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Abstract We give new arguments for several Liouville type results related to the
equation —Au = K e?*. The new approach is based on the holomorphic function
associated with any solution, which plays a similar role as the Hopf differential
for harmonic maps from a surface.
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1 Introduction

The elliptic equation —Au = Ke** on a domain in R? and its various ramifica-
tions have been studied intensively from both analytic and geometric viewpoints.
In the important special case when K is constant (with certain special boundary
condition if there is a boundary), the equation has some canonical solutions which
are derived by elementary geometric considerations. It is often a fundamental
question whether these are all the solutions satisfying certain analytic conditions.
Many results of this type have been established, mostly by the method of moving
planes. In this approach the main step is to prove that a solution in question
must be rotational symmetric with a proper choice of the origin. This usually
involves some delicate analysis. With this done the problem is then reduced to an
ODE.

In this note we present a new approach to this type of results. It is based on a
simple observation that a solution gives rise to a holomorphic function which is
zero if and only if the solution is canonical. It is reminiscent of the Hopf differ-
ential for harmonic maps from a surface. The required analysis to show that this
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holomorphic function is indeed zero under some analytic assumption seems to be
simpler and more transparent. It is our hope that this new approach may also be of
use in some other situations.

2 Classification of solutions of —Au = 2%

Let S be the south pole of S and 75 : S\{S} — R? be the stereographic projec-
tion, then

(dx1 @ dx1 + dxy ® dx»).

4
71 ES _
(”s ) 852 = _(1 T x2)2

For A > Oand & € R2, let dyx = Ax be the dilation and T_gx = x — & be the

translation, then

4)2
(14 22|x — &?)?

Zedy (') "gg = (dx1 ® dx) + dxy @ dxa) = e**€ gpo,

here
2A

2
m for x € R-.

u) £ (x) =log
Since the metric ¢4+ gr2 has curvature 1 and total area 47, we see
—Au —_ L2up¢ RZ d 2“A,§d =4
ae =eM on an e X = 4.
R2

On the other hand, the following interesting statement was discovered in [3]
through the method of moving planes.

Theorem 2.1 ([3]) Let u be a smooth function on R? such that

{ —Au = ¢* on R?, 2.1

Jr2 edy < oo.

Then for some A > 0 and & € R2,

2

ux)=log —— .
T —gp

Remark 2.1 Tt was known that the condition fRZ e dx < oo can not be discarded
because if we take any nonpolynomial entire function f such that f’ never van-

112
ishes (e.g. f(z) = e?), then the metric f*(ns_l)*gsz = %gm has constant
curvature 1 and infinite total area. If we let u = log 11"];12, then —Au = e

and [ e**dx = 0o. We note that there are other proofs of the above theorem in
[4] by complex analysis and in [2] by the isoperimetric inequality and Pohozaev
identities.



A new approach to some nonlinear geometric equations in dimension two

We will present a new approach to this result and other related problems. The
new method will be local in nature. The starting point is the following simple
observation. For convenience, we identify R?> = C by z = x| + ixp.

2u

Lemma 2.1 Let u be smooth solution of the equation —Au = e on a domain in

R2. Then u.. — uf is a holomorphic function.

2 hence —4u..: = 2e*u. =
is a holomorphic function. 0O

Proof First we observe that u satisfies —4u,; =
—8u,uz . This implies (u,; —u?): = 0i.e. u,, —u

NI SEY

Remark 2.2 Tt is worth pointing out that the function ., u2 is crucial because as

we will see soon that the solution u is of the canonical form if and only if u,, — u%

vanishes. In this sense the holomorphic function plays a similar role as the Hopf
differentials for harmonic maps from surfaces: a harmonic map from a surface
gives rise to a holomorphic quadratic differential called the Hopf differential and
the harmonic map is conformal if and only if its Hopf differential vanishes (see
(8, p.6)).

Next we recall the following standard fact which follows from scaling and
elliptic estimate. For reader’s convenience, we present the proof here.

