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Abstract. In this note, we prove the following generalization of a the-
orem of Shi and Tam [19]: Let (Ω, g) be an n-dimensional (n ≥ 3) com-
pact Riemannian manifold, spin when n > 7, with non-negative scalar
curvature and mean convex boundary. If every boundary component Σi
has positive scalar curvature and embeds isometrically as a mean convex

star-shaped hypersurface Σ̂i ⊂ Rn, then∫
Σi

H dσ ≤
∫

Σ̂i

Ĥ dσ̂

where H is the mean curvature of Σi in (Ω, g), Ĥ is the Euclidean mean

curvature of Σ̂i in Rn, and where dσ and dσ̂ denote the respective volume
forms. Moreover, equality in (1) holds for some boundary component
Σi if, and only if, (Ω, g) is isometric to a domain in Rn.

In the proof, we make use of a foliation of the exterior of the Σ̂i’s
in Rn by the H

R
-flow studied by Gerhardt [7] and Urbas [21]. We also

carefully establish the rigidity statement in low dimensions without the
spin assumption that was used in [19].

1. Introduction and statement of results

In the work of Shi and Tam [19, Theorem 4.1], the positive mass theorem
was used in a novel way to yield beautiful results on the boundary behavior
of compact Riemannian manifolds with non-negative scalar curvature:

Theorem 1. (Shi-Tam) Let (Ω, g) be an n-dimensional compact Riemann-
ian spin manifold with non-negative scalar curvature and mean convex bound-
ary. If every component Σi of the boundary is isometric to a strictly convex
hypersurface Σ̂i ⊂ Rn, then

(1)
∫

Σi

H dσ ≤
∫

Σ̂i

Ĥ dσ̂

where H is the mean curvature of Σi in (Ω, g), Ĥ is the Euclidean mean
curvature of Σ̂i in Rn, and where dσ and dσ̂ denote the respective volume
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forms. Moreover, equality in (1) holds for some boundary component Σi if,
and only if, (Ω, g) is isometric to a domain in Rn.

Note that every compact strictly convex hypersurface Σ̂ as above bounds a
compact region in Rn. Throughout this paper, the (scalar) mean curvature
of the boundary of a set is computed with respect to the outward unit
normal. With this convention, the boundary of a unit ball in Rn has mean
curvature (n − 1). As a consequence of the Weyl embedding theorem [15],
in dimension n = 3 the assumption in Theorem 1 that every boundary
component Σ embeds isometrically as a strictly convex hypersurface in R3

is equivalent to the requirement that the boundary of (Ω, g) has positive
Gaussian curvature. Hence, the conclusion (1) in the theorem shows that
positively curved mean convex boundaries in time-symmetric initial data sets
have non-negative Brown-York mass [5]. This result has been generalized to
subsets of general initial data sets by M. Liu and S.-T. Yau in [11], and to
a hyperbolic setting by M.-T. Wang and S.-T. Yau in [22]. In dimensions
n > 3, there are no analogous intrinsic conditions on the boundary of (Ω, g)
that guarantee that its components embed isometrically into Rn.

There are two major ingredients in Shi and Tam’s proof of this theorem.
For simplicity, let us assume that the boundary of Ω has only one component.
Let ι : Σ := ∂Ω → Rn be its isometric embedding. Let ν : ι(Σ) → Sn−1

be the outer unit normal. Since ι(Σ) is assumed to be a strictly convex
hypersurface in Rn there is a smooth family of embeddings

F : Σ× [0,∞]→ Rn where Ft (σ) = F (σ, t) = ι (σ) + tν (ι(σ)) .

