SHARP INTEGRAL INEQUALITIES FOR HARMONIC
FUNCTIONS
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ABSTRACT. Motivated by Carleman’s proof of isoperimetric inequality in the
plane, we study some sharp integral inequalities for harmonic functions on the
upper halfspace. We also derive the regularity for nonnegative solutions of the
associated integral system and some Liouville type theorems.
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1. INTRODUCTION

The classical isoperimetric inequality in the plane states that for any bounded
domain with area A and boundary length L we have

(1.1) 4TA < I?

and equality holds if and only if the domain is a disk. Inequality (1.1) remains true
for bounded domains in a simply connected surface with nonpositive curvature.
Among the proofs of this fact the one due to Carleman [C] is particularly interesting.
Indeed, let (M 2, g) be any simply connected compact surface with boundary and
nonpositive curvature, it follows from Riemann mapping theorem that (M 2, g) is

isometric to (FIQ, e2ng2>, here B} is the two dimensional open unit disk and gpe

is the Euclidean metric on R2. It follows from the nonpositivity of curvature that
w is a subharmonic function. Let u be the harmonic function on B; with the
same boundary value as w, then w < u. In [C] it was proved that for any smooth
harmonic function on B? we have

1 2
(1.2) / e*dr < — (/ e“d@)
B 4 S1
1
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and equality holds if and only if u (z) = c or —2log |z — x| +c for some x¢ € R?\ B,
and constant c¢. We may ask for natural generalizations to higher dimensions.
Without an analog of the Riemann mapping theorem, we may start with a metric
g= pﬁ gre on BT with nonpositive scalar curvature, here n > 3, B is the open
unit ball in R™ and gr~ is the Euclidean metric on R™. It follows that p is a

subharmonic function. Under the metric g the volume of B, is equal to f B, p% dx

and the area of 0B is equal to faBl ng?:;) dS. We would like to know whether the

inequality

1

on L sneny |\ 7T
pn72 dx S n "—1lwy " p n—2 S
Bl 8Bl

is still true. Here w,, is the Euclidean volume of the unit ball in R™. Since p is
bounded above by the harmonic function with same boundary value, we only need
to know whether the inequality

(1.3) |

n—2

2n_ < niﬁw; anin=1) \u| 2(n—1)
Ln=2(B1) L n=2 (dB)
is true for any smooth harmonic function v on B}. The answer to this problem
is affirmative and the inequality may be proved by subcritical approximation (see
[HWY]). However, for future purpose it seems helpful to transfer this problem
to upper halfspace and derive some Liouville type results. Indeed, assume u is
a positive harmonic function on By, let e, = (0,---,0,1) and ¢ be the Mobius
transformation given by

6 (z) = LTQ _e,.
o+ %
Then ¢ (]R’_f_) = B; and
1 n
(b*an = ﬁ del &® d.’L‘l
|z + %" T

Here R = {z € R" : z, > 0}. Let

B 1 :ch%" 3
”‘x)‘|x+e;\"‘2“<|m+e;|2 )

then ¢ (uﬁan) = vﬁan. The inequality (1.3) becomes

n—2

n—2 — ==
. T 3(n=D) 2n(n—1) _
(1'4) ‘U|L%(R1) S n st wn ‘U|L2(7?_21> (Rnfl) :

Note that since v is the Poission integral of v|g.-:, inequality (1.4) follows from
Theorem 1.1 below. To state the results, let us fix some notations. For convenience,
we use z, v, - - - for points in R® and &, ¢, - - - for points in R*~! = {z € R" : z,, = 0}.
For z € R", we let ' = (21, - ,Zp-1), * = (2’,2,). The Poission kernel for the
upper half space is given by (see [S, p61])

2 Ty

n/2
NnWn, (|x’ _ §|2 —i—a:,%)

P(z,¢) = for v € R, £ e R* L
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Given a function f defined on R~ let

P = [ POI©d forserl,

We have the following sharp inequality for P (see Theorem 4.1):

2(n—1)

Theorem 1.1. Assume n > 3, then for any f € L™ »=2 (R"fl),

n—2

. < ey, -1
(1.5) |Pf|Ln2 2( +) n? ¥ Wn |f| =1 (Rn- 1)

Moreover, equality holds if and only if f (§) = ————<———5 for some constant c,
()\2+‘§—§o‘2) 2

positive constant \ and &, € R"~1.

If we look at the variational problem

_ P n—1 _
(1.6) cnsup{|Panzn s (ky) fGL (R ),|f| 20 21)(112{" Y 1}.
Then any nonnegative critical function f, after scaling must satisfy

(17) 197 = [ Po@n@

We have the following Liouville type theorem (see Proposition 6.1) which is in the
same spirit as those in [GNN, CGS, CLO1, L.

2(n—1)
Theorem 1.2. Assumen >3, f € L, "~ T (R" 1) s monnegative, not identically
zero and it satisfies (1.7), then for some A >0 and &, € R"1,

n—2

A 2
f(&) =c(n) <>\2+€—502>

2(n—1)

We note that the condition f € L;>~> (R"~!) cannot be dropped since ¢ (n) [

loc
is a singular solution for (1.7). During the process of identifying maximizing func-

tions in Theorem 1.1 and the critical functions in Theorem 1.2, we establish the
following interesting fact (see Proposition 4.1):

Proposition 1.1. Let n > 2, u be a function on R™ which is radial with respect
to the origin, 0 < u(x) < oo for z # 0, e; = (1,0,---,0), « € R, a # 0. If

v(z)=|z|"u (ﬁ — el> is radial with respect to some points, then either u (x) =
9 a/2
((31 |z + C2> for some ¢y >0, co >0 or

U(:L‘){ Cl|x|a7ifx7é0a

C2, fo = Oa
for some ¢y > 0 and co, an arbitrary number.

There are similar statements for the cases @ = 0 or n = 1 (see Remark 4.1
and Proposition 4.2). The crucial point of Proposition 1.1 is that we do not need
any regularity assumption on the function w. This is very convenient when the
regularity of extremal functions are hard to get apriorly. The radial symmetry
property of function may come from symmetrization arguments or the method of
moving planes etc. For example, Proposition 1.1 gives another way to determine
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the maximizing functions for those cases of Hardy-Littlewood-Sobolev inequalities
studied in [Li2, section III]. The formulation of Proposition 1.1 is motivated from
previous works in [CL, O], [CLO1, section 3] and [CLO3, section 6]. It is worth
pointing out that Proposition 1.1 is the fact for method of moving planes which
corresponds to the fact [LZ, lemma 2.5] or [L, lemma 5.8] for the method of moving
spheres, a variant of the method of moving planes.

According to Proposition 2.1 below, for n > 2 and 1 < p < oo the operator

np

P.LP(R"Y) = L1 (R}): f— Pf

is always a bounded linear map. From the analytical point view it is interesting to
consider the variational problem

08 cnp = {IPA] 2 2T €L (B flbsganny = 1)

for all such p’s. Fix 1 < p < oo, for a function f defined on R*~!, A > 0 and
¢ € R" 1 we write

€ =2 f <5;<) for ¢ e R"1.

Then we have (see Theorem 3.1 and Theorem 4.1):

Theorem 1.3. Givenn > 2 and 1 < p < co.

o Let f; be a maximizing sequence of functions for (1.8), then after passing
to a subsequence there exists \; > 0 and ; € R"~1 such that f;‘i’ci — fin
Lp (R”fl), In particular, there exists at least one maximizing function.

o After multiplying by a nonzero constant, every mazximizer [ of (1.8) is non-
negative, radial symmetric with respect to some points, strictly decreasing
in the radial direction and it satisfies

np

(1.9) FE7 = P8 Pf)(2)" T da.

RY

e Ifn>3 andp= 2D yhen any mazimizer of (1.8) must be of the form

n—2 7

) u2
f(&) = *c(n) <)\2+|£_£O|2>

__n=2
for some X\ >0, & € R, In particular €, 21y =N 2"Dwy,

’ n—2

e [fn>3andp= w, then any maximizer of (1.8) must be of the form

\ n/2
f(&) = +e(n) (M)

for some X\ >0, & € R, In particular

n—2
2Zn(n—1)

. _ 1 ((n - 2)!) =D
VTV vE ()
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It is interesting that the problem considered here demonstrates very similar struc-
tures to the sharp Hardy-Littlewood-Sobolev inequalities studied in [Li2]. Besides
above properties of maximizing functions, we know they are smooth. This is a non-
trivial fact since it does not follow from the usual bootstrap method. Indeed, we
know all the nonnegative critical functions of (1.8) are smooth and radial symmetric
with respect to some points (see Theorem 5.1 and Theorem 6.1). More precisely
we have

Theorem 1.4. Givenn > 2 and 1 <p < oco. If f € LP (R”’l) s nonnegative,
not identically zero and it satisfies (1.9), then f € C* (]R”_l), moreover it is
radial symmetric with respect to some point and strictly decreasing along the radial
direction.

In Section 2 below, we will collect some basic estimates for Poission integrals and
show the operator P is bounded in suitable Lebesgue spaces and Lorentz spaces.
In Section 3, we apply the general frame of concentration compactness principle
([Lion]) to show that every maximizing sequence of (1.8), after scaling and trans-
lation, must converge strongly. In Section 4, following Lieb we use the method of
symmetrization based on the Riesz rearrangement inequalities ([LiL, section 3.7])
and its strong form ([Lil]) to show that all maximizing functions must be radial and
give another approach to the existence of maximizing functions. In Section 5 we use
the method in [Hn] to deduce the regularity of all nonnegative critical functions.
Indeed what we will prove is a local regularity result. These results are similar in
nature to those proved in [ChL, L]. In Section 6 we use the integral version of the
method of moving planes ([GNN]), which was discovered in [CLO1], to deduce the
symmetry property of the nonnegative critical functions. Here we will need some
ideas from [Hn] again.