Lemma 2.2 Assume ¢ is a nonnegative smooth function on B, C R? such that
—A@ < @*. Then there exists a universal constant no > 0 such that fB_ pdx < ng

implies p(x) < ’% fB,- @ for x € Byy. Here c is an absolute constant.

Proof By scaling we may assume r = 1. Put K = max,|<i(l — |x|)2<p(x). We
claim K < 1. Otherwise K > 1, choose £ € By such that (1 —|E|)2(p($) K Set
o =1—|&|, thenforx € Bs (E) px) < i—K Hence ¢ (x) = 4K§0(§ + 5 x) is
well defined on Bj. It satlsﬁes

~Ay <y? Y <lonBj, ¥(0)= / / @(x)dx < no.
By B o (&)

Hence —Avy < . From elliptic estimate ([5, p.67]), we know ¥ (0) < ¢ fBl U <

cno. Here ¢ is an absolute constant. Choose 1o small enough such that cng < }‘,
we get a contradiction. Hence K < 1. On B3 we have ¢(x) < 16. —A¢ < 16¢.
7

So again by the elliptic estimate we get ¢(x) < ch3 ¢ < CfB1 ¢ < cno for
4
X € By O

We now present the proof of Theorem 2.1. Let u be a smooth solution of (2.1).
Then by Lemma 2.1 we have an entire function u,, — u?. Our goal is to prove it is
identically zero. First observe

— A = —432”|Vu|2 +2eM < 2eM, / eXdx < oo.
R2

There exists R > 0, such that fR”\BR tdy < no, the number given by
Lemma 2.2. Then for every x € R?\Bag we have IB‘ 2 e?Wdy < no. It fol-

lows from Lemma 2.2 that ¢?“®) < ¢|x|~2. In particular ™) — 0 as |x| — oo,
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and u is bounded from above (this statement also follows from [1, theorem 2]).
Define

1
v(x) = ——/ (log |x — y| — log|y]) e2”(y)dy_
21 R2
Then —Av = ¢** and |v(x)| < clog(|x| + 2). Indeed, for |x| = r > 2,
[v(x)] SC/ (Jlog |x — y|| + [log|y|]) e2“Pdy
B1UB (x)

.
+ cf ‘log M
By \(B1UB) (x)) |yl

X —
IRZ\BZr

Iyl
<clog(|x|+2).

ezu(y)dy

240 gy

Hence u — v is harmonic and u — v < clog(]x| 4 2). This implies # — v = const
by the following standard Liouville type statement.

Lemma 2.3 Let h be a harmonic function on R such that for some m > 0,
h(x) < c(lx|+ 1)™. Then h must be a polynomial.

Proof We will show that for some ¢ > 0, |h(x)| < c¢(|x| + 1)™, then it follows
from the gradient estimate for harmonic functions that / is a polynomial. Let
r = |x| > 0, by the mean value inequality, we have

1 1 1
h0)=— [ hdy=-— | ht(y)dy——= | h (yd
0) 47”2/32,4 »dy 4m2/32,‘ (»dy 47”2/% (»dy
1

Scr+D"——= [ h (ydy.
4mr= Jp,,

Hence
/ h=(dy < cr® (r + D™ — 4xr?h (0) < or? (r + D™
BZr
It follows that

1 1 _
bl —s [ oy o [ oy
Tre JB,(x) Tr= JB,(x)

]

sc(r+1>m+—2f W () dy
Tr BZr

<c@+D". O

Since
__ L ol 2u(y)
uw = — /<log|x 31— log lyl) 2Oy +c.
T JR2
WE See

1 Xj— Y 210y,

diux)=u;(x) = ——
J ( ) .1( 27 R2 |x—y|2
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In particular, by Lebesgue dominated convergence theorem

2u(y)
|w(x)|§i/ <y
27 Joe T =yl

1 e2u(y) 1 e2u(y)
dy +

21 Jr2\B (x) 1X — ¥l

21 ()

© 27 Jpy X —

1
<c sup 04— L XRA\B; (0 (V) dy =0

yeB; (x) 27 Jr lx — yl

as |x| — oo. Differentiate Eq. (2.1), we see —Au; = 2¢?u; for j = 1, 2. Hence
[Vuj(x)| < clujlpsp, iy — 0as|x| — oo. Therefore the holomorphic function

Uz; — ug approaches zero at infinity. It follows from Liouville theorem that
2 _
Uz, —u; =0. 2.2)

This together with Eq. (2.1) give us
1
D*u=du®du— §(|du|2 + ) gpe.