Note that Ft(Σ) are the ‘outer’ distance surfaces of ι(Σ). If Ω̂ denotes the
bounded domain enclosed by ι(Σ), then {Ft(Σ)}t≥0 foliates Rn\Ω̂ and the
Euclidean metric on this set can be written as

G = dt2 + gt,

where gt is the first fundamental form of the embedding Ft : Σ→ Rn. Shi
and Tam then find an asymptotically flat scalar flat metric

G̃ = u2dt2 + gt

on Rn\Ω̂ such that the mean curvature of Σ × {0} in this metric coincides
with the mean curvature of Σ in (Ω, g). The function u : Σ × [0,∞) is
obtained as the solution of a certain nonlinear heat equation. The second
crucial ingredient of their proof is the observation that

(2) m(t) =
∫

Σ×{t}
Ht

(
1− u−1

)
dσt,

is a nonincreasing function of t ≥ 0 where Ht is the mean curvature of
Ft : Σ → Rn and dσt is its volume form, and that the limit of m(t) as
t→∞ is the ADM mass of G̃. The final step in their proof is to apply the
positive mass theorem for spin manifolds to the asymptotically flat manifold
obtained from gluing (Ω, g) and (Rn\Ω̂, G̃) along their boundaries.
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Given Theorem 1, a natural question to ask is whether the requirement
that the embeddings of the boundary components be strictly convex is really
necessary. In this paper we present some variations on Shi-Tam’s method.
We prove that their theorem continues to hold provided each boundary
component can be embedded into Rn in such a way that the unbounded
component of the complement of the embedded surface is foliated by mean
convex leaves of positive scalar curvature. Moreover, we note that the spin
assumption can be dropped when 3 ≤ n ≤ 7. To be precise, we have the
following

Proposition 1. The conclusion of Theorem 1 remains valid if the spin as-
sumption is dropped in dimensions 3 ≤ n ≤ 7 and if the hypothesis that every
boundary component can be embedded isometrically as a strictly convex hy-
persurface in Rn is eased to the requirement that every boundary component
is isometric to an embedded surface Σ̂i ⊂ Rn that can be deformed to a
strictly convex hypersurface via an ‘expanding’ flow through embedded mean
convex hypersurfaces of positive scalar curvature. That is, if there exists a
smooth map F : Σi × [0, 1] → Rn such that F (Σi, 0) = Σ̂i, F (Σi, t) is a
smooth embedded, mean convex hypersurface with positive scalar curvature
for every t ∈ [0, 1], ∂F

∂t = ην where ν is the outward unit normal of F (Σi, t)
and where η > 0 is a smooth positive function, and F (Σi, 1) ⊂ Rn is a
strictly convex hypersurface.

This proposition makes it possible to try some other foliations even when
the embeddings are not convex. In particular, if each Σ̂i is a star-shaped
surface with positive scalar curvature and positive mean curvature, we can
use the result of [7] and Urbas [21] to obtain a foliation of Rn\Ω̂i. This
implies

Theorem 2. The conclusion of Theorem 1 remains valid if the assumption
that every boundary component embeds as a strictly convex hypersurface in
Rn is relaxed to the requirement that the boundary of (Ω, g) has positive
scalar curvature and that each boundary component is isometric to a mean-
convex, star-shaped hypersurface in Rn. Moreover, the spin assumption can
be dropped in dimensions 3 ≤ n ≤ 7.

This paper is organized as follows. In section 2, we discuss the generalized
quasi-spherical metric construction of Bartnik [2], Smith-Weinstein [20], and
Shi-Tam [19] along any finite-time geometric flow in the generality that is
appropriate for our needs, and derive the appropriate monotonicity property
of (2). In section 3, we prove Proposition 1 with the spin assumption, and
point out that the inequality in Proposition 1 remains true without the
spin assumption. In section 4, we examine carefully the equality case in
Proposition 1 without the spin assumption. It appears that the rigidity case
of the positive mass theorem [17] and [18] on non-spin asymptotically flat
manifolds with Lipschitz singularities as in [19], [12] is not addressed in the
literature, so we derive it carefully in Section 4. In section 5, we review the
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works of Gerhardt [7] and Urbas [21], which together with Proposition 1,
imply Theorem 2.

