BASIC FACTS ON CONNECTION AND CURVATURE

XIAODONG WANG

1. GENERAL THEORY

Let M™ be a smooth manifold and 7 : E — M a rank r vector bundle over M.

Definition 1. A connection is a linear map V : IT'(E) - T'(T*M ® E) s.t. for
feC>®(M),cel'(E)
V(fo)=df ® o+ fVo.

If X is a vector field on M, we let Vxo = X.Vo.

First note that a connection is local: if o € T'(F) vanishes on an open set U,
then Vo also vanishes on U. Indeed, for any open V with V C U compact we can
find y € C° (U) s.t. x =1 on V. Then we have o = (1 — x) o and

Vo=—-dxy®o+(1—x) Vo.

It follows that Vo = 0 on V. Therefore, if two sections 01,09 € T' (E) satisfy o1 =
o9 on U, then Vo; = Vo on U. Consequently, for any local section o € T' (U, E)
we can define Vo € I' (U, T*M ® E) by extension.
Given a local frame {e;} on some open set U, we can write
Vei =w! ® ej,

with w?/ € A" (U). Thus we get a matrix of 1-forms

w::ll: DRI w}

w = .
T T
wy w;.

A local section o on U can then be written as o = Y. f'e; with f* € C* (U). We
have

Vo = Z (dfi +w§fj) ® €;.
If we write f = (f1,---, fr)t as a column vector, then the connection is locally
given by the map

f—=df +uwf.
If we use another local frame {€;} on V, the connection is then determined by
another matrix of 1-forms @ on V: Vé; =w! ®¢;. On UNV

5o
€; = a; €4,
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with A = [ag} € 0 (UNV,GL(r,R)). Then
Ve = (da{ + afwi) ® e;.
On the other hand, V&; = &7 ® ¢; = @Faj, ® e;. Therefore
@fai = da! + afwi,
i.e. Aw=dA+ wA. Or, equivalently
O =A"tdA+ AT WA,

Let A% (E) = I' (AF (M) ® E) be the space of E-valued differential k-forms.
We can extend the connection to V : A* (E) — A*1(E) as follows: given o €
Ak (U, E) we can write

o= Z 0" @ e;,

where 0% € A* (U). Then we define
Vo = Zd@i ®e; + (—1)k 0" A Ve,

=> (d0" + wip A O¥) @ e

It is easy to verify this is well defined.

Proposition 1. Connections always exist. In fact, the set of all connections on a
vector bundle ™ : E — M is an affine space over A' (EndFE).

Proof. Use a partition of unity. O

Given o € A* (U, E) we calculate
Vo =Y [d(d0" +wi A0") +wj, A (dOF +wf A O] @ e

:Z[dwf—&-(u,i/\wﬂ ANO'®e;
=Y A e,

with @ = dw! + wj, A w}. The matrix of 2-forms Q = [Q{ } is called the curvature
of the connection. We have
Q=dv+wAw.
If we use another frame, then
Q=dio+END

=d(A7'dA+ A7 'wA)

+ (ATMdA+ ATTwA) A (ATHdA+ AT wA)

=A 1 ([dwt+wAw)A

= AT'QA.
Therefore, the curvature Q € A? (EndE).
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There is a natural induced connection on E*. Let {e} be the dual frame, i.e.
e; (e;) = d;;. Then
0= Ve;j (e;) +e; (Vej).
This implies Ve = —w;- @ e;. If we denote the dual frame by {ei} instead, then
Ve'! = —wé ® €.
Therefore ‘ _ _
Vel = Qi ®e.
Definition 2. Let X,Y be two vector fields on M. The curvature operator R(X,Y) :
I'(E) =T (E) is defined as
R(X, Y) =-VxVy+VyVx + V[}Qy].
Theorem 1. Locally, for any section o =Y, f'e;
R(X,Y)o ==Y Q(X,Y)fle;.
0,J
Proof. First
Vxo = Z (xf —&—w;- (X) f7) e

%

Hence
VyVxo =Y (YX[ +Yw(X)f +wi(X)Yf)e;

FY (X (0 ) g (V) ey
= Zl(YXfi +Ywl (X) 7+ 4wl (V) wF (X) ) e
+ZZ (Wi (X)Y ¥+ wl (V) Xf*) e
It follows that i

VxVyo—-VyVxo— V[X,Y]U
= Z (dw; (X,Y)+ w,iC (X) wf (Y) - w,i (Y) w;’? (X)) fie;

=2 (XY) fes.
O

Proposition 2. (2nd Bianchi identity) The curvature matriz satisfies the following
identity
d2=QANw—wAQ.
Proof. We calculate
dQA=dwANw —w A dw
=(Q-wAWAw-—wA(Q—-wAw)
=QAw—-—wAQ.
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Proposition 3. Suppose (E,V) is flat in the sense that the curvature is zero. Then
Vp € M there exists a neighborhood U and local frame {e;} on U s.t. Ve; = 0.

Proof. Pick a arbitrary local frame {s;} and let w be the corresponding connection
matrix. We want to find a new local frame {e;}

€; = agsj,
s.t. Ve; = 0. In other words, we want to find smooth A = [aﬂ € GL(r,R) s.t.
dA+ wA =0.

By the Frobenius theorem, there is a local solution with A = I at p if the curvature
2 .
is zero. To apply Frobenius, consider the manifold U x R™ with y the standard

coordinates on R"”. We have n? 1-forms
9;- = dy; + w,@yf
which are linearly independent. We compute
, - , A
do; = dwyyi — wi A dy;
= Oy} —wi A0}
If Q = 0, the distribution D = ker {6;;} is involutive. The integral manifold passing
through (p, I) is locally the graph of a function yj- = aé (z). |
2. THE LEVI-CIVITA CONNECTION

A connection on T'M is called an affine connection. For an affine connection V
we define its torsion by

T(X,Y)=VxY —VyX —[X,Y].

Theorem 2. Let (M™,g) be a Riemannian manifold. Then there exists a unique
affine connection V, called the Levi-Civita connection, that satisfies the following
two conditions

(1) V is compatible with the metric, i.e.
X(Y,2) =(VxY,Z) + (Y,VxZ).
(2) V is torsion-free, i.e.
ViV - Vy X = [X,Y].
Let {e;} be a frame and {#'} the dual frame. Writing
gij = (ei,e;), Ve, = wj ® ej,
we have dg;; = wfgkj + gikwf, i.e
dG = w'G + Gw.

It is more convenient to work with a local orthonormal frame.

Proposition 4. Let {e;} be a local orthonormal frame. The connection matriz w
for the Levi-Civita connection is uniquely determined by the following two identities

wh = —w,

o' = 67 A wi.
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Proof. The 2nd identity follows by direct calculation. Uniqueness follows from
Cartan’s lemma. (]

The curvature 2 = dw + w A w is a skew-symmetric matix of 2-forms. We have
%:%MWMAM
Proposition 5. Suppose (M™,g) is flat in the sense thatl the curvature vanishes
identically. Then for any p € M there is a local chart (U, z) about p s.t.
g =dzr; ®dx;
onU.

Proof. By Proposition 3 there exists a local frame {e;} s.t. Ve; =0 and (e;, e;) =
&;j at p. As dg;; = 0, {e;} is orthonormal. Since df" = 0, there exist local smooth
functions f; s.t. 6% = df;. By the implicit function theorem (f,--- , f,) is a local
coordinate system near p and

g=0"®6" =df; ® df;.