Let v = e, then the above equation becomes

_ldv]F+1

D%y
2v

8R2- 2.3)
In particular, we see vi2 = 0 and vi; = v27. This implies vi11 = va21 = vi22 = 0.
Similarly vy, = 0. It follows that D3v = 0 and thus v is a quadratic polynomial.
Since v > 0, it it easy to see from (2.3) that v(x) = %|x — &2 + i for some
A > 0and & € R2. This shows u(x) = log l+122\+$|2

Remark 2.3 1t is interesting to note that the gradient estimate for the equation
—Au = ¢ can not be localized. Indeed, for ¢ > 0 small, we let fe(z) = gee
then the metric
—1y* 2
fi(mg ) 8 = ™ gpe
has constant curvature 1 i.e. —Au, = e2¥s Here

20x-1)

—1
ue(x) =log2e + AL log (1+¢&*~ ).
B

In particular,

/ Mgy < 4xe? — 0,
B

but

1 2e3e7 2/
[Vue (0)] = -

+
- s o0oase — 0.
e 1+4ete2/e
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3 Constant positive curvature surface with a boundary of constant
geodesic curvature

Our method also works well on a domain with boundary on which the constant
geodesic curvature condition is imposed. We first illustrate this by working in the
compact case where geometry is clear and analysis is simple.

For ¢ € C with [¢] < 1, we let ¢;(z) = IZ:E{z' Then ¢; is a biholomorphic
map from B to itself. For a > 0, let d,z = az. Then the metric

gra = 93d;(m5") g2

4a’+21)?
a’(1—¢%)?
= ; > ; 5 2(dx1®dx1+dx2®dx2)
(a=+1¢1%) __a’+l
(1 + e X~ et )
is isometric to (B2 arctana N), 52) = (Barccotx (N), g¢2) with k = 15;’2. Here the

B5 arctan « (N) means the geodesic ball on standard S 2,

Theorem 3.1 Let g be a smooth metric on S_%_ such that the Gaussian curvature
K = 1 and the geodesic curvature of S' (with respect to inner normal direc-
tion) is equal to a constant k, then (S2., g) is isometric t0 (Bagecotx (N), gs2). Here
Barccotx (N) means the geodesic ball around N.

Proof By Riemann mapping theorem, we may assume g is conformal to g¢>. De-
note (g Y*g = ¢ gps. Then

—Au = ¢* in By,
opu = ke —1ondB;.

Here v is the outer normal direction. By Lemma 2.1 we know u,, — ug is a holo-
morphic function. On the other hand, the boundary condition may be written as

zu; + zZuz = ke — 1 on 0B;.

Differentiating along the tangential direction, which may be written as i (z9, —zdz),
we get

22U.. — PPuss 4 zus — Zus = ke (zu- — 7uz).

Using the boundary condition again, we get

Zz(uzz - M?) = Ez(uﬁ — M%)

This means the holomorphic function 22(us, —uf) is real on 0 B|. Hence it must be
identically zero. This implies u,, = u_g. Same argument as in the previous section
shows for some A > 0 and & € R?, u(x) = log 0 sz)" Using the boundary

|x—§%°
1-224+221¢)2
2X

condition, we get k = . Let a be the positive number such that

1_)\’2 )\’2 2
a2++|$|a—1=0,
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and ¢ = %E (note that f;’—ﬂ = ﬁ we see |¢] < 1), then (ns_l)*g = grq-In

particular, (S 2 g) is isometric to (Barccotx N), g52). O

4 Half plane case

In this section, we shall present a new proof in the spirit of arguments in Section
2 for a result more general than Theorem 3.1 in the analytical sense. This result
under further finiteness condition was first proved in [6] and then strengthened to
the present version in [9], all by the method of moving planes.