Acknowledgment: The research of F. Hang is supported by National Science
Foundation Grant DMS-0501050 and a Sloan Research Fellowship. The research
of X. Wang is supported by National Science Foundation Grant DMS-0505645.
The research of X. Yan is supported by National Science Foundation Grant DMS-
0401048 and an IRGP grant from Michigan State University.

2. BASIC INEQUALITIES FOR POISSION INTEGRALS

The main aim of this section is to derive some basic estimates associated with
Poission kernel and harmonic extensions which we will use freely in the future. For
zo € R™ and r > 0, we write

B! (z0) ={z € R": |z —xo| <7}, B'=B!(0), B =B!NR}

and B? (zg) to mean the closure of B" (). Assume n > 2. For t > 0, £ € R*71,

we write
2 t

nwy, <|£|2 n t2>n/2

Pt(f):

Clearly we have
P (&) = 7= P (%)

P(z,§) =P, (' —&) forz e R}, £ e R
(Pf)(x) = (Py, * f) (a) for x € RY}.

|Pt|L1(]R1L71) = ]-7 |Pt‘LoC(R7L71) =

2 1
nw, th—1°
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(n=1)(p—=1)

o 1Pl = clnp) T for 2l < p<oo
Recall if X is a measure space, p > 0 and u is a measurable function on X, then
1/p
U =supt||u| >t .
[ul g () = supt [l >
P _ g
The space L}, (X) = {u : u is measurable and |u|L€V x) < oo}. More generally,

for any 0 < p < o0 and 0 < ¢ < oo, we have the Lorentz norm |~|Lp,q(X) and
Lorentz space LP7 (X) (see [SW, p188]). LY, (X) = LP>° (X) is a special case of
such spaces.

Proposition 2.1. We have

Pf| < N

| f‘L€V71(R1)—C(n)|f|L R )
and
(21) ‘P'ﬂL%(Ri) < c(n,p) |f|LP(Rn—1)

for 1 < p < oo. Moreover for 1 < p < co we have

(22) ‘Pf|L%(]R1) < c(n,p) |f|Lp’%(Rn*1) .

Proof. We only need to prove the weak type estimate. The strong estimate fol-

lows from Marcinkiewicz interpolation theorem (see [SW, p197]) and the basic fact

|Pfl o (R2) < |f|L°°(]R”*1)' To prove the weak type estimate, we may assume f > 0
+

and |f[p1(gn-1) = 1. First we observe that (Pf) (z) < ) for x € R’ and

n
Tn

/wE]R”,O<w,L<a (PF) (@) de = /]Rn,1 ds (f ) /Oa d, /RTH1 P(z,¢) dx’> =a

for a > 0. Hence for t > 0,

|Pf>tl = Hax eRy:0<z, < c(n)t_ﬁ,(Pf) (z) > t}‘
1 n
< 7/ 1 (PF) (2)da = c(n) ¢~ 21,
3 0<zp<c(n)t n—1 g/€Rn—1

The weak type inequality follows. O

In the future we will also need some elementary estimates for the harmonic
extensions. They are listed below without proofs:

e For 1 <p < g < oo, we have
‘Pt * f|LP(Rn—1) < |f‘Lp(Rn71) N

A

_n-a
1P flpoe@n-1y < )t 7 [flppmn-1y;

c(n,p,q)t™ DG £ oy

IN

[P f | paqmn—1)

and
[(Pf) ('733n)|Lp(Rn—1)

[(Pf) (@)l

[(Pf) ('7x7L)|Lq(Rn—1)

IN

|f‘Lp(Rn—1);
_n=1
c(mp)zn " |flpp@n-1)s

(-
C(n7p7 Q) Tn ( )

IN

IN

‘f|Lp(Rn—1)~



SHARP INTEGRAL INEQUALITIES FOR HARMONIC FUNCTIONS 7
e Assume f (§) =0 for |£]| > R, then we have
c(n)t

Nm—mﬂﬁﬁ}

(B f) ()] < w7 Mo @en)

and

c(n)z,

(1= R)") 422

e Assume f(£) =0 for |{] < R, 1 < p < 0o, then we have

[(Pf) ()] <

73 L ny -

_n-1_
|Pt*f\Lx(Bg7;)§C(n,p)tR P 1|f|Lp(]Rn—1)

and
P (s5,) S €00P) R ooy
Fort >0, £ € R" 1, let
e €l
t NWy, (|€|2 i t2)n/2;

then

_(n=D(p—1

)
* |Qt|ppgn—) =c(n,p)t » for 1 < p < 0.
e Let p € L (R™') NLip (R™™'), then

[P+ (of ) = o (P * )] < [lLipn—1) 1Q¢ * f-

In particular, it follows from Hausdorff-Young’s inequality that

|Pex (of) — o (P *f)|Lq(Rn—1)

—(n=1)(1-1
< C(Tl’p’Q)[‘P]Lip(an)tl (n=1)(3-7)

|f‘Lp(Rnfl)
for 1 <p<q<oo.

As a simple application of these estimates, we derive the following compactness
result.

Corollary 2.1. For 1 <p< oo, 1 <q< & the operator

n—1’
PiDr (R — I, ()

18 compact.

Proof. Assume f; € L? (R"~!) such that |f¢|L,,(Rn71) < 1, it follows that

n—1

(Pf)(z)] <c(pn)x, © forxeR%.
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By the gradient estimates of harmonic functions, after passing to a subsequence we
have Pf; — u in C}x. (Ri) For any R > 0,

|Pfi —Pf; ZQ(B;)

= / ‘Pfi—Pfj‘quE—F/ |PfL‘—Pfj|qd£C
QZGBg,InZE mGBE,mn<E

</ Pfi=PL e () [0 D
z€B} xn>e 0
= / [Pfi = Pf|" do + ¢ (p,g,n) '~ DG,
T€BY zn>e
Hence
hmlilipoo |sz — Pfj ZQ(BE) < C(p, q, 7’L) 61_("_1)(5_1),
Let ¢ — 01, we see Pf; is a Cauchy sequence in L7 (@) O

Finally we derive a dual statement to Proposition 2.1. Let u be a function on
R%, we write

(T'u) (€) :/ P (2,¢)u(z)d.

RY
Proposition 2.2. For 1 < p <n we have

. n— < 7 n
(2:3) Tyl @-1» < c(mp) [ul o (gn)

(R)

for any uw e LP (Ri)

Proof. We may prove the inequality by a duality argument. Indeed, for any non-
negative functions u on R’ and f on R"~! we have

0= [ @0E©r©d
_ / d | Pa,&ulx)f()de
Re-1 JR2
- [ PH@uds
R}
< |Pf|Lp’%l(Ri)|u|LP(]R1)
< c(n,p) |U‘LP(R1) |f|L£ZE,:)11)) (Rn—1) '

Inequality (2.3) follows. We may also prove such an inequality directly. Indeed,
since

|P("§)|Lﬁ’x(ﬂ§1) = |P("0)|Lﬁ’°°(ﬂ£1) =c(n) < oo,
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we see T : L™ (R) — L> (R"™') is a bounded linear map. On the other hand,
for u € L' (R7), we have

[ Jrw e

IN

/ e [ PleOh@)lds
RTL 1

- /dz/R P (2,€) Ju ()] de
/n lu ()] d.

Hence T : L* (R7) — L* (R™™!) is also bounded. The inequality (2.3) follows from
the Marcinkiewicz interpolation theorem. ([l

3. THE EXISTENCE OF MAXIMIZING FUNCTIONS FOR SHARP INEQUALITIES BY
THE CONCENTRATION COMPACTNESS PRINCIPLE

Assume n > 2 and 1 < p < oo. Let ¢, be the sharp constant in (2.1), then
Cnp > 0 and

(3.1) chp = sup /
RTL

+

|Pf|m dz : f cLP (Rnil) ,|f|Lp(Rn—1) = 1} .

np
The aim of this section is to show ¢, ;' is attained by some functions. Let f be a

function defined on R®~!. For A > 0 and ¢ € R"~! we write

) = Af(f g) for £ e R"7 1,

—1

then

|fA,<|LP(Rn—1) = |f|LP(Rn—1) ) ‘Pf/\ <| =) = ‘Pf|

Ln 1 L%(Ri)

In particular the variational problem (3.1) has both translation and dilation invari-
ance. The problem fits in the general frame of concentration compactness principle
of [Lion]. We will apply this principle to prove the following result.

Theorem 3.1. Assumen > 2 and 1 < p < co. Let f; be a mazimizing sequence of
functions, then after passing to a subsequence there exists \; > 0 and (; € R~ such

that ff""ci — fin LP (R”fl). In particular, there exists at least one maximizing
function for the variational problem (3.1).

A basic ingredient in the proof of Theorem 3.1 is the following proposition cor-
responding to [Lion, lemma 2.1].

Proposition 3.1. Assumen >2,1 <p < oo and f; € LP (R”_l) such that f; — f
in LP (R"‘l). After passing to a subsequence, assume

filPde = pin M(R™Y), |Pfi|* T de — v in M (RT).

Here M (]R”fl) denotes the space of all Radon measures on R"~1. Then we have

Ve = PSIF da.
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Moreover for any Borel set E C R" ™1,
n—1
v(E)™ < copp(E)7 .
o There exists a countable set of points (; € R"~! such that

V= |Pf|ﬁdx+ZVj§<j, "> |f\pdx+2uj6<j,
j J

J

here p; = p ({(:J}) and
n—1 1
anp < Cn,plu*;‘) .

n—1 1
o Ifv (R"_l) P> Cpplh (R"_l) P then v is supported on a single point.

