Notes on Perelman’s paper on the entropy formula for

the Ricci flow and its geometric applications

Natasa Sesum, Gang Tian, and Xiaodong Wang

October 7, 2004

1 Introduction

These are notes on Perelman’s paper ‘The entropy formula for the Ricci flow and its
geometric applications’. The goal of this notes is to give more details to some theorems
and arguments that appear in Perelman’s paper. So far most of the sections 1-11 of [12]

is covered in our notes.

2 The functional F and its monotonicity

On a closed manifold M consider the following functional in a metric g and a smooth

function f on M
Flg.f) = /M (R+ [Vf[2) e Tav. (1)

We compute its variation

SF (v, h) = /

M

tro

Integrating by parts gives

/ (521}€7de:/ (de= 7, sv)dV
M M

= / (D%~ v)dV
M

:/ (=D?f + df @ df,v)eldV.
M

Therefore

tro

6F(v,h) = /M {(v,Ric + D*f) + (2 - h> (2Af = |Vf?+R)|efav. (2

If we fix a measure dm = e~fdV we get a functional F™(g) as f is determined by g.

Its variation follows from (2) by taking h = trv/2

0F™(v) = /M — (v, Ric + D2 f)dm. (3)

{—@,Rm + 6% — Atrv + 2V f - Vh — (v,df @ df) + (2 - h) (R+ |Vf2)] e fav.



This leads to the consideration of the gradient flow

0
%9 — _2 (Ric + D*f). (4)
ot
As % = tr % /2, f evolves according to the following backward heat equation
of
— =—R—-Af. 5
2 i (5)

Therefore if g and f evolve according to (4) and (5), we have

SF0.00) =2 [ [Ric + D2fPeav. ©

This flow (4) is equivalent to the Ricci flow. To see this let ¢; be the flow generated by
the time-dependent vector field Vf. Let g(t) = ¢;g(t) and f = f o ¢;. Then

99 _ . (99

o= (315 +£Vfg)
= ¢; (—2Ric(g) — 2D*f + 2D?f)

— “3Ric (7),
and

of 0 .

ETJtC = 37{0¢t+ (Vf,ér) 0oy

=—Rody—Afod,+|Vf|?od
= -R—Af +|df|2,

where R and A are the scalar curvature and Laplacian of g, respectively. On the other

hand F is obviously invariant under diffeomorphisms, so F(g, f) = F(q, f)-

In summary, we have proved

Theorem 2.1. If g and f evolve according to the flow

99 o
E = —2Ric (7)
of )
5 = R-Af+IVS] (8)
we have the identity
SF (). £0) =2 [ [Ric + Do av -
dt v

In particular F(g(t), f(t)) is nondecreasing and the monotonicity is strict unless Ric +
D%*f =0.

Remark 1. Under the flow (7) and (8), the integral [,, e~7dV stays constant.



Define

Ng) =it (Flg.0)| [ e fav =1} (10)
M
Let u = e~ /2, then we get the equivalent definition
Mg) = inf{/ (4| Vul® + Ru?) dV|/ u?dV = 1}. (11)
M M

i. e. A(g9) = M1 (—4A + R), the first eigenvalue of the operator —4A + R.

It is obvious that there is a unique minimizer f in (10) which satisfies the equation
2Af — |Vf?+R= A\ (12)
Proposition 2.1. A\(g) has the following properties:
1. XMe*g) = Mg) for any diffeomorphism ¢,

2. M(g(t)) is non-decreasing under the Ricci flow. Moreover the monotonicity is strict
unless Ric + D?f = 0 for f which achieves \(g).

Proof. The first property is obvious. We prove the second one. For any tg, let fo be a
minimizer in the definition of A(g(t9)). We then solve (8) backward with initial value fy
at to. Then by Theorem (2.1), F(g(t), f(¢)) is nondecreasing. Hence we have for ¢ < ¢

Ag(®) < F(g(@), f() < F(g(to), f(to)) = Ag(to))-
O
Let A(g) = A(g)V(g)?/™. Tt has the important property that A(g) = A(ag¢*g) for any
constant a > 0 and any diffeomorphism ¢.

Proposition 2.2. \(g) is nondecreasing along the Ricci flow whenever it is nonpositive.

Moreover the monotonicity is strict unless we are on a gradient soliton.

Proof. We compute the derivative (understood in the barrier sense)

A 2
) > 2V2/”/ [Ric + D2f|?av — =v@=m/nx [ RaV,
dt M n M
where f is the minimizer for F.
RdV
IMT =F(logV) >\ = / (R+|VfPP) eV = / (R+Af)etav.
M M

Therefore, if A <0, we have

N 2
A1) > y2/n / [Ric 4+ D%f|?e~av — 1 (/ (R+Af) e—fdv)
dt M n \Jum
= 2V2/”/ [Ric + D?f — E (R+ Af) gl*dv
M n
2
L 2yam </ (R+Af) e Tav — (/ (R+Af)e—fdv) )
n M M
>0.



O

Definition 2.1. A solution g(t) to the Ricci flow is called a breather if for some t1 < to
we have g(t2) = agp*g(t1) for some constant a and diffeomorphism ¢. The cases o =

1,a > 1 and a < 1 correspond to steady, expanding and shrinking breathers, respectively.

As an application, we can rule out the existence of steady and expanding breathers
other than gradient solitons. The steady case is easy. If g(t2) = ¢*g(t1) then A(g(t2)) =
A(g(t1)). By the monotonicity of A\, we have Ric + D?f = 0. Thus a steady breather is
necessarily a steady soliton.

For an expanding breather with g(t2) = a¢*g(t1), where a > 1, we have A(g(t2)) =
A(g(t1)). Since o > 1, V(t2) > V/(t1). Hence for some to € (t1,t2), V'(to) = — [, RAV >
0. Then X(g(to) < VE=/n [\ RAV < 0. By the monotonicity for A (Proposition 2.2),
it easily follows that A(g(t)) = constant on [t1,ts]. Then we must have

Ric + D*f — %(R—FAf)g:O (13)
R+Af=C. (14)

Combined with (12), these equations imply that f is a constant and g is Einstein.

The case of shrinking breathers will be addressed in the next section.

3 The functional W

To generalize F consider the functional

W(g, f,7) = /M [r (V2 + R) + f — n] (dnr) "2 e~Fav (15)

= (4nr) 27 F (g, f) + (4777')_”/2/ (f —n)e~fav, (16)
M

where 7 > 0 is the scale parameter. It is easy to see that for any positive number C' and
any diffeomorphism ¢
W(C¢"g,¢" f,CT) =W(g, f, 7). (17)
We first fix 7. Using the variation formula for F, it is easy to get the variation of W
W(v,h) =

tro

/M [—T(U,Ric +D*f — %g) + (2 - h) (r(2Af = |VfP+R) + f—n—1)| (4nr) e av.

(18)

If we fix the measure dm = e~ 7dV we get a functional in g whose L?—gradient is

Ric + D?f — %g. This leads to the following evolution equations

dg B ) 2, 1
5 = 2 (RIC + D°f 27_9) (19)
of n



let ¢+ be the flow generated by the time-dependent vector field V f. Let §(t) = ¢7g(t)
and f = f o ¢;. Then by a computation we did before

% = —2Ric(g) + %ﬁ,
of e — n
o5 = R-Af+ ldf|Z + >
Let §(s) = C()3(t(s)) and f(s) = F(t(s).
g 0g
=L = ()7 + C() () 5

= /g + () () (~2Ric@) + 1)
= —2C(S)t/(S)RiC (g) + (C/(S) + C(S)t/(s)/T) 7.

We want C(s)t’(s) = 1 and C’(s) = —1/7. The solutions are C(s) = 1 — s/7 and
t(s) = —7log (1 — s/7). With such choice we have

99 .
%——21{10(9)
OF o ar
as——R—Af+|df|§+

n
27C(s)
Denote 7 = 7C(s) =7 — s. By (17) we have
Wg(t), f(t),7) = W(G(s), f(5), 7(s))- (21)
In summary we have proved

Theorem 3.1. If g, f and T evolve according to the flow

dg
ZZ — _9Ri 22
ot Ric (22)
of 5 M
I _p_ i 92
= R Af VIRt o (23)
7=-1 (24)
we have the identity
1 _
D W(g(t), £, 7)) =27 [ [Ric + D2f — gl (4xr) " Tav. (25)
dt M 27_

In particular W(g(t), f(t),7(t)) is nondecreasing and the monotonicity is strict unless
: 2 1., _
Ric + D°f — 529 = 0.

We next consider the following minimization problem

(g, 7) = inf PW(g, f,7)| /M (4nr) e fav =1} (26)



To show the existence of a minimizer, we let u = e~/ and minimize
W(u) = / [T (4|Vul® + Ru?) — u?log u® — nu?| (47r7')_"/2 av (27)
M
under the constraint
/ u? (4nr) 2 AV = 1. (28)
M

We show that this problem has a positive minimizer.
Since log is concave and u? (4#7)_"/ 2dVisa probability measure, we have by Jensen’s

inequality and Sobelev inequality

_ -2 _
/ u?logu? (4n7) "2 dV = L/ u?log u® =2 (47r) " v
M 2 M

n—2
2
. (n—2)/n

o 5 2 log <C/ (IVul® + u?) dV) (4mr) /2

M

glogC/ 7 (|Vul]® + u?) (4n7) "2 av.
M

IA

log/ w2/ (n=2) (47‘(7‘)771/2 av
M

IN

This inequality shows that if {u;} is a minimizing sequence for W, then
T/ |V, |2 (471'7')_n/2 v < C. (29)
M

Being bounded in H!(M), it has a subsequence which converges to some @ weakly in
H'(M) and strongly in L?(M). It then follows that @ satisfies the constraint and achieves
the infimum of W. We can also assume that @ > 0 (otherwise replace it by its absolute

value). It satisfies the Euler-Lagrange equation
7 (—4Au + Ru) — 2ulogu — nu = u(g, 7)u. (30)

Elliptic LP theory implies @ € CY®. To get further regularity and to return to f =
—2logu it is crucial to prove @ is positive. This is done in Rothaus [13]. So we can
conclude that @ is positive and smooth and achieves inf W among all functions w satis-
fying the constraint (28). Therefore (g, 7) is well-defined and is achieved by a smooth

minimizer f = —2log@. By Theorem 3.1 we have
Proposition 3.1. u(g(t), —t) is nondecreasing along the Ricci flow g(t).