Let R% = {x € R? : xp > 0}. Fora > 0, let d,x = ax be the dilation, then

4a®
dy(ng') ge = 22 (dx1 ® dxy +dxz ® dxy) .

(1 + a2|x|

For this metric on Bj, the geodesic curvature of S! with respect to inner normal

direction is equal to x = 1552 Leto(z) = Zl_l. - %, then ¢ maps Bj\{i} onto R%r.

Moreover, forb > 0, ¢ € R, 7.x = (x1 + ¢, X2),

wldi (97 () g
JPa?)’
= < S (dx1 ® dx; +dxy ® dx2)

2 2)2 _ 2
(1+ 25 | 4 (o iy [)
42

= (dx ® dx| + dxs ® dx) = eacgp.
(1+)"2}x+(c’ §)|2)2 1 1 2 2 R2

2
Here A = %,

2A
14+ 22|+ (e, 9>

u; (x) = log

It is clear that

A
—Au* = e*ac on Ri

a,c
821'{();,0 (x1,0) = —etact1:0) for X1 €R,
2
/ P2 g — 4ra
R2 1 +a?’
/ e“sz(”o)dt _ 4ma
R 1+ a?

On the other hand, the following boundary version of Theorem 2.1 was proved in
[6, 9].
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Theorem 4.1 ([6, 9]) Assume u € C OO(R%_) such that

—Au = e* on Ri
dpu (x1,0) = —ket(1:0) for x1 € R,

fRi AW gy < oo,

here k is a constant, then for some . > 0 and & € R2,

o =1 21
ux) =log ———@@ ™,
ST a2 —e
moreover,
rér = —«k.

We will present an argument using the idea from Section 2. Denote B, =

{x € B, : xo > 0}. For x € R2, let ¥ = (x1, —x2). To get some control on u, we
need the following boundary version of Lemma 2.1.

Lemma 4.1 Let ¢ be a nonnegative smooth function on B_,+ C R? such that
—Ap < (p2 n B,?",
1020 (1,0 < ¢ (1,00 for |t] <,

then there exists a universal constant no > 0 such that | g+ @dx < o implies
r

c
. +
px) < r—2/B+¢ forx € B,./z.

Here c is an absolute constant.

Proof To reach the above estimate, we need the following claim.

Claim 4.1 For any ¢ > 0, there exists a = n(¢) > 0 such that if ¢ is a smooth
nonnegative function on BIJr with

—Agp < ¢*in B[,
19200 (¢, 0)| < @ (¢, 0)%? for |t] < 1,

and [y pdx <, then max, (1 — X)) (x) < e.

Proof of the claim Let K = maxxeBﬁ(l — |xD?¢(x). If K > &, then choose £ €
1

B such that (1—|£[)2p(¢) = K. Denote o = 1— ||, then for x € B, /2(€)N B},

o) < £ () = G (& + SLx) is well defined on {x € B) : x3 > —a} for

> .
o
some a € [0, 1]. Moreover,

—AY <y? Y <eon{xeB :xy>—a}, ¥(0)=¢e/4
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and
/ Ydx <n, By )] < ¥x)Y?  forx e By, x = —a.
{xeBj:xy>—a}

In particular, —Avy < . From this we conclude a < 1/4. Because otherwise, it
follows from elliptic estimate ([5, p.67]) that ¢ (0) = /4 < chl/4 Y < cn and

we get a contradiction by choosing 1 small enough. Let 1 (x) = ¥ (x1, x2 — @)
forx e Bl+/2. Define

1 1/2
Yo(x) = — log((x1 — )% + (x2)) 1 (¢, 0)dt  forx € By
27 —1/2 1/2
and Y3 = Y| — Y. We have

&
V20l < ce™?, Y30,0) = 7 = ¥20,0),
—AY3 < Yiin By %Yz (.0)=0 for || <1/2.

