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1. INTRODUCTION

The positive mass theorem, first proved by Schoen-Yau [SY1, SY2] and later by
Witten [W] using spinors, is one of the profound results in differential geometry.
In the recent work of Shi-Tam, it is used in a novel way to yield beautiful results
on the boundary effect on compact Riemannian manifolds with nonnegative scalar
curvature. The following theorem is only a special case of their main result.

Theorem 1. Let (M™,g) be a compact Riemannian manifold with boundary and
scalar curvature R > 0. If the boundary is isometric to S*™1' and has mean curva-
ture n — 1, then (M™,g) is isometric to the unit ball B® C R™. (If n > T we need
to assume that M is spin.)

We sketch the idea of the proof. We glue M with R™\B™ along the boundary
S"~! to obtain an asymptotically flat manifold N with nonnegative scalar curvature.
Since it is actually flat near infinity the positive mass theorem implies that NV is
isometric to R™ and hence M is isometric to B" (see [M, ST] for details). There
are similar rigidity results for geodesic balls in the hyperbolic space assuming R >
—n(n—1) by applying the positive mass theorem for asymptotically hyperbolic
manifolds.

It is a natural question to consider the hemisphere. The following conjecture
was proposed by Min-Oo in 1995.

Conjecture 1. (Min-Oo) Let (M™,g) be a compact Riemannian manifold with
boundary and scalar curvature R > n (n —1). If the boundary is isometric to S"~!
and totally geodesic, then (M™", g) is isometric to the hemisphere St .

The proof of Theorem 1 does not seem to work any more: there is no positive
mass theorem providing a miraculous passage from the compact manifold in ques-
tion to a noncompact manifold. As it stands this conjecture seems quite difficult.
There have only been some partial results in [HW] and some recent progress in
dimension three in [E].

Motivated by Min-Oo’s conjecture, we consider the rigidity of compact Riemann-
ian manifolds with boundary and positive Ricci curvature. Here is our first result.

Theorem 2. Let (M",g) (n > 2) be a compact Riemannian manifold with non-
empty boundary ¥ = OM . Suppose
e Ric> (n—1)g,
o (3, 9lx) is isometric to the standard sphere S"~1 C R,
e 3 is convex in M in the sense that its second fundamental form is nonneg-
ative.
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Then (M™, g) is isometric to the hemisphere S = {x € R" ™' : |z| =1, 2,41 >
0} Cc R™HL,

Since there are different conventions for the second fundamental form and the
mean curvature in the literature, let us explain ours. Let v be the outer unit normal
field of ¥ in M. For any p € X, for any X,Y € T, the second fundamental form
is defined as

(X, Y)=(Vxy,Y).
The mean curvature is the trace of the second fundamental form.

Put in another way, the theorem says that for a compact manifold with boundary,
if we know that the boundary is S"~!(intrinsic geometry on the boundary) and
convex (some extrinsic geometry) then we recognize the manifold as the hemisphere
S%, provided Ric > (n — 1) g. Theorem 2 can be viewed as the Ricci version of Min-
Oo0’s conjecture. It is a strong evidence that Min-Oo’s conjecture should be true.

Shi-Tam [ST] have also studied compact manifolds (M™,g) whose boundaries
isometrically embed in R™ as a convex hypersurface. In our case we may con-
sider compact Riemannian manifolds whose boundaries isometrically embed as a
hypersurface in 7. We prove the following rigidity theorem in this more general
case.

Theorem 3. Let (M, g) be a smooth compact Riemannian manifold with boundary
OM =X and Q C St is a compact domain with smooth boundary in the open
hemisphere. Suppose
e Ric> (n—1)g,
e there is an isometric embedding ¢ : (2, gs) — 09,
o Il >1Ilyoe, herell the second fundamental form of ¥ in M and Il is the
second fundamental form of OQ in i

Then (M, g) is isometric to (ﬁ, g§1>.

In dimension 2 it turns out that Theorem 2 is essentially equivalent to a result
of Toponogov on the length of simple closed geodesics on a strictly convex surface.
This connection is discussed in Section 2 in which we also present a different proof
working only in dimension 2. This proof may have some independent interest.
It is also interesting to compare this two dimensional argument, which is partly
geometric and partly analytic, with the unified proof of purely analytic nature
presented in Section 4.