2. Generalized quasi-spherical metric construction and the
monotonicity of the Brown-York mass

In this section we review the results in [2], [20], [19] on the construction
of certain asymptotically flat, scalar flat manifolds defined outside smooth
compact sets Ω̂ ⊂ Rn such that both boundary metric and mean curvature
are prescribed. Using geometric arguments, we re-derive the necessary evo-
lution equations contained in these references, as well as the required a priori
estimate. We discuss how this construction is used in our proof of Proposi-
tion 1. The monotonicity of the Brown-York mass is derived in Proposition
3 and generalizes the result in [19, Lemma 4.2].

Let Σ be a closed (n − 1)-dimensional manifold and let t0 > 0. Let
{gt}t∈[0,t0] be a smooth family of Riemannian metrics on Σ. Given any
smooth positive function f on Σ× [0, t0], consider the Riemannian metric

(3) gf := f2dt2 + gt.

Let Hf , hf denote the mean curvature and second fundamental form of
Σ×{t} with respect to the gf metric (where the mean curvature is the trace
of the second fundamental form, and the signs are so that Hf measures the
rate of change of the area element in direction ∂t). If we let 1 denote the
constant function which is identically one, then fhf = h1 and fHf = H1.

As in Proposition 1 we make the following standing
Assumption: The scalar curvature R(gt) =: 2K of gt and the mean

curvature H1 of the leaves Σ×{t} with respect to g1 are everywhere positive.

Proposition 2 (cf. [2], [20], [19]). Under the above assumption, given any
positive function u0 on Σ × {0}, there is a smooth positive function u on
Σ× [0, t0] such that the scalar curvature R(gu) of gu is identically zero and
u|t=0 = u0.

Proof. By the Jacobi equation and the Gauss equation, we have that
d

dt
Hu =

d

dt

H1

u

= −∆u− u(|hu|2 +Ric(gu)(νu, νu))

= −∆u− u

2
(R(gu)− 2K +H2

u + |hu|2)

= −∆u+Ku− 1
2u

(H2
1 + |h1|2)(4)

where | · |2 is taken with respect to gt, Ric(gu) denotes the Ricci curvature
of gu, νu = u−1∂t, and ∆ is taken with respect to gt. Setting R(gu) = 0, we
have that

−u′ + u2

H1
∆u = u3 K

H1
− u

2H1
(H2

1 + |h1|2 + 2H ′1)(5)
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where we abbreviated the t-derivative with a dash.
The assumptions u0, H1 > 0 guarantee that (5) has a smooth positive

solution u with initial condition u|t=0 = u0 on some small interval [0, δ),
δ > 0. To show such a solution u can be extended to the whole interval [0, t0],
it suffices to prove that u remains bounded from above and from below by
some positive constants (depending only on t0) by standard parabolic theory.

To derive an upper bound for u, let C > maxΣ u0 be a positive constant
such that

(6) C2 ≥ max
Σ×[0,t0]

H2
1 + |h1|2 + 2H ′1

2K
.

Suppose u ≥ C somewhere on Σ × [0, δ). Since u(σ, 0) < C, there exists
(σ̃, t̃) ∈ Σ× (0, δ) such that u(σ̃, t̃) = C and u(σ, t) ≤ C for t ≤ t̃. At (σ̃, t̃),
by the assumptions H1 > 0 and K > 0, we have

−u′ + u2

H1
∆u ≤ 0, u3 K

H1
− u

2H1
(H2

1 + |h1|2 + 2H ′1) > 0,

thus a contradiction to (5). Hence, u < C.
To get a lower bound of u, define u = βe−γt where β < minΣ u0 is a

positive constant and γ is another positive constant such that

γ > max
Σ×[0,t0]

(
β2 K

H1
− H2

1 + |h1|2 + 2H ′1
2H1

)
.(7)

Let v = u− u, then v satisfies

−v′ + u2

H1
∆v < (u3 − u3)

K

H1
− v

2H1
(H2

1 + |h1|2 + 2H ′1).(8)

Now suppose v ≤ 0 somewhere on Σ × [0, δ). Since v|t=0 > 0, there exists
(σ̃, t̃) ∈ Σ× (0, δ) such that v(σ̃, t̃) = 0 and v ≥ 0 for t ≤ t̃. At (σ̃, t̃), by the
assumptions H1 > 0 and K > 0, we have

−v′ + u2

H1
∆v ≥ 0, (u3 − u3)

K

H1
− v

2H1
(H2

1 + |h1|2 + 2H ′1) = 0,

thus a contradiction to (8). Hence v > 0, i.e. u(σ, t) > βe−γt for all
(σ, t) ∈ Σ× [0, t0). �

The monotonicity formula in the following proposition generalizes [19,
Lemma 4.2].