Proof. Without losing of generality, we may assume |f;] Lr®Rn-1) = 1. Since

[(Pf;) ()] < c(n,p) x;T for x € R”,
it follows from the gradient estimate of harmonic function that Pf; — Pf in

Ccre (Ri) In particular,

loc
_np_
V|R1 = |Pf]*=" dx.
Let ¢ € C° (R"™!) and n € C ([0,00)) such that 0 <7 < 1, we have
o (@) n (zn) (Pfi) (z)] e

L7 (my)
1 (@) P (0 @) 5 ) 11 @) (9 @) (P) (2) = P (o) ()], oy

n—1

IN

R?)

np np

Cn.,p |<pfi|Lp(Rn—1) +c (n,p) |v<p|L°°(]R"—1) (/0 n (t) n—1 tn_l_ldt>

Now fix an € C* (]0,00)) such that 0 <7 <1,7(0) =1and n(¢t) =0 for t > 1.
For € > 0, denote 7, (t) = n (t/e). Then

o (&) ne (z0) (Pf3) @) 22 gy

< Cn,p |Lpfi|Lp(Rnf1) + C(mp) ‘VSO|L00(RVL71) €.

IN

Letting i — oo and then ¢ — 07, we see

_np_ % 1/]9
([ a) ™ < ([ roran)
Rn—1 Rn—1

A limit process shows for any Borel function h on R*~1,

o o 1/p
( / b7 du) < nyp ( / Ihpdu) .
Rn—1 Rn—1

This implies for any Borel set £ C R"™1, Z/(E>% < cn’pM(E)%. In particular,
v is absolutely continuous with respect to p. By Radon-Nikydom theorem ([EG,
section 1.6]) we have

I/(E):/Egdu.
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Moreover for p a.e. £ € R*™1

o V(F(f))
N e

Let J = {£€ € R" 1 : pu({&}) > 0}, then J is countable. Moreover, for & ¢ J, we
have

Rt
9(§) <lim inf e u (Br1 () =0.

n n=1
Hence v = |Pf| A dx+);vjdc,. For the third assertion, if we know v/ (R*=1) ™ >
1 n=1 1
Cn,plt (R"‘l) P then v (R"_l) "= Cpplt (R”_l) ?. In particular,

-1
5 1/p 1/p
n—1
n

Zyj =Cnyp Z,Uj > ZVJ )
J J J

hence

n—1
m
n—1
. n
g 2 Zg v" .
J J

Since 0 < "T_l < 1, we see at most one v; is nonzero. O

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. For r > 0, let

o= s [ g

CERHfl

Then ¢, : (0,00) — [0, 1] is a continuous nondecreasing function with

lim ¢, (r)=0, lim ¢, (r)=1.

r—0+ r—00
By introducing dilation factor \; and translation by ¢;, we may assume

s =1/2= [ I
B,

After passing to a subsequence, we may find f € LP (R"’l) such that
fi= fin LP (R™Y), |fifPde — pin M (R™Y), |Pf;|7 T de — v in M (RT).

In particular, this implies u (B{’*l) > 1/2. We claim p (R”_l) = 1. If not,

then p (R”fl) =60 € (0,1). For ¢ > 0 small, we claim that after passing to a
subsequence, we may find 7o > 0 and a sequence r; — oo such that

9—5</ |fi|pd€§/ |filP d¢ < 0 +e.

B:”Lo_1 Bfo__*_l%i

Indeed, fix ro > 0 such that p (Bﬁofl) > f — ¢, then for ¢ large enough, we have

Jgn—1 fil” d€ > 6 — . On the other hand, since (Bfollm) < 0 < 0+ ¢, we may
0
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inductively define n; > 4, nj11 > n; such that [pn—1 [fn,|”dz < 0+ c. Replacing
TO+27
fi by fn, we get the needed claim. Let

gi = fiXBfffgfl’ h; = fiXR7L*1\B"71

To+27; ’
Since
/ |fl |P d§ S 2€a
By b \Bry !
we see
|fi = 9i = hil po(n—1) < ¢(n,p)et/?.
Note that

[1Pgi 4 Phal 77 = |Pgi{ 75 — | Phi| 71

< c(n,p) (1P ™5 [Phil + |Pgil |Phil 757"
On the other hand,

. nnfl_l .
|Pg; |Ph;| dx
R

n
+

np__q npe__q
B B

R™\
< |Pgl" & |Ph Py o
> | gl‘L%(B;)| Z‘Lnipl(B;)‘f'l gl'L"n—pl(]Ri\B;g)| Z|L%(R1\B;)
nn—pl_l
n-1 —n=1 (p=D)(np—n+1) T
< cmp)R 71y 7 +e(np)ry 7 n

2
(= ro)*) 02
this implies

lim sup/ |Pgi|”"—pl_1 |Ph;| dx
i— 00 R%
a1

(p—1)(np—n+1) Tn

s [((m’ - r0)+)2 +x%} "

np
Ln=T(R?\BY)
Let R — oo, we see

72171 Phy| dw = 0.

lim / |Pg;
11— 00 R"
"

Similarly,
}lim/ |Pgi| |Ph|"~7 " dz = 0.
11— 00 Ri
Hence
lim |Pg; + Phy|*"T — |Pg;|"~T — |Phy|""T | da = 0.

i—00 R"
+

n/2
| L5 ()

)
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Since
up np  np
/’ |Pgi|""Tdx < cpp' |92|Lp(]Rn 1y < Cn,p (HJFE)
T
_np_ P
/ |Phi| "=t dz < Cn,pl |hi |Lp(Rn n Senp (1 —0+e)T 1
n
we see
_np_
crp +o(1)
= [ pf s
:L—
e
< (1Pt Phil g, )+ ) )
< / |Pg; + Phi| ™ dz + ¢ (n,p) e"/7
i
< / (1Pl ¥ + [Ph|7 ) dar + ()7 4 0(1)
< cnp (0—&—5)” 1 —l—c;{pl (1—9+5)” T +c¢(n,p)et/P +o(1).
Letting i — oo and then € — 01, we see
1<07T +(1—6)77 .
This gives us a contradiction since —“5 > 1. Hence M(R”’l) = 1. Next we

- _np_
claim v (]Rff_) = ¢ p - Indeed, for any € > 0 small, we may find r > 0 such that
p(Br~t) > 1—e¢, this implies [pn-1 |fi]” d€ > 1 —& when i is large enough. Hence

fRn_l\B:—l |filP d¢ <e. Let g; = fiXBTO and h; = fiXRnfl\Br07 then

Ph; < c¢(n,p)e/?,
| |Ln1(R1) = (n,p)

[(Pgi) ()]

(n=1)(p=1) Tn

e [CEREET

IN

This implies
[ pn
R\B}
_np_

xn

((21-7)*) 4

< c(n,p)enT +c(n,p)rm@

n/2
:| _np_
Ln—1 (RH\BE)
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Taking a limit for ¢« — oo, we see

v(RY) = v(Bf)
np
n—1

2 C;Z’;l —c(n,p) enT —c (n, p) rre=l) - 2 n/2
(w1 -01)" 03]

L% (R"\B;;)

- np
let R — oo then e — 0T, we see v (R%) = ¢z’

By the Proposition 3.1 we know there exists a countable set of points (; € R 1

such that "
v=|PfI7 T de+ Yy vide, 2 |fPdet Y,
J J
here p; = p ({(J}) and
n—1 1
anp < Cn,plu*; .

If f =0, then v (R"‘l) = c;[npl and hence v (R"‘l)% = Cpplt (R"‘l)%. This

implies for some ¢; € R"7!, v = Cn,p1 d¢,. In particular, p({¢;}) > 1 and this
implies = d¢,. But

/ |fil” dg < 1/2
BT (¢h)
implies p (B"’1 (Cl)) < 1/2. This gives us a contradiction. Hence f # 0. Now

Cn,p n— 1 - +ZZ/J SC;LL,EI ‘leP(lR" 1) +Cn,p Zun 1,
+) i
hence
1<|f‘Lp]Rn 1 +Zﬂn h
But since

1> |f|ip(]Rn—1) + Zﬂj

= 0and |f[ppgn-1) = 1. ThlS implies f; — fin LP (R"1).
([l

4. THE EXISTENCE OF MAXIMIZING FUNCTIONS FOR SHARP INEQUALITIES BY
SYMMETRIZATION

Following Lieb ([Li2]), using the method of symmetrization we will show all the
maximizers of variational problem (3.1) are radial symmetric with respect to some
points and we will give another approach to the existence of maximizing functions.

Let u be a measurable function on R™, the symmetric rearrangement of u is
the nonnegative lower semi-continuous radial decreasing function v* which has the
same distribution as u. It satisfies the following important Riesz rearrangement
inequality ([LiL, p87]): for any nonnegative measurable functions u, v, w on R™, we
have

[Lao [ w@ot-oyuwars [ ar [ v @ @-aw o
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Using the fact [w|p,gn) = |w*[ppgny for p >0, we see for 1 < p < oo,
[u V] pp@ny < U5 0| Lo (gny -

Moreover if u is nonnegative radial symmetric and strictly decreasing in the radial
direction, v is nonnegative, 1 < p < co and

|u * v|LP(Rn) = |u* v*|LP(Rn) < 00,
then for some xy € R™, we have v (z) = v* (z — x9).
Indeed, we may assume v is not identically zero. Choose a nonnegative w €
LP (R") with |w[, gy =1 such that
wx ol = [ (wr0) @) w @) d.
Rn

Then we have

il = [ e [ u@ol—owdy
Rn R™

< /dx/u ~ o)’ () dy

= [ ) )y

R

=

A

U*v |LPR" *|U*U|LPR" )
(R™) (R™)

hence

[ [ w@rw-nwma= [ a [ wwee-ae @

It follows from the Lieb’s strong version of Riesz rearrangement inequality ([Lil])
that for some zg € R™, v (z) = v* (x — o).