The proof uses the same argument in the proof of Proposition 2.1.
Proposition 3.2. u(g,7) is negative for small 7 > 0 and tends to zero as T — 0.

Proof. Assume 7 > 0 is so small that the Ricci flow for g exists on [0,7]. Let 70 =7 — ¢
with € > 0 small. Pick p € M. We use normal coordinates about p on (M, g(7)) to
define

lzl® d(z, zg)
sy L0 < £o,
fi= o (31)
Z—‘E elsewhere



where py > 0 is smaller than the injectivity radius. Note dV = (1 + O(|ac|2) near p. We

compute

/ (4me) 2 e~ hqy = (4me) "% e~ 171214 (1 4 O(|2[?)) da + O(e /2 e00/4)
M

|z[<po

- (4m) "2 W (14 O(ely ) dy + O/ 2em08/)
lyl<po/Ve
The second term goes to zero as € — 0 while the first term converges to
/ (4m) ™"/ e WP Ay = 1.,

If we write the integral as e~ then C' — 0 as € — 0. And f = f; + C then satisfies the
constraint.

We solve the equation (23) backward with initial value f at 79.
W(g(mo), f(70), T — 70)
2 2
= / [e ('x + R) + =" +C — n] (4me) "2 el /14=C (1 4 O(|a]?)) da
[z[<po

(Po +eR+C — n) (4776)_”/2 e~Po/4e=C
M—B(p.po) \4€

=TI+1I,

where I = e=¢ Jiei<po (% — n) (4me) /2 e~ lal?/4e (1+ O(|x|?)) do and IT contains all

the remaining terms. It is obvious that I — 0 as € — 0 while

2
I= 670/ <|"J| f n) (2m) ™2 W/ (1 1 O(cly[?) dy
lyl<po/ve \ 2

2

Therefore W(g(19), f(70),T — 70) — 0 as 79 — 7. By the monotonicity (Theorem 3.1),
w(g(t), 7 —t) <W(g(t), f(t), T —t) < W(g(70), f(70), T — 710) for any t < 7. Let 19 — 7,
we get u(g(t), 7 —t) <0 for any t < 7.

We next prove by contradiction that lim,_.g (g, 7) = 0. Suppose there is a sequence
7 — 0 such that pp = p(g, %) < —e < 0. Let ug, > 0 be a minimizer for u(g, ) and it
satisfies

T (—4Auy + Ruy) — 2ug log ug, — nup = pgug. (32)

By the maximum principle, maxug > C' > 0. Suppose uj achieves it maximum at py.
We choose normal coordinates {«} about py and let pg > 0 be smaller than the injectivity

radius. Note in normal coordinates g;;(z) = d;; + O(|z|?). Define

aij(y) = Qij(\/ﬁy)



withy € B(0, po/v/21;) C R™. By (32), uy, satisfies the following equation on B(0, pg/+/27).

0
\/» (?y (\/7 gl Uk> — 2uy log uy, = (,uk — R + n)ﬂk, (33)

where (a¥/) = (a;;) " and A = det (a;;). We need some estimate on the sequence j,.
1= / ul (drrp) 2 v
M
> / 4777;€ \/det gij(x
‘$|<P0
*/ a2 (2m) "2\ /det (as;(y
ly|<po/v/27

> C’/ ﬂﬁdy.
B(0,p0/v27k)

This shows that the sequence 1, is bounded in L2. By the proof of the existence of a

minimizer and (29), there is a constant B such that
Tk/ \Vug|? (4r7e) "2 dV < B. (34)
M
Hence

B sz/ Vug|? (470m,) "2 dV
B(pk,po)

_ / al 8“’;% (2r)"/?
lyl<po/vamn Oy Oy

201/ |V |2 dy.
B(0,p0/v/27k)

Therefore {ux} is bounded in H'(R™). By elliptic LP theory applied to (33), {ux} is

1, _ _ N
bounded in C|)¢". Therefore we can take a convergent subsequence @, — @. The limit @

det (as;(y))dy

satisfies the equation
—2A0 —2ulogd = (1 + n)u, (35)

where p = limg_ o pg is negative by our assumption. As @ (0) > C > 0, we have

@(0) > 0 and hence it is not identically zero. Moreover & € H*(R") and

/ 2 (2m) 2 dy < 1.

From this and (35) one can easily show that
/ (2|Val? - 2a?loga — na?) (2m)"? = u/ u* < 0. (36)

Let @ = ge~12"/4 and dm = e~1=1"/2 (27)™"/% da (the Gaussian measure on R™). Then
we have

s ¢?dm <1 (37)



and, by a little computation from (36)

/ (IVg|* — ¢ log ¢) dm < 0. (38)
This is impossible in view of the Logarithmic Sobolev inequality (see Gross[4])
1/2
¢? log pdm < / |Vo|2dm + / #?dmlog (/ ¢2dm> ) (39)
Rn R" R" R"
O

If A(g) = M (—4A 4+ R) > 0, then lim, o (g, 7) = 400 and therefore

v(g) = inf r5op(g, 7). (40)

Moreover by Proposition 3.2 the inf is achieved by some 7 > 0. A crucial property of
v(g), which follows from (17), is that it is invariant under scaling and diffeomorphism.
If g(t) is a solution to the Ricci flow such that A(g(¢)) > 0 then v(g(t)) is nondecreasing

along the flow. This just follows from the corresponding monotonicity of pu.

We now can rule out the existence of shrinking breathers other than gradient solitons.
Suppose g(t) is a solution to the Ricci flow and there exist t; < t2 such that g(t2) =
ap*g(ty) for some o > 1 and some diffeomorphism ¢. If A\j(—4A + R) < 0 for some
to € [t1,t2], then we can employ the monotonicity of A in the same way as we handled
the expanding breathers to show that g(t) must be a gradient soliton. So we assume
A(g(t)) > 0 for all ¢t € [t1,t2]. Then we have v(g(t)) which is nondecreasing on [t1, t2].
On the other hand, we have v(g(t2)) = v(g(¢1)) because v is invariant under scaling and

diffeomorphism. Therefore v(g(t)) is constant and g(¢) is a gradient soliton.

4 non-collapsing theorem I

Definition 4.1. Let g(t) be a solution to the Ricci flow on [0,T). We say g(t) is
locally collapsing at T if Ity — T and By, = B(pk, 1) at t such that rﬁ/tk 18 bounded,
|Rm |(g(tx) < Cry? in By and v, " Vol By, — 0.

Theorem 4.1. If M is closed and T < oo, then g(t) is not locally collapsing at T.

Proof. Suppose it is locally collapsing at T, then we have a sequence t, — T and and
By, as described in the definition.

We again work with u = e=f/2. It is proved previously that (g, 7) is the infimum of
Wi(u) = / [T (4|Vul® + Ru?) — u?log u® — nu?| (4nr) "2 av (41)
M

under the constraint
/ u? (4rr) 2 AV = 1. (42)
M



Let 7 = r2. Define

uy, = e“kp(r; td(x, pr)) (43)
at t, where ¢ is a smooth function on R, equal 1 on [0,1/2], decreasing on [1/2, 1] and
equal 0 on [1,00). Cf is a constant to make u satisfy the constraint (42) i. e.

(4)"/2 =e2Cn / o(rg d(w, p))2dV

B(pk,Tk)
geQC’“rkf”Vol By,.

Since 7, " Vol By, — 0, this shows that C}, — +o0o. We compute
W(ug) = (4m) "2 e /( ) (4]¢/ (ry; Yd(z, p))|* — 247 log ¢) AV
B(pk,rk

+ 72 / Ru? (471')_”/2 r."dV —n — 20
B(pr,Tk)

< (4m) TR e / (4]¢'|* = 2¢% log ¢) dV

B(pk,rk)

+ rimax g, R —n — 2Cy.

Let V(r) = Vol B(py,r). As Ric > —(n — 1)C?r;;? in By, we compare with the space
H_C%;z of constant sectional curvature. Let V(r) be the corresponding volume in
H_g,-1. It is easy to see that V(ry)/V (rr/2) is bounded above by a constant C’. By
Bishop comparison theorem, V(ry)/V(rr/2) < V(ry)/V(ri/2) < C'. Hence V(ry) —
V(ri/2) < C'V(rr/2). Therefore

/B( (40P = 26%1og ) &V <C (V(V(r) = V(1/2)
<CV(ry/2)

<C | ¢%aVv.