Proposition 3. Suppose u and η are two smooth positive functions on Σ×
[0, t0] such that R(gu) = 0 and Ric(gη) = 0. Then∫

Σ×{t}
(Hη −Hu) dσt

is monotone non-increasing in t. Here dσt denotes the volume form of gt
on Σ× {t}.
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Proof. By (4), we have

d

dt

(∫
Σ×{t}

(Hη −Hu) dσt

)

=
∫

Σ×{t}
(η−1 − u−1)H2

1 +K(η − u)− 1
2

(η−1 − u−1)(H2
1 + |h1|2) dσt.

(9)

By the Gauss equation and the assumption that Ric(gη) = 0, we have

(10) 2K = H2
η − |hη|2 = η−2(H2

1 − |h1|2).

Therefore, it follows from (9) and (10) that

(11)
d

dt

(∫
Σ×{t}

(Hη −Hu) dσt

)
= −

∫
Σ×{t}

K(η − u)2u−1 dσt ≤ 0,

where we also used the assumption that K > 0. �

3. Proof of Proposition 1 using the spin assumption for the
equality case

Let (Ω, g) be as in Proposition 1. Let {Σ1, . . . ,Σp} be the boundary
components of ∂Ω, and fix one Σi. The pull-back of the Euclidean metric
by F to Σi× [0, 1] has the form gηi = η2

i dt
2 +gt where gt is a time dependent

metric on Σi. Using Proposition 2 we can find a smooth positive function
ui : Σi×[0, 1]→ R so that the scalar curvature of the metric gui := u2

i dt
2+gt

vanishes and so that ui(σ, 0) = η(σ, 0) ι
∗Ĥ
H . Here, Ĥ is the Euclidean mean

curvature of Σ̂i = ι(Σi) ⊂ Rn and H is the mean curvature of Σi in (Ω, g).
This means that the mean curvature of Σi ' Σi × {0} equals H in the gui
metric. By Proposition 3, we have that∫

Σ̂i

Ĥ −
∫

Σi

H =
∫

Σ̂i

Ĥ −
∫

Σi×{0}
Hui(12)

=
∫

Σi×{0}
(Hη −Hui) dσ ≥

∫
Σi×{1}

(Hη −Hui)

where as before, Hη is the mean curvature of Σi × {1} in the gη metric (or,
equivalently, the Euclidean mean curvature of F (Σi, 1)), and Hui the mean
curvature of Σi × {1} with respect to the metric gui .

Next, let Ni be the exterior region of the strictly convex hypersurface
F (Σi, 1) in Rn. By the result of Shi and Tam [19] (cf. Theorem 1) there
exists an asymptotically flat metric gi on Ni such that gi has vanishing
scalar curvature and such that along the hypersurface F (Σi, 1) the metric
gi coincides with the Euclidean metric, and its mean curvature with respect
to gi equals the mean curvature of Σi × {1} with respect to gui via the
identification F (·, 1). Furthermore,

(13)
∫

Σi×{1}
(Hη −Hui) =

∫
F (Σi,1)

Ĥ −
∫

Σi×{1}
Hui ≥ c(n)m(gi),
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where c(n) is a positive constant depending only on n and m(gi) is the ADM
mass of gi [1].