To prove Theorem 3, we have to generalize the proof of Theorem 2 to the more
general context where we allow the metric to be Lipschitz along a hypersurface.
For this purpose we first establish Reilly’s theorem on the first eigenvalue in this
context in Section. The proof of Theorem 3 is then given.
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X. Wang is supported by National Science Foundation Grant DMS-0505645. We
would like to thank Christina Sormani for valuable discussions.

2. THE TWO DIMENSIONAL CASE

When n = 2 we consider a compact surface (M2, g) with boundary. The bound-
ary then consists of closed curves and there is no intrinsic geometry except the
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lengths of these curves. The extrinsic geometry of the boundary is given by the ge-
odesic curvature. Therefore Theorem 2 follows from the following slightly stronger
result.

Theorem 4. Let (M2, g) be compact surface with boundary and the Gaussian cur-
vature K > 1. Suppose the geodesic curvature k of the boundary v satisfies k > ¢
> 0. Then L(v) < 27/v1+ 2. Moreover equality holds iff (M, g) is isometric to
a disc of radius cot~(c) in S?.

Proof. By Gauss-Bonnet formula
2x (M) :/ Kda—i—/kds > 0,
M v

where x (M) is the Euler number of M. Therefore M is simply connected and in
particular v has only one component. By the Riemann mapping theorem, (M, g)
is conformally equivalent to the unit disc B={z € C: |z| < 1}. Without loss of
generality, we take (M,g) to be (B,g = e?%|dz|?) with u € C* (E R). By our
assumptions we have

—Au > 2" on B,
g—:f +1>ce* onSt

Let u € C* (B,R) such that

—Au=0o0n B,
2|§1 = U|S1 .

Then u < u as u is superharmonic. It follows from sub-sup solution method (see,
e.g., [SY, page 187-189]) that we may find a v € C* (B,R) with

—Av =e? on B,
u<v< U

Since v < u and v|g1 = uls1 we have 22 > 2% and hence 2 +1 > ce” on S, i.e.
S S ov ov ov ’

the boundary circle has has geodesic curvature > c. As the metric (B, €2V|dz|?) has
curvature 1 and the boundary circle is convex, it can be isometrically embedded
as a domain in S?, say Q. Denote 0 = 0 parametrized by arclength. Notice
L(c) = L(y) as v = u on the boundary S'. Because the boundary has geodesic
curvature > ¢ > 0, it is known that the smallest geodesic disc D containing €2
has radius at most cot~!(c). Hence L (y) = L(o) < 2m/v/1+c% = L(0D). The
equality case follows directly from the argument. |

As a corollary we have the following theorem due to Toponogov.

Corollary 1. (Toponogov [T]) Let (M?,g) be a closed surface with Gaussian curva-
ture K > 1. Then any simple closed geodesic in M has length at most 2w. Moreover
if there is one with length 2w, then M is isometric to the standard sphere S?.

Proof. Suppose v is a simple close geodesic. We cut M along 7y to obtain two
compact surfaces with the geodesic v as their common boundary. The result follows
from applying the previous theorem to either of these two compact surfaces with
boundary. (I
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Toponogov’s original proof, as presented in Klingenberg [K, page 297] uses his
triangle comparison theorem. In applying the triangle comparison theorem, which
requires at least two minimizing geodesics, the difficulty is to know how long a
geodesic segment is minimizing without assuming an upper bound for curvature.
As the proof presented above, this difficulty is overcome by using special features
of two dimensional topology.

3. CONFORMAL CHANGE OF METRICS

Of course the conformal method is not very useful in higher dimensions. It may
still be of interest to record here what one can prove with it.

Proposition 1. Assume Q C S is a smooth domain, g = uﬁgsn, Uy = 1,
R> Rgn =n(n—1), thenu>1, H < H. Moreover if equality holds somewhere,
then g = ggn.
We have
~ n 4(n—1
R=u 72 <—(n2)Au—|—n(n— l)u) >n(n-—1),
n—

in another way it is

n(n—2 n(n—2) nt2
—Au+ ( 1 )u > ( 1 )unt’z, ulyo = 1.
Let @ = min {u, 1}, then @ is Lipschitz and it follows from Kato’s inequality that
in distribution sense

_9 "
—AT > —Xu<1Bu > % (ﬂ”%rg *ﬂ) ;o Ty =1
Indeed,
_u+1l |Ju—1]
u= — .