Theorem 4.1. Assumen > 2 and 1 < p < oo, then the value
_np_ _np_ —
C/;Z,;?l = sup {/ |f’f|"*1 dx : f cL? (Rn 1) ) |f|LP(]Rn—1) = 1} )
Rﬂ,
Vs
is attained by some functions. After multiplying by a nonzero constant, every maz-

imizer [ is nonnegative, radial symmetric with respect to some points, strictly de-
creasing in the radial direction and it satisfies

(a.1) 1 = [ P En @i

Ifn>3 andp= 2(" 1) , then any mazximizer must be of the form

n—2

)\ 2
::tC n — 5
G ()<A2+I£—€ol2>

for some X >0, & € R*™'. In particular, ¢, 2-1 =n ~2mn W, D

(o

Ifn>3 andp= %, then any mazimizer must be of the form

A\ 3
f(&) = £c(n) (W)



16 FENGBO HANG, XIAODONG WANG, AND XTAODONG YAN

n—1 : _ 1 (n=2)t | XY
for some X >0, £, € R . In particular, Cp2tn1) = N (F(";1)> .
Proof. Assume f; is a maximizing sequence. Since |f{'|;,gn-1) = [filp@n-1) =1
and
o0
P " = P, x fi|" ap dx
Py = | Pl e
0o np_ np
< P, x fF|" dz, = |Pff|"
L = .

we see f; is again a maximizing sequence. Hence we may assume f; is a nonnegative
radial decreasing function.

For any f € LP (R"‘l) and any A > 0, we let f*(§) = Af%f (%), then it is
clear that (Pf*) (z) = (Pf) (%) and hence |f)"Lp(R"71) = \f|LP(Rn71) and
|PfA|Ln"%’ ") |Pf| R ()’ For convenience, denote e; = (1,0,---,0) € R®

T(R

and

n— el
a; = sup f (¢}) = sup A7 (;)

A>0 A>0
It follows that

0<fi(§) <a

and hence
1/p
|fi|LP=°°(R"*1) S Wy 10

Now

|PfL|Lﬁ(Ri) < C(nvp)|fi|LP¢%(Rn)

IA

c(n,p) |f1
< chmpa’

this implies a; > ¢ (n,p) > 0. We may choose \; > 0 such that £ (¢}) > ¢ (n,p) >

0. Replacing f; by f{ we may assume f (¢}) > ¢(n,p) > 0. On the other hand,

since f; is nonnegative radial decreasing and |f;| Lr(rn-1) = 1, We see

() Mol

£ (6)] < wi P 1|~ D/P

Hence after passing to a subsequence, we may find a nonnegative radial decreasing
function f such that f; — f a.e.. It follows that f(£) > ¢(n,p) > 0 for [£] < 1,
fi = fin L (R"~1) and |f|LP(Rn,1) < 1. Since

/)IMW—UW—m—ﬂﬂ%H&
Rn—1

we see

| f|Lp(]Rn 1) - |fi‘z£p(Rn—1) - |f|z£p(Rn—l) + 0(1)
= |f|LI’(R" 1 +O(1).
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On the other hand, since (Pf;) () — (Pf)(x) for x € R} and |sz " (m2) <
Cn.py WE See
|sz " ,3,, = |Pf " ,3,, +|Pfi — Pf " ip +o0(1)

T(RY) () (R”)

Cnpl Ifl; ;Rn 1)"'0;5,1)1 | fi — |Lp(Rn 1) +o(1).

IN

Hence
1<|f|Lp(Rn 1)+|f2 |Lp Rn— 1)+0(1)
Let ¢ — oo, we see

_n_
n—1

1<|f‘LP]Rn1 ( |f‘LP]Rn1>
Since "3 > 1 and f # 0, we see |f|;,gn-1) = 1. Hence f; — f in LP (R"~!) and

f is a maximizer. This implies the existence of an extremal function.
Assume f € LP (R"7') is a maximizer, then so is | f|. Hence

=T (1)
() On the other hand, since |(Pf) (x)| < P(|f]) (x) for x € Rﬁ, we
+

see |Pf| = P (|f]) and this implies either f > 0 or f < 0. Assume f > 0, then the
Euler-Lagrange equation is given by

[ P@o®n@ e =cr(e)”

Here c is a constant. Using the fact |f\LP(Rn,1) =1, we see

np np
n—1 n—1

S

After scaling by a positive constant we get

[ P@o®n@ = s

CcC =

= [Py 5 4], n,

On the other hand, we know for z,, > 0, | P, * f| _np_ ,
(Rn 1) 1 Rn—l)

this implies f () = f* (£ — &,) for some &,. It follows from the Euler-Lagrange
equation that f must be strictly decreasing along the radial direction.

2(n-1) : 2n_b) -1
For the case when p = =—~, we first observe that if f € L™»=2 (]R ), let
u=Pf, f(f) = w%f (ﬁ) and u (z) = %u (#), then we have u = P]?,
’ﬂLz(::;) ) = |f|L2<::21) - and \u| 20 2 (1) = |u | 7(]1@")' This is the

conformal invariance property for the partlcular power. As a consequence, if f is a

maximizer which is nonnegative and radial, then KI% f <# — e’1> is a maximizer

too. In particular, \f\%f (#

such f, we prove the following facts. O

— e’l) is radial with respect to some points. To find

Proposition 4.1. Let n > 2, u be a function on R™ which is radial with respect
to the origin, 0 < u(z) < oo for x # 0, e; = (1,0,---,0), « € R, a # 0. If
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v(z) = |z|"u (‘x% - el> is radial with respect to some point, then either u (x) =
9 a/2

(01 |z + 02> for some ¢y >0, cog >0 or

u(x)z{ e |z|™, ifx #0,

ca, if x =0,

for some ¢; > 0 and c2, an arbitrary number.

Proof. First we observe that ’# — 61‘ =1 if and only if z; = % Forr > 0,7 #1,

we have ‘II% — el‘ = r if and only if x € 0B_r (e—l) By scaling, we may

[ Z—1] 1—r2

assume u (e;) = 1. Then

a/2 a/2
1 1 1
v <27$//> = (4 + Q?”|2> U (61) = (4 —+ |x//|2> .

Assume v is symmetric with respect to z = (21, 2”). Then v (%, ) is symmetric with
respect to 2", hence 2" = 0. Denote z = aey, we claim 0 < a < 1. If this is not the

case, then we may find a 7 > 0, 7 # 1 such that a = —. Now on 0B __ - ( - ),

1—r2" o 1—r2
[r2—1]

v (x) = |z|" u (re1) and it is not a constant function, contradiction. For z = (3,2"),
we have

v(z) = (|ac—ael|2 +a—a2)a/2.

Hence
2

a/2 af
v(x) = (|x—ael|2+afa2) = <|x\272azl+a)
2

1 1 ‘ B 9 a/2
for |z — aei| > |3 —a|. When a = 3, we see v (z) = (|z|” — 2az1 +a for all

a/2
Ce 2
x. This implies u (z) = (% |z 4+ %) . Hence we assume a # 1 from now on.

Without losing of generality, we assume 0 < a < % We claim that

9 a/2
(4.2) v(x) = (|x| — 2axq + a)
for all x # 0. To see this, we first make the following observation. Assume for some
given r > 0, r # 1 and for some y € 83‘ S (&)7 (4.2) is true for y, then it is

true for all z € aBl = (132)' Indeed, for x on such a sphere, we have

1721‘1

|

=r2—1.
Hence

o [0 —Q 06/2
vi@) = fof*u(rer) = |o|* Iyl (Jyl® - 2091 +a)
1_9 /2 1_9 ) a/2
a a(l— o a(l —2x
o] <1+( 2y1)> e <1+(21>
v &

a/2
(\x|2 — 2axq + a)
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Note that we know (4.2) is true for © = te; with ¢t € (—oo,—%]. By the above

observation we know it is also true for te; with ¢ € [1,1]. This implies it is true

for te; with t € (foo7 fﬂ. Go back we see it is true for te; with ¢ € [%, %] Keep

this procedure going, we see (4.2) is true for all te; with ¢ # 0. Hence it is true for
a/2

all z # 0. This implies u (z) = (a |z + 1 — a) . O

Remark 4.1. The case when o = 0 is a little bit different. However one has:
Let n > 2, u be a function on R™ which is radial with respect to the origin, e; =

(1,0,---,0). Ifv(z) = u (# - 61) s radial with respect to some points, then

| ca,ifz=0,
U(x)_ C2, fo#ou

either

or there exists v > 0, 7 # 1 such that

C1, Zf |.Z‘| <,
u(z) =4 co, if x| =T,
cs, if |z >

Here ¢;’s are arbitrary constants.