By,

Plugging into the previous estimate for YW and using the constraint (42), we get
Wi(ug) < C" —2Ck. (44)

Since Cj, — 400 and u(g(ty),r3) < W(g(tx),ux,r3), we conclude that u(g(ty),r3) —
—00. By the monotonicity p(g(0),tx +72) < u(g(tr), ) and hence u(g(0),tx +r2) —
—oo. This is impossible for ¢4 + 7% is bounded. O

Remark 2. In the proof we only use a lower bound for Ric and an upper bound for R
Corollary 4.1. Let g(t),t € [0,T) be a solution to the Ricci flow on a closed manifold
M, T < oo. Assume that for some sequence ti, — T,pr € M and some constant C
we have Qx = |Rm|(pk,tx) — oo and |Rm|(z,t) < CQy, whenever t < ti. Then

(a subsequence of) the scalings of g(ti) at py with factors Qy converges to a complete

ancient solution to the Ricci flow, which is k-noncollapsed on all scales for some k > 0

10



Proof. Let gi(s) = Qrg(tr + s/Qk). This is a solution to the Ricci flow on (—t;Qx, 0]
with bounded curvature.
Let ry = 1//Qy, then |Rm|(g(ty)) < Cr,.? and r2/t;, is obviously bounded. By the

non-collapsing theorem, there exists x > 0 such that (passing to a subsequence)

_ Volyo (B )

Vol g, 0)(B(px, 1))

Tk
As |Rm|(gx(0)) < C, we conclude that inj , gr(0) has a positive lower bound by Cheeger’s

estimate on injectivity radius. The convergence then follows from Hamilton’s compact-

ness theorem.
O

5 Arguments for section 6

We can interpret the formal expressions arising in the study of a Ricci flow as the natural
geometrric quantities for a certain Riemannian manifold of potentially infinite dimension.
Bishop-Gromov comparison theorem can be interpreted as another monotonicity formula
for the Ricci flow.

Consider the Ricci flow

% = —2R;;

and let
Pijr = DiRji — D;jRiy,

1
M;; = ARij - iDiDjR + 2R Ry — R Ry,

Harnack quadratic for g(¢) on M, introduced by Richard Hamilton is

1
Z = (Mab + %Rab)WaWb + 2Pachach + RabchabUcd

where Uy, is any 2 form and W, is any 1 form. It is found by the fact that it vanishes
identically on a homothetically expanding soliton D, Vy, + DpV, = 2Ry + %gab, where V,
is a vector field.

Look at the manifold M = M x SN x R* with the following metric:

f]z‘j = Yij
?]aﬁ = TGap
- N
goo = 5~ +R
-
Gia = Gi0=0ga0 =0

11



where i, j are coordinate indices on M, «, 3 are coordinate indices on SV and 7 is a
coordinate indice on R*. We will consider backward Ricci flow (g;;), = 2R;;.The metric

Gas on SV is a metric with constant sectional curvature k.
B 2N

Theorem 5.1. Components of the curvature tensor of this metric coincide (mod N~1)

with the components of the matriz Harnack expression.

Proof. Fix a point (p,g,t) € M x SN x RT. Choose normal coordinates around p € M
such that Ffj (p) =0 Vi j k. The list of the Christoffel symbols of our metric g is:

=k
T
Fiﬁ = 0
fi’:— = gksRis
T 1 TT
af = _59 gaﬂ
re, =0
I = -9 Ry
o= 0

1 N
F’T — L TT( T -~
r 59 (—55 + Br)
e, =0
. 1, 0R
Fl - _- s ¥
TT 27 Oz,
- 1 OR
1T 29 8%
I, =0

1
v = —qgg,
aT 27_9 Jas

Compute f{ijkl:

Rijii = grs R

D, 6 s a s s TP s TP
Ry, = Bz, L' — aTjFil + 15,05 — 15,0
Rfjl = Rfjl + F’fT ;’—l - ;T Z—l

Rijii = Rijki — 9rs9* Rirg™ ™ Rji + grs9* Rjrg™ Rt
~ 1
Rijri = Ryjp + O(N)

L
N

TT

since ¢g77 is of order and we see that ]:Zijkl correspond to the third coefficient in the

Harnack quadratic.

12



Compute RiTjT:

Rirjr = gjsR5,

Riyw = gt — oD + T3, — o, — T3, T

Ry, = *% 61 9" airR - ;gs’”a:j;xrl% — 9" (Rir)r + 299" Rpq Rir +
+ gszRil%g”(—ﬁ +R;)— g* Ri;g'" Rip + %gsr air R% 8.201-

Riryr = _%gjs aiigsr air - % "o 3:3;% - %Rz‘j + 29" Ry Rir —

We have the evolution equation for R;;:

4
dr

Using that we get the following expression for RZ—TjT:

Rij = —ARij = 2Ripjq Rpg + 2Rpi Rp;

1
N

Rirjr = (AR; )

1 1
- §DiDjR + 2RipjqRpg — RpilRp;) — ERij +0(

Finally we get:

1 1
Rirjr = M;j — ERij + O(N)

which correspond to the first coefficient in Harnack quadratic Z.

Compute f{ika:

Rijre = grr Ry,
RT, = %Ngk - Bif’Tk + LI, — 7T,
Rika' = ainik - %Rﬂf + O(%)
Finally we get:
Rijrk = —Pir + O(l)
N

. 1
Rijir = Piji + O(N)

which corresponds to the second coefficient in Harnack quadratic Z.
Theorem 5.2. All components of the Ricci tensor of g are 0 (mod N—1).

13
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Proof. The proof of the theorem is just routine computation, using the formulas for the
curvature and computed Christoffel symbols. For the convenience of a reader we will

compute Rij .

Rij = §"Riajp = g" Rijri + 9°" Riajp + 57 Rirjr
- ~ 1

Rij = g"Rijii + 9°° Riajp + O(N)
Easy computation will give us

1
ngﬂ = *igjsgsrRirgaﬂgTT

From here we immediatelly see that R;.;5 = O(+) and

—afB 1.
7" Riajs = _igaﬁgjsgsrRirgaﬂgTT
1 N
= _;gaﬁgaﬁRijQTT = —;szg”
1
= —Ri]‘ + O(N)
Finally, we get:
~ 1
Rij = O(N)
O
One more thing that we can notice is that the heat equation and the conjugate heat
equation( conjugate heat operator is [J* = —% — A+ R) can be interpreted via Laplace

equations on M.

Theorem 5.3.

(a) If u satisfies the heat equation on M then @ satisfies At =0 (mod N~'), where @ is

the extension of u to M, constant along the SN fibers.

(b) If u satisfies the conjugate heat equation on M then 4* = g satisfies Au* = 0
(mod N=1).

Proof. We will prove only (a), since the proof of (b) is very similar to the proof of (a).

~ 1 0 0
Adl = ~ab_~ ~ / ~
" Vdetg 0z, (9 oxy @y detg)

\/det g =+/detg % + R+/det gg~ Tz

Since @ is constant along the SV fibers,we have
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< 1 3 8 . 8 ~ 0 _

_ 1 9 % N NV 5—1\/ N
= detg[axk (g \/detha u)T \/ —|—R\/detgs + u 5 det gns detgg(2T + R) +
R

N 0 . .
4+ gM\/det gy = \/det gg — 1 —2 ax" + g7 "y/det g (‘32

%o 9 /X 4R

0 —53 + R d x N
—_iix/det g 27 T (5TT\2 3" 4/ det v
VAT GT  ag fdet gs (o

N R
9+2 T

+ a”” g\/detgsdethi( 27 )]
or’ 2,/% +R

Analyzing term by term we will see that all exepct the first two are mod O(%), ie.

9
+R)—

det
or etgm +

At = Au+ ga(gffﬁ

1
or 27) +Oly

N)

- 9 .

At =Au+—u+O(N7")
or

So if u is a solution of the heat equation, A = 0 (mod N~1).

6 Interpretation of Bishop-Gromov relative compar-
ison principle

This section is just supposed to be a motivation for another monotonicity formula of
reduced volumes of a Ricci flow and proofs here will not be rigorous. We just want to
give an intuitive picture of what will follow later in a more rigorous setting.

Consider a metric ball in (M ,§) centered at p, where 7 = 0. The shortest geodesic
between p and arbitrary ¢ is always orthogonal to S fibre, since at 7 = 0 the metric
of the sphere SV degenerates and it shrinks to a point. Let v(7) = (yas(7),*,7) be a
shortest geodesic between p = (p, s,0) and ¢ = (g, s1,7(q)), where s and s; are points

on the sphere. Length of v(7) is:

7(q) N
:/ \/|7(T)|2+—|—Rdr
0 27—

where |yas(7)] is the length of the given vector in the metric g on M. The above

length we can write in the form

15



(q) . 5
1(y(7)) :/0 (1+W+7| FY](V” )\/WdT-FO(N?)

7(q)

(1)) = V2NT(q) VI(R + [3(r)P)dr + O(N %)
The shortest geodesic should minimize
7(q) ) )
L(v) = VTR + [ym(7)[F)dr
0

Let L(qar) be the corresponding minimum.

Claim 3. The metric sphere S(\/2N7(q)) C M, centred at p, in metric § is O(N~!

close to a hypersurface T = 7(q).

Proof. Let x € S(1/2N7(q)). The distance between x and p is:

L(z) + O(N~?2)

V2N7(q) =d(z,p) = /2N7(x) +

From the above equation we get

1
V2N

L(z)+O(N~2) =0

V2N7(z) — \/2N7(q) +

This we can write as

1
V2N

V@)~ V/T@) = 5 L) + O(N?) = O(N ™)

and then our claim follows immediatelly.

Vol(S(y/2N7(q)))

Call the hypersurface from the previous claim H.Let [ = — ,
Vol(S(y/2N7(q)))

O

where Vol

is the volume in a simply connected manifild with constant sectional curvature 0, mod

N1 Let

10 = [ e T vy
M
Claim 4. J(7) is decreasing in T modulo N~1.
Proof.
Vol(S(v/2N7(q))) = / dVg +O(N™1) = / dV,dV;,
H MxSN
- / () ¥ voly (SN )dVag + O(N~1)
M
1
= Volu(8Y) [ (V7@ - 5y Liz) + O ) Naviy

where h is a metric on SV.



N

Vol(S(v/2N7(q))) = (2N7(g)) =" Vol(SN)

where Vol(S%) is a volume of a standard sphere.