Now we have 1+2p Riemannian manifolds (Ω, g), (Σi× [0, 1], gui), (Ni, gi)
with non-negative scalar curvature whose boundaries are identified via ι
and F (·, 1) respectively such that the ‘inner and outer mean curvatures’
match along these identifications. Glue these manifolds together to obtain
an asymptotically flat manifold (M,G) as in [19]. If Ω is spin, then the
positive mass theorem for spin manifolds with Lipschitz singularities in [19,
Section 3] can be applied to (M,G) and shows that m(gi) ≥ 0, which together
with (12), (13) gives inequality (1). Moreover, if equality in (1) holds, then
the rigidity statement of the positive mass theorem for spin manifolds with
Lipschitz singularities in [19, Section 3] implies that (Ω, g) is isometric to a
subset of (Rn, g). We note that if 3 ≤ n ≤ 7 but Ω is not assumed to be
spin, then m(gi) ≥ 0 follows from the positive mass theorem for manifolds
with corners along hypersurfaces in [12]. Hence inequality (1) remains valid
provided 3 ≤ n ≤ 7 even when Ω is not spin.

4. Equality case in Proposition 1 without the spin assumption

In this section, we examine the equality case in Proposition 1 when Ω is
not assumed to be spin but the dimension n satisfies 3 ≤ n ≤ 7. We will
use several ideas from [17] related to the change of mass under conformal
changes of the metric. The following lemma is standard and well-known to
experts in geometric measure theory:

Lemma 1. Let (Ω, g) be a compact Riemannian manifold of dimension
3 ≤ n ≤ 7 with boundary components {Σ1, . . . ,Σp} where p ≥ 2. Assume
that the boundary is mean convex with respect to the outward pointing unit
normal. Then for every i ∈ {1, . . . p} there exists a subdomain Ωi ⊂ Ω so that
∂Ωi has two components: Σi and a smooth embedded minimal surface. Put
differently, every boundary component is homologous to a minimal surface
in (Ω, g).

We divide the proof of the equality case in Proposition 1 into a sequence
of lemmas.

Lemma 2. Suppose 3 ≤ n ≤ 7. The inequality (1) in Proposition 1 remains
true if (Ω, g) has additional boundary components, whose union we denote
by Σ0, provided Σ0 is a minimal surface.

Proof. We proceed as in the proof of inequality (1) in the case where Σ0 is
empty by constructing an asymptotically flat manifold (M,G) which con-
tains (Ω, g) isometrically and has non-negative scalar curvature (distribu-
tionally across the boundary components Σi for i ∈ {1, . . . , p}). We double
(M,G) across the minimal surface Σ0 and verify that the positive mass the-
orem applies in this situation, cf. [3]. For ease of notation, we continue
to denote the doubled manifold by (M,G). By [12, Proposition 3.1], there
exists a sequence of smooth metrics gδ such that gδ agrees with G outside a
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δ-neighborhood of the union of
⋃p
i=1 Σi, their reflections, and Σ0 such that

gδ → G in C0 as δ → 0 and such that the scalar curvature R(gδ) is bounded
below by a constant that is independent of δ > 0. Let R(gδ)− denote the
negative part of R(gδ). As in [12, Section 4.1], we let uδ : M → R be the
(unique, positive) solution of

−∆gδuδ +
n− 2

4(n− 1)
R(gδ)−uδ = 0,

which tends to 1 in all of the 2p asymptotically flat ends. Let Gδ := u
4

n−2

δ gδ.
By [12, Lemma 4.2], limδ→0+ m(Gδ, Ni) = m(G, Ni) for each end Ni of M .
Since Gδ has non-negative scalar curvature, the positive mass theorem im-
plies m(G, Ni) ≥ 0. Therefore, m(G) ≥ 0, and the lemma follows as in the
proof of Proposition 1 in Section 3. �

Lemma 3. Suppose 3 ≤ n ≤ 7 and that the equality (1) in Proposition 1
holds for some boundary component Σi, i ∈ {1, . . . , p}. Then HΣi ≡ ι∗(ĤΣ̂i

).
Moreover, if p ≥ 2 and if Σ0 is the minimal surface provided by Lemma 1
such that Σ0 and Σi bound a subdomain Ωi of Ω, then R(g) ≡ 0 on Ωi.