Proof of Theorem 4.1 continued. Since |f| 2m-1) L= 1 and it is strictly de-
L n—2 (Rn-1)
creasing along the radial direction, we see 0 < f (£) < oo for £ # 0. Note that since

f satisfies the Euler-Lagrange equation, it is defined everywhere instead of almost
2

everywhere. It follows from Proposition 4.1 that f () = (cl |§|2 +02)7 * for

some c1, ¢y > 0 (note that f can not be a constant function and the scalar multiple
of |£ |27n is ruled out by the integrability). A simple change of variable shows

/}Rn_1 f(g)z(&_;) e /}Rn-1 (01 €? + 02)_("_1) at
= (c1e0) T /}RW1 (1+ ‘£|2)*(”*1) g,

Since |f] 2@4)( 5 = 1, we see cic2 = c¢(n). Hence for some A > 0, f(§) =
L n—2 Rn—
n—2
c(n) (ﬁmg) * . Let e, = (0,--+,0,1). Since u(z) = |z + e,|* " is a bounded
n—2

harmonic function on R and u (,0) = (1 + |£\2) 7 we see

P ((1 + |§|2)_";2

By the dilation invariance, we see

)(:r) =lz+ea "

n—2
2\ 2
‘P<(1+|§| ) > on ‘|x+en\27”‘ 2n
% (a) 1% (52)
c, 2(n721) = ) = “n-2
Y n— 2 2 2 2
\(1 +1€7) 7| s '(1 +17) T s
L n=2 (Rn-1) L n=2 (Rn-1)

__n=2 =1 "721
= n D, Y,
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For the case when p = %, we know any maximizer after multiplying by a

constant will be nonnegative and satisfy

o= = [ P@PH@de
-/ ( P(af)P(x&)dm)f(odc
Rn—1 \ JR?
. /(9
- )/R -

Let g(&§) = f(§) ™ ,thenge L% (R”_l) and

_ 9™ g(Q*
O e A

It follows from [CLO1, theorem 1] or [L] that for some A > 0 and &, € R"™!, we
have

n—2

)\ 2
g(§) =c(n) (/W) :

\ 3
(&) =c(n) <)\2+|§_§0|2> :

Since u (z) = 22t is a bounded harmonic function on R and u (¢,0) = (1 + |§|2) -

- ‘$+5n|"
we see ,
2 7% In =+ 1
P<(1+|€|) >(x):|l‘+€ |n-

By the dilation invariance, we see

Hence

n
2

9

P ((1 + |§|2)_g> ratl
_ L*(Ry) _ rrenl” L2 (my)
e = T - N
(1 + [¢] ) 2n—1) (1 + ¢ ) 2(n—1)
L™ n (Rn1) n o (Rn—1)

_ 1 ((n - 2)!) D
V2 -2)ym \T (%) '
0

As a final note, we point out the similar statement to Proposition 4.1 in dimension
one.

Proposition 4.2. Assume u € C?(R), u > 0, a € R such that for any y € R,
|z|* u (% + y) is symmetric with respect to some point, then for some a >0, b >0

a/2
and xg € R, we have u (x) = [a (x — ggo)2 + b] )

Proof. Assume |z|” u (1 + y) is symmetric with respect to z = z (y), then

a (1 a 1
lz|"u | = +y | =22 —z|"u +y).
T 2z —w
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Replace = by 7!, we see

x
= |1 — 2za|" - .
wlo ) =l =2l u (v - =)

Calculation shows

11— 222 u <y -1 _“;zx)
— ) - W )+ 200 )t

B {U”’(S(y)

+o (x3) .

u” (y)
2

+2(a—1)2u (y) +2a (a —1) 2%u (y)) ?

+(a—2)zu" (y)+2(a—1)(a—2) 2% (y) + ga (a—1)(a—2)2%u (y)} z°

Comparing the Taylor expansion coefficients, we see

W (y) = —azu (y)
and
u/// (y)

3

If & = 0, then we see ©' = 0 and hence u must be a constant function and we are
done. Assume « # 0, then

+(a—2)zu" (y)+2(a—1) (a—2)22u’(y)+§a(a—1) (@—2)22u(y)=0

Plug this in the second equation, we get

w2 +3 <2 — 1) wu'u” + <2 — 1> <2 — 2> u? =0.
« « o
Hence

) 2 2 2
(uz/“) = Zya—3 {’uQu’” +3 ( - 1) uu'u” + ( - 1) ( - 2) u’g] =0.
a a a a

The proposition follows. O

5. REGULARITY OF NONNEGATIVE CRITICAL FUNCTIONS

In this section we will study the regularity issue related to the Euler-Lagrange
equation (1.9). Let f be a nonnegative function satisfying (1.9), define u = P,
then the single equation becomes an integral system

w@ = [ P@or©d

—
—~
78"
~—
T

-

/ P(z,8)u (m)%f1 dzx.
R%

This system is very similar to the one appeared in the study of the sharp Hardy-
Littlewood-Sobolev inequality ([Li2, part (ii) of theorem 2.3]). In [ChL, L] the
regularity problem for some special cases of that system was resolved by a linear
approach. In [Hn], a nonlinear approach was introduced to resolve the regularity
issue for all the cases. We will apply the nonlinear approach to handle (1.9).
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Theorem 5.1. Assumen > 2,1 <p < oo, f e Lj . (R"’l) 18 nonnegative, not
identically zero and it satisfies

FEOP = P26 (Pf)(x)" T da,

RY
then f € C* (R™1). If we know f € LP (R"™1), then f (&) — 0 as |¢] — oo.

We note that the condition f € L} . (R"il) can not be dropped, since the above
equation has ¢ (n,p) € \_% as a singular solution. To prove this theorem, we first
derive some local regularity results for some integral inequalities. According to the
range of p, we need two local results stated in Proposition 5.1 and Proposition
5.2 below, even though the arguments in both cases are similar. The two local
regularity results are of the same nature as [Hn, proposition 2.1] and [L, theorem
1.3].

Proposition 5.1. Givenn >2,1<a,b<o00,1<r <00, 2= <p<q<oo such

7 n—1
that
1 r 1
+-<-+-<1
a

T
<7
qg a p

1
n
and

n nfl_l

ra b T
Denote B = Bf{l and BE = By NRY. Assume u,v € LP (BE), UelL® (Bg),

F € L*(Bg) are all nonnegative functions with U‘B;/ €L (B§/2)’
2

1/r
‘U|L/‘1(BIJ%) ‘F‘Lb(BR) S 5(n7paq77",a,b) Small

and

1/r
u@< [ P@OFE© /B+P<y,5)U<y>u<y>’“dy] € + v (z)

for x € B}, then we have u|B;/4 € La (B§/4) and

‘U|Lq(B+ 4) S c(n7p3Q7T7a7b) (Rq_p |U|LP(Bg) + |U|LQ(B;/2)> N

Proof. By scaling we may assume R = 1. First assume we have u,v € L4 (Bf)
Denote

FO= [ P@OU@ua) duforce B

Let p; and ¢; be the numbers defined by
-1 -1
n-l_mnr n_, nmn-l_wr n_,
p1 p a q1 q a

then it follows from Proposition 2.2 that

IN

‘f|LP1(Bl) c(naparaa)|U|La(Bi*') |u‘7j:p(3f')v

A

|f‘L’11(Bl) < c¢(n,qr,a) |U|La(31+) |U|ZQ(BI+) :
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Given 0 < s <t < 1/2. For x € B, we have

u ()
</ L PEOT @ i / o, TEOTOTE a6
- /B+ P(x’f)F(g)f(@l/rd“(tc(:)zz—l/Bl\BT F(&)f ()" e+ ()
</ p@@)F(é)f(&)l/rdﬁ(;_(”;)ﬁ)l Flusisn 1Y o + (@)
< /B P @& F () (©)"" dt+ (i”_p)) PF—
Hence

1/r C(”7P7q77'» (l)
< _ .
‘u|Lq(Bs+) <c(nq) |F|Lb(31) \f|qu (Bs+t> ’ (t— 8)n71 |u|LP<Bfr) + MLQ (B1+/2)
p)

On the other hand, for £ € B%, we have

1O = [ P@oU@uedt [ P@OU@E b

BB/

T % x)u(z)" d
< [ Pwoueueras S [ v@uerd

r c(n,p,r,a) r
< /B:rP(:c,f)U(:z:)u(:c) d$+W|U|LQ(Bf—) |U|LP(BT)'

It follows from Proposition 2.2 that

c (n7p7 q,T, G,)
£

< s N\ s Ty ) T .
qu(B%J < c(n,q,7,0) Ul () lulpa(mr)+ (t—s)" Ul e (B 14l Lo (57)

Combine the two inequalities together, we see
|u| La ( Bj)

1/7" C(TL,p,q,T,a)

< c¢(n,q,ra) |U|La(Bfr) 1o (my) \uqu(B:r) + W |U|LP(BI+) + |U|Lq(Bl+/2>

1 c(n,p,gq,r a)
< = —_— 7 7
< Slulpesry + 5" [ul o () + |U|Lq(Bl+/2>

if £ is small enough. It follows from the usual iteration procedure ([HL, lemma 4.3
on p.75]) that

g (55, < 0. 007,0) (1ulga gy + 10l (5 ) )-

To prove the full proposition, we note that there exists a function 0 < n(x) <1
such that

1/r
u@=n@ [ P@OFE© /lﬁP(y,g)U(y)u(y)Tdy] de +n(@)v ().
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We may define a map T by
1/r

T @ =@ [ P@oOFE©|[ PEOUGIGI | &

Note that we have

1/r

T (90)|Lp(31+) < c¢(n,pira,b) |U‘La,(Bl+) |F|Lb(31) |‘P‘Lp(31) < “P|Lp(31)7

N

1/r
|T(‘P)|L4(Bfr) < c(n,q,ra,b) |U|L/G(B;r) |F|Lb(Bl) |‘P|Lq(31) < 9 |90‘LQ(B1)

if € is small enough. Moreover, for ¢, € LP (Bfr), it follows from Minkowski
inequality that

T (9) (@) ~ T () ()] < T (o — ) (&) for z € By,
hence
IT(0) = T )l gasr)y < 1T (0 = WDlpo(iry < 5 10~ Yoot -

Similarly we have for any ¢, € L4 (Bf'),

IT(9) = T ) (it < 319~ Vlga(as) -

For k € N, let vi () = min{v(x),k}, then it follows from contraction mapping
theorem that we may find a unique uy € L? (Bf) such that

ug ()
= T(uk) (x) +n(z)vk (z)

n(z) | Pz,§)F(§)

B

1/r
/;+P(y7£)CTQDUk(yﬂrdy] d€ +n (z) vg () -

Apply the apriori estimate to ug, we see

|Uk|Lq(B;r/4) <c(n,p,q,r,0) <|UkLp(Bl+) +[vl,, (BT/2)> :
Observe that
u(z) =T (u) () +n(z)v(z),
we see
ue = Ulpp(pry < 1T () =T (W)L (ppy + [0k = vlo(sy)