Vol, (SV) = (2N7) % Vol(SN)

1r(@) = V(@) = ) [ & Dy o)
M

We have seen in the previous section that (M, §) is Ricci flat modulo N~ so we
can apply Bishop-Gromov volume comparison principle to M to conclude that I (1) and

therefore J(7) (because of the previous equality) is decreasing in 7, modulo N~1. O

7 Arguments for section 7

Let M be a manifold and g(7) a solution to a Ricci flow (¢;;(7))> = 2R;;. The assumption
is that g;;(7) is complete and have uniformly bounded curvature. Define the £ - length

for each curve (1) for 0 < 7 < 7 < 79:

L= [ VARG + P
Let X (1) = 4(7), Y(7) be any vector field along v(7). We know that [X,Y] = 0.

Claim 5. L - geodesic satisfies:

1 1 .
VxX — §VR+ EX—F?RM:(X,-) =0

Proof. The first variation formula is:

T2

Sy (£) VT({Y,VR)) + 2(Vy X, X))dr

T1
T2

VT((Y,VR)) + 2(VxY, X))dr

T1

_ T2 ﬁ((Y; VR) + 2%<Y,X> —2(Y,VxX) — 2Ric(Y, X))dr

T1

1

= 27V, X)|[7 + /Tz VI((Y. VR) = 2(Y, Vx X) — 2Rie(Y, X) — —(X,Y))dr

Now we immediatelly get the claim. O

For any p and ¢ and 75 > 71 > 0, there is always an L - shortest geodesic v(7) for

T € |11, 72] such that (1) = p and (=) = q.

Claim 6. It can be extended to T = 0.

17



Proof. Multiply the previous equation for £ geodesic by /7. We get:

Uy (VFX) — gm +2y/Ric(X, ) = 0
From here we get that f: |V(X/T)|?dr < C(12—71). Therefore, v/7X is continuous

and has a limit when 7 — 0, and we can extend the definition of £ - length to 7 = 0.
O

From now on, we fix p and 7 = 0.Denote by L(q,7) the £ - length of the £ -shortest
curve y(7) for 0 < 7 < 7, connecting p and g.

From the first variation formula we get that VL(q,7) = 2v/7X so, |[VL|> = 47| X|? =
—47R + 47(R + | X |?).

2 L1 (7), Dlemr = (VL X) + L (3(7), 7)
LG Dlrr = g [ VIR XPYr e = VAR + 1K)

From the above equations we get

L.(¢,7) = V7(R+|X|>) — (X,VL) = 2V7R — V7(R+ | X|?)

Now compute:

- (BO/(7),7) + IX1*) = R,+ (VR X)+2(VxX,X)+ 2Ric(X, X)
= R, +2(VR,X)— %|X|2 — 2Ric(X, X)
1
= —H(X)—;(RHXIQ)
where H(X) = —R; — LR — 2(VR, X) + 2Ric(X, X).
d 3 2 ]. — 2 _3
(T RHXP))r=r = §W(R+\X| )—T:H
1d _3
= 5}@(7( ), T)|r=r —T2H

Now we get:

1 1
L.(q,7) =2V7R+-K — —L
T 27
VI]? = -4rR- g4 lp
B NG Nz

18



2
2VFL, +|VL|? = ——=K + —
V7L, +1VL NG

Sl

Next we will compute the second variation:

6%(L) = / VT(R-Y - Y +2(VyVy X, X) +2|Vy X|?)dr

d d 0

%<VYY,X> = E(gij(Y’“—a Y’+FlYle)Xj)
kaYZ 6 klvk
= 2R;Y* oo XT 4 gy o YRY!XT 4+ (VyY,VxX) + (VxVyY, X)
Lk

oyt . )
= 2R;Y" o X7+ (Ryjy + Rijx — Ri ) YFY' X + (VyY, Vx X) + (VxVyY, X)

= 2R;Y* N i 4 9OBmiyhyiys _ Okt yiyr gy +(VyY,VxX) + (VxVyY, X)
Oz, o0x; Oz
5 0 oX7 )
= GYIXDYR —oR YRy yky!
8 g (R J ) R J 8.Tk 8.13] (Rkl )

OYF
2R, X7 a—Yl +
8wj
<VyY, VxX> + <VvaY, X>

(VyY,VxX) + (VxVyY, X) +2Y - Ric(X,Y) — X - Ric(Y,Y)

+ o+

If Y(0) = 0 the formula for the second variation becomes:

2
5 (£) "

+ 2X -Ric(Y,Y) +2|Vy X|})dr

/ VEY Y R4 2L (93, X) 4 2R(Y, X)Y, X) — 2(Vy Y,V X) — 4Y - Ric(X, Y) +
0

T d 1 1
= /ﬁ(Y.Y~R+2%<VyY,X>+2<R(Y,X)Y,X)—2<VyY,§VR—§X—2Ric(X,~)>—
0

— 4Y -Ric(X,Y) +2X -Ric(Y,Y) + 2|Vy X |?dr

T d
- / VATYVy R+ 22 (Vv Y, X) + 2(R(Y, X)Y, X) = 4Vy Ric(X, Y) — 4Ric(Vy X, Y) -
0 T

1
— 4Rie(X, Vy'Y) + 2VxRic(Y, Y) + 4Ric(Vy X,Y) + 2IVy X > + —(Vy¥, X) + 4Ric(X, VyY))dr

= / \FQ* VT(VyY, X)) +7(VyVyR +
+ R(Y,X)Y,X) —4VyRic(X,Y) + 2VxRic(Y,Y) + 2‘VyX| )]dr
= 2\[<Vyy X)( / VT(VyVyR+2(R(Y,X)Y, X) — 4VyRic(X,Y) +

Fix Y at 7 = 7, assuming |Y(7)| = 1 and construct Y by solving the following ODE

on [0,7]:
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1
VxY = —Rie(Y.) + 5=

-
Then:

d 1
T(VY) = 2Rie(Y,Y) + 2(VxY.Y) = ~(V.Y)

It follows that |Y'(7)|? = Z and Y(0) = 0.

Claim 7.
1

N
where H(X,Y) = —VyVy R — 2(R(Y, X)Y, X) — 4(VxRic(Y,Y) — VyRic(Y, X)) —
2Ric,(Y,Y) + 2[Ric(Y, -)|? — LRic(Y,Y).

Hessp(Y,Y) < 2V/7Ric(Y,Y) — / ’ VTH(X,Y)dr
0

Proof. Remember that L(g,7) = 2y/7X. Then (VyY,VL) = 2y7(VyY, X). We also
have that VxY = —Ric(Y, ") + %y and [Y(r)2 =2

T

Hess (YY) < Y- -Y(L)(7)— VyY(L)(7)

< BL-VyY(L)
< / VT(VyVy R+ 2(R(Y, X)Y, X) — 4VyRic(X,Y) + 2V xRic(Y,Y) +
0
+ 2[Ric(Y,)|> + 1 2Ric(y Y)
’ 217 T ’

In the equations above we have the inequality sign, for the following reason: if L(g, T)
is not smooth at (g,7), we can take a barrier function L(x,7) = L(z,T — €) + & where
for each e small, we choose § such that L(q,7) = L(q,7). It is easy to show that
HessL(q,7) < HessL(q, 7).

To simply further, we compute

d
—Ric(Y(7),Y(r)) = Ric, (Y,Y)+ 2Ric(VxY,Y) + VxRic(Y,Y)

1
= Ric,(Y,Y)+ VxRic(Y,Y) + ;Ric(Y, Y) — 2|Ric(Y, ) ?

Finally we have:

1 T
Hessz,(Y,Y) < — — 2/7Ric(Y,Y) — / VTH(X,Y)dr
T 0

Lemma 7.1.

n 1
ALl < — —2V7R— =K
‘_ﬁ VTR 7

20



Proof. At a given time T choose an orthonormal basis {Y,, } such that

1 a=p0
0 azf
Solve for vector fields Y, (7) denoted by Y, again, such that

<Y0u Yﬂ> =

1
Yo

VxY, = —RiC(Ya, ) + —
2T

(Yo, Y3)(T) = Zdap since:

d . 1
E(YQ,Y,@ = (VxY,,Y3) + (VxY3,Y,) + 2Ric(Y,, Ys) = ;<Y0”Y5>

It follows that {ﬁYa (1)} form an orthonormal basis at 7. Consider H(X,Y).

