
MTH 930 HOMEWORK ASSIGNMENT 6

1. Find the distance on the sphere Sn with the standard metric.

2. Let (M; g) be a complete Riemannian manifold. A ray is a unit-speed geo-
desic  : [0;1) ! M s.t. for all t > 0, j[0;t] is mininimizing. Prove that M is
noncompact i¤ 8p 2M there is a ray starting from p.
3. Let (M; g) be a complete Riemannian manifold with sec � 0. Then for a

Jacobi �eld Y (t) along a geodesic  with Y (0) = 0, show that���� �Y (0)���� � jY (t)j
t

; t � 0:

4. In class we have focused on the distance function � (x) = d (x; p) to a �xed
point p. Much of the theory can be extended to the case when p is replaced by a
submanifold. You will work out the details of the fundation in this problem. Let
�k be a closed submanifold of the Riemannian manifoldMn. Consider a unit-speed
geodesic  : [0; L]!M with p =  (0) 2 � and � = �

 (0) 2 (Tp�)?. A Jacobi �eld
J along  is called a �-Jacobi �eld if

J (0) 2 Tp�;
�
J (0)�A�J (0) 2 (Tp�)? ;

where A� denotes the shape operator of � with respect to the normal vector �, i.e.
for X 2 Tp�, A�X = (rX�)T (it is the second fundamental form of � in disguise).
De�ne

V =
n
piecewise smooth vector �elds X along  s.t. X ? �

;X (0) 2 Tp�
o
:

On V we consider the the following symmetric, bilinear form, called the index form

I (X;Y ) = hA�X (0) ; Y (0)i+
Z L

0

��
�
X;

�
Y

�
�R

� �
;X;

�
; Y

��
dt:

For a > 0,  (a) is called a focal point along  if there is a �-Jacobi �eld J along 
with J (a) = 0. Show that

�  (a) is a focal point i¤ it is a singular value of exp : (T�)? !M .
� Suppose there is no focal point on . Then for any X 2 V, there is a unique
�-Jacobi �eld J s.t. J (L) = X (L). Moreover

I (J; J) � I (X;X) ;
and equality holds i¤X = J .
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