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Expressions for the transport coefficients of a moderately dense gas are obtained, based on a
recently derived density corrected quantum Boltzmann equation. Linearization of the equations
determining the pair correlation and the ‘‘free’’ singlet density operators about local equilibrium is
discussed first. The rate of change of the pair correlations is treated as dynamic effects for pairs of
particles relaxing to local equilibrium via a relaxation time model arising from interactions with
‘‘third particles.’’ In contrast, the singlet density operator satisfies a Boltzmann equation with binary
collisions. Spatially inhomogeneous corrections to the collision superoperator are included.
Contributions to the transport coefficients arise from the perturbation from local equilibrium through
fluxes associated with kinetic, collisional and, for the thermal conductivity, potential energy
mechanisms. A comparison is made between the classical limit of the transport coefficient
expressions obtained here and the classical expressions previously derived from the Boltzmann
equation with the nonlocal collision corrections of Green and Bogoliubov. ©1996 American
Institute of Physics.@S0021-9606~96!51132-3#

I. INTRODUCTION

A density corrected quantum Boltzmann equation has
recently been proposed.1 The novel feature of this equation is
the role of pair correlations, not only in determining the de-
tailed nature of binary collisions, but also contributing to a
density correction to the singlet density operator. The pre-
ceding paper2 @Equations labelled~I.•••) refer to paper I.#
describes the local equilibrium properties of such a system in
the presence of weak inhomogeneities. The object of the
present paper is to linearize the pair correlation and Boltz-
mann equations, solve the resulting equations following the
Chapman–Enskog procedure3–7 and to obtain expressions
for the transport coefficients. It should be emphasized that
for a moderately dense gas~one that includes density effects
up to the second virial coefficient!, this gives only part of the
density ~second virial! corrections to the transport coeffi-
cients. There are also bound state8,9 and triple collision
effects9,10 that contribute to the transport coefficients at the
same order of density. A treatment of all these effects based
on a unified starting point is still to be accomplished. The
inclusion of the effects of both bound states and pair corre-
lations is the object of the recent thesis by Wei.11

As previously emphasized,2 the separation of macro-
scopic and microscopic motion is conveniently formulated
with a phase space description of the translational motion,
namely using the Wigner equivalent representation of the
various density operators. The correlations are determined by
an equation governed, in part, by a decay to their local equi-
librium form, modelled using a decay timet. Linearization
of this equation about local equilibrium introduces the per-
turbationF and its solution by a Chapman–Enskog3–7 type
of approach is carried out in Section II. That is, the time

derivatives are eliminated using an appropriate set of equa-
tions of change for the variables that parameterize the local
equilibrium state for the pair correlations. Only the simplest
approximate solution forF ~keeping only the lowest Sonine
polynomials! is discussed in this work. The corresponding
linearization and solution of the Boltzmann equation~includ-
ing contributions from pair correlations! is carried out in
Section III. Here it is the standard method of eliminating the
time derivatives by the use of the equations of change for the
hydrodynamic variables of mass, momentum and energy
densities that is employed. These relations are complicated
by the presence of second virial type density corrections. The
resulting integral~Chapman–Enskog! equation for the per-
turbationf thus contains as part of its driving term, contri-
butions from pair correlation effects, both directly as new
terms from the left hand side of the Boltzmann equation and
indirectly from the elimination of the time derivatives.

Expressions for the transport coefficients are obtained in
Section IV. These are affected by the presence of pair corre-
lations. The paper ends with a short general discussion on the
approach that has been taken in this work to obtain the den-
sity corrections to the transport coefficients, comparing with
the previous classical expressions and pointing out those
added contributions that arise by explicitly including pair
correlations.

II. LINEARIZED EQUATION FOR THE PAIR
CORRELATIONS

Equation ~I.17! governing the pair correlation density
operator is first cast into Wigner function form for the center
of mass motion, remaining an operator in relative motion,
compare Eqs.~I.29! and ~I.37!. This is written as
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where f f12 is the properly transformed product of free den-
sity operators. Since it is the Wigner function form of the
free density operator, Eqs.~I.24! and ~I.25!, that has been
used to express the local equilibrium and small gradient be-
haviour of the free particles, the two particles can be local-
ized at different positions and a gradient expansion of the
product is appropriate. On carrying out this computation
f f12 is given by

f f12~R,P,t ![ f f12
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lnh1 f f12
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5
nf
2e2KCM /kTf
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4mkTf
pop,ropG

1

•“ lnTf

1e2Krel /kTf~f11f2!J ~2!

while the ‘‘equilibrium’’ form for the pair correlation func-
tion is

f c12
e ~R,P,t !5

nf
2e2KCM /kTf

~4pmkTf !
3/2L r

3U~Tf !, ~3!

on the basis that this is the form that would occur if the pair
correlations were at complete equilibrium with the free par-
ticle motion through interactions with a third ‘‘free’’ particle.
The particle momentap1 and p2 in the perturbation terms
f1 andf2 are to be interpreted in terms of center of mass
and relative momenta according to12P7pop. The correlation

equation ~1! is now solved within the philosophy of the
Chapman Enskog procedure.

The time derivative in Eq.~1! is to scale as a gradient.
Thus the left hand side of~1! is to be evaluated with the local
equilibrium pair correlation function~I.29! in order to be
linear in gradients implying in particular that the time deriva-
tive is completely expressed in terms of the time dependence
of the parameters specifying the density of correlated par-
ticlesnc , their mean velocityvc and their local temperature
Tc . These are in turn obtained from the equations of change
derived by taking the appropriate moments of Eq.~1!. In
writing down the Wigner function for the correlations, Eqs.
~I.29! and ~I.37!, the correlation density, temperature and
mean velocity have all been taken as independent variables.
Since these can differ from their values when the correlations
are in equilibrium with the freely moving particles, these
differences depend on the nonuniformity of the gas and thus
scale with gradients as do the perturbationsf andF. Rather

than introducing separate parameters, it would be equivalent
to include the differences as part of the perturbationF. But
having introduced explicit parameters, it is necessary to rec-
ognize that to avoid redundancy, the perturbationF must not
contribute to these parameters. As a consequence the three
auxiliary conditions

TrrelE f c
leFdP50,

TrrelE Pf c
leFdP50,

TrrelE F ~P22mvc!
2

4m
1H relG f cleFdP50 ~4!

on F are imposed. These are almost the same as the corre-
lation contributions to the general auxiliary conditions dis-
cussed in Sec. IV of Ref. 2. With these conditions, integrat-
ing Eq. ~1! over P and tracing over the relative motion, an
equation of change fornc is obtained

]nc
]t

1“–~ncvc!5
nc
e2nc

t
. ~5!