Proof. Let Ni be the asymptotically flat end corresponding to Σi that is
constructed in Section 3. Then by assumption 0 ≤ m(Ni,G) ≤

∫
Σi

(Ĥ−H) =
0. By Proposition 3, we conclude that ui = ηi, where ui and ηi are the
functions in the proof in Section 3. In particular, this implies HΣi ≡ ι∗(ĤΣ̂i

).
Next suppose p ≥ 2 and let Σ0, Ωi be as in the statement of the lemma.

Suppose R(g) is strictly positive somewhere in Ωi. Let u : Ωi → R be the
solution of the Dirichlet problem −∆gu+ n−2

4(n−1)R(g)u = 0 such that u = 1
on ∂Ωi. Note that u cannot be constant. The strong maximum principle
gives that 0 < u ≤ 1, with equality only on the boundary, and further
that ν(u) > 0 where ν is the outward pointing unit normal. It follows
that in the conformal metric ḡ := u

4
n−2 g the boundary components Σ0,

Σi have strictly greater mean curvature than with respect to the g metric,
so that in particular Σ0 becomes mean convex in (Ω, ḡ). Now let N̄i be
the asymptotically flat end constructed in Section 3 corresponding to the
boundary component Σi in (Ωi, ḡ). Let (M, Ḡ) be the asymptotically flat
manifold obtained by gluing (Ω, ḡ) and N̄i along Σi. Let H̄ be the mean
curvature of Σi in (Ωi, ḡ). By the proof in Section 3 and the fact that H̄ > H,
we then have

(14) m(Ḡ, Ni) ≤
∫

Σi

(Ĥ − H̄) < 0.

On the other hand, we can double the manifold (M, Ḡ) across its mean
convex boundary Σ0 just as in the proof of Lemma 2 to conclude that
m(Ḡ, Ni) ≥ 0. This is a contradiction to (14). Therefore, R(g) must be
identically zero in Ω, as asserted. �

Our next lemma is a minor modification of [14, Corollary 2.1]:
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Lemma 4. Let (Ω, g) be a smooth compact connected manifold with discon-
nected boundary ∂Ω = Σ0∪̇Σ such that Σ is mean convex, Σ0 is a minimal
surface, and such that the scalar curvature R(g) ≡ 0 vanishes identically.
Suppose that g is such that

∫
Σ H̄ is largest amongst all nearby (in C2) met-

rics ḡ that are scalar flat, so that ḡ|TΣ = g|TΣ, and such that Σ0 and Σ are
respectively minimal and mean convex (with mean curvature H̄) in (Ω, ḡ).
Then Ric(g) ≡ 0.

Proof. Let h be a smooth symmetric (0, 2)-tensor compactly supported in
the interior of Ω, let gt = g+ th for small t, and let ut be the unique positive
solution of

−∆gtut +
n− 2

4(n− 1)
R(gt)ut = 0 on Ω

ut = 1 on Σ
ν(ut) = 0 on Σ0.

(The difference with the result in [14] is the minimal boundary on which
we are prescribing Neumann boundary data here.) Existence of such a ut
follows from the proof of (3.4) in [17, Lemma 3.2]. That ut is differentiable
with respect to t near t = 0 follows as in [17, pages 73-74]. Consider the

metric ḡt := u
4

n−2

t gt. Then ḡt competes with g for least
∫

Σ H̄ and hence

0 =
d

dt
|t=0

∫
Σ
H̄t =

2(n− 1)
n− 2

d

dt
|t=0

∫
Σ
ν(ut).

Using the fact ν(ut) = 0 on Σ0, integrating by parts and using the variation
formula for scalar curvature d

dt |t=0R(gt) = −∆tr(h) + div(divh) − (h,Ric)
this implies that

0 =
∫

Ω

d

dt
|t=0∆gtut

=
n− 2

4(n− 1)

∫
Ω
−∆tr(h) + div(divh)− (h,Ric)

= − n− 2
4(n− 1)

∫
Ω

(h,Ric).

Since this is true for all directions h as above, this implies that Ric ≡ 0, as
desired. �

Finally, we need the following lemma, which is a slight extension of [9,
Proposition 1].