> H(X,Y)(7)

[0

—ZAR+ 2Ric(X, X) — A(Ryj n ViV XF — Ry, YiXIYF) — 9Ric, (Yo, Ya) +
p

2 1
+ |Ric)* - =R
T T

T

(AR + 2Ric(X, X) — 2T Ric, (Va, Ya) + 2[Ricf® — ~R) -
T T

B

— ARy YaYrX" = 2R Y, YIXY — Rij Yo X7YY)

1 )
= L(—AR+2Ric(X, X) — X(R) + 2|Ric|> — =R) — 22" Ric,;; — 8|Ric[=
T T T T
1
= L(—AR+ 2Ric(X, X) — 2X(R) + 2|Ric|? — =R — 8|Ric|? — 2R, + 4|Ric|?)
T T
1
= Z(~AR+2Ric(X, X) — 2X(R) — 2|Ric[*=R — 2R,)
T T
1
= L(“R, + 2Ric(X, X) — =R — 2X(R))
T T
= IH(X)
-

Writing down the inequalities that have been proved above

Hessy, (V,Y) <

=

— 2y/7Ric(Y,Y) — /O ’ VTH(X,Y)d7

for every Y, and summing them over «, using that ) H(X,Y,) = ZH(X) we get
that

n

AL <
VT

1
2V7R — - K
T
O

Definition 7.1. A field Y(7) along L - geodesic (1) is called L-Jacobi field if it is a

derivative of a variation of v along L-geodesics.
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If Y is a £ - Jacobi field with |Y(7)| = 1, we have:
Let v(q, 7, s) be a variation of £ - geodesic 7. Then Y = ZL. L(q,7) is £ - length of
(g, 7,s). Then:

(VL,Y) = 2y/7(X,Y)
%(VL, V) =2V7(Vy X,Y) + 2/7(VyY, X)

WP (VyX,Y)=Y Y -L—-VyY . L=THess;(Y,Y)

dd [Y]? = 2Ric(Y,Y)+2(VxY,Y)
-
= 2Ric(Y,Y) +2(VyX,Y)
1
= 2Ric(Y,Y)+ —=Hess (Y)Y
(Y;Y) t )
< ! %H
- f dr

where Y is obtained by solving VxY = —Ric(Y, ) + =Y with initial data Y (7) =
Y (7). If the last inequality is the equality, then Y has to be a £ - Jacobi field. Then
Y =Y and [Y|? = |V|> = Z. Tt implies that:

7

d
—|Y)? =
d7'| |

S

1
=2Ric(Y,Y) + \FHessL(Y, Y)

Definition 7.2. The L - exponential map Lexp : T,M x R — M is defined as follows:
vV X €T,M let:

Lexpx () =(7)
where y(7) is the L - geodesic, starting at p and having X as the limit of \/7(T as

T— 0.

Denote by J(7) the Jacobian of Lexp(7) : T,M — M. Asusual Y := dL—exp(7)(Yp)
is a L - Jacobi field. Using the estimates on Jacobi fields and choosing the coordinates

such that Y; := dL — exp(7T )( -) are orthogonal to each other at 7(7), we get:

d 2
Elnj(r)p:; = 2dTZ| Yi|

n 1 T -
< - - — H(X,Y;)d
< o 2ﬁ;/oﬁ(,z>r
1 P
= 2%—7%‘%}(
with equality iff 2Ric + fHess L=1g.
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Definition 7.3. (¢, 7) = 3= L(q,7) is called the reduced distance. Vi(r)= [y T 2e Vi

18 the reduced volume.

d

—I

dr
So 7% exp(—I(7))J () is nonincreasing in 7 and monotonicity is strict unless we are

1, 1 1_ s
=——I4+= X} =—-—-72K
(1) 27,_l—&—2(R—|—| )] 57 2

on a gradient shrinking soliton.
Finally, we have that V() = Jocrm 772 exp(—I(7)) T (1)dX. Let 7(z) = sup{7|y(7)
is a minimizing geodesic }. Then U = U, = {z € M|r < 7(z)}. This family U, is de-

creasing in 7. Therefore, we have the theorem:

Theorem 7.1. The reduced volume V() = [,, 7~ % exp(—I(q,7))dq is nonincreasing

M
along the backward Ricci flow.

‘We have showed that:

1 1
L,=2y7TR— —L+-K

2T T

2 4

L?= 4R+ —L - —K

VL] T +\ﬁ 7

In terms of | these two equations can be written as

l K
b=R-C"+35m
l K
2—7 P —
[VI* = R+T 3
Therefore
K
2 _ —
I +|VI* = 5372
By Lemma (7.1) we have
n K
Al<-R+ o " T

From the above two inequalities we have :

ZT—AI+|VZ|2—R+%ZO

Let ¢ = 772 exp(—1). Then

o = (~3=-1)0

(=AL+|VI]* - R)¢
Ad — Ro

IN

i.e. we have proved the following inequality

br — Ap+ Rp < 0. (45)
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Finally:

d

V) = [ (or+Roda < [ Avdq =0

It follows again that ‘7(7') is nonincreasing and equality holds iff ¢g is a Ricci soliton.

7.1 The applications of reduced volume monotonicity formula

In this section we will prove the weakened version of no local collapsing theorem that is
the application of the comparison inequalities proved in the previous section.

First we will get the upper bound on the minimum of (-, 7) for every 7.
Lemma 7.2. miny [(-,7) < § for every 7.

Proof. First recall a few inequalities that have appeared in our discussion in the previous

section.
1. L, =2TR— £ L+ 1K
n__ _1
2. AL < v 2\/TR K
2 _ 27 _ 4
3. |VL]? = —4rR+ \EL \EK

1+ 2 + 3 gives us

ZT—Al+|Vl|2—R+%20

2 4 3 gives us

2Az—|vz|2+R+l%”go

Let L =2/7L. 1 + 2 gives us

(L—2n7), + AL —2n7) <0

i.e. min(L — 2n7) is nonincreasing and therefore mingear (-, 7) < %, what we wanted

to prove.
O

Lemma 7.3. If we have a Ricci flow (g;5)r = 2R;j, then R(-,T) > — 5o =) Whenever

the flow exists for T € [0, 7o].
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Proof. The evolution equation for a scalar curvature is R, = —AR — 2|Ric|?. Look
at the corresponding ODE, R, = —2[Ric|?. Since R = tr(Ric), |Ric|*> > 1R? and
therefore, —2|Ric|? < 7@, ie. Ry < f@. By solving this equation we get that
the set R(-,7) > —ﬁ is preserved by the ODE and therefore it is preserved by the
corresponding PDE (the evolution equation for R).

O

Lemma 7.4. If the metrics ¢;;(T) have nonnegative curvature operator and if the flow

exists for T € [0, 79|, then

VI + R < g

for some constant C, whenever T is bounded away from 19, say 7 < (1 — ¢)19, where
c> 0.

Proof.
H(X,Y) = —VyVyR-2(R(Y,X)Y,X)—4(VxRic(Y,Y) — VyRic(Y, X)) — 2Ric,(Y,Y) +
1 1 1
2|Ric(Y, |2 ic(Y,Y) — (——Ric(Y,Y) + —Ric(Y,Y
+ Imd,ﬂ‘+m_7md, )(ﬁVJBM(,)+de7 )
1
> —(=+ JRic(Y,Y)
T TO— T
1 1 )
> —R(=+ Y| (46)
T TO— T

We know that if we choose an orthonormal basis {Y,} at time 7 and if we solve
equations VxY = —Ric(Y,-) + 5= Y for Y,(7) then {\/EYQ(T)} will be the orthonormal
basis at 7. We also know that > H(X,Y,)(r) = ZH(X) and therefore if we write

inequlities 46 for all Y,, and sum them up over o we will get

H(X)> ~R(: + ——)

T T9—T

From VL[] = ~47R+ 2L — =K we get that

l 1
IVIP+R= -
-

=

. T T /
~f%/)fﬂﬂXMH < QfJ%%:/ RV (1+ —)dr')
0 T Jo CTo
< oo / VAR ) =
B 27 Jo T
Finally, we have that

IVI?+R < g

25



for some constant C.
O

Now we will state the important application of the monotonicity formula, so called

noncollapsing theorem.

Theorem 7.2. Let |[Rm|(z,t) < 7’,;2 for x € By, (vk,7r) = By and t, — ri <t <t
Then r;"Vol(By) > k > 0 for some k > 0.

ES

We will prove it by contradiction. Let 73 (t) = tx—t, p = pr and ¢;, = r,;1Vol(Bk) n. In
a discussion that follows, we will have a sequence of reduced distances [}, and a sequence
of reduced volumes Vj, defined with respect to points py. We will refer to them as V
and [, omitting the subscript k. We will apply the same to other quantities that appear
in study of reduced volume (as L - length, £ — exp map, etc). First we will prove the

following lemma:
Proposition 7.1. Vk(ekrﬁ) < 36,?

Proof. Using the L - exponential map, we can integrate over T, M rather than M. For
any X € T,M we find a £ - geodesic v(7), starting at p, with lim,_o /7%(7) = X.
From the fact that v(7) is an £ - geodesic we have that:

) 1 1. e
Vi) F(T) — §VR tovt 2Ric(¥(1),-) =0

(V) ~ GVTVR+ 207 Ric(3(7), ) = 0

Using this we can get the following equation:

%(ﬁﬁ(ﬂ,ﬁﬁ(w = AV VTI(T), VTH(7)) + 2Ric(VTi(7), V(7)) (47)
= (VTVR,V7(7)) — 2Ric(vT9,V/779)

In the lemma that follows we will see more precisely how /77/(7) behaves when

7 < €,ry, for k big enough.

Lemma 7.5. With the above notation we have:

V7Y (1) = 1X]| < Ce(IX]+1)
for ey, sufficiently small and T < 13, if v(7) € By, for ¥ < 1.

Proof. Let (t) = 5(t?),where 7 = £ Then 7/(t) = 2,/77'()
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—_

SO - 5O
VT od Td =
| res= [ ZvEee

V7 (1) = 1X]|

\V]

| =

From the equation 47 we have

I N YN )
a7 T = 2TV R ) — 2R/ (0 )

Since R < %, we have also bound on |[VR| of order % and we get
k k

IV () - 1X) < & / (V7 + VY (1)) < Cer(IX] + 1)
O

Lemma 7.6. If v(7) € By for 7 < 7 and | X| < iek then (1) € By, = B(pg, k),
where T < ekr,%.

Proof. By lemma 7.5 we have that for small ¢, |[/77/'(7)] < 7ek . Therefore:

" AT

1 _1 _1
pk|</ WA < e [ _ ot ma,
2% Jo VF k

So v(7) € B.
O

Lemmas 7.5 and 7.6 give us that v(7) € By, for all 7 < e;ri. We will prove one more
lemma before we finish the proof of proposition 7.1.
Lemma 7.7. 73 7J(7) — 1 as T — 0, where J is the Jacobian of L - exponential map

Lexp: T,M x Rt — M.