Herenc
e[nf

2L r
3(Tf)TrrelU(Tf) is the equilibrium density of

pair correlations as determined byr f . The corresponding
equation for the velocityvc is, from theP/2mmoment of Eq.
~1! and after eliminating a contribution from]nc /]t,

]vc
]t

1vc–“vc1
1

2ncm
“– Pc5

nc
e~vf2vc!

nct
, ~6!

with the correlation pressure tensor

Pc5
1

2m
TrrelE ~P22mvc!~P22mvc! f c12 dP. ~7!

Finally the equation of change for the temperature is ob-
tained from the equation of change for the correlation energy

«corr[«CM1« rel5
1

nc
TrrelE F ~P22mvc!

2

4m
1H relG f c12 dP.

~8!

The rate of the change for this energy per particle is

]«corr
]t

1vc–“«corr52
1

nc
Pc :“vc2

1

nc
“–qc1

sc

nc

1
nc
e

nc

«corr
e 2«corr

t
, ~9!

with correlation energy heat flux

qc[TrrelE P22mvc
2m F ~P22mvc!

2

4m
1H relG f c12 dP ~10!

and correlation energy production
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The approximation is the result of using Eq.~2! and the
subsequent evaluation of the trace. Equation~9! also in-
volves the ‘‘equilibrium’’ correlation energy, which is ob-
tained from Eqs.~3! and ~8! as

«corr
e [

3

2
kTf1

TrrelH relU~Tf !

TrrelU~Tf !
. ~12!

At local equilibrium, the correlation energy is determined
solely by the temperatureTc so that with the correlation heat
capacityCcorr5]«corr/]Tc , the energy equation of change is
equivalent to an equation of change forTc .

Eliminating the time dependence in the correlation equa-
tion by means of the above results and retaining at most
linear in gradient terms, this equation can be written
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1
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e
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Here@“vc#
(2) is the symmetric traceless part12 of the second

rank tensor“vc , E
U is the energy associated with the Ursell

operator, see Eq.~I.A11!, and the dimensionless center of
mass momentumG[(P22mvc)/A4mkTc has been intro-
duced to simplify the notation. It is noted that there is no
term involving the gradient ofnc in this equation, consistent
with the notion that the perturbations are due solely to tem-
perature and velocity gradients. The three expansion coeffi-
cients appearing in this equation are

LTc5SG 22
5

2
1U21TcUTc

2
EU

kTc
DAkTc

m
G , ~14!

Lvc
~2!52@G #~2!, ~15!

and

Lvc
~0!5S 232

k

Ccorr
D SG 22

3

2D2
k

Ccorr
SU21TcUTc

2
EU

kTc
D

1SG 22 3
2 1U21TcUTc

2
EU

kTc
D nf2*Vdr relncCcorrTc

. ~16!

Consistent with the gradient expansions of the perturbations,
Eqs.~I.26! and~I.38!, all terms in Eq.~13! should be propor-
tional to a gradient. Those that are not explicitly of this form
involve the differences between the corresponding correlated
and free parameters, for exampleTc2Tf . Since these differ
only because of the spatial nonuniformity of the gas, these
differences must be expressible in terms of gradients. As
there are only the temperature and velocity gradients avail-
able, rotational symmetry requires that each difference can
only depend on one gradient, specifically

nc2nc
e5nc

eDc“–v0,

Tc2Tf5Ttc“–v0,

vc2vf5Dc“ lnT. ~17!

The first combination of quantities that needs to be explicitly
expressed in terms of the gradients is@G f is the dimension-
less center of mass momentum using the free particle tem-
peratureTf#

2 iLrelf c12
le 2 iV 12f f12

lh

5 iV 12F nce
2G 2

e2Krel /kTc

~4pmkTc!
3/2TrrelU~Tc!

2
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2
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3 G

. iV 12f f12
lh H F SG 22

3

2
1
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kT

–“ lnTJ . ~18!

The other combination is

f c12
e 2
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e
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f c12
le 52 f c12

e FA4m

kT
DcG –“ lnT1SG 22

3

2

1U21TcUTc
2

EU

kTc
D tc“–v0G . ~19!

Subsequent to making this expansion of the difference be-
tween free and correlated parameters, there is no need for
further distinction between these parameters so that, for sim-
plification, all temperaturesTf5Tc5T are subsequently ex-
pressed by the same symbol, as are the mean velocities
vf5vc5v0.

With these evaluations, the linear in gradients form for
the correlation equation splits into three separate equations.
This separation requires the perturbationsf and F to be

3068 Snider, Wei, and Muga: Gas quantum kinetic theory: Transport coefficients

J. Chem. Phys., Vol. 105, No. 8, 22 August 1996

Downloaded¬31¬Mar¬2002¬to¬137.132.3.10.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp



written as a combination of the gradients, see Eqs.~I.26! and
~I.38!. First is the equation for the scalar multiplying“–v0,

f c12
e Lvc

~0!5 iL rel@ f c12
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Second is the equation for the vector multiplying“ lnT,
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Lastly is the equation for the second rank symmetric trace-
less tensor multiplying@“v0#

(2),
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1 iV 12@ f f12
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1

t
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These three equations are to determine the three functions
Cc ,Ac and Bc arising in the gradient expansion ofF

F52Ac–“ lnTc2 Bc:@“vc#
~2!2Cc“–vc ; ~23!

see also Eq.~I.38!. This will be done by picking appropriate
functional forms for these functions and taking moments. It
is to be noted that the time derivatives of Eq.~1! were elimi-
nated by the use of moments associated with the number,
velocity and energy averages and these required the auxiliary
conditions~4!. In terms of the three functionsCc ,Ac , and
Bc , these auxiliary conditions become

TrrelE f c
leCcdP50,

TrrelE G c
leAcdP50,

and

TrrelE ~KCM1H rel! f c
leCcdP50. ~24!