Lemma 5. Let (Ω, g) be a smooth compact connected Riemannian manifold
of dimension n ≥ 2 with smooth boundary ∂Ω = Σ0∪̇Σ. We assume that
Σ0 is either empty or else has non-negative mean curvature with respect to
the outward pointing unit normal. We assume that Σ is non-empty and
connected, and that there exists an isometric embedding

ι : Σ→ Rn
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such that Σ̂ := ι(Σ) is a closed embedded hypersurface of Rn, and such that

H ≥ |ι∗Ĥ|.

Here, H and Ĥ denote the respective mean curvatures of Σ ⊂ Ω and Σ̂ ⊂
Rn with respect to the outward normals. If (Ω, g) has non-negative Ricci
curvature, then Σ0 = ∅ and (Ω, g) is isometric to the (compact) domain
bounded by Σ̂ in Rn.

Proof. We only discuss the parts of the proof which differ slightly from [9].
Consider the harmonic functions Xi : Ω → R with boundary values ι∗(xi)
on Σ, where (x1, . . . , xn) are coordinates on Rn, and boundary value 0 on
Σ0. As in [9], one computes using Reilly’s Bôchner formula that

n∑
i=1

∫
Ω
|∇2Xi|2 +

n∑
i=1

∫
Σ0

HΣ0ν(Xi)2

≤ −
∫

Σ
H
{

1− 2|(dX(ν) · ν̂)|+ |dX(ν)|2
}

≤ −
∫

Σ
H
{

[1− |dX(ν) · ν̂|]2 +
[
|dX(ν)|2 − (dX(ν) · ν̂)2

]}
≤ 0

where the map X : Ω→ Rn is defined as X = (X1, . . . , Xn), where dX is its
tangent map, and where ν̂ is the unit normal vector pointing out of Σ̂ ⊂ Rn.
Since it is assumed that HΣ0 ≥ 0 it follows as in [9] that

(15) ∇2Xi = 0 on Ω, ∀i = 1, . . . , n

and, since H ≥ |Ĥ| is greater than zero at least at one point,

(16) |dX(ν) · ν̂| = 1, |dX(ν)|2 = (dX(ν) · ν̂)2 at some point p ∈ Σ,

which implies readily that g ≡
∑n

i,j=1 δijdX
i ⊗ dXj ≡ X∗(δij) on Ω. Note

that since n ≥ 2 and Xi|Σ0 = 0, this is only possible if Σ0 = ∅. In that case,
it follows that X : (Ω, g) → (Rn, δ) is a local isometry. Since Ω is compact
and connected and Rn is simply connected, it follows that X : Ω → Rn is
an isometric embedding.

�

We are now in a position to prove the rigidity statement in Proposition
1 without the spin assumption: Suppose that

∫
Σi
H =

∫
Σ̂i
Ĥ for some i ∈

{1, . . . , p}. If p ≥ 2, let Ωi ⊂ Ω be a domain as in Lemma 1 such that
∂Ωi = Σ0∪̇Σi where Σ0 is a minimal surface. We can use Lemma 2 to
conclude that H = Ĥ on Σi, that R(g) ≡ 0 on Ωi, and further to justify
the use of Lemma 4 to conclude that in fact Ric(g) ≡ 0. By Proposition
5 we conclude that Σ0 = ∅. So there could only have been one boundary
component Σ1 in the first place. Then Lemmas 4 and 5 show that (Ω, g) is
isometric to a domain in Rn.
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Remark 1. In the above approach, we followed the idea in [17, Section 3]
to show that, if equality in (1) holds, then Ω must have a single boundary
component. On the other hand, the presence of a minimal surface in Lemma
1 also suggests that one can apply the higher dimensional Riemannian Pen-
rose Inequality [4] to directly prove that the strict inequality in (1) must hold
whenever ∂Ω has more than one components. This second approach can be
made rigorous by the arguments in [13, Section 3.2].

5. Results of Gerhardt and Urbas

To finish the proof of Theorem 2, we recall the following result on expand-
ing star-shaped surfaces in Rn into spheres, which was obtained by Gerhardt
[7] and Urbas [21].

