)T =& (t)JoUc(t) e || 0, (46)

where again the appropriate identification mapping Jo has been introduced. If the Mgller operator for channel C
exists, Eq. (19), then clearly £ (t) = 1 and the isometry Q¢ is the corresponding Mgller operator.

Since L is just the direct sum of the channel Liouville spaces, the two-Liouville space Mgller superoperator {2 acting
on L is just the sum

N=> 0 (47)
C

of the individual channel Mgller superoperators acting on their respective asymptotic channel spaces. An equivalent
formulation is in terms of the trace operator limit of the two Liouville space evolution superoperators

N= lim U(-t)gu()
= lim e’uje_il‘t. (48)
t——o0
On the basis that Jo vanishes on all Her for C' # C, the sum

0=> 9 (49)
C

of channel isometric operators can be used to express the action of the total Mgller superoperator as
Rp = QpOt. (50)

Note that this reduces to the sum of actions on the individual channel Liouville spaces. The properties of the partial
isometries ¢ have not been explored, specifically whether their ranges are orthogonal. A non-orthogonality could
arise because of the presence of the £ (¢) factors. But if the analogous Mgller operators exist, then the Q¢ coincide
with their respective Mgller operators with their well known properties, and (2 becomes a partial isometry, but now
from the full asymptotic Hilbert space H to Ho-

Since the Liouville spaces are defined as being of Hilbert-Schmidt class, the adjoints for the channel Mgller su-
peroperators are well defined. As in Hilbert space scattering, the evolution superoperators for different channels are
different, with the consequence that the channel Mgller superoperators satisfy an asymptotic channel orthogonality
condition,



-QTC-QB =d¢,5Pc, (51)

a completeness condition,
Y el =>"Q=q (52)
c c

and intertwining relations
L2¢c = ¢Lle. (53)

Here the Pc (PcA = PocAP() are the asymptotic channel projection superoperators on L, the asymptotic Liouville
space [note that I has been assumed to be diagonal in channel label]. Q¢ is an orthogonal projection of the full
n-particle Liouville space £ onto the range R({2¢) of the Mgller superoperator. Q projects onto all scattering states
that are standardly considered as chemically relevant, with the n-particle bound states as the remainder. But what is
left out of this, is the projection onto the parts of £ which are naturally associated with channel off-diagonal parts of
the asymptotic space (the Hilbert-Schmidt part of) H® H. Such subspaces as He @ Hp with C' # D, and consequently
their scattering analogs QHe ® HpQF, are standardly not considered in the chemical literature, contrast Ref. [18].
In this work I was defined to exclude such possible contributions to an asymptotic state, but formally they exist
and must be included in a complete analysis of the decomposition of £ into subspaces associated with scattering
processes. Finally, the intertwining relations, Eq. (53), imply frequency conservation and are useful in kinetic theory
calculations.
A transition superoperator T : L — L is defined as

T =Vi0, (54)
where the potential superoperator V : L — £ is defined as
v=LJ - JL, (55)
compare the definition of the potential in two-Hilbert space theory, see e.g. Ref. [5], and
vt = 7L - L7t (56)

Here the adjoint is defined via the properties of the space of Hilbert-Schmidt operators. L and L are self-adjoint in
their appropriate Liouville spaces. As defined here, the transition superoperator appears as it does in kinetic theory
[1,13,19], and is, as shown in Appendix B, also consistent with the standard work of Chandler and Gibson [5].

The asymptotic channel transition superoperators Tc, B :Lp — Lo can also be defined as

Top=Vi0p (57)

with
Vo = LJo — Jeole, (58)

and
Vi =T -LeTS. (59)

These are restricted forms of Egs. (55) and (56). The channel transition superoperators T¢ g describe rearrange-
ment scattering from the asymptotic channel B to the asymptotic channel C'. There are also channel transition
superoperators emphasizing the final operator state interactions

TC EVéQZZTC,B- (60)
B
The transition superoperator T can be expressed in terms of the channel transition superoperators T ¢ according to
T-@Vio-@PTe=PY Tew (o)
c c C B

This makes multichannel scattering theory appear like single channel scattering theory, thus simplifying the formal
structure of multichannel scattering theory.