Proof.
£o) = [ VAR P
0
Let 7(t) = v(F) = v(7?), where 7 = t2. This gives us that 7' (t) = 27/ (7).

If we change the variable in the formula for the £ - length of curve v we get

NG ~
E(y):/o (2t2R+@)dt

£() = 5B() + o(v7)

since foﬁtszt < 7%fo‘ﬁtht = QfT < <%/, where E(3) = [ |7'|*ds. There-
k
fore, we have that Lx exp(T) = IX + o(\/T).
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T (Lexp(r)) = Jo(7)7% +o(r%)

T (Lexp(7))r™ % = Jo(7) + o(1)

where Jp is a usual Jacobian of the exponential map and o(1) depends on €. When

€x — 0, 7 — 0 as well and therefore J(Lexp(t))7~2 — 1 as 7 — 0.

O

Another way to see that 7-2 J(7) has a limit and is bounded as 7 — 0 is explained
_1
in the following remark. We will consider only set {|X| > ¢, 2} C T, M, since we will

use the estimate on 7~ % 7 only when we integrate over that set, for small values of 7.

Remark 8.

d 1
—InJ(r) < QT - 57—%17{

where K = fOT T2 H(X)dr'. The above inequality is equuivalent to
d _» 1 _:
%7'_5\7(7') < —57_31(
Choose T = (ﬁ){ where |\/Ty ()| ~ | X| as 7 — 0 (if ¥(7) € By ). This is justified
_1
below, when we discuss the case | X| > iek 2. Let T <T.

Since we have our curvature bound, we can estimate H(X) as follows

_ 1
[H(X)| < Cri*(1+ = + 2 X[ +[X]?)

at time t = 7. We can write this as |H(X)| < Or?(1+ & + 3%) Therefore,
K(X)<Or2((1+ ?Z; )73+ %T%) which gives us

37”}3 2 3
T+ -T2

d n
I (7)) < Or?(L+ 27+ 572)

dr
Let 11 and 79 be < 7 < ekri. Then:

n n C . 2
IT? T (1) — 75 (72)|§|T1*T2\72(T+37”13+§)
k

n n ~ 2 ~
T2 T (1) — 72 T (12)| < Cer (7 + 37“,3 + §) < Cey

It follows that there exists a limit lim, o7~ 2 J(7) and therefore 7—2 J (1) < C for
small T.

To finish the proof of the proposition 7.1 we will consider two cases.
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_1
L |X| < 1€ °

By lemma 7.6 we have that in this case ¢ = Lexpy(exri) € By, = B(pk,7r). We

want to estimate:

n

L(q,t‘kﬁ%)j(ﬁkri))dqé/ (exr?) " 2e ldg
By,

I= /  (exr) exp(—
| X 2

1
I<iex VERTE
where we have used lemma 7.6.
L(gq, exri) we can estimate as follows:
SkTZ

3
L(g, er}) = VAR + |y |2)d7 > —Cri 2 (exr})? = —Celry,
0

Therefore we have:

<26 2r e Vol(By) < 2¢2

1

2. |X] > 16,

We will try to estimate:

0=,

where 7 = exri. We have that |\/77/(7)| ~ |X| if v(r) € By for 7 < 7. Choose
F = (2")’9{‘)2. This is justified, since (2|T§'(|)2 < rie; = 7.For this choice of 7, for
every 7 < 7: if for all 7/ < 7, y(7") € By, then (1) € By, since

L (erd)F exp(-DT(7)dX
T’

d(y(7), pi) g/ | ~ 2X|V7 < 2XIVF < 1
0

By monotonicity, we know that 773 exp(—1)J(7) < 7~ 2 exp(-1)J(7) for 7 < 7
and therefore it is enough to estimate I'(7). We have proved that for small 7,

J77% < C, where C is a universal constant that does not depend on k.

e, 7) = 2\1@ /OT VT(R+9?)dr = 2\1@(_372%%3 +/OT W\%Ddr)

1 | X2
- XP?>-C —
37{“ > ~Cer+ 75
Now,
/(= Ceg _1x2 n—1 —Llet
I'(7) < Ce™c* L€ 2 dX|dS"TT < 267 8%
|X|>ge"2



Anyhow, we get that Vi (exr?) < e,f for k big enough.

Now we can give the proof of theorem 7.2 using the proposition 7.1 as follows.

Proof. On one hand we have that Vk(tk) < Vk(ekr%), by monotonicity of V. By propo-
sition 7.1 we get that

Vi) < 3¢2 (48)
On the other hand we want to show the following claim.

Claim 9. There exists some C > 0 such that L(q,t) < C on M for all k.

Proof. By lemma 7.2 we have that the minimum of [(-,7) does not exceed § for each
7 > 0. Our sequence ty — T as k — oo and choose g such that the minimum of
(- tp— %) is attained at ¢;. We want to obtain the upper bound on Ix (-, t;) by considering
only curves v with y(ty — 2) = g;. All geometric quantities in g;; are uniformly bounded
when t € [0, 2] and the claim follows.

O

Since t; ~ T when k is big enough, by the above claim we get that Vk(tk) >C >0.
This contradicts 48.
O

8 Arguments for section 8

Definition 8.1. A solution to (gij)¢ = —2R;; is said to be k - collapsed at (xo,ty) on
the scale r > 0 if |[Rm| < -5 for all (z,t) satisfying dy,(z,x0) <1, to — 1 <t < to and
Vol,, B(xg, 1) < k1.

The main theorem that we will prove in theis section is:

Theorem 8.1. For any A > 0 there exists k > 0 with the following property: if g(t) is a
solution for 0 <t < rZ, such that |Rm|(x,t) < 52 for do(z,20) < ro and VolB(zg,r¢) >
A=Yyl at time zero, then g(t) can not be k - collapsed on the scales v < ro at a point

(z,7r8) with dist, 2 (z, zo) < Ary.
Lemma 8.1. Suppose we have a solution to the Ricci flow (g:5): = —2R;; .

1. Suppose Ric(z,tg) < (n— 1)K when dists, (x,x0) < ro. Then the distance function
d(x,t) = disty(z, xo) satisfies att = tq, outside B(xg,T0), the differential inequality:

2
di — Ad > —(n— 1)(§K7°0 + ral)

where d; = %distt.
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2. Suppose Ric(z,tg) < (n— 1)K when disty, (z, zg) < ro or disty, (z,z1) < ro. Then:

d 2
—disty(z0,21) > —2(n — 1)(5 Kro + 15 ")
dt 3

at t = top.

Proof. We will give a proof only of the first statement, since the proof of the second one
is similar.

We will assume that  and zy are not conjugate in metrics g(tg), because otherwise
the inequality that we want to prove can be understood in a barrier sense. Let v(s) =
exp, sX .for s € [0, L], where X = #4(0), be a minimal geodesic between = and xg, such
that v(0) = x¢ and v(L) = x. Let (X, ey,...en—1) be the orthonormal basis of Ty, M .Let
E; (with 1 < ¢ < mn — 1) be the parallel vector fields along v(s) such that E;(0) = e;.
Let X;(s) be the Jacobi fields along ~(s), such that, X;(L) = E;(L) and X;(0) = 0
(they exist, since we assumed x and xy are not conjugate points). The formula for the

laplacian of the distance function (can be found in the book [8]) is:

n—1
Adist(x, ) = Z s%. ()
i=1

where s’ () is the second variation along X; of the length of 7, where X;(t) are

i

Jacobi fields constructed above.

L
5,00 = [ UKL = A6 X5 X0)ds
what is again proved in the book [8]. The RHS of the equality above is usually
denoted by (X, Xk).
Define the vector fields Y}, as follows:

~Ey(s) if s €[0,ro]
Ex(s) if s € [ro, L]

We can notice that the vector fields Yy have the same values at the ends of v as
a Jacobi field X and it is the known fact that I(Xy, X;) < I(Y%,Y:). Now we can

compute:

Yy =

Adist(z, o)

A
™
~
=
=

=1
n—1 ro 1 82 dist(z,z0)
< Z(/ T—Z—T—QR(X,Ek,X,Ek)—k/ (-R(X, Ey, X, Ex)))
i=1 0 0 0 70
o s2 n—1
= /(—Ric(X,X))—l—/ Ric(X, X)(1 — ) +
~ 0 7o To
2
< dit (= D(GKro+75")
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where we have used the fact that:

d .. a (" Lo
di(z,w0) = @dls'ﬂ(wvxo)h:to = &/o Ve (8)]g(e)lt=to = */0 Ric(X, X)ds

where X is the unit tangent vector to the path +; in metric g(t).
O

We will now prove theorem 8.1. By scaling we may assume that rog = 1.We will prove
the theorem by contradiction.

Assume that there exists A > 0 such that for every ¢, — 0 as k — oo, there exists
pr € M and 1 > 1, > 0, such that disty(pg,zo) < A and g;; is € - collapsed at (pg,1)

on the scale less than r;. That means:
e |Rm|(z,t) < r;2 for all (z,t) satisfying dist(z,pr) <rpand 1 —rf <t <1
e VolB(pg, i) < ery at time t =1

Let 7(t) = 1 —¢t. Arguing as in the section on the applications of a comparison
geometry approach to the Ricci flow we can get that Vie (ekrﬁ) must be very small as
k — 00.Vj is the reduced volume defined with respect to point z; By the monotonicity
of the reduced volume, we get that Vi (1) < Vi (exr?) — 0 as k — co. We have that:

) = [ esp(-tde> [ exp(~Ix)dg

Bi=o0(z0,1)
where [, is the reduced distance defined with respect to point pg. From the above
equality we can see that it would be enough to show that Iy (z,1) < C for z € By(zo,1),

since then we would have:

Vk(l) Z 6_0V010B0(£C07 1) Z G_CA = é

and we would get a contradiction. So, our goal is to find an upper uniform bound on
lg(z,1) < C for x € By(xo, 1).