It is easy to verify that on taking appropriate moments of
Eqs.~20!–~22!, these auxiliary conditions are consistent with
these equations.

A one moment approximation to each of the three per-
turbation functions is now proposed. For this calculation it is
assumed that the appropriate moments are proportional to the
~energy production free parts of the! corresponding left hand
side of Eqs.~20!–~22!. Thus the form forCc is taken as
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with expansion coefficientc0
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with the potential factor arising from the@ f f12
lh pop,–rop#1

term in Eq.~20!. The analogous choice for theAc moment
satisfying Eq.~24! is
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Taking the matrix element of Eq.~21! with
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m F12
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L r
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The obvious choice forBc is @G # (2)b0
c . The expansion co-

efficient is obtained from the@G # (2) matrix element of Eq.
~22! to beb0

c52t.

III. LINEARIZED BOLTZMANN EQUATION

The Boltzmann equation~I.2! is now cast into Wigner
function form and linearized about local equilibrium. Again
time derivatives are to be eliminated by use of the equations
of continuity, motion and energy, so they are to be treated as
linear in position gradient. The collision term in the Boltz-
mann equation~I.2! involves the initial positions of the col-
liding pair, so that gradient corrections can arise from the
collision term because the particles start at different posi-
tions. Thomaset al.13 have carried out the gradient expan-
sion of the collision term as well as expressing the result in
phase space representation, see also the work of Baerwinkel
and Grossmann.14 It is convenient to write this expansion as
the combinationJh1Jc1Jr , whereJh is the collision term
as if the system was homogeneous~with all particle positions
the same! and the other two terms arise from gradients in the
local equilibrium Wigner functions. The expansion of the
Boltzmann equation then can be written in phase space rep-
resentation as

]~ f f1
le1 f c1

lh !

]t
1

p

m
–“~ f f1

le1 f c1
lh !2Jh2Jc2Jr5Jne ~31!
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with all terms determined solely by the local equilibrium
state collected together before the equality sign and the terms
dependent on the perturbationf after the equality sign.

The collision termsJh ,Jc andJr are calculated13 using
the local equilibrium free density operator. The purely local
equilibrium contributionJh vanishes according to

Jh528i ~2p!3\2E E dq dk^qu@V,Vuk&

3 f f1
le ~r ,p1q2k,t ! f f2

le ~r ,p1q1k,t !^kuV†#2uq&

52
in f

2L r
6

\h3
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2KCM /kT@V,e2Hrel /kT#2

5
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2L r
6

\h3
Trre

2KCM /kT@K rel ,U#250. ~32!

The second equality makes use of the assumed lack of bound
states in thatVV†51 while the third equality depends on
the identity

@V,e2Hrel /kT#252@K rel ,U#2 . ~33!

The correction to the collision term associated with the dis-
placement of the center of mass from the macroscopic posi-
tion r is given by

Jc5“–2h3E E dqdk“q8@^q1q8uVVuk&

3 f f1
le ~r ,p1q2k,t ! f f2
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~34!

where the derivative with respect toq8 has been evaluated by
considering a position representation of the operators and
carrying out the derivative to obtain the anticommutator
@rop,#1 . Further simplification of this expression is accom-
plished by using Eq.~33! and the operator identity

@A,@B,C#2#15@@A,B#2 ,C#11@B,@A,C#1#2 , ~35!
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On taking the trace, the collision termJc can be written as
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The explicit expression forJr is
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with gradient corrections having velocity gradient coefficient
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2L r
6
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2KCM /kT
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and temperature gradient coefficient
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2L r
6

2mkT\h3
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Finally the collision termJne is written in terms of a
linear relaxation operator

Jne~r ,p,t ![2 f f
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Rf
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3 f f1
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This completes the description of all the terms in the linear-
ized Boltzmann equation~31!.

The time derivative in Eq.~31! involves both the free
and correlated local equilibrium Wigner functions which are
respectively parameterized bynf ,vf ,Tf andnc ,vc ,Tc . Since
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a time derivative is to scale as a position gradient in the
Chapman–Enskog theory for the calculation of transport co-
efficients, then any deviation between the free and pair cor-
relation sets of parameters is proportional to a gradient and
can be ignored when estimating a time derivative. Thus both
sets of parameters can be replaced by the fluid parameter set
n, v0 andT. Moreover, it is noted that the time derivative
always occurs in the combination]/]t1 p/m–“ in the
Boltzmann equation. The appropriate set of equations to be
used in evaluating the time derivatives is examined first, then
the resulting form of the Chapman Enskog equation is dis-
cussed.

From the equation of continuity~I.5!, the rate of change
of the full density is

]n

]t
1

p

m
–“n5

p2mv0
m

–“n2n“–v0 . ~45!

The equation of motion~I.6! gives, to terms linear in the
gradients,
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m
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1
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“P, ~46!

where P5nkT(11nB) is the local equilibrium pressure
with nf

2→n2 appropriate to keeping only second order in
density terms. For the local energy per particle«[«K1«V,
energy conservation, see Eqs.~I.7! and ~I.8!, implies that to
terms linear in the gradients
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p2mv0
m

–“«2
P

n
“–v0 . ~47!

Now it is T and nf that enter explicitly into the linearized
Boltzmann equation. The rate of change of temperature is
obtained from the energy equation while the equation for
nf is derived from the relation betweennf andn, Eqs.~I.39!
and ~I.A15!. The temperature equation is considered first.

According to Eq.~I.43! the kinetic energy depends on
both temperatureT and densitynf , likewise the potential
energy~ignoring gradient corrections!
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2L r
3TrrelVe

2Hrel /kT, ~48!

compare Eq.~I.A8!. By thermodynamics, and consistent with
the relations between the local equilibrium quantities, the
equilibrium energy per particle depends on volume (1/n) and
temperatureT according to

d«5CvdT1S ]«

]~1/n! D
T

d~1/n!