VI. DISCUSSION

A major problem in setting up a fundamentally based kinetic theory for the description of a chemically reacting
system is the inherent inability to uniquely specify which particles are bound together, or even if any particles are
bound together. For example, is particle 1 bound to particle 87, to particle 8887, to both?, or to neither? This is due
to the lack of orthogonality of different bound states in the N-particle system. Essentially, whether a set of particles
are bound together is determined by the Hamiltonian for that set of particles, and not by the total Hamiltonian of
the N-particle system. The introduction of an asymptotic space provides a way of uniquely deciding such questions.

As a part of statistical mechanics, kinetic theory necessarily involves probabilities and must therefor be formulated
in terms of distribution functions, or their quantum analogs, density operators. Thus a Liouville space description of
all aspects of the time evolution of the system is required, in particular the description of scattering processes and
chemically reacting collisions. In order to also express the various asymptotic states, this paper has introduced a
two-Liouville space scattering theory. The structure of this formulation is based on the standard two-Hilbert space
scattering theory of Kato [4], Chandler and Gibson [5] and others [6,7]. This is in contrast to the arrangement
channel quantum mechanics formulation of Evans et al. [17] of multichannel scattering theory that they introduced
for application to kinetic theory. It is the authors opinion that the present formulation is more direct than that of
Evans et al., for example, there are no non-physical (spurious) parts of the mathematics that must be avoided. While
the emphasis of the presentation is on trying to properly describe the physical picture, it is necessary that various
operator spaces have to be properly identified. Thus it is recognized that density operators are elements of the Banach
space of trace class operators. This has the disadvantage that the thermodynamic limit cannot be rigorously taken,
an aspect that is of great utility in kinetic theory, but has the advantage that it allows the convergence properties of
superspace scattering theory [12,13] to be used as a justification for the existence of various Mgller superoperators.
Moreover, for mathematical convenience, Liouville space has been restricted here to be a Hilbert-Schmidt space, of
which the trace class operators are a particular subset.

In any multichannel scattering theory, superpositions among different rearrangement channels naturally arise, nec-
essarily so, for rearrangement reactions to occur. Asymptotically, the method of preparation and/or measurement of
the scattering system usually selects out the specific rearrangement channel, so that at that stage there is no physical
meaning for any channel superposition. Essentially, a decoherence among the different channel states at asymptotic
times is indispensable in the detection process. The same argument has been applied here to exclude off-diagonalities
in asymptotic channels in an asymptotic density operator g, Eq. (38). In contrast, an off-diagonality in channel labels
is naturally present in the (full) interacting density operator p, being responsible for the rearrangement processes.
The resulting two-Liouville space theory with asymptotic channel diagonality is consistent both with the physical
picture of a chemically reacting system and with the existing one-Liouville space multichannel scattering treatment
[1], which is based on an assumption of strong orthogonality. The resulting two-Liouville space formalism provides a
suitable basis for the description of chemical reactions in gas kinetic theory, clarifying various concepts and simplify-
ing the structure of the kinetic equations [8]. In contrast, the statistical presence of certain off-diagonal elements at
equilibrium have been discussed by Krishnan and Snider [18].

A number of different transition operators have been discussed in Chandler and Gibson’s work [5]. As explicitly
demonstrated in Appendix B, the transition superoperators defined here are parallel to the nonsymmetric transition
operators (T(1)) defined in their work. The form of the transition superoperators in this work, Eqgs. (54) and (57),
is similar in form to the superspace scattering theory discussed by Evans et al. [17], and that used in kinetic theories
[1,13,19]. The validity of the latter has been questioned [20-22]. Similar non-symmetric multichannel transition
operators have been used by Lovelace [23], see also the monographs by Schmid and Ziegelmann [24] and by Glockle
[25]. Some recent progress on the existence of the Mgller operator and strong completeness can be found in the books
by Cycon, Froese, Kirsch and Simon [26] and Yafaev [27].
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APPENDIX A: COUNTING NUMBERS OF CHANNELS

The number of channels depends on which sets of particles have a Hamiltonian which supports bound states. One
extreme is that in which there are no bound states, and consequently only one channel, in which all particles are
free. The opposite extreme is when the Hamiltonian for every set of particles supports bound states. In this case, the
number of possible channels N(n) for an n-particle system can be calculated in the following way.