We may set ¥3(x) = ¥3(x), Y1(x) = ¥1(x) forx € By, then ¢r3 € C%(B1)2)
and —Ayr3 < z/rlz on By 2. It follows from elliptic estimate ([5, p.67]) that

1/2
¥3(0,a) <c Yy ()dx + ¢ ( I/ff(x)dx> )

B2 B2

Hence fT < c(ﬁ + 83/2). Since ¢ is small, it follows that ¢ < ¢n. We get a
contradiction when 7 is small enough. O

Now we go back to the proof of the lemma. By scaling, we may assume r = 1.

Let ¢ > 0 be a tiny positive number to be determined later. Then we see when
fB+ @(x)dx is small enough, maxreBﬁ(l — |x|)2<p(x) < ¢. In particular, for x €
1 7 1

B34, p(x) < 16¢. Let

21

1 3/4
P1(x) = — f log((x1 = 1)* + (x2)*)d2g(t, 0)dt  for x € B,
4

and ¢» = ¢ — @1. Then we have

10| < el gy, —Ap2 <¢? D2 (1,00 =0 for |r] <3/4.

Forx € By, let ¢2(x) = ¢2(X), ¢(x) = ¢(X), then g2 € C*(B34) and —Ag» <
<p2 on Bj3 4. It follows from elliptic estimate ([5, p. 67]) that

12
|(P;_|L°°(Bl/2) < 6‘/ o) (V)dx + ¢ / o*(x)dx .
B34 B34
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Hence
1/2 1
[9lLoo(B,,) < €87/ @lLo(py) + ¢ - p(x)dx < 3 l@lpoepy) + ¢ . p(x)dx,
1 1

if ¢ is small enough. In particular, it follows from scaling argument that under the
assumption of the lemma, we have forany 1/2 <r < s <1,

1 C
o] S = o] + - A5 X d-x-
i) = 5 W) + o |, o)

It follows from usual iteration procedure ([5, Lemma 4.3 on p. 75]) that

<
|</’|Loo(31+/2) = C/B1+ @(x)dx.0

We will also need the following Liouville type result.

Lemma 4.2 Let h be a harmonic function on R? such that for some positive num-
ber m and some positive constant c; we have

C1

< m
|h(x)| { ~ Il

< ¢y when |x3| > 1.

when |x2| <1,

Then h must be a constant function.

Proof Let p = ——_ It follows from elliptic estimate ([5, p.67]) that for any

m+1"-
£ eR?,

1/p
|7 (&) < c(m) (/ Ih(X)I'JdX> <c(m,cy).
B1(§)

Here we have used the fact pm < 1. Then it follows from standard Liouville
theorem that / is identically constant. O

Now we are ready to prove Theorem 4.1.
Proof of Theorem 4.1 Let ¢ = ¢**, then we know

—Agp < 2(,02 onRZ, o = —2/((/)3/2 on R.

Using Lemma 2.1 and Lemma 4.1, we see ¢>*®) = o(|x|~2) as |x| — oo. Let

1 — 2u(y)
v(x) = —=— (log|x — y| +log|x — y| — 2log|y]) e™**’dy,
2w ]R%_

UJ(X) = —E / (log (t — xl)z + (XZ)Z _ 10g |t|)€u(['0)dl’,
T JR

h:u—v—wonRi.
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Note that w is well defined since €9 = o(t~!) as |f| — oo. Similar arguments
as before give us |v(x)| < clog(]x| + 2) for x € R?. On the other hand, we have
lwx)| <c log2(|x| + 2). Indeed, let |[x| = r > 2, then

d
lw(x)] SC/RIIOg\/(l—x1)2+(xz)2—10g|f|| :

HESS

Observing that

/ log v/t — 312 + (x2)? — log ]| " <‘/ =
— Al 2)7 — =C — =C,
lt|=2r 7] +1 =2 12

/ [log V(1 — x)? + (x2)2 — log |¢]] < clog(|x[ +2),
|t]<1

[t] + 1
/ [log v/ (r — x1)2 + (x2)% — log |¢]] <c
NV =x1)2+(x2)2 <1 7] + 1
and
dt
/ llog v/ (t — x1)? + (x2)? — log |¢]|
(1<)t <2r A/ —x)) P+ (x2)2= 1) +1
< clog*(1x] +2),
we see

h(x) < clog?(|x| +2).