5CvdT2FTS ]P

]T D
n

2PG 1n2dn5CvdT2kT2
dB

dT
dn,

~49!

with constant volume heat capacityCv5(]«/]T)n , see Eq.
~I.A5!. On combining the equations of change for energy and
number density, the equation

]T

]t
1

p

m
–“T5

p2mv0
m

–“T2
T

nCv
S ]P

]T D
n

“–v0 ~50!

for the temperature is obtained. In a similar manner, the free
density is also dependent onn andT through the equilibrium
constraint~I.39!, so that

]nf
]t

1
p

m
–“nf

5~114nB!S ]n

]t
1

p

m
–“nD12n2

dB

dT S ]T

]t
1

p

m
–“TD

5~114nB!
p2mv0

m
–“n12n2

dB

dT

p2mv0
m

–“T

2Fn~114nB!1
2n2kT

Cv

dB

dTG“–v0 . ~51!

Since both the local equilibrium free Wigner function as well
as f c1

lh are parameterized bynf ,v0 , andT, the latter through
nc5nf

2L r
3TrrelU, the above set of equations is sufficient for

evaluating the time derivatives appearing in Eq.~31!.
On carrying out the indicated time and space derivatives

in Eq. ~31! and eliminating the time derivatives with the
relations in the last paragraph, the left hand side of this equa-
tion is formally linear in the gradients“n, “v0 and“T.
Furthermore it is a necessary condition for consistency with
the equation of continuity that there be no dependence on
“n. As an aid to writing down the detailed expressions in-
volving the gradients and to prove the lack of dependence on
“n, the individual contributions are organized as follows:

d~ f f1
le1 f c1

lh !5Fnd lnnf1Fv–dv01FTd lnT ~52!

with derivatives with respect to lnnf ,v0 and lnT given by

Fn5 f f1
le12 f c1

lh , ~53!

Fv5
p2mv0
kT

f f1
le1

2nf
2L r

6

kTh3
Trr~pop1p2mv0!e

2KCM /kTU

~54!

and

FT5SW22
3

2D f f1le1
nf
2L r

6

h3
Trre

2KCM /kTF SKCM

kT
23DU

1TUTG , ~55!

wherein the dimensionless momentum3 W[(p
2 mv0)/A2mkThas been introduced.

With this breakdown of the various contributions, the
dependence of the left hand side of Eq.~31! on the gradients
can be explicitly obtained. But as stated earlier, there should
be no dependence on“n. That this is the case is now dem-
onstrated. Dependence on“n arises from the time and space
derivatives ofnf and also through the pressure gradient as-
sociated with the time derivative ofv0. Collecting these con-
tributions together gives as the coefficient of“n,
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p2mv0
nfm

~114nB!Fn2
1

nmS ]P

]n D
T

Fv2
1

nf
~114nB!Jcn

5
112nB

nm
@~p2mv0!Fn2kTFv2mJcn#50, ~56!

to terms linear inn. The terms inFn andFv involving f f1
le

clearly cancel and on examining the various contributions
from pair correlations these are also easily shown to cancel.

On collecting the various contributions, the linearized
Boltzmann equation~31! can be written in the form

LT–“ lnT1 Lv
~2!:@“v0#

~2!1Lv
~0!
“–v052Rf, ~57!

where12 @“v0#
(2) is the symmetric traceless part of the sec-

ond rank tensor“v0. The general weight factorf f1
le has been

removed so that the linearized Boltzmann equation can be
treated as an operator equation in a Hilbert space with inner
product

^^AuB&&5E Af f1
le ~r ,p,t !Bdp. ~58!

In the general case the coefficients of the generalized forces
are given explicitly by retaining only terms up to second
order in the density

f f1
leLT5S FT12n2T

dB

dT

Fn

nf
D p2mv0

m
2Fv

kT

m S 11nB1nT
dB

dTD2Jcn
2n2

nf
T
dB

dT
2JcT2JrT

5FW22
5

2
2nB1nT

dB

dTGp2mv0
m

f f1
le2JrT1

n2L r
6

h3
Trre

2KCM /kT
pop1p2mv0

m F SKCM

kT
25DU1TUTG , ~59!

f f1
le Lv

~2!5FFv p2mv0
m

2 Jcv2 JrvG ~2!

52@W1#
~2! f f1

le1
2n2L r

6

mkTh3
Trre

2KCM /kT@pop1p2mv0#
~2!U

1
in f

2L r
6

2kT\h3
Trre

2KCM /kT@V,V@e2Krel /kTpop,rop#1
~2!V†#2, ~60!

where irreducible Cartesian tensors such as@W# (2) are defined in Ref. 12, and

f f1
le Lv

~0!5
1

3
Fv–S p2mv0

m D2
Fn

nf
Fn~114nB!1

2n2kT

Cv

dB

dTG2
k

Cv
FTS 11nB1nT

dB

dTD2
1

3
U:~ Jcv1 Jrv!

5
k f f1

le

Cv
F S 2Cv

3k
212nB2nT

dB

dTD SW22
3

2D23nB22nT
dB

dTG2
n2kL r

6

Cvh
3 Trre

2KCM /kTTUT

1
in2L r

6

6kT\h3
Trre

2KCM /kT@V,V@e2Krel /kTpop,–rop#1V†#2 . ~61!

This completes the identification of the terms in the
Chapman–Enskog equation~57!.

The linear equation~57! is to be solved for the perturba-
tion f. According to the Fredholm alternative,15,16a solution
exists only if the given function~left hand side of the equa-
tion! is orthogonal to the left invariants~left eigenvectors
having zero eigenvalue! of R, and to make the solution
unique, some condition on the perturbation is required for
each right invariant. Just as for the standard Boltzmann equa-
tion, it is first verified that the left and right invariants are the
mass, momentum and~kinetic! energy. It follows easily that
the left hand side of Eq.~57! is orthogonal to these invariants
and the standard Chapman–Enskog method requires that the
perturbation does not contribute to the mass, momentum or
energy densities, see Eqs.~I.40!, ~I.42! and ~I.45! together
with Eqs.~4!, thus making the solution unique.

In order to verify the invariants ofR it is appropriate to
begin by studying matrix elements of the linear superopera-
torR. From the definition of inner product~58!, the contri-

bution to the collisional rate of change of observablec as-
sociated with perturbationf is

^^cuRuf&&5
in2L r

6

2\h3 E dp Trr~c11c2!e
2KCM /kT

3@V,Ve2Krel /kT~f11f2!V
†#2 . ~62!