Claim 10. There exists a uniform constant C, such that ming, (20, 5) Ig(z, %) < C for
z
all k.

Proof. Define hy(y,t) = ¢(d(y,t) — A2t — 1))(Lx(y,1 — t) + 2n + 1) where d(y,t) =
dist+(y, x0) and ¢ is a function of one variable, equal to 1 on (—002—10) and rapidly in-

in such a way that:

creasing to infinity on (g5, &%),

2w —¢" > (2A+100n)¢ — C(A)¢p (49)
5 >
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for some constant C(A) < co. Fom the lower bound on the scalar curvature proved
in the previous section we have that for ¢ > 3, R(-,1 —t) > —4%. L(7) = 2y/7L, so for

T:Iftgéwehavethat

L(t) = 2\5/ V(R + |3?)du > ,ﬂ/ Vudu = 7277,7' > fln > —2n
0 VT Jo 3 3

We get that Lj, > —2n for t > % and therefore Lj, +2n+1 > 1. Keeping this in mind,

since ¢ > 1 tending to infinity when the argument is close to %0, we have the following:

1 - 1
min hi(y, =) > min Lg(y, =
yeM K 2)_Bl(zo,%) ey 2)
2
since min hy(y, %) is achieved for some y satisfying d(y, %) < 1—10. We also have that

minys hi(y, 1) < hi(pr, 1) = 2n + 1, since L(pg,0) = 0. Now we compute:
O(h) = (L +2n + 1)(=¢" + (de — Ad — 2A4)¢) = 2(V$, VL) + (Le = AL)p  (50)

Vh=(L+2n+1)V¢+ ¢VL

At a minimum point of A we have Vh = 0 so the equation 50 becomes:

/\2
Oh = (L+2n+1)(—¢" + (di — Ad — 24)¢’ + 2%) + (L — AL)¢
Now since d(y,t) > 55 whenever ¢’ # 0 and since Ric <n — 1 in B (o, 75) we can
apply the first part of lemma 8.1 to get d; — Ad > —100(n — 1) on the set where ¢’ # 0.
We also know that L, + AL < 2n. Using this and equation 49, we get, at the

minimum point of h:

Oh > —(L +2n+ 1)C(A)¢ — 2n¢ > —(2n + C(A))h = —Ch

Let my(t) = infyen hi(y,t) for ¢ > % At the minimum point of hy, Ohy < hj(t)
and therefore we have mj (t) > —Cmy(t), i.e. mi(3) < eZmy(1). Since my(1) < 2n+1
we have the claim.

O

Let g be such that lx (g, %) =infp, (20, 35) Ig(x, %) Take x € By(xg,1) and connect
3 T

it to g with a geodesic ~, such that 7(%) = qi. We have actually chosen radius 1—10 such
that for all shortest geodesics 7(s) connecting x € By(zo,1) and ¢ € B% (2o, %), so that
7(3) = ¢, (s,7(s)) remains in the region {(x,t)|0 <t < 1;2 € By(wg,1)} where we have

uniform bound on the curvature.
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Let v be a shortest £ - geodesic connecting z; and g such that 'yk(%) = gx. Then
Ly(x,1), for z € By(wo,1) can be bounded from above in terms of Ly(qy, 3) and the
uniform bound on the curvature in above mentioned region for (z,t). lx(gx,3) and
therefore Ly (g, %) has already been bounded from above by a uniform constant. Now

our claim follows.

Remark 11. To justify the choice of ¢, we can put u = % Then the condition for ¢ is

equivalent to:

3u? —u' — Bu > —C(A)

for some constants B and C(A). This we can solve for u.

9 Arguments for section 9

Proposition 9.1. Let g;;(t) be a solution to the Ricci flow (g;5)r = —2R;;, 0 <t < T,
and let w = (4n(T —t)) "= e~/ satisfy the conjugate heat equation 0*u = —u; — Au+ Ru.
Then v = [(T —t)(2Af — |[Vf|*> + R) + f — n]u satisfies

1

O = —2(T — t)|Rij + ViV, f 2(T_t)gul
Proof. Let v = Hu. Then
d d d
Av=AHu+2VHVu+ HAu
Using the equation for w gives us
. d
O = (—%H—AH)U—QVHVU
d d, ;. O0*f
—H = —(2Af- 2 T—1)(2— (g7 (=—2—
= (OBF = IVIP 4R+ fo (T =02 ™ (e +
of wk i ;; Oft Of
2L TkY)) —2RUY, V. f — 244 21
+ al‘k zg)) RV fv]f g 8.17J 8372 +Rt)
We have that
Jo=—Af+|VIP = Rt s
b 2(T —t)

R; = AR + 2|Ric|?
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1 dgii  0g1;  0gi;
Ik = —ght(=22 4 222 229
w 2 (8£Cj + sz 8(El )

We can assume that we chose a normal coordinates around a point at which we are

computing [T*v, so that we have

g7 —T% = g"g(—Ry; j — Rij; + Rijy) =0

Using this equation in the expression for %H we get

d g 3 ,
£H: —2Af + |Vf|2 — R+ fi + (T —t)ARYV,V,; f +2Af, —2RYV, fV,;f =2V, f;V'f + R;)

AH

Af + (T —t)(2A%f — AV f|? + AR)
Af + (T —t)(202f —2|VVf| — 2V, ViV, fV;f + AR)

GH+AH = (ZAf+ IVFI2+ fi — R) + (T — ) (4RVV,V; f + 2Af; + 2A% f —

— 2RUN, IV f = 2[VV > = 2V, ViV, fV;f — 2V, fiV'f + 2AR + 2|Ric|?
(=Af+|VfP+ fi = R)+ (T —t)(4RVV,V,; f +
+ 2A(|IVSf? = R) — A(IVf*) = 2RV, fV; f — 2V, [, V' f + 2|Ric|?
(=Af+|VFP2+ fi — R)+ (T — t)(4RYV,V,; f + AV f|* = 2RV, fV,; f + 2|Ric|? +
+ 2Vi(AN)V'f = 2Vi|VfPVif + 2V,RV' f)

VUVH oG fvH =~V — 2T — )V fVi2Af — |V + R) =

—2|Vf[? = 2T - )2VfV(ASf) = VIVIVS* + VIVR)

oH 2VuVH -
L AH + 1; = —Af— VP4 fi— R+ (T — ) ARV, V, f + A|Vf]2 —

ot
2RV, fV,; f + 2[Ric]> — 2VfV(Af))

AV = 2V,V,V,;fV;f=2V,V,V,fV,f +2|VVf]* =
Vi(Af)Vif + 2RIV, fV i f +2|VVf]?

This gives us
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oH 2VuV H n

i - = _ . _ HAvAvE 12 2
o TAH+— 2Af 2R+2(T—t) + (T —t)(4RYV,;V; f + 2[Ric|* + 2|VV f?)
iy Af R n
= 2(T - t)[2RYV,;V, ic|? 2 _ -
( J2RVV,;V; f + |Ric|* + |[VV ] T T—t+4(T—t)2

1
2T —t)|Ri; ViV f — mgiﬂz

This 1mphes T*v = 72(T - t)|R”VZVJf — ﬁgwpu
O

Corollary 9.1. The proposition 9.1 implies the monotonicity formula for our functional

Wig, f,7).

Proof. By partial integration we get

A = /M[<T—t><|w|2 +R)+ [ —nle (4n(T — )~ FdV = W(g(t), £(1), (1))

d d
%W = Mvth = /M ve DV, —/M —RvdV;
= / (—O0% — Av)dV; = 7/ O'v >0
M M

by proposition 9.1.
O

Corollary 9.2. Under the same assumptions, on a closed manifold M, or whenever the

v
u

application of the mazximum principle can be justified, maxy; < is nondecreasing in t.

Proof. After choosing the normal coordinates around the maximum point of 2, we have
that V;vu — V,uv = 0 at the maximum point and :

1
4

AY = [(Avu — Auv)u? — 2uVu(Vivu — Viv) < 0
oo

This implies Auv — Avu > 0 at the point where = attains maximum.

dwv O*v n Auv — Avu
dt u U u2
Since (0*v < 0, we have that Cfi—”; > 0, where m = maxys .
O

Corollary 9.3. Under the same assumptions, if u tends to a § function ast — T, then

v<0 forallt<T.
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Proof. Let h > 0 satisfies the heat equation Ah = h;. Then

i hu:/ Ahu—/utf/ Ruh =0
dt Jar M h M

by partial integration and by the fact that u; = —Awu + Ru. Similarly,

i/ hv:—/ O%vh >0
dt ) M

Assume for a moment that we have proved lim;_, 1 f u v <0. Since f v increases
in t, we have that fM hv <0 for all times t < T and all A > 0 such that Ah = h;.

We want to prove that v < 0 for all t < T. Assume there exists to < T, xg € M,
such that v(xg,%p) > 0. In that case there would exist a ball B(zg,d + 1) such that
v(x,tg) > b > 0. Choose ty to be our initial point and choose h., where € < ), such that

where

3 @ € B(w,0)
0 outside B(zg,d + ¢)

for t € [to,T]. We choose k. such that it is a nonnegative function on M .From
what we have assumed above for a moment, that will be proved in the claim 12 below,
kev(x,to) < 0. On the other hand k.v(z,tp) is positive on M (strictly positive on
B(x,0)) and we get a contradiction. Therefore, v < 0 for all ¢t < T on M.

To complete the proof of the corollary we have to show the following claim.

Claim 12. lim;_.p [,, hv = 0.

Proof. Let I =limy_p [, hv.