2 2

for e > 0, we let f. (t) = Vt? + 2, then A(fe (u—1)) > fL(u—1) Au, let ¢ — 0T
it follows that

A (Ju—1|) > sgn(u—1) Au.
Hence ) )
—Agu > —§Au + 5 sen (u—1)Au = —xu<1Au
in distribution sense. Let v € C? (ﬁ) such that

{ *A@%‘ n(n472)@ _ n(n72)ﬁ%7

B 4
v|8Q = 13

then 7 <@ < 1 and hence % > 0. Define

U(x):{ v(z), v e,

1, x ¢ Q.
Then v is Lipschitz and in the sense of distribution
n(n—2) n(n—2) nt2

—Av+ 1 v >

1 vn=2,  V|gno1 = L.
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Indeed for any nonnegative ¢ € C* (S7), ¢ = 0 near S"~*, we have
-2
<Vv -V + n(n)wp) du

Jo i

—2 -2
:/ <Vv-V<p+n(n)v<p> d,u—l—/ m@du
Q 4 s 4

> ?g@dS +/ nin-2) 2)023 wdu

aq oV ‘7; 4
[ e,
n

n+2

—Aw+ n(n472)w _ n(n472)vn72
w

Sn—1 — 1

It follows that 0 < w < v and hence —Aw + ”(n;z)w > n("472)w:it§. Using the

conformal rigidity result in [HW] (Theorem 3.1 on p99) we see w = 1. Hence v =1
and w = 1. It follows that v > 1. Note that

“Au> @ (u%i _u) >0.
Hence w is superharmonic. It follows from strong maximum principle that either
u=1loru>1inQ and % < 0. The conclusion follows from
~ 2(n-1)0u

H = — + H.
n—2 81/+

4. THE PROOF OF THEOREM 2

We now present a proof of Theorem 2 which works in any dimension n > 2. We
first recall the following result due to Reilly.

Theorem 5. (Reilly [R]) Let (M™, g) be a compact Riemannian manifold with non-
empty boundary X = OM. Assume that Ric > (n — 1) g and the mean curvature of
Y in M is nonnegative. Then the first (Dirichlet) eigenvalue A1 of —A satisfies the
inequality Ay > n. Moreover \y = n iff M is isometric to the standard hemisphere
St c R+

Therefore to prove Theorem 2, it suffices to show Ay (M) = n. If this were not
the case, then A\; (M) > n. Therefore for every f € C (X) there is a unique
u € C*® (M) solving

(4.1)

—Au=nu on M,
u=f on .

Define
¢ = |Vul> +u?.

Lemma 1. ¢ is subharmonic, i.e. A¢p > 0.
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Proof. Using the Bochner formula, the equation (4.1) and the assumption Ric>
(Tl - 1) 9,
1
§A¢ = |D2u|2 + (Vu, VAu) + Ric(Vu, Vu) + |Vul” + uAu
> ’D2u’2 — nu?
2
> M — nu?
n
=0.
(]

Denote y = %, the derivative on the boundary in the direction of the outer
unit normal field v. By the assumption of Theorem 2 there is an isometry F' :
(Z,9|s) — S"' C R™. In the following let f = Y"1 | ayz; o F, where 1, -+ ,z,
are the standard coordinate functions on S"~! and o = (g, -+ , ) € S" 1. We
have

“Asf=(-1f [Vef+ =1
Hence
(4.2) Ols = VefP +x° + 2 =1+ x%
On the boundary ¥
—nf = Auly = Asf + Hx + D*u(v,v) = — (n— 1) f + Hx + D*u(v,v),
whence

(4.3) D?*u(v,v)+ f =—Hy.

Lemma 2. On X

10
§£ = (Vsf,Vsx) — Hx* =11 (Vs f,Vsf).
Proof. Indeed

= D*u(Vsu,v) + x (D*u(v,v) + f)
= D*u (Vs f,v) — HX?,
here we have used (4.3) in the last step. On the other hand
D*u (Vs f,v) = (VyyVu,v)
= Vsf(Vu,v) = (Vu, Vo, v)
=(Vs/f,Vex) —II(Vsf, Vsf).