Here a symmetrization ofc between particles has been car-
ried out. SinceV commutes with the center of mass motion,
the commutator can be changed into the corresponding com-
mutator with the combination of c ’s, namely
@c11c2 ,V#2 . For mass and linear momentum this commu-
tator immediately vanishes, thus these four quantities are left
invariants ofR. Forc equal to the~kinetic! energyH (1), the
combination ofc ’s is equal to the sum of center of mass and
relative ~kinetic! energies. The former commutes withV so
can not contribute. The relative kinetic energy contribution
can be written in the following form:
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E dp TrrK rele
2KCM /kT@V,VXV†#2

5E dp Trre
2KCM /kT@K rel ,V#2VXV†

5E dp Trre
2KCM /kT@H rel ,V#2VXV†

52E dp Trre
2KCM /kTV@H rel ,VXV†#2

52E dp Trre
2KCM /kTVV@K rel ,X#2V†. ~63!

Thus, ifX commutes withK rel , equivalently the perturbation
being a function solely of the particles momentum, then the
kinetic energy is a left invariant ofR. It should be empha-
sized that any position dependence off is to be treated as a
parameterfor the linearized collision operator, thus a con-
stant as far as the collision is concerned. Collision nonlocal-
ity effects, which are in particular responsible for conversion
between kinetic and potential energy, have already been ac-
counted for by the presence ofJc andJr in Eq. ~31!. Thus the
kinetic energy provides a fifth left invariant for the linearized
Boltzmann equation.

The identification of right invariants requires looking at
which f ’s give a zero contribution to the matrix element
~62!. For each of mass, momentum and kinetic energy, the
sum off ’s is either constant, the center of mass momentum
or the sum of center of mass and relative kinetic energies. In
all cases, the Mo” ller operators act to change the combination
e2Krel /kT(f11f2) into a function of center of mass momen-
tum and ‘‘total’’ relative (H rel) energy operator. Such a
quantity commutes withH rel , so that for each of mass, mo-
mentum and kinetic energy, theR matrix element can be
replaced by

^^cuRuf&&52
in2L r

6

2\h3 E dp Trr~c11c2!e
2KCM /kT

3@K rel ,Ve2Krel /kT~f11f2!V
†#2 . ~64!

This vanishes providedc is a function of momentum, since
the combination ofc ’s then commutes withK rel . Thus, since
the collision operatorR is localized at one position and acts
only to transform the momentum dependence of the Wigner
function, its left and right invariants are the standard mass,
momentum and kinetic energy. The possibility of a collision
inhomogeneity complicates this identification. In this work
this problem is overcome by explicitly expanding the inho-
mogeneity effects and treating them in a different manner.

As stated earlier, the solvability of the linearized Boltz-
mann equation~57! requires that the left hand side be or-
thogonal to the left invariants ofR. These requirements are
now discussed. Since the equations of change forn and v0
have been based on the moments of Eq.~31!, these equations
are exactly the requirements that the left hand side of Eq.
~57! be orthogonal to the left invariants. Detailed evaluation
of the orthogonality conditions using the coefficients

LT , Lv
(2) andLv

(0) confirm these properties. The equation of
change for the kinetic energy was not used in the elimination
of the time derivatives to arrive at Eq.~57! so the orthogo-
nality of the left hand side of Eq.~57! to the kinetic energy
needs to be explicitly examined. For the kinetic energy only
the Lv

(0) orthogonality is not automatically satisfied by rota-
tional invariance. The immediate integral of this orthogonal-
ity condition leads to

E W1
2f f1

le Lv
~0!dp15

3nfk

2Cv
F2Cv

3k
2124nB23nT

dB

dTG
2
n2kTL r

3

2Cv
TrrelS 321

K rel

kT DUT

1
n2L r

3

12m~kT!2
Trrel@pop,–“V#1

3V@e2Krel /kTpop,–rop#1V†. ~65!

After making use of the explicit form forB(T), Eq. ~I.A2!,
and retaining at most terms of second order in the density,
this is simplified to

E W1
2f f1

le Lv
~0!dp15

n2L r
3

3~kT!2
TrrelVHrele

2Hrel /kT

1
n2L r

3

12m~kT!2
Trrel@pop,–“V#1

3V@e2Krel /kTpop,–rop#1V†. ~66!

The identity of Appendix A shows that this combination van-
ishes, thus verifying that all of the orthogonality conditions
are satisfied. Thus a solution to the linearized Boltzmann
equation exists.

The presence of right invariants for the collision operator
R implies that the solutionf to Eq. ~57! is not unique.
Uniqueness is obtained from the combination of auxiliary
conditions~I.40!, ~I.42!, ~I.45! and ~4!. The auxiliary condi-
tions ~4! for the pair correlation Wigner function imply that
the auxiliary conditions forf reduce to the requirements that
f be orthogonal to mass, momentum and kinetic energy,
namely the right invariants ofR. For the mass, this is an
immediate consequence of Eqs.~4! and ~I.40!. For the mo-
mentum, the second equation in the set of Eq.~4! does not
eliminate the total contribution ofF to Eq. ~I.42!. But the
specific form chosen forF @only the vector part,Ac , could
contribute to a momentum expectation value#, see Eq.~28!,
gives no contribution to Eq.~I.42!. Finally, to obtain the
condition for the kinetic energy from Eq.~I.45!, it is recog-
nized that the independent particle contribution to the poten-
tial energy

E E E V12f f1
le f f2

le ~f11f2!dr12 dp1 dp2 ~67!

vanishes because of the separate auxiliary conditions~I.40!
for f1 andf2 @after subtracting the appropriate correlation
condition of Eq.~4!#.
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The auxiliary conditions imply certain constraints on the
possible forms forA, B and C, in the gradient expansion
~I.26! of f. In particular the vectorA is affected only by the
momentum constraint, while the scalarC is affected by both
the number density and energy constraint. These constraints
are identical to those appearing in dilute gas kinetic theory,3

or more comparably to those for a previous classical
treatment17 of moderately dense gas kinetic theory. As in that
treatment, only the lowest order Sonine polynomials that are
necessary to approximate the perturbationf will be retained
in this work. Thus the expansion functions are approximated
by

A5a1W~ 5
2 2W2!,

B5b0@W#~2!,

C5c2~
15
8 2 5

2W
21 1

2W
4!, ~68!