We may show that /4 is harmonic on Ri and drh(t,0) = 0. For x € R2_, let
h(x) = h(x). Then h becomes a harmonic function on the whole plane with
estimate h(x) < ¢ log2(|x| +2). By Lemma 2.2 we see & (x) = const, this implies
u=1v+ w+ c. Since

bj() = —3— (x'j bl R bl
J - _
2m Jrz \|Ix —y)*  x =7

) Wy forj=1,2,

similar arguments as before show that
[Vuo(x)| <c, [|Vv(x)| — Oas x| > oo.

On the other hand,
X1 —1
() = —= / eV,
T JR (x1 — )7+ (x2)

K X
wy(x) = ——/ B T

7 JR (x1 — )% + (x2)?
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hence
X1 —t] 4+ x2 1

Vwkx)| <c . dt
V)l = R (x1 — 0%+ (x2)? 1] +1

A
~

/ [t] + x2 1
: . dt
R124+ ()2 Jt4+x1|+1

t 1 1
=c I+ . dt
RIZ2+1 xlt +x1(x) |+ 1

1 1
< c/ . dt.
RIE+H1 xolt +x1(x) ]+ 1

Next we observe the following inequality follows from elementary calculation: for
any b € R,

‘1
1 1 < ¢ oga’ when a > 2;
/ . dt ca
rRItI+1 alt—bl+1 < —, when0 <a <2.
a

Here c is an absolute constant. It follows that
clogx
< g X2
[Vw(x)| X2

C
—, when 0 < xp < 2.
X2

, when xp > 2;

IA

Hence we know |Vu(x)| < x‘—z for 0 < xp < 1, |Vu(x)] < c forx, > 1 and
[Vu(x)| — 0as xo — oo. Since forany j = 1,2, —Au; = 2e2”uj, it follows

from elliptic estimate that |D?u(x)| < o for0 <o < 1, |D%u(x)| < ¢ for

x2 > 1and |D%u(x)| — 0as x, — oo.

Let f(z) = uzz—ug,then f is holomorphic and Im f = %(uluz—ulz). On the
other hand, since on R, up = —«e", we see ujp = —«e"u; = ujuy. This implies
f is real on R, we may extend f to a holomorphic function on C by f(z) = f(2)
for z € RZ. Moreover we know [f(2)] < c|Imz|~% when |Imz| < 1, lf(2)] <c
when |Imz| > 1, and f(z) — 0as |Imz| — oo, it follows from Lemma 4.2 that
f is identically zero. Theorem 4.1 follows. O

5 Nonpositive curvature case

In this section, we shall apply ideas from Section 2 to those results in nonpositive
curvature cases derived previously in [7, 9] by complex analysis and moving plane
methods.

5.1 Flat surface having boundary of constant geodesic curvature

Fora > 0, d}gp: = a’gpa is a flat metric on B; and the geodesic curvature of

S! with respect to inner normal direction is equal to k = }I Leto(z) = Zil. — %,
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then for b > O and ¢ € R,

_ 1
Trdy (o) digge = V) Y (dx)1 @ dx1 + dxy ® dx2)
(2)" [x + (. 55)]
1
= YA (dx1 ®dx1 4+ dxy ® dx3)
22 x + (e, 57)]|
= ezug,(ng.
Here A = g,
)
ug (x) = log 5
(e )
It follows that
_A”?z,c =0on Ri, dou (x1,0) = —ke"010  for x| € R,

and
N A
/ eHacWdx = wa?, / e?act gt = 27a.
R} R

Theorem 5.2 ([7, 9]) Assume u € C °°(]R_%_) such that

—Au =0o0n Ri

ou (x1,0) = —Ke“(xl’o)forxl e R,
2u(x)

fRi e dx < o0,

here Kk is a constant, then for some . > 0 and & € R? with & < 0 such that

1
u(x) =log —,
Mx — &
moreover,
Kk =—2) > 0.