Consider the first particle, particle 1. This particle can be in a given channel either as an unbound particle, as
a particle bound to one other particle, as a particle bound to two other particles, etc. If unbound, then there are
N(n — 1) ways in which the remaining n — 1 particles can be distributed among bound states. On the other hand,
if particle 1 is pairwise bound, there are n — 1 possible particles with which it could be bound. As well, there are
N(n — 2) ways in which the remaining n — 2 particles can be distributed among bound states. Continuing in this
way, the number of ways that particle 1 can form a j + 1-bound state is a combinatorial factor, and the remaining
particles have N (n — j — 1) ways of forming bound states. Summing these possibilities together gives

n—1
Nm)y=Y (" . 1>N(n —1-j) (A1)
=0~ 7
as an equation that can be solved iteratively, starting with N(0) = 1, for the maximum number of channels. The
values for n=1 to 6 are given in Sec. IL.B. These numbers can be recognized as the Bell numbers [14].

An intermediate, but important case, is the situation where only dimer bound states are allowed, besides the
possibility that the particles are not bound. This can be calculated by summing over all possible numbers of dimers,
the count given in Ref. [1] for a fixed number of dimers. Alternatively the count can be obtained by keeping only the
first two terms in Eq. (A1), namely

Na(n) = Na(n — 1) + [n — 1]Na(n — 2), (A2)

and solving iteratively, starting with N2(0) = 1. The values for n=1 to 6 are also given in Sec. IL.B.
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APPENDIX B: DIFFERENT FORMS FOR THE TRANSITION SUPEROPERATOR

The transition superoperator in this work as defined by Eq. (54), (T = V1), is consistent with existing work on
superspace scattering [1,13,17,19] and convenient for kinetic theory applications. The transition operator in Chandler
and Gibson’s [5] two-Hilbert space theory has a different formal structure, namely

T(z) = (z —H) {J'(z — H)™'J — (z —H)"'J'J} ( — H). (B1)

Besides the obvious difference between one formula being for an operator and the other for a superoperator, Chandler
and Gibson’s formula contains an energy parameter z with positive imaginary part. It is the purpose of this appendix
to introduce the analog of Eq. (B1) for a transition superoperator, and to clarify the relation between this and the
T of Eq. (54).

The abstract Mgller superoperator 2 of Eq. (48) is defined only when acting on trace class operators. In order to
introduce a convergence parameter, it is necessary to extend this definition to include the spectral measure for the
Liouville operator. This is conveniently done through the integral form for the Mgller superoperator

0
0=g-i[ etve il (B2)

— 00

Note that the usual identity in this type of equation must be replaced by the identification mapping 7. With the
introduction of a convergence factor e, the integral form

0 ) L
N=7J-—1i lim dtectetttyei-t

e—0t J_

e—0t

0
=J —i lim / / dte " Hteiltygp (B3)

can be extended so that it is defined on more general operators. This procedure is similar to that presented for
the Hilbert space Mgller operator by Chandler and Gibson’s [5]. Here V is given by Eq. (55) and the spectral
representation of the asymptotic evolution superoperator is given by

e~ilt = /e_i‘”td‘Pw (B4)

in terms of the spectral measure P, of the self-adjoint superoperator L in the Hilbert-Schmidt space L. By carrying
out the time integral in Eq. (B3), the Mgller superoperator can be written as

2= lim [ [J+ (w-L+ie)"'V]dP,

e—0t

= lim [ 2(w + ie)dP,,. (B5)

e—0t

The transition superoperator can also be written (for z an arbitrary complex number with positive imaginary part)
in terms of the spectral representation of the asymptotic Liouville operator

T = lim [ T(w+ie)dP,, (B6)

e—0t
with spectral component
T() =V =V [T+ (z-L)"V]
= (I -LIN [T+ (- 1) (LT~ IL)]
=[(z-L)Jt-J'(z-1)] (z-L) T (- L)
= (z-L) [jf (=L) T (2 - L)*lej] (z—L). (B7)

Clearly this is the two-Liouville space analog of the two-Hilbert space transition operator (B1) of Chandler and Gibson

[5].
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