having unknown coefficientsa1, b0 andc2.
The Chapman–Enskog equation~57! together with the

form of the perturbation function~I.26! can be split into three
equations according to the three different gradients. This
gives separate equations for each ofA, B andC. The mag-
nitude a1 of A5AW is found by taking the component of
theA equation along theA direction, thus

Xl[E dp~W22 5
2!W–f f

leLT

52a1^^W~W22 5
2!–uRuW~W22 5

2!&&

[2 15
4 nf

2a1v̄Sl , ~69!

where v̄[A16kT/pm is the mean velocity of relative mo-
tion andSl is the appropriate ‘‘kinetic’’ cross section for
thermal conductivityl. The driving termXl can be partially
evaluated. After some simplification, this can be written as,
neglecting terms of ordern3,

Xl5
15

4
A2kT

m
nf1

5nf
2L r

3

4
AkT

2m
TrrelF S g22

3

2DTUT

2S 52 g22
21

4 DUG1
in f

2L r
3

8\A2mkT
Trrel@g2 U

12GG ,V#2:V@e2Krel /kTpop,rop#1V†. ~70!

The equation forB reduces to an equation for the scalar
b0,

Xh[E dp@W#~2!: Lv
~2! f f

le

5b0^^@W#~2!:uRu@W#~2!&&[ 5
2nf

2b0v̄S~20!. ~71!

Since the polarization is the same here as in the dilute gas
case, the cross section for viscosity is written in standard7

notation asS(20). For the determination ofb0, there re-
mains only the reduction ofXh to simpler form. This is ac-
complished in the same manner as previous reductions, to
give

Xh55nf~12nfB!1
nf
2L r

3

4m~kT!2

3Trrel@p,“V#1
~2!:V@e2Krel /kTpop,rop#1

~2!V†. ~72!

Finally, for the calculation ofc2, there is the determining
equation

Xk[E dp~ 15
8 2 5

2W
21 1

2W
4! f f

leLv
~0!

5c2^^~
15
8 2 5

2W
21 1

2W
4!uRu~ 15

8 2 5
2W

21 1
2W

4!&&

[ 15
8 c2nf

2v̄Sk . ~73!

The driving term to ordern2 is calculated to be

Xk52
nf
2L r

3

12
TrrelS g425g21

15

4 DTUT1
in f

2L r
3

48\kT

3Trrel@g425g2,V#2V@e2Krel /kTpop,–rop#1V†.

~74!

Hereg[pop/AmkT is the dimensionless relative momentum
operator. This completes a listing and reduction of all the
quantities for a first order approximation of the perturbation
expansion coefficientsa1 ,b0 andc2.

IV. TRANSPORT COEFFICIENTS

Density operator expressions for the heat flux and pres-
sure tensor are given in Sec. IV of Ref. 2. Specifically the
pressure tensor arises by means of kinetic and collisional
transfer mechanisms while the heat flux has the additional
contribution of a potential energy flux. As well, the kinetic
contributions involve both free and correlated pair particle
effects. From the standard dilute gas kinetic theory point of
view, fluxes are expanded in powers of the spatial inhomo-
geneity. For a locally homogeneous system there is no heat
flux but there is a local equilibrium pressure. It is the object
of the present section to obtain expressions for these quanti-
ties. The present estimates are made assuming there is only
one temperature Tf5Tc5T and stream velocity
vf5vc5v0, with the correlation densitync5nf

2L r
3TrrelU pa-

rameterizing the local equilibrium with the free particle den-
sity nf . This appears appropriate since it is noticed from Sec.
II that all conditions can be satisfied with these equalities,
equivalently that there are no constraints requiring different
temperatures or mean velocities for the free and pair corre-
lations, or out of equilibrium pair correlation density.

The kinetic pressure tensor is calculated according to
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PK52kTE WW f ~1!dp5S nkT1
1

3
nf
2kT«1D U

12nfkTE WW
e2W2

p3/2 fdW

12nf
2kTL r

3E dG Trrel
e2G 2

p3/2 W1W1UFc

5PK U22hK@“v0#
~2!2kK“–v0 U, ~75!

to give contributionshK andkK to the shear and bulk vis-
cosity coefficients. On identifying the coefficients of
@“v0#

(2) and“–v0 and simplifying the resulting expressions,
the kinetic contributions to the shear and bulk viscosity co-
efficients become

hK5 1
2 kT@nfb01

1
2ncb0

c# ~76!

and

kK5
2nckTc0

c

3Ccorr
CU
V . ~77!

Here the heat capacityCU
V5d«U

V /dT associated with the po-
tential energy«U

V[ 1
2TrrelVU/TrrelU per particle for the pair

correlations has been introduced. The collisional transfer part
of the pressure tensor reduces to

Pcoll5Pvirial U22hcoll@“v0#
~2!2kcoll“–v0 U ~78!

with virial pressurePvirial5nf
2kT(B2«1/3), shear viscosity

hcoll5
nf
2L r

3

40kT
Trrel@rop“V#~2!:V@e2Krel /kTpop,rop#1V†

2b0
nf
2L r

3

20
Trrel@rop“V#~2!:Ve2Krel /kT@g#~2!V†,

~79!

and bulk viscosity

kcoll5
nf
2L r

3

36kT
Trrelrop–“VV@e2Krel /kTpop,–rop#1V†2

nf
2L r

3

24

3c2Trrelrop–“Ve
2Hrel /kTF H rel

2

~kT!2
25

H rel

kT
1
15

4 G . ~80!

The kinetic heat flux vector is

qK5A2kT

m
kTE dp WW2f f

lef1A2kT

m
kT

3E dP TrrelW1W1
2f c12

le Fc1252lK“T ~81!

with kinetic contribution to the thermal conductivity

lK52
5

4
nfkA2kT

m
a11

5

8
nckAkT

m
a1
cF11

4

3

TrrelK relUT

kTrrelU
G ,

~82!
while the collisional heat flux

qcoll52lcoll“T ~83!

has thermal conductivity contribution

lcoll5
nf
2L r

3

24T
Trrelrop“V:V@e2Krel /kTpop,rop#1V†

2
ka1

2A2mkT
FT dPvirialdT

2Pvirial

2
nf
2L r

3

3
Trrelrop“V:Ve2Krel /kTGGV†G . ~84!

Finally, the potential energy heat flux

qV5
1

2
nf
2L r

3AkT

m
TrrelE dG

e2G 2

p3/2GV

3@e2Krel /kT~f11f2!1UFc12#

52lV“T ~85!

has thermal conductivity contribution

lV52
5

12
nf
2L r

3a1A k

2mT
TrrelVe

2Krel /kTSK rel

kT
2
3

2D
1
1

2
ncAkT

m
CU
Va1

c . ~86!