Indeed, if we let ¢ = e2 then

—A¢=—4€2M|VM|2§001’1R.2H /2(p(x)dx<00.
R+

B (t,0) = —2k¢>? fort € R,

It follows from Lemma 4.1 that p(x) = ¢*™) = o(|x|72) as |x| — oo. In
particular, "0 = ot~ as |t| — oo. Hence we may set

U)(X) = —ﬁ f (log ([ — X1)2 + (X2)2 _ IOg |t|)eu(t,0)d[
T JR

for x € Ri and i = u — w. Since |w(x)| < clog2(|x| + 2), we see h(x) <
c log2(|x|+2). Moreover, 4 is harmonic in Ri and dr/(t,0) = 0. Let h(x) = h(X)
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for x € Rz_, then & becomes a harmonic function on R? with estimate hix) <

clog?(Jx| + 2). It follows from Lemma 2.2 that £ must be a constant function.
Hence u = w + c. Using the representation formula of w, we see

¢ log x»

IVu@)ly 2
—, when 0 < xp < 2.
X2

, when xp > 2;

IA

It follows from estimates for harmonic function that |D2u(x)| < @ for 0 <

x2 < 1, |D%u(x)| < cfor x > 1 and |D?u(x)] — 0as x — oco. We may
rewrite —Au = 0 as u,z = 0, then u; is a holomorphic function, this implies
f@) =u; — u% is also a holomorphic function. From the boundary condition of
u, we see f is real on R. Hence it may be extended to a holomorphic function on
the whole plane by f(z) = f(z) for z € R%. It follows from the estimate of f

and Lemma 4.2 that f = 0. Hence u,, = ug This together with u,z = 0 imply

dul?
D*u =du ® du — %gRZ.

If we let v = 7%, then the equation becomes

ldvP
T

D3

ng.

This clearly implies D3v = 0. Moreover v is either equal to constant function or
for some A > 0 and & € R2, v(x) = A|x — £|%. In view of the fact fRi My <

oo and v > 0 on Ri, we see v can not be constant and & < 0. The theorem
follows.

5.2 Constant negative curvature surface with boundary of constant geodesic
curvature

The standard model of hyperbolic space (B1, gx) is given by

8H = (dx1 ® dx1 + dx2 ® dx7).

4
(1= |x[»?
For 0 < a < 1, we know the geodesic curvature of dB, with respect to inner

. . . 1 2 .
normal direction is equal to Kk = era“ .Let ¢4(z) = 2= — 5, then

" 4(1_22)2
<¢g_1) gH = 7 a 2(dx] Qdxi +dxy ® dx»).

—_ 2
((1 a(; }x + (0’ 2(11—|;aa22))’ - 1)
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For b > 0 and ¢ € R, we have

4})2(1—02)2
‘C*d;((]b_])*gH = 2 o
¢ 4 p2(1—a? 2 4\ 2 2
(PO + (0. )P - 1)
x (dx1 @ dx1 4+ dxy ® dx3)
42
= 5 5 (dx1 ® dx1 + dxp ® dxy)
(2 x+ (e 5 =1
= ezué,Lng’

_ b(1—d?
here 1 = 22—,
2\

2 Jx+ (e P -1

ui;,c(x) = log

Clearly we have

Lo Aoy
—Aug’c = —¢?Mac in R%r, 82u2’(. (x1,0) = —ke'actO for x; € R,
and 5
A 4ma 4ma
/ e2ac® gy = = /e”(t’o)dt = 5
]R%_ 1—a R 1—a

Theorem 5.3 ([9]) Assume u € COO(R%r) such that

—Au = —e? in R%—’
du (x1,0) = —ket1:0) for x1 e R,
/ My < 0o,
R
here k is a constant, then for some A > 0, & € Rz,
u(x) = log Z—A
M =gl -1

Moreover,
& <0, X <—1, k=-1>1.