1
< — .
= 5 |, u|LP(B1+) 0% ”|LP(Bl+)

Hence |uj — u|Lp(B;r) < 2y — v|Lp(B;r) — 0 as k — oo. Take a limit process in
the apriori estimate, we get the proposition. O
The other local regularity result is

Proposition 5.2. Givenn > 2,1 <a,b<o00,1<r<oo,1<p<q< oo such
that

1
o<’ 4-<1
P a
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and
n—1 n
oy
TG * b
Denote Br = By~ and Bf, = BR NR?. Assume f,g € L? (Bg), F € L*(Bg),

UelLl (BE) are all nonnegative functions with g|BR/2 e L4 (BR/Q),

F1 i Ul () < € (00,7, 0,b) small

and
1/r
1o [ Peove|[ Peor@real wre©
for & € Bg, then we have f|BR/4 € L (Bpys) and

n—1_

|f|Lq(BR/4) <c(n,p,q,7,a,b) (R a (BR/2)> )

Proof. By scaling, we may assume R = 1. First assume we have f,g € L?(By).
Define

u(@)= [ P(x,§)F(§)f ()" d¢

B

for x € Bfr. Let p; and ¢g; be the numbers given by
n n—1 n—1)r n n—1 n—1)r
_n-l @-Dr n_n-1 (-Dr

b1 a b q1 a q

It follows from Proposition 2.1 that
|U‘LP1 (Bfr) < c(nvpa T, a) |F|La(Bl) ‘f|zp(31) s
|u|Lq1 (B;r) < C(n,(brv a) |F|Lu(Bl) |f|2q(31) .

Given 0 < s <t < 1/2. For £ € B, we have

fo < /B (w,5>U<x>u<x>1/’“dx+/B+\B P(0,)U (@) u (@) dz+ g (&)
X IEUZL’l/TﬁC 76(’”/) l"u.’lfl/rl'
< /BtH (@, U (z)u(z)"" d T /B+\Bs+tU() ()" dz +g (€)
< [ PoU@u@" drt ) o W) e+ 9O
LT (t—s) 1 ENBD) Plon (51)
</  PEOUE ()" da +W|f|m31)+g(£)
Hence

1/r +C(n7paQ7r7a)

‘f|Lq(B )y < c(n,q,7,b) |U|Lb(3+) |u| (Bt-}-f) W |f|LP(Bl)+|g|LQ(B1/2) :
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On the other hand, for x € Bf,,, we have
2

w(@) = /BP@,OF(&)f(f)Tdu/ P(x,€) F () £ (€)" de

B1\B;

< [rwor@reras Sa [ P

< [ P@OPE@E s SR P ) Ul
Hence
() 600700 Pl Wl + E:j_pi) Fl e o

Combine the two inequalities together, we see
|f|Lq(BS)
1/r c(n,p,q,r,@,b)
< C(n,q,T, a, b) |F|L/a(31) |U|Lb(3fr) |f|Lq(Bt) + W |f|LP(Bl) + |9|Lq(31/2)

1 c(n,p,q,7,a,b)
< 5y + Th—s [ loemy T1910a(,,0)

when ¢ is small enough. It follows from the usual iteration process ([HL, lemma
4.3 on p.75]) that

|f|L<1(Bl/4) < c(n,p,qﬂy a,b) (|f|LP(B1) + |9‘Lq(31/2)> .

To prove the full proposition, we note that there exists a function 0 < 5 (§) < 1
such that

1/r
19=10 [ P@ovE|[ P@OFQ@ | doin©o©.

We may define a map T' by

1/r
7)©=1© [ Peov@|[ Peor@le@ral

1

Note that
T @l < elnmma b FI ) Ul 2l < 5 6l
T (<P)|Lq(Bl) < c¢(n,grab) |F|2/a7a(31) |U|Lb(3;r) “P|Lq(31) < % |<P|Lq(31)
if £ is small enough. Moreover we have
IT(0) =~ T @)ooy < T (0~ Do) < 310~ Yo,

for ¢,1 € L? (B;) and

1
1T () *T(ql))‘Lq(Bl) < |T(‘90*7/’D|Lq(31) < ) |<P*1/’|Lq(31)
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p, € L9 (By). For k € N, let gi (§) = min{g (£), k}, then it follows from contrac-
tion mapping theorem that we may find a unique f; € L9 (B) such that

R© = TU)E 1))
1/r
— +P<x,§>U<x>[/ P(x,oF(of(o’“dc] dz +1(6) g1 (€).
B] B

Apply the apriori estimate to fi we see

|fk|Lq(Bl/4) < C(n,p7Q7r7avb) (|kap(B;r) + |g|Lq(Bl+/2)> .

Observe that
=T +n)g(©),

we see

|fr — f‘Lp(Bl) < |T(fw) - T(f)|Lp(Bl) + lgk — 9|Lp(31)

1
< 5 ‘fk - f|LP(Bl) + |gk _g|LP(Bl) .
Hence | fi — f|Lp(Bl) <2|gr — g|Lp(Bl) — 0 as k — oco. Take a limit process in the
apriori estimate we get the proposition. (I

Now we are ready to prove the main results of this section.

Proof of Theorem 5.1. Let pg = p%l, fo (&) = fO ", up(x) = (Pf) (x), then
0 < po < o0, fo € LPrt (R"!) and

loc
w) = [ P@OHE"E 0O = [ P@ou@TH .

For R > 0, denote Br = By~ ' and B}, = B NR7%, let

w@) = [ P@EhE"

pot+n

fr(§) = /Rn\3+ P (,&) ug (z) 0w dz,

then
up () = P (2,€) fo (§)" d€ +ur (x),
Br
potn
fo(§) = . P (2,&) uo (x) =170 dx + fr (§).
BR
- e (mh Bt (AT oe (BT ()RRl
First we want to show ug € L, (R+> and up € L=Dro (BR)leoc (BR U BjR )

Indeed, since fo € Lf(fjl (R”’l)7 we see fy < oo a.e. on R”~!. This implies uy < 00

a.e. on R". Hence there exists a zg € Bg such that ug (z9) < oco. It follows that

PO Po
fR"_l\BR W(iﬁ < o0 and fR"'_l\BR fol(éslzl df < o0. For 0 <6 < 1,
0 o,n

T € BJR, we have

c(n)R fo (§)”°
(1=0)" Jpn-1\p, €"

w@ = [ PO s de s .
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n(pg+1)
ummmummRe%Ew+uH%wsmmhhpgohgfwgeuﬁmomm,
n(pg+1)
we know ug € L) "™ (BLUBE ). By choosing R arbitrarily large, we deduce
n(pg+1)

that ug € L(" Dro (@i) and hence up € L(w 1)po (B+)
Next we want to show fr € LPoH (BR)NLSS, (Bg). Indeed we may find &, € Br
+n
such that [, P (z,&y) uo () @“Dro dz < co. This implies
+

T potm
BB (o — o +22)

potn
and hence fR”\B+ ‘iﬁuo (z)™=Dro dx < 0o. For 0 < 0 < 1, £ € Byg, we have
+\Pr

fr(€) = / P (2, ) up ()25 dw < <M / “n o ()75 do
R7\B}, (1-0)" Jr

vl

and hence fr € L{° (Bg). To prove the regularity of f, we discuss two cases.

Case 5.1. 0 <pp < -=7.

In this case, we have (p°+)" > 1. Fix a number r such that

1<r< ot 1 and r > —,
(n —1)po Do
then
1/r
fo (5)1/7 (/B+ P (x,¢) ug (z) ™=Dro dx) + fr (f)l/7
Hence
ug (z)

_ /B P(2,6) fo (€ fo (€7 dé + ur ()

IN

1/r
/ P(2,€) fo (o)™ ( / P(y,@uo(y)v’f"lféo-"uo(yrdy) dé + v (),
Br Bt

R

here

vr (2) :/B P (@,6) fo (&)™ fr (&)Y dé +un (x).



SHARP INTEGRAL INEQUALITIES FOR HARMONIC FUNCTIONS 29

n(po+1)

Since fr € LPo*! (Bg), we see vg € LT-Dro (Bf). On the other hand, for 0 <
0<1,xz¢€ Bng we have

P(@,€) fo (O fr(&)"" de

Br
r —r 1t
< 1all” / P a,€) fo () de
1= (rgen) B,
C( ) / po—7r"1 1/r
+ "t fo (§) fr(§) d¢
(1-6)" Rt Br\Buso,
T —r~1 c{n,p
< 1fnl” [ p@on© T a0l ),
v=(Brgan) Jorge (1-6)" R+
"(Pg+1)71
hence vp € Ll(:;l)(m*r ) (BE U Bzfl). Let
_ n (po + 1) _(o+1r
po+mn—(n—1)por’ por —1 -
Then - 4 "= = % and
r 1 po+n
Ly BT g
T o v
For ng °1J)r1) <q< %, we have  + 1> 1 Tt follows from Proposition
5.1 that ol € L9 (Bf;;,). This implies
pot+n
@ = [ P @ dot fe(©) < clma) T T+ Fra €
B;M ( R/4 )

when ¢ > ?T(f_ofg;g Such a choice of ¢ is possible since (n_qu();:_lz,,l) > ?i’f’f);’g

In particular, we see fy € L™ (BR/s)- Since every point may be viewed as a

|BR/8
center, we see fo € LS, (R”fl) and hence ug € Lj¥, (@i) For any R > 0, since

Po +n

/ fo (52 d€ < oo and x"n uo () " Tyro dx < o0,
R"—1\Bp €] R7\BY; |z|

we see ug € C' (BE U Bg_l) and fr € C* (Bg). It follows that fy € C}. (R" 1)

for 0 < a < 1. In particular, fo(¢) > 0 for any ¢ € R*~1. This implies ug €

COé

loc

(7 > for any 0 < o < 1. Using the fact ylog|z| = x3 |z|™> when n = 2,

O |2]*™™ = (2 = n) z, || " when n > 3 and the standard potential theory in [GT,

chapter 4], it follows from bootstrap method that both ug and fy are smooth. If
n(pg+1)

f € LP(R"71), then fo € LPo™ (R"7!) and ug € JR = (R%). If we go back

to the proof with this fact and apply Holder inequality when necessary, we will

potn
get fo € L™ (R"’l) and ug € L™ (R’_f_) This implies ué”gl)m e L (Ri) for
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neotl) < o < 5. Note that
pot+n

T potn
U = s (ud
|.'E‘n 0 X]Ri

pot+n pot+n
_ In Y [ rDro Y + T X s [ DPo Y
|x|n By 0 R7 |.’E‘n R”\ B 0 R% )

: . - . = +1
since i xpn € L1 °(RY), reXpe\pp € L7 1t (R™) and % < n, we
see U is continuous and U (z) — 0 as |z| — oo. Since fo = c(n) U

fo(§) — 0 as [§| — .
Case 5.2. ﬁ < pp < 0.