Several different contributions to the transport coeffi-
cients have been found. Collected together, the shear viscos-
ity is

h5hK1hcoll , ~87!

with detailed formulae given by Eqs.~76! and ~79!. For the
bulk viscosity,

k5kK1kcoll , ~88!

with formulae Eqs.~77! and ~80!. Finally, for the thermal
conductivity,

l5lK1lcoll1lV , ~89!

with formulae from Eqs.~82!, ~84! and ~86!.

V. DISCUSSION

A recently proposed1 density corrected quantum Boltz-
mann equation emphasizes the distinction between free par-
ticle and pair correlation effects. The singlet density operator
is influenced by both effects. The free density operator is
determined by solving the quantum Boltzmann equation
while a separate equation~I.17! based on the second
BBGKY equation has been introduced2 for the determination
of the operator describing the pair correlations. In unpub-
lished work, a formal solution of that equation involving a
long time limit, specifically a generalization of Eq.~I.3!, was
used for the pair correlations but had the consequence that
the derived expressions for the transport coefficients did not
reduce at low density to those associated with the solution of
the dilute gas Boltzmann equation. Thus it was considered
that an alternate method for solving equation~I.17! for the
pair correlations was needed. Section II has cast this equation
into Wigner function form, linearized it about local equilib-
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rium and solved it in a Chapman–Enskog manner. The quan-
tum Boltzmann equation~I.2! was treated in the same man-
ner in Section III. In general these equations would have to
be solved simultaneously but using the simplest form for the
perturbation functions, the equations uncouple and can be
solved independently. Expressions for the transport coeffi-
cients consistent with these solutions were given in Section
IV. A comparison of these expressions with the classical
mechanical results17,18 obtained from solving the classical
Boltzmann equation with nonlocal collision corrections first
obtained by Green19 and Bogoliubov20 is given in the follow-
ing paragraphs. Rainwater23 has also considered the reduc-
tion of the quantum formalism to the classical. His starting
point is the quantum treatment by Thomas and Snider13 so it
does not have the pair correlation effects as presented in this
work.

The classical treatment17,18had no separate equations for
the pair correlations so all transport coefficients in that work
are expressed in terms of the solution of the Boltzmann
equation. In both treatments the solution of the Boltzmann
equation is parameterized by the three expansion coefficients
a1 , b0 andc2. Reduction of the quantum expressions~69!–
~74! to their classical limit gives exact agreement with the
classical result. It should be stated that many of the classical
results are partly expressed in terms of the second virial co-
efficient B(T) and its temperature derivatives. To arrive at
such expressions, it was assumed that the intermolecular po-
tential supported no bound states and is moreover monotoni-
cally repulsive, so this also is an input into the comparison.
Thus the present solution of the quantum Boltzmann equa-
tion is the quantum analog of the classical solution. This is
reasonable since the two equations express the same essential
features. Where they might have disagreed would be in the
presence of the pair correlations. But these only appear in the
quantum Chapman–Enskog equation~57! through their local
equilibrium contribution to the singlet Wigner function,
which essentially reduces classically to part of the local
Maxwellian distribution. As a consequence, no difference
arises when the quantum solution is reduced to the classical.

Comparison of the expressions for the transport coeffi-
cients is not so straightforward. Expressions~77! and ~80!
for the bulk viscosity are easiest to compare. The classical
treatment has noc0

c so there is no kinetic contribution to the
bulk viscosity for spherical particles. Moreover, the quantum
collisional contribution to the bulk viscosity reduces in the
classical limit to the result in Ref. 18. Since the bulk viscos-
ity measures the transfer of energy from one form of energy
to another, the presence of pair correlations provides a pos-
sibility for such energy exchange while the classical treat-
ment had no such possibility. Thus the difference inkK is a
reasonable result.

The present treatment has kinetic contributions to the
shear viscosity, Eq.~76!, from both the free density operator
~Boltzmann equation! and the pair correlations while the
classical treatment has no extra pair correlation structure.
Simply settingb0

c50 does not lead to agreement since in the
present treatmentb0 is multiplied by the free density while in
the classical case the full gas density appears. Agreement is

obtained if it is assumed thatb0
c52b0, with a possible ratio-

nale that the pair correlations involve the effect of two par-
ticles, thus the perturbation should be twice as big as the
free. The quantum expression for the collisional contribution
to the shear viscosity reduces to the classical expression
given in Ref. 18 except that the expression forHl1Rl of
that work should have a factor of 2 multiplying the ‘‘Y’’
contribution to this quantity. This missing 2 is an error in
that paper. Since its contribution to the shear viscosity~and
thermal conductivity! is second order in the gas density, this
factor appears to not yet have been numerically used in the
calculation of the transport coefficients, for example, in Refs.
21 and 23.

Finally is the comparison of expressions for the thermal
conductivity. These are quite different in structure. First is
the kinetic contributionlK . This can be made to agree with
the classical expression ifa1

c522a1, compare the discus-
sion of the shear viscosity, together with ignoring the correc-
tion factor in Eq.~82! involving UT . The classical limit of
Eq. ~84! gives, in the notation of Ref. 18,

lcolluclass5
1

3
nf
2ks3ApmkT~Hl1Rl!