The lemma follows. (]

Lemma 3. The function ¢ = |Vu|® +u? is constant and

D*u = —ug.

Moreover x = % is also constant and I (Vs f,Vsf) =0.
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Proof. Since ¢ is subharmonic, by the maximum principle ¢ achieves its maximum
on X, say at p € X. Obviously we have

Vsé (p) =0, % (p) >0

If g—‘f (p) = 0, then ¢ must be constant by the strong maximum principle and Hopf
lemma (see [GT, page 34-35]). Then the proof of Lemma 1 implies D*u = —ug.
By (4.2) x is constant. It then follows from Lemma 2 that II (Vs f, Vs f) = 0.

Suppose % (p) > 0. Then x (p) # 0, for otherwise it follows from (4.2) that
x = 0 and hence % (p) <0 by Lemma 2, a contradiction. From (4.2) we conclude
Vsx (p) = 0. By Lemma 2

10¢
200 (p) = (Vsf, Vex) (p) — HX> =TI (Vsf, Vs f) <0,
here we have used the assumption that X is convex, i.e. II > 0. This contradicts
with % (p) > 0 again. O

Recall f depends on a unit vector o € S*~!. To indicate the dependence on «
we will add subscript « to all the quantities. Since II (Vs fa, Vs fa) = 0 on X for
any a € S"71 and {sza o€ S”‘l} span the tangent bundle T3 we conclude
that X is totally geodesic, i.e. II = 0.

We now claim that we can choose a such that x, = 0. Indeed, @ — x4 is a
continuous function on S*~!. Clearly u_, = —uq and hence Y_o = —Xao. Therefore
by the intermediate value theorem there exists some 3 € S"~! such that yg = 0.
With this particular choice f = fg,u = ug we have

{ D2y = —uyg,

There is ¢ € ¥ such that f(¢) = maxf = 1. Then Vgf(¢) = 0 and hence
Vu(q) = 0 as % (q) = 0. For X € T,M such that (X,v(g)) < 0 let vx be the

geodesic with vy (0) = X. Note that vy lies in X if X is tangential to X since X is
totally geodesic. The function U (f) = u o yx (t) then satisfies the following

U(t) =T,

(0)=1

(0) =0.

Hence U (t) = cost. Because ¥ is totally geodesic, every point may be connected

to ¢ by a minimizing geodesic. Using the geodesic polar coordinates (r,&) € RT x
Sﬁflat q we can write

U
U

g=dr’*+h,
where r is the distance function to g and h,. is r-family of metrics on S$71 with

lim 7~ 2h, = hy,

r—0
here hg is the standard metric on Siﬁl. Then u = cosr. The equation D?u = —ug
implies

oh, 2COST’

- - _Iip
or sinr
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which can be solved to give h, = sin®rhg. It follows that (M, g) is isometric to
S%. This implies A\; (M) = n and contradicts with the assumption Ay (M) > n.
Theorem 2 follows.

5. REILLY’S THEOREM AND RIGIDITY FOR CERTAIN NONSMOOTH METRICS

To prove Theorem 3, it is natural to try the same argument of Section 4. Namely,
we take v to be a linear function on S™ and then solve
—Au=nu on M,
{ wu=wvor on .

As before, ¢ = |Vu|® +u2. But when we apply the strong maximum principle to
ou v

¢, we inevitably have to compare 3 with the corresponding quantity 5 o:. We
have no idea how such a comparison could be established. Instead, we have to take
a different route.

First, we generalize Reilly’s theorem to the situation where the metric g is only
Lipschitz along a hypersurface. To be precise, let M be a smooth compact Rie-
mannian manifold with 9M = X, Ric > (n — 1). Let N be another smooth compact
Riemannian manifold with 9N = X UX;, ¥ and 3; being disjoint components, and
Ric > (n—1). Assume guy|y = gn|s. Now we glue M and N along ¥ to get a
smooth manifold P with boundary ¥;. However the metric on P is only Lipschitz
along X. Let v be the outer normal direction of M along Y. We have two shape
Ay (X) =V, Ay (X) = Vivfor X € TY. For X € TS, A(X) = Vxv, here v
is the outer normal direction for N along ¥y, and H = tr A is the mean curvature.