Rn—1, We see

In this case, we fix a number r such that

1§r§p0andr2w
Po+n
then
1/r
w' < ([ Peon©r ) +un'
Br
Hence
fo (§)

potn -1

N /B+ P (2,8) ug (x) ™00 " g (2)"" da + fr (€)

IN

potn 1 , . Yr
[ P05 ([ Pwonor T a@rd) i@,
B} Br

here
po+n 1

o (©) = [ P00 @ w0tk 6)

Since ug € LG50 (B}), we see gr € LP*T1 (Bg). On the other hand, for 0 <
0 <1, & € Bygr, we have

-1

rotn . 1/r
P06 0 @ (@) do
BR

potn —1

< unl (51,0,) Jo,, T ()0 d
140 ) B#R
IR — (n) / Ug (3:)%%_7"71 UR (m)l/T dx
(1—-6)" Rn—1 B*\BH_O
< |uR|;/T<B+ . P (,€) uo ()07 " da
“(ota,) Jot,a,
c(n pO) | %

+

n(po+1) ’

( 9) RP0+1 L (n=TDpg (B;;)

hence gr € L}, . (Bg) for any ¢ < co. Let

_ptl o n(po+1)r
po—1’ (po+n)r—(n—1)po
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then %=L 4+ 2 = 1, I + 1= -247 € (0,1). For any pg +1 < ¢ < oo, it
follows from Proposition 5.2 that when R is small enough, we have fy € L4 (B R /4).

Since every point can be viewed as a center, we see fo € L} (R”fl) and hence

ng_ s
ug € L' (Ri) Using the equations of fy and wg, we see fo € L{° (R"‘l)

loc loc

and uy € L3S (ﬁi) Now the arguments in Case 5.1 tell us fo € C* (R"‘l)

loc
and ug € C* (@i), moreover, fo(§) — 0 as || — oo under the assumption
ferr (R, O

6. RADIAL SYMMETRY OF NONNEGATIVE CRITICAL FUNCTIONS

In this section we will study the symmetry property of the nonnegative critical
functions of the variational problem (1.8). We will show any nonnegative critical
functions are radial symmetric with respect to some points. As explained at the
beginning of Section 5, (1.9) may be viewed as an integral system which is very
similar to the integral systems related to the Hardy-Littlewood-Sobolev inequalities.
For the latter one, the radial symmetry of nonnegative solution for some special
cases were solved in [CLO1, CLO2, L]. In particular, in [CLO1] an integral version
of the method of moving planes ([GNN]) was introduced and later applied in [CLO2]
to resolve the symmetry problems for some cases of the integral systems related to
Hardy-Littlewood-Sobolev inequalities. In [Hn], some new observations were added
and all the cases for the symmetry of the solutions to the systems were resolved.
We will apply these new observations to (1.9).

Theorem 6.1. Assume 1 < p < oo, n > 2, f € LP (R”_l) is monnegative, not
identically zero and it satisfies

—1 np__q
[ = P8 (Pf)(x)" 1 du,
R%
then f € C* (R"‘l), moreover f is radial symmetric with respect to some point
and strictly decreasing along the radial direction.

For the case n > 3, p = 2(::21), the Euler-Lagrange equation has conformal

invariance property and we may weaken the assumption a little bit.

2(n—1)
Proposition 6.1. Assumen >3, f € L, "~* (R”fl) is nonnegative, not identi-
cally zero and it satisfies

O = [ P& (Pf) () de,

R}

then for some A > 0 and &, € R"™1, we have

n—2

)\ 2
f(&) =cn) (M)

During the proofs of these symmetry results, we will need the following basic
inequality: assume 0 <0 <1,a>b>0, c> 0, then

(a+0) —(b+e) <a® =1,
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Indeed, for t > 0,let ¢ (t) = (a+ )’ —(b+t)?, then for t >0, ¢’ (t) =0 (a +t)° ' —
0(b+ t)efl < 0. The inequality follows.
For 0 € R™ and s > 0, we denote

m 1/s
o], = (Zo—ﬁ) .
=1

Proof of Theorem 6.1. By Theorem 5.1 we know f € C* (]R”*l) and f(€) — 0
as |§] — oo, Let q = -1, g(&) = ("', v(z) = (Pf)(x), then 0 < ¢ < o,
n(a+1)
g€ La+1 (Rn—l)7 v € Ln-Ta (Ri) and
q+n
v = [ Pwog©tde 9©= [ P@OvE
Rn—1 Ri

For A € R, denote

Hy={6eR"" & <A}, Qa={zeR} 21 <A}

For ¢ € R"™1, ¢ = (£,,¢"), denote &, = (2A — &,,£"). For z € R", © = (z1,2"),
denote x) = (2A — x1,2"). Define gy (§) = g (£,), va (x) = v (z) and

BY={¢eHx:gx () >9 (&)}, Bi={zeQr:u(x)>v(2)}.

By a simple change of variable, we see

v(z) = /H P (2,€) g (€)' dé + / P (22,6) g (€0)" de.

Hy

v = [ P@oge s [ P@noger
g() = /QXP(x,f)v(a:)mdx—i—/QkP(x,\,f)v(w,\)mda:,

9 = / P(z@)v(m)ﬁ*&dm/ P (22,€) v (2) 7577 da.

A A

Case 6.1. 0 < ¢ <

n
n—1
In this case, we choose a number r such that
qg+n

1<r<
T T (n—1)gq

and ¢~ < r.

‘We have
o () — v (z) = / (P(2,6) — P (23,€)) (9 (£2)" — g (€)%) de.

H
Hence for x € BY,

0 < w(xy)—v(x)

< / (P (2,€) — P (22,6)) (9 (£)" — g (€)%) de
BQ

/ @0 ((s €)")" = (g©")") e

o [ P@ose)’ ™ (a0 - o) de

A

IA

IN
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It follows that

|’UA - ’U\ n(g+1)
L

(n—D)q (BK)

-1
- q—r ( 1r 1/7“)
>~ C(”anr) ’g)\ 9 9 Lqu(Bf]\)

-1
< g—r ‘ ’ 1/r  1/r
>~ c(n,q,?") g>\ L =1 (Bg) g>‘ L(Q+1)7'(B/g\)

1/r 1/r

_ g—r~"
= C(na%r)lg)\quH(Bi) ‘gA -9 L(<1+1)T(B§)

On the other hand, for £ € BY, we have

9(&) = /BK

+/ P (2,€) v (22) &7 da + / P (xr,€) v (2) 017 da
QA\BY QA\BY

P(g;’g)v (gj)\)(:le)q dx +/ P(.’JC)\,f)’U (x) (#jﬁ)q dx

By

: / P (2,€) v ()™ 17 da + / P (23,€) v (2) @17 do
BY BY
+/ P (2,€)v (@) 717 do + / P (@, ) v (2) 717 da.
QA\BY QA\BY
Since
_qtn g+n
9© = [ P@ov@H [ Plnguen i
B B3

+/ P (2,€) v () 707 da + / P (2x,€) v (22) @01 da,
Qa\BX Qa\BY

33
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we see

g e —g©""

1/r
- ( P@ o F i+ [ P(xk,smx)w”&zdx)
BY v
1/r
qt+n q+n
- (/ P(z,&)v (z)m-a dm+/ P (zx,§) v (wy) =19 dm)
5 X
1/r
B </ (P@f)”rv(wm,P<xx,5>“’”v<x>m),d)
/l;\ T
1/r
- </ ’( (=, g)wv(‘”)("qfﬁaP(m,ﬁ)l/rv(%)ﬁ)z dw)
1/r
= (/ (2.8 (v (@) ™7 = v @)@ ) P (22,7 (v(@) 77 — v (@) 7)) d>
1/r
= ( (xx)%—v(m)ﬁ) dm)

(n—1)gr

1/r
(q+n) (/“ (x,g)v(a;‘)\)(fjif)q_r (U (-’17)\>—U(-'I/'))Tdm> '

This implies

1/r 1/r
’g —9 LatDr(BY)
5 1/r
_|_ . .
< Zlatn) [ P@OvE I ) v @)
(n—1)qr La+1(BY)
A
<1+1n _r - 1/r
< c(n,q,r) v,{n e (UX - U) n(g+1)
L aFn (BY)
q:rn —r 1/r L
< elmagn) ol ] AR - 0) 1
LTt " (B3) LG=har (BY)
_g+tn
= C(Tl, q,T ) ‘UA| (nn(;)flr) |U>\ - fU‘ 77(11+1)

L= (BY) L (n=Da (Bj’\).
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It follows from the two inequalities that

‘gl/r gl/r S
< cln,q,r) UA|%_(;) 192 s (BY) ‘gl/r g Lta+1r(BY)
= cmanp %_(mel—li;) v Lqﬂ(l”e -5) ‘gl/r g Ll (BY)
< c(n,q,r )‘ﬂ;};?{% (;1) lg Lq“(l%e/ 59) . 91/7) La+vr(BY) :
Here e; = (1,0,---,0). After these preparations, we will use the method of moving

planes to prove the radial symmetry of g and hence f.
First, we have to show it is possible to start. Indeed, for A large enough, we have
‘9|L<1+1(2Ae/1—81) can be arbitrarily small, this implies

1/r r 1 1/r r
‘g m_ g <3 ‘gk/ —g"

L<q+1)v-(5§) L(q+1)r(5§)

1/r

and hence ’ gy = 0. It follows that B = 0 when X is large

L<q+1>7-(3§)
enough.