Theorem 3. (Gerhardt, Urbas) Let Σ̂ be a smooth, closed, compact hyper-
surface in Rn, given by a smooth embedding ι : Σn−1 → Rn, and suppose
that Σ̂ is star-shaped with respect to a point P0 ∈ Rn. Let Γ ⊂ Rn−1 be an
open, convex, symmetric cone with vertex at the origin, which contains the
positive cone Γ+ = {(λ1, . . . , λn−1) | λi > 0, ∀i}. Let f ∈ C∞(Γ) ∩ C0(Γ̄) be
a symmetric function satisfying

(1) f is homogeneous of degree one
(2) ∂f

∂λi
> 0 and f is concave

(3) f > 0 on Γ and f ≡ 0 on ∂Γ.

Suppose f(κ1(σ), . . . , κn−1(σ)) > 0, where {κi}n−1
i=1 are the principal curva-

tures of Σ̂ at σ ∈ Σ̂. Then the initial value problem

(17)


∂F

∂t
=

1
f(σ, t)

ν(σ, t)

F (σ, 0) =ι(σ)

has a unique smooth solution F : Σn−1 × [0,∞) → Rn, where ν(σ, t) is the
outer unit normal vector field to F (Σ, t) at F (σ, t), and

f(σ, t) = f(κ1, . . . , κn−1),

where {κi} are the principal curvatures of F (Σ, t) at F (σ, t). Moreover, for
each t, F (Σ, t) is a star-shaped surface with respect to P0, and e−tF (Σ, t)
converges to a sphere centered at P0 in the C∞ topology as t→∞.

Now suppose Σ̂ = ι(Σ) ⊂ Rn is a smooth closed embedded hypersurface,
star-shaped and such that

(18) H =
n−1∑
i=1

κi > 0, 2K = (
n−1∑
i=1

κi)2 −
n−1∑
i=1

κ2
i > 0,
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i.e., the surface has positive mean and scalar curvatures. Let Γ ⊂ Rn−1 be
the open, convex, connected symmetric cone

(19) Γ =

{
(λ1, . . . , λn−1) |

n−1∑
i=1

λi > 0 and (
n−1∑
i=1

λi)2 −
n−1∑
i=1

λ2
i > 0

}
.

On Γ, let f be the smooth, positive function defined by

(20) f(λ1, . . . , λn−1) =
(
∑n−1

i=1 λi)
2 −

∑n−1
i=1 λ

2
i∑n−1

i=1 λi
.

It is easily seen that f can be continuously extended to Γ̄ such that f ≡ 0
on ∂Γ. We leave it as an entertaining exercise for the reader to verify
that f satisfies the conditions in Theorem 3. (See the introduction of [21]
for reference on the application of the theorem for symmetric functions of
the principle curvatures.) It follows that there exists a smooth map F :
Σ× [0,∞)→ Rn such that F (Σ, 0) = Σ̂,

(21)
∂F

∂t
=

∑n−1
i=1 κi

(
∑n−1

i=1 κi)2 −
∑n−1

i=1 κ
2
i

ν =
H

R
ν

where ν is the outer unit normal to the closed hypersurface F (Σ̂, t), {κi} are
its principal curvatures, H its mean curvature, and R its scalar curvature.
Moreover, e−tF (Σ, t) converges to a sphere in the C∞ topology as t → ∞.
In particular it follows that F (Σ, t) has positive mean and scalar curvatures
throughout the evolution, and that it is a strictly convex hypersurface for t
sufficiently large.

Remark 2. An obvious approach to proving Theorem 2 is to use this H
R -

flow of Gerhardt and Urbas to connect Σ̂i to ‘rounds spheres at infinity’
and to carry out the program of Shi and Tam along this foliation without
using their distance surface foliation once Σ̂i is deformed to a strictly convex
set. While this approach might have some independent interest, it would
require detailed knowledge of the asymptotics of the H

R -flow to ensure that
the resulting metric is indeed asymptotically flat, and that the Brown-York
mass of the leaves converges to its mass.
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