
MTH 930 HOMEWORK ASSIGNMENT 1

DUE SEPT. 13 IN CLASS

(1) Let (Sn; g0) be the standard sphere. Let � : Snn fNg ! Rn be the
stereographic projection from the north pole N = (0; � � � ; 0; 1), i.e. for
� 2 Snn fNg the line joining N and � intersects the equator hyperplane
�n+1 = 0 at � (�).
� Find explicitly � and ��1:
� Show that �

��1
��
g0 =

4�
1 + jxj2

�2 dx2:
(2) In class we de�ned the hyperbolic space as

Hn =

8<:� 2 Rn+1 : �n+1 =
vuut1 + nX

i=1

�2i

9=;
in the Minkowski space Rn;1. De�ne the stereographic projection � : Hn !
Bn = fx 2 Rn : jxj < 1g as following: � (�) is the intersection point of the
line joining � and �en+1 with the hyperplane �n+1 = 0.
� Find explicitly � and ��1 and show that � : Hn ! Bn is a di¤eomor-
phism.

� Show that �
��1

��
g0 =

4�
1� jxj2

�2 dx2:
Bn with the metric 4

(1�jxj2)
2 dx2 is called the conformal ball model of

the hyperbolic space.
(3) Let � : E ! M be a vector bundle over a smooth manifold. Recall that a

connection on E is a map

r : � (M)� � (E)! � (E)

satisfying
� for any X1; X2 2 � (M) ; f1; f2 2 C1 (M) and � 2 � (E)

rf1X1+f2X2� = f1rX1� + f2rX2�:

� rX (f�) = Xf� + frX�.
� rX (�1 + �2) = rX�1 +rX�2.
Prove

(a) If X vanishes at a point p, so does rX�. Therefore for v 2 TpM;� 2
� (E), we can de�ne rv� 2 Ep.
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2 DUE SEPT. 13 IN CLASS

(b) If � vanishes in a neighborhood of p, then rv� = 0 for any v 2
TpM . Therefore we can de�ne rv� if � is only a smooth section on a
neighborhood of p.

(4) Exercise 1.6.24 on Page 38 of Petersen�s book.
(5) Let g be a Riemannian metric onM and eg = e2fg another metric conformal

to g, where f is a smooth function on M . Given the relation between the
Levi-Civita connection r of g and the Levi-Civita connection er of eg.