Next we let \g = inf {)\ ceR:BY, =0 for all N > )\}. It follows from the fact
g(&) — 0 as |¢] — oo and g (&) > 0 for all £ € R that Ao must be a finite
number. By the definition of A\g we know gy, (§) < g (§) for € € Hy,. We claim
that g, = g. Indeed if this is not the case, then since

0 @) =0 () = [ (P6) = P a3 ) (rg ) ~ 9 €)") s
Hy,
and
92 ()= 9(§) = /Q (P = P@e) (v () O — v (2) 77 ) da,

we get gx, (§) < g(§) for £ € Hy,. It follows that Xoz. ps — 0 ae. as AT Ao.
0
By dominated convergence theorem we have |g>\|Lq+1(2)\p,l_Bg) —0as AT . It
- A
implies

1/r r 1 1 r
’g A <3 ‘gA/T —g"

L<q+1)T(3§) L(q+1>r(3§)

when A is very close to A\g and hence BY = (). This contradicts with the choice of
Ao. Hence when the moving process stops, we must have symmetry. Moreover we
claim that gy (§) < g () for £ € Hy when A > Xg. Indeed for any A > Ay we can
not have g, = g because otherwise g is periodic in the first direction and can not
lie in L7T! (R™~!). Hence g\ < g in Hj.

By translation, we may assume g (0) = maxgcgn-1 g (&), then it follows that the
moving plane process from any direction must stop at the origin. Hence g must be
radial symmetric and strictly decreasing in the radial direction.

Case 6.2. % < q < oo.
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In this case, we choose a number r such that

(n—1)q

1<r<qand
q+n

<.

We have

960 -9 = [ (P8 Pne) (00T —0(@)F) o

A

Hence for £ € BY,
0 < g(&\)—9(&)
| @) - P@.6) (o) T -0 @) i

A

T @9 ((v (mw)% (o (x)l/,.)ggtq;;> N

Eit?;; /B” P(z,&)v (zA)ﬁ*fl (v (z)\)l/r —v (x)l/r> dx.

It follows that

IN

IN

|g>\ - 9|Lq+1(5§)

T
L5 (5y)

qtn -1

S c (na q, ’I") U,{nil)q ' ‘ n(q+1) ‘Ui/r - Ul/r n(qg+1)r
(n—T1)q L (n—Tq (BK)
afn_ 1
L (n—1)q (BK)

_atn .-
= ¢ (TL, q, T) ‘1))\| <nn7((11)+ql) vi\/T - Ul/r n(g+1)r .

L (n—Dq (Bi) L (n—TDq (13;)

On the other hand, for z € BY, we have

vie) = [ P@ogE) et [ PlanegEa
+/ P(x@)g(@)‘fdu/ P (22,€) g (€)" de
HA\Bi HA\Bi
< /BiP(x,§>g<§A>Qd§+/B§P(m@g(&)"dé
+/ P(af)g(&)Qdu/ P (22.6) g (€,)" de.
HA\Bi H,\\Bf’\
Since
vie) = [ P@os@© et [ Plangn i

+ / P(2,6) g ()" dé + / P (22,€) g (64)" de,
HA\BY H)\\BY
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we see

0 < w (x,\)l/r -0 (a:)l/r

1/r
</ P (x,8) g (£))" d§+/ P(zx,8) g (&) df)
BS BY

<
1/r
- ( / P (2,6) 9 (&)" dé + / P (23.) g (€))" dg)
B3 B3
. 1/r
- </B (P@9" g€ P& g(©"") ng)
’ 1/r
—(/B (P@0" g7 P@x9 90" dé)
1/r
< ( / 9" (960" = g©"") . P@n 9" (907 = g(&)""))]| d§>
. 1/r
< (/ 967" = 9(&"") df)
1/r
< j( g)‘I‘T(g(g)—g(o)Tdf) .
Hence
1/  1/r
’ N U] e (8BY)
9 1/r
< 2 P e o)
B Lt 03 (5y)
< r1l/r
< c(n,g,r) [gi " (9r — 9) iLqu(Bi)
q—r 1/r r1l/r
< c(nq,r) gl L%(Bi)Kg/\_g) |LQT1(3§)

q—=r
- C(TL, q,T) |g)\‘L:+1(Bi) ‘g)\ - g‘L‘I‘H(Bi) :

Combine the two inequalities together we see

atn -
_ m=-Tgq "
‘g)\ g|L4+1(B§) S c(n,q, ) |,U/\|LZLTEH£1L)1 (B”) |gA|Lq+1(BJ) |g/\ g|Lq+1(B§)
_gtn__ -1
o (n—T)q T —
= clman bl Ty g e ore e 193 = 9l
gtn -1 a
(n—1)q r T —
< c¢(n,q,r)v e (52) |9‘L;+1(2)\e;_5§) l9x 9|Lq+1(5§) .
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With this inequality at hand, we may proceed in the same way as in the Case 6.1
to get the conclusion that g is radial symmetric with respect to some point and

strictly decreasing along the radial direction. O
Next we look at the special power p = 2(7?:21).

Proof of Proposition 6.1. If we know f € LQ("":21 (R”’l), then it follows from The-

orem 6.1 that f € C* (R”’l), it is strictly positive and radial symmetric with
respect to some point. By translation we may assume [ is radial symmetric with
respect to 0.

On the other hand, if f is a solution to the equation, let u(x) = (Pf) (x),

Fle)y= 1 £ T(z) = 1 @ i
f©= IEI"’Qf (wg) and u (z) = Pl (mg), by change of variable we know

)

7 n+2

i(@) = (Pf) @), FO™ = P@gi()™ do

. ~ 2(n—1) .
and ‘ﬂ 2(n—1) =|f] 21 . In particular, f € L™»=2 and satisfies the

L n-2 (Rn-1) L =2 (Rn—1)
same equation.

Let e; = (1,0,---,0) € R™, then it follows from Theorem 6.1 that fi (§) =

\E\% f (# — e'1> is smooth and radial symmetric with respect to some point. It

follows from Proposition 4.1 and the fact that f € LQ(S;?U (R"’l) that for some
_n—2

c1>0and ca >0, f(§) = (01 \§|2 + 02> ® . Since f satisfies the equation, it

n=2

follows that for some A > 0, f (§) = c¢(n) (ﬁ\ﬂ?)
Next we want to show under the assumption of the Proposition 6.1, f always

lies in LZ(::;) (R"‘l). This will be proved by contradiction. Indeed, if this is not
2(n—1) T
the case, then f]R"—l f(&) ™2 d§ =o0. Let go (&) = f(&)™2, v (x) = (Pf) (x),
2(n—1) 2(n—1)

then go € L, (R™™1), [on190(§) ™ d€ =00 and

we = [ PeOOTE @@= [ Peyu@FHa

R%
It follows from the proof of Theorem 5.1 that go € C'*° (R"‘l) and vy € C*° (Ri)

Let g (¢) = w0 (&), v () = =zv0 (7% ), then

v = [ P@OIOT & g©=[ Pl@ovETdr
2(n=1) 2(n—1)

Moreover for any R > 0, fRnfl\BR g(&) " dé<ooand [p,,g(§) 7 df=oo.
For A > 0, we define H)y, g as in the Case 6.1 of the proof of Theorem 6.1, but let
BY = {& € H\\{0} : gx (§) > g (£)}. Put the number in the proof of Theorem 6.1

r= xfg, then the same argument shows
n—2 2(n—2) n—2
) n—2 n(n+2) nre n—2
gy — gt 2(n—1)(n+2) <c (n> |g 2(n—1) gy — g 2(n—1)(n+2)
L n(n—2) (Bi) L n (QAell—Bi) L n(n—2) (Bi)
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Note that for & € BY, gx (£) > g (&), hence

/ g(6) T ae < / o (67 de < g(6) T de < 0.
B B

i X R7INH

When A is large enough, it implies

nFs o2 Ll 23 n—2
9x 9" a1y (nt2) < 5 9x — g a1y (nt2)
LR ) O )
n—2 n—29
n+2 - _ g _
and hence g7 — "2 | L1y (nie =0, B] =0. Let
L~ n(n-2) (Bi)

)\ozinf{A>O:B§\/Z(Dforall)\/z)\}.

We claim Ay = 0. Indeed if this is not the case, then A\g > 0. We may argue as
in the Case 6.1 of the proof of Theorem 6.1 and get g, = g. In particular, this

2(n—1)

would imply [i.,_, g(§)” * df < oo, a contradiction. It follows that Ao = 0 and
g (§1,§”) >g (—51,5") for €& < 0. Since we may perform this process along any
direction, we see g must be radial symmetric with respect to 0. Hence gy must be
radial symmetric with respect to 0. For any ¢ € R"~!, we may apply the argument
to go (- + ¢) and deduce that go is also radial symmetric with respect to ¢, hence
go must be a constant function, so if f. But this contradicts with the fact that f
satisfies the equation. O
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