2
1

4
n2kA2kT

m
a1FT dBdT2

4ps3

3
NlG . ~90!

@Note the error inHl1Rl mentioned above.# This contains
part of the density corrections in Eq.~26! of Ref. 18 for the
thermal conductivity. A direct classical reduction of Eq.~86!
gives zero for the first term and the second term does not
correspond to terms found in the classical treatment. The
main new element here is that the potential energy cannot be
derived from the Boltzmann equation but involves a separate
calculation using the pair density operator~classically the
pair distribution function!. In the classical treatment the pair
distribution function was calculated using the Green-
Bogoliubov procedure of following a pair of free particles
into the collision regime, just as was done for the binary
collision term. The quantum analog is to set the pair density
operator equal to

r12
~2!5Vr f1r f2V

†, ~91!

compare the collision term in the Boltzmann equation~I.2!.
Within a linear-in-gradients evaluation of the potential heat
flux, the localization of the pair of interacting particles can
be placed at the center of mass of the pair, see the first two
lines of Eq.~I.50!. Inserting the above expression for the pair
density operator into the potential heat flux equation gives
contributions both from the perturbation functionsf11f2

and from the different localizations of the free singlet density
operators. After taking the classical limit, the latter gives the
I l term in Eq.~26! of Ref. 18 while the former can be com-
pletely expressed in terms of the second virial coefficient~for
monotonic repulsive potentials!, thus

lVuclass5
5nf

2a1k

6
AkT

2mF2T dBdT1T2
d2B

dT2G
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2
n2ks4

3
ApkT

m
I l . ~92!

With this change in interpretation of how to estimate the
potential heat flux, the combinationlK1lcoll1lV reduces to
the classical expression for the thermal conductivity.@Note
that Tl is given with an overall wrong sign, in Eq.~30! of
Ref. 18, which was first noted by Bennett and Curtiss.21#

From the above discussion it is seen that the present
treatment of the kinetic theory of a moderately dense quan-
tum gas has similarities to the previous classical treatment.
The explicit need in quantum mechanics to account for pair
correlation corrections to the singlet density operator van-
ishes in the classical limit and all other quantities in the
quantum Boltzmann equation have classical analogs. It is in
the evaluation of expectation values where the distinction
between the treatments arises. In the present quantum treat-
ment, the Boltzmann equation determines only the non
~local-!equilibrium part of the free density operator, so that it
is necessary, even for one particle observables, to calculate
the nonequilibrium part of the pair correlations so that their
contribution to all expectation values may be obtained. The
present treatment has considered these pair correlation ef-
fects to be somewhat diffusive, long ranged effects rather
than as hard, short ranged collision type effects. Thus a sepa-
rate equation for the pair correlations has been proposed, and
solved within the Chapman–Enskog approach. In contrast,
the earlier classical treatment used the same collisional an-
satz, the classical limit of Eq.~91!, for the full pair distribu-
tion function as for the collision term in the Boltzmann equa-
tion, which reflects hard, percussive collisions. But in ending
this discussion, it is emphasized that the two approaches are
not all that different. While it is the linearization, Eq.~13!, of
the pair correlation equation~I.17! within the Chapman–
Enskog procedure that is used in this work, if the three par-
ticle decay effects are ignored, then it is easy to integrate the
pair correlation equation to give Eq.~I.3!, see Appendix B, a
result consistent with Eq.~91!. This approach was not fol-
lowed in the present treatment since it was found that the
resulting pair correlation density operator was unbounded if
the free singlet density operator is parameterized with a po-
sition dependent temperature and stream velocity.

It is remarked that the classical kinetic theory of moder-
ately dense gases has been extended in a number of ways so
it is not as limited as the above discussion may imply. The
generalization to include non-monotonic intermolecular po-
tentials has been carried out by Rainwater.9 In cooperation
with co-workers22 he has also approximately incorporated
the role of three particle collisions and the presence of bound
states. These papers should be referred to for a detailed dis-
cussion of the methods and literature of the approaches that
they use.
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APPENDIX A: A TRACE IDENTITY

It is to be shown that in the absence of bound states

Z[
21

4m
Trrel@pop,–“V#1V@e2Krel /kTpop,–rop#1V†

5TrrelVHe
2Hrel /kT. ~A1!

The first anticommutator is identified as the result of the
commutator

@K rel ,V#25
\

im
@pop–“V1“V–pop#, ~A2!

which can be further written as@H rel ,V#2 since the commu-
tator ofV with itself vanishes. Inserting this relation into Eq.
~A1! and using the cyclic invariance of the trace to flip the
commutator gives

Z5
i

4\
TrrelV@H rel ,V@e2Krel /kTpop,–rop#1V†#2

5
i

4\
TrrelVV@K rel ,@e

2Krel /kTpop,–rop#1#2V†, ~A3!

with the second equality arising from the intertwining rela-
tion when there are no bound states. Now theK rel commuta-
tor affects onlyrop according to

@K rel ,rop#25
2\

im
pop. ~A4!

Z now reduces to

Z5 1
2 TrrelVV@e2Krel /kT2K rel#V

†. ~A5!

Finally the intertwining relation changes any function of
K rel into the corresponding function ofH rel . The unitarity of
V in the absence of bound states implies thatVV†51 re-
sulting in the equality that was to be proven.

APPENDIX B: COLLISIONAL INTEGRATION OF THE
PAIR CORRELATION EQUATION

Without the relaxation term, Eq.~I.17! takes the form

i
]rc12

]t
5L12

~2!rc121V 12r f1r f2 . ~B1!

This can immediately be formally integrated to

rc12~ t !5e2 iL12
~2!

~ t2t0!rc12~ t0!

2 i E
t0

t

e2 iL12
~2!

~ t2t8!V 12r f1~ t8!r f2~ t8!dt8. ~B2!

If the time t0 is taken so that the pair of particles are far
apart, before interaction, then it is appropriate to set

3077Snider, Wei, and Muga: Gas quantum kinetic theory: Transport coefficients

J. Chem. Phys., Vol. 105, No. 8, 22 August 1996

Downloaded¬31¬Mar¬2002¬to¬137.132.3.10.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp



rc12(t0)50. Moreover, if the presence of other particles is
ignored, then the free density operators evolve freely over
the time intervalt0→t, that is,

r f1~ t8!5e2 iL1
~1!

~ t82t !r f1~ t !. ~B3!

Then the integral can be carried out

rc12~ t !52r f1~ t !r f2~ t !1e2 iL12
~2!

~ t2t0!

3e2 i ~L1
~1!

1L2
~1!

!~ t02t !r f1~ t !r f2~ t !. ~B4!

Finally, if the time intervalt2t0 can be taken large com-
pared to the time of duration of a collision, the product of
evolution superoperators can be approximated by the Mo” ller
superoperator and Eq.~I.3! is obtained.
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