
MTH 930 HOMEWORK ASSIGNMENT 4

DUE OCT. 11 IN CLASS

(1) Let (Mn; g) be a Riemannian manifold. For p 2 M , pick � > 0 s.t. expp :
B� ! B (p; �) is a di¤eomorphism, where

B� = fv 2 TpM : jvj < �g ; B (p; �) = fq 2M : d (p; q) < �g :
Let feig be an orthonormal basis for TpM and � : Rn ! TpM the isometry
� (x) =

P
i xiei. We can introduce a local chart � : B (p; �) ! Rn by

x = �(q) = ��1�exp�1p (q). Write g = gij (x) dxi
dxj in these coordinates.
Prove
� gij (0) = �ij ;�kij (0) = 0;
� gij (x)xj = xi.
(Hint: t! (tx1; � � � ; txn) is a geodesic.)

(2) Let (Mn; g) be a complete Riemannian manifold eg another metric on M
s.t. eg � g, i.e. for any X 2 TM; eg (X;X) � g (X;X). Show that (M; eg) is
also complete.

(3) Let (Mn; g) be a complete Riemannian manifold and K � M a closed
subset. The distance from K to p 2M is de�ned as

d (p;K) := inf fd (p; q) : q 2 Kg :
� Prove the in�mum is achieved at some point q 2 K.
� Further assume that K is a submanifold. Let 
 : [0; l] ! M be a
minimizing geodesic from p to q. Prove that 
0 (l)?TqK

(4) Consider the conformal ball model of the hyperbolic space: Bn with g =
4

(1�jxj2)
2 dx2. Prove

d (0; x) = log
1 + jxj
1� jxj :

(5) Let (Mn; g) be a Riemannan manifold with sec � �. Let 
 : [0; l] ! M
be a unit-speed geodesic and J a normal Jacobi �eld along 
 with J (0) =

0;

���� �J (0)���� = 1. Suppose J (t) 6= 0 for all t 2 (0; l]. Prove
jJ (t)j �

8><>:
sin

p
�tp
�

if � > 0;
t if � = 0;

sinh
p
��tp

�� if � < 0:

(Hint: inspect the proof of the Cartan -Hardamard theorem where the case
� = 0 is proved.)
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