/hv:/ AF — [Vf?+ R)(T —t) + f — nlhu
M M

Let 7=T —t. Let f'(1) = f(T —7), 4 (r) =uw(T — 7) and W/ (7) = h(T — 7). Then
I=1lim [ [rQAf —|Vf'[2) + f —n]hd
=0 Jp

since lim,_,q fM R(q,T—7)hu'dq = lim._o7R(p, T)h' (p,T) = 0. Let 7; = sr;, where
r; — 0 and s € [0,T]. Let g;(s) = T%g(T — s13), Ui(s) = u'(r38), fi(s) = f'(rss) and
hi(s) = h(rss). After scaling metric by factor r; ' we have
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where @;(s) tend to § function as s — 0.

Since our function h(z,t) is smooth, we have that lim; .o, h'(r;s) = A/(0) in C™
norm.|Rm;(s)| = r;|Rm(g(T — r;8)] — 0 as i — oo, ie. the limit metric is a flat
metric ( we can choose r; small, such that the injectivity radii of g; tend to infinity).
Denote the limit manifold by (M,p,g) ( we are considering pointed Gromov-Hausdorff
convergence). We also know that u; — u, where u(s) is the fundamental solution of
the conjugate heat equation on the limit flat manifold, where our flow is now stationary.
That means @ is the solution of (4)s = Aw — Ra, where the metric is now fixed. Let
F; = a;h[(T — 8)(2Ai f; — |nabla; f;|?) + fi — n] and let (U, p;) be a partition of unity
of M. We will look at lim,_,o fM v; F'dVy, where F' = lim;_, F;. Let

Qi(s) = /M vi(5QAF — |FI?) + F — nlhadv,

Since we are in the case when metric is stationary along a Ricci flow, we can ap-
proximate % in C® norm by a heat kernel up to order s*, where k is an arbitrary in-
teger. In other words (see [7]) we have that there exists N such that if kYN (z,y) =

_ dist(z‘y)2 N i
e =y o t'di(x,y), where ¢;(z,2) = 1 we have that

\kév(x,p) —u(z,s)|cs = O(SN_%_%)

Denote by r(z) a distance from p to z € M. Let I = % —In Eij\;o s'¢;. Then

s [ whalViE = s [ w0
M M

_ . ﬁ |Z£\L1 SiV(biP 1
_ s/ V](48+S(1+Zfilsi¢i)2+ (51)

roor N sV, n
+ 227872:_1%)(47(8) Ze
SOTj 14315 i=0

M

S
o| v

J
0o _n2-7?

= s/ vi(drs)~2e” h—dVg+ O(s) (52)
Jive 4s

Similarly, we have that

M

N ) N i, N i, , N
_ s/ Vj(ﬁ_(zz':vSA@)Zi:os‘bz VY isys'eil? ZSZ@)

s/ﬁ vihuAf = /z/ji_LAlévkéV+O(s)
M

47rs)7% e i
i N (
M 2s (X im0 S'0i)? i=0

= / ujne_fédVg—i-O(s)
M
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and also

— n — 2 77‘2
/ vihfu = / uj(47r)_5hr—e_Ts + O(s)
M M 4s

T2 T2

n—g—i—g—mdm—&—O(s):O(s)

Qi(s) = [ vtams) Ee

Since [y [F(s)|dV; = > J51 Vil F(s)|dV, by Lebesgue monotone convergence the-
orem (if we pass to a sequence s, — 0 as k — oo, we get that [ [F(sk)|dVz — 0 as
k — co. This implies [y, F(sr) — 0 as k — oo.

Now we can conclude that | ar v — 0 over some sequence t; — T as i — oo. Since
1) a v/ in i, there exists lim; .1 / v and from the previous discussion we conclude
that lim;_p [,, hv = 0.

O

O

Corollary 9.4. Under the assumptions of the previous corollary, for any smooth curve
~(t) in M holds:

d 1 o 1
_Z < = N
/(0 1) < S(R((1),1) + 1)) Q(Tit)f(v(t),t)
Proof. Previous corollary gives us that v < 0, i.e. (T —t)(2Af—|Vf|?+R)+f—n <0.
The equation for fis f; = —Af + |V f|% + ﬁ From these we get

1 1 f
fot gR= IV -3 20 (53)

m
On the other hand —4 f(y(t),t) = — fi—(Vf,5(t)) < — fi+ 1|V >+ 3|7>. Summing
this inequality with inequality 53 we get

~ 10100 < 5SRO0+ hOF) = 57—s 160,

O

Corollary 9.5. If under the assumptions of the previous corollary, p is the point where

the limit § function is concentrated, then f(q,t) < l(q,T —t), where | is the reduced

distance, defined in section 7, using p and 7(t) =T —t.
Proof. From the previous corollary we have that

d

——(f(y(®), VT — 1) <

4 T —t(R(y(t), 1) + |7(t)[%)

N | =
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VT~ if(g.1) < lim VT~ s/(x( /¢ THROs), ) + [312)ds

Take infimum over all curves y(s) for s € [¢,T], such that v(t) = ¢ and v(T) =

VT = tf(q,t) < lim (VT —1f(7(s), 5 )+2L(q,T t)

Since u = (47(T — t))~2e~ 7/ and since u(p, T') = 0o, we have that

lim VT = sf(7(s),s) = lim (=VT lnu—f\/fsln(zm( $)) <0

Therefore, f(g,t) < L(¢,T—t)=1(q, T —t), i.e. f(q,t) <Il(q, T —1).

1
2/T—t

10 Arguments for section 10

The main theorem in this section is the following:

Theorem 10.1. For every a > 0 there exists § > 0, € > 0 with the following property.
Suppose we have a smooth solution to the Ricci flow (gij): = —2R;; for 0 <t < (erg)?
and assume that at t = 0 we have R(x) > —ry? and Vol(9Q)" > (1 — §)c, Vol(2)"~?
for any x and Q C B(xg,70), where ¢, is the euclidean isoperimetric constant. Then
we have an estimate |Rm|(x,t) < at™ + (erg) ™2, whenever 0 < t < (erg)~2, d(x,t) =

diStt(x,Io) < €To.

This theorem gives us that under the Ricci flow, the almost singular regions (where

curvature is large) can not instantly significantly influence the almost euclidean regions.

Proof. The argument is by contradiction By scaling assume that rg = 1. We may also

assume that « is small, say a < .From now on fix a and denote by M, the set of

100n
pairs (z,t), such that |[Rm|(z,t) > ot~

We will prove our theorem by proving the sequence of claims.

Claim 13 For any A > 0, if g;j(t) solves the Ricci flow equation on 0 < t < €2,
Ae < 100n and |Rm|(x,t) > at™! + 2 for some (x,t), satisfying 0 < t < €2, d(x,t) < €,
then one can find (Z,t) € My, with 0 <t < €2, d(Z,t) < (24 + 1), such that

[Rm|(z,1) < 4/Rm|(z,1) (54)

whenever
(x,t) €My 0<t<t d(z,t)<dz?) + ARm| 2(z,7) (55)
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Proof. We will construct (z,%) as a limit of a finite sequnce of points. Take an arbitrary
(x1,t1), such that 0 < t; < €2 and d(x1,t;) < e. Assume we have already constructed
(zg, tr). If we can not take it for (Z,7), there exists some (z,t), such that |[Rm|z,t) >
4|Rm|(zg, t) and (2,t) € My, 0 < t < t), and d(x,t) < d(zg, tx) + ARm|~2 (2, t1,).
Take (z,t) for (zx+1,tk+1). Then:

o [Rm|(z,ty) > 4k71|Rm|(m1,t1) > gk—1c-2

o d(xp,tr) < d(xy,tr) + 5 ARm| ™2 (24, ;)
i.e.

d(zp, tr) < e+ Ae S 271 < (244 1)e

Since the solution is smooth, the sequence is finite and its last element fits.

O
Claim 14. For (z,t) constructed above 54holds whenever
S — _ 1 1
t— iaQ <t <t distg(x,z) < EAQ 2 (56)

for big enough A.

Proof. We only need to show that if (z,t) satisfies 56 then it must satisfy 54 or 55. Since
(z,1) € M, we have Q > at !, so t — aQ ™" > 11 and therefore [Rm|(z,t) > 4Q >
dot™t > 22 e (z,t) € M,.

We want to apply lemma 8.1 from section 8.Let (x, t) be a point satisfying the relations

56. Choose rg = 1—101462_% and fix points x and xy. Consider two cases:

1. di(2!,20) < 1o
In this case dy(2/,20) < d(Z,f) + AQ~2 and therefore, by claim 13 we get that
[Rm|(z,t) < 4Q.

2. di(z,2") <rg

In this case di(z', zg) < di(2',x) + di(x0, ), 1e. de(2’,20) < %AQ_% + di(z0, ).
We have, by triangle inequality that for every x € B = B(Z, %AQ*%):

— — 1 1 — 1
di(z,x0) < d(t,Z) + de(Z,x) < d(t,T) + EAQ*E <d(t,z) + %AQ*E

Choose t such that di(zo,z) < d(f,z) + %AQ’% for all z € B and all t >t > t,.
This is possible, since B is compact, the distance function is a continuous function
and since di(z,z9) < d(t,z) + %AQ_% for all z € B. This will give us that
di(z', o) < d(f,Z) + AQ™ 2, so again by claim 13 we get that [Rm|(z/,t) < 4Q for
all ¢t € [to, 1].
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After applying lemma 8.1 from section 8, we get:

8AQ: | 10Q2
3710 A

diy (7, 20) < dg(,20) +/t (

Since t —t < 2aQ ™! we get that

)ds

Nl

o
1)

Since « is small we can choose A big enough, such that the last term on the right

1 1
diy (x,0) < di(z,T) + d(Z,T) + 5o¢(%AQ*§ +