Proof We may rewrite Au = ¢ as 4u.= = ¢**. Differentiate the equation we get
du,,z = 2e2”uz = 8uyl,z = 4(u§);, hence u,, — u? is a holomorphic function.
We want to show this holomorphic function is identically zero.

To get some control on u, we observe that —Ae?* = —4¢|Vu|*> — 2¢* and
9e2(t,0) = —2ke(z,0) for r € R, it follows from Lemma 4.1 and the fact
fRi 2™ dx < oo that 2™ = o(|x|72) as |x| — oo. Denote

S log |x — y| + log [¥ — y| — 21 My
v(x) 5 (log |x — y| +log [x — y| oglyl)e v,
T R%r

w(x) = _2 A{(log (t — x1)> + (x2)> — log [t])e" " Ddr.
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Then we may show

)| <clog(lx|+2), [Vv(x)|<c, [Vv(x)|— Oas|x| — oo,
1
<c ngz’ when xp > 2,
lw)| < clog? (x| +2),  [Vw()] ¢ X2
< —, when0 < xp < 2.
X2

It follows from Lemma 2.2 that u = v + w + ¢. Hence

<c¢, when xp > 2,
Vu(x c
IVu(x)l < —, when0 < xp <2,
X2

and |[Vu(x)| — 0as x, — o0o. Since for j = 1,2, Au; = 2e2“uj, it follows from
elliptic estimate that |D2u(x)| < G for0 < <1, |ID%u(x)| < c forx, > 1

and |D%u(x)| — 0as xp» — oo. Let f(z) = u-. — u?, then f is holomorphic in
]R%_ and real on R(in view of the boundary condition). It follows from Lemma 4.2
and estimate on u that f must be equal to 0. Combine 4u .z = e with u.,, = u?,
we get

2u 2
—|d
D%*u =du @ du + %gRZ.

Let v = e™ %, then it becomes

_ldv -1

D2
v 2v

8R2-

This implies D3v = 0. Hence v is a quadratic polynomial. Since vi; = vy =
|dv|?—1
2

——> V12 = 0 and v(x) — oo as [x| — oo, we see forsome A > Oand & € R?,

Mlx— &7 -1
v =
In view of the fact v > 0 on Ri, we see & < Oand A& < —1. O

Remark 5.1 It was observed in [9] that the area finiteness condition
fRi e?™@dx < oo may be replaced by the length finiteness condition

fR 9 qr < 0. Indeed, under the length finiteness condition, it follows from
maximum principle that e2“®) = O(|x|72) as |x| — oo (see [9, Lemma 2.5]).
Hence we have well defined

S log |x — y| + log [¥ — y| — 21 My
v(x) 5 (log |x — y| +log [x — y| oglyl)e v,
T R%r

w(x) = _2 A{(log (t — x1)> + (x2)> — log [t])e" " Ddr.
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Elementary calculation shows
(0] < clog® (x| +2),  [Vu@)| — 0as x| — oo,

< i, when xp > 1/2,
lw(x)| < clog(Ix| +2), [Vw)|{ 2

1
clog —, when0 < xp < 1/2.
X2

IA

Based on these estimates, one may proceed as in the argument above.

Remark 5.2 As in Remark 2.3, the gradient estimate for the equation —Au =

z—1
2eT, then

—e2 can not be localized. Indeed, for ¢ > 0 small, we let fe(z) = ¢
the metric
2
flen =e™gpe
has constant curvature —1 i.e. —Au, = —e?"c. Here

2(x1—1)

—1
ug(x)=10g28+)q——log(l—e4e ).
B

In particular,
/ 2@ gy < ce? = 0,
By

but
2e3p-2/ s
IVue (0)] = St T T ase ot.
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