Theorem 6. Assume Ay > Ax and H > 0, then Ay (P) > n. If \; (P) =n, then
(P, g) is smooth and (P, g) is isometric to (S, gsn).

Proof. Let u € Hi (P) be the first eigenfunction, then v > 0 and —Au = Au, A > 0.
It follows from elliptic regularity theory that u|,, € C* (M), u|y € C*° (N) and

Ouly _ duly
o o T

In particular v € C1! (P). Applying Reilly’s formula on M, we get

s [ (0w = ) an

—1/ Ric (Vu, Vu)d —|—/A u~@d5’+1/]{ ou QdS
_2 M ’ H » = 81/ 2 » M aV

1

+1 / (Ans (Vu) , Vsu) dS.
2 >

here Hy; = tr Aps. Applying the same formula on N yields

1 2 2 12
5/]\7 ((Au) - |D u\ )du

1 ) ou 1 ou\?
= /NRlc(Vu,Vu)du—/EAEu.adS_i/EHN ((‘%) ds

2
1 1 ou\?
2/E<AN(Vgu),Vgu)dS+2/21H<ay> ds.
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Summing up we get

1 2 2 2
i/P ((Au) - ‘D u’ )du

1 , 1 ou\’

1 1 ou\ >
s /E (A — An) (Vi) Vsu)dS + /2 H <3u> ds.
Note that

2
A2y2

n

2 2
A A
+<U>‘Dzuug
n n

|D2u|2 = ‘DQU - &g

Hence

-1
n )\2/ u?dp
n M
2 2 AU
>m=1) [ |Vul"du+ D*u— —g
M M n

Z(n—l)A/ u2du+/
M M
> (n—l))\/ u?dp.

M

Hence \ > n.
If A = n, then D?>u = —ug on both M and N and H (%)2 =0 on X;. Since
u > 0 in P\X, it follows from strong maximum principle that g—;‘ < 0Oon ¥; and

hence H = 0 on ¥;. We aim to show (P, g) is in fact isometric to (S:L_,g§1>. The
key is to prove that g € C'*°.

To continue we build some coordinates along ¥. Note for » > 0, we have a map
¥ x [0,e) — M : (p,7) = exp, (—rv (p)) which is an smooth embedding when ¢ is
small. If we choose a coordinate locally on ¥, namely 61, --- ,0,_1, hence we have
a coordinate 7,601, ,0,_1 near X. Similarly using the map ¥ x (—,0] — N :
(p,7) + exp, (—rv (p)) we have coordinate r,01,--- ,0,_1 near ¥ on P. Note that

2 P
du+/ H() s
> 81/

2 2
d/H—/ H<8“> ds
N aV

A
D%y — —ug
n

g = d?” &® d?" + bij (7"7 9) d91 [029] dHJ

bi; (r,0) is Lipschitz. We will write ug = d,u,u; = diu,upo = D*u(8,,0,) ,uij =
D2u (6“ 8J) etc.
From D?u = —uyg it is easy to see V (|Vu|2 + u2> =0 on both M and N. Since

u € C' we conclude |[Vu|? +u2 = const. By scaling we may assume |Vu|* +u2 = 1.
We first observe that u € C° (P). Indeed, to see this we only need to show
Omu (07, 0) = 0™u (07, 0) for all m. But since —u = ugg = d?u, and u (0,0) = a (),
0,1 (0,0) = b(0), we see u(r,0) = a()cosr + b(0)sinr for both positive and
negative 7, hence 97w (07,0) = 9"u (07, 0) for all m.

Next we observe that if u (p) = 1, then at p, D?u = —g, it follows that u < 1 for
other points near p. Hence the set {u = 1} is discrete. On {u # 1}, |Vu| = v1 — u?
is smooth too.
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Next we claim Vu is a smooth vector field, though apriori it seems only belongs
to Lipschitz. Indeed we have

Vu = ugd, + bijujai.

We need to show 9™ (b¥u;) (0F,0) = 9 (bu;) (07, 0).
Given p € ¥, if 0,u (p) # 0, then it is not zero near p. Note that

1
—’U,bij = U5 = (%J"U, + 567«[)1‘]"&0 — ].—‘Zuk

Restricting to 7 = 0 on both sides, we see 9,b;; (07,0) = 9,b;; (07,0) for 6 near
0 (p). Using

2
0Tbij = ;O (Ffjuk — ’U,bij — 5‘iju) y

and the fact u € C* we see 92b;; (07,0) = 9%b;; (07,0). By induction we see
9mb;; (0,0) = 9b;; (07, 0) for all m. Hence g is smooth near p and

oy (b9uy) (0F,0) = o™ (b7uy ) (07,0)

for all m.
Now assume d,u (p) = 0. If there exists a sequence p; € X with d,u(p;) # 0
such that p; — p, then by taking limit of what we have at p; we obtain

or (bijuj) (O+,0 (p)) =0 (bijuj) (Oﬂ@(p))
for all m.

If 9,u (q) = 0 for ¢ € ¥ near p. Denote u (0,6) = f (). Using &> = —u on both
sides, we see u (r,0) = f (0) cosr. It follows from ug; = 0 that

Orb b f; = —2f; tanr.

Hence
Oy (b £;) = —b™%0, by b f; = —2b% fy, tanr.

Note that this is true for both positive and negative r. Hence
(b7 f;) (r,0) = (b7 f;) (0,0) cos®r.

Hence (b"u;) (r,0) = (b f;) (0,60)cos®r and it follows that 07 (b¥u;) (07,6) =
o™ (b9u;) (07, 0) for all m.

In any case we have proved that Vu € C* (P). Let X = \gzl’ then X is C*° on
{u # 1}. It follows from D?u = —ug on both M and N that VxX = 0 on both M
and N. For p € ¥, let F (p,t) be given by 0, F (p,t) = X (F (p,t)) and F (p,0) = p.
Then F is C* as long as it is defined, besides when F' (p,t) € M on a time interval,
then it is a unit speed geodesic.

Let ¢ (t) = u (F (p,t)), then ¢ (0) =0, ¢’ (t) = |Vu(F (p,t))], hence ¢’ (0) = 1.
Since ¢? + ¢2 = 1 and ¢’ # 0, we see ¢’ + ¢ = 0. Hence u (F (p,t)) = sint. It
follows that F' : £y x [0,%) — {u # 1} is a diffeomorphism. If we choose a local
coordinate 64, -+ ,60,_1 on X1, then note that we have a coordinate t,60q,--- ,0,_1
locally on P with 8; = X, hence |0;] = 1 and (9, 9;) = 0. It follows that

g = dt ® dt + bij (t,@) dez & d@j,
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here b;; is locally Lipschitz in (¢,6). If (to,00) ¢ X, then we know near (to,6), b;;
is smooth with u = sint. Hence

1
D%y = —sint-dt @ dt + icots - O¢byjdl; @ db;
= fsint'dt®dt7sint~ bij (t,H) d02 ®d0]

Hence 0;b;; (t,0) = —2tant - b;; (t,6). For a.e. 6, (t,6) € X for only a set discrete
t’s, hence we have b;; (t,0) = b;; (0,0) cos® t. By continuity we know this is true for
all 8. Therefore g is smooth on {u # 1}. Since the set {u = 1} is finite, we see g is
smooth everywhere (because by taking a limit we see there is no jump in any order
of derivatives along ). Hence (P, g) must be isometric to the standard upper half
sphere. (I

We can now prove the following generalized version of Theorem 2.

Theorem 7. Let (P",g) be a compact Riemannian manifold as in Theorem 6. Let
Y1 = 0P. Suppose

e Ric> (n—1)g,

o (31,9lx,) is isometric to the standard sphere S*~1 C R™,

e Y is convex in M in the sense that its second fundamental form is nonneg-
ative.

Then (P",g) is smooth and isometric to the hemisphere S’} .

We first explain how Theorem 3 follows from the above theorem. Let N = S7\Q
and let P be the smooth manifold obtained by gluing M and N along ¥ via the
embedding ¢ : (2, gs) — 0. Clearly P satisfies all the assumptions.We have a
Riemannian metric on P which is merely Lipschitz along ¥. And P is spherical
near its boundary S”~!. So we can apply Theorem 7.

Proof of Theorem 7. Proof of Theorem 7: By Theorem 6, A; (P) > n. If \; (P) =n
then we know (P, g) is smooth and is isometric to S’}. Assume A (P) > n, then we
may find u € H! (P) s.t.

—Au=nu on P,
u=f on S*1,

here f is a linear function on S"~!. By elliptic regularity ul,, € C* (M), u|y €
C>®(N) and u € C' (P). Let ¢ = |Vu|* + u®. We know that ¢ is subharmonic in
both M and N. Moreover on 3, let x = %, we have

10 9|y,
2 Ov
10 ¢ly
2 Ov

= <V2u, V2X> — <AM (Vzu) 5 V2u> + X [—Azu — (n — 1) ’LL] — I{]\/[X27

= (Vsu, Vsx) — (Ao (Vsu), Vsu) + x [~Asu — (n — 1) u] — Hox>.
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1%}

Hence % < g}le. Then for ¢ € C (P), ¢ > 0, we have
/ (Vo, Vo) dp
P

- / (Vo, Vo) dp + / (Vo, V) du
M N

:—/ gpAqﬁdu—F/ mgpd&'—/ @Agbdu—/ 8¢|N<pd5
M » ov N » ov
<0.

That is ¢ is subharmonic on P in the distribution sense. Hence ¢ achieve a maxi-
mum on the boundary S*~!. At this maximum point, we have % = 0 by the same
argument in Section 4. Hence ¢ must be equal to constant by the strong maximum
principle and D?u = —ug on both M and N, u|, =the linear function. We may
assume 2% = 0 on S"~!. Hence IVul> + 42 = 1 on P. It follows from this and
D*y = —ug on both M and N that {u = £1} is finite.

The same argument as before shows that u and Vu belong to C* (P). Since
|Vu| = V1 — u? we see it is smooth on {u # £1}. Let X = %, then it generates a
smooth flow on {u # £1}, F (p,t) with O, F (p,t) = X (F (p,t)), F (p,0) = p. Note
that here we have used the fact Vu is tangent to S*~! on S"~1.

Ifp e P, u(p) # <L let ¢(t) = u(F (p,t)), then ¢/ () = [Vu (F (p,1))] > 0.
Hence ¢'2+¢? = 1. After differentiation we get ¢” +¢ = 0, hence ¢ (t) = cos (t + b)
for some —7 < b < 0. It exists on (—7 — b, —b). Note that |0, F (p,t)| = 1, we see
F(p,t) — py as t — —b from the left and F (p,t) — p_ as t — —mw — b from the
right. In particular uw(py) = 1 and u(p—) = —1. It follows that each orbit must
have length 7 and connecting some points with value —1 to another point with
value 1.

For every ¢ with u (q) = 1, we let
U, = U{all orbits ending at ¢} .

Then it is clear that U, is open and U, g)=1U; = P\{u = £1}. It follows from
connectivity of P\ {u = £1} that there is only one ¢ with u (¢) = 1. Similarly there
is only one ¢ with u(q) = —1. Let p, € S* ! with u(py) = 1, p_ € S*~! with
u(p_) = —1, then every orbit must start from p_ and end at p,. Next calculation
shows that in the interior of M and N, Dx X = 0, hence the orbits in the interior
are simply the unit speed geodesics. Let r be the distance to p_, then near p_ the
metric

g = dr @ dr + sin® rb;; (0) df; @ db;.

Here 01, ,0,_1 are local coordinates on S’ " (viewed as in the tangent space of
S at p_). Moreover u (r,0) = —cosr. We have a diffeomorphism

S0 (0,m) = P\ {pe,p-}: (6,0) = F (exp,_ (=€)t —¢)

for some £ > 0 small. Hence we have a coordinate ¢,61,--- ,6,_1 on P\ {py,p_}.
Under this coordinate

g = dt & dt + bij (t,@) dez ® dQJ
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It follows from previous calculation that u (¢,0) = — cost. Note that if (¢,0) ¢ X,
then it follows from D?u = —ug that

Oibij (t,0) = 2cot th;; (¢,6).

For a.e. §, we know (t,0) ¢ X except finite many t's. Hence using b;; (t,0) =
sin th;; (6) for t small we see b;; (t,60) = sin” tb;; (0) for all . By continuity argu-
ment we see it is true everywhere. Hence g is smooth. The theorem follows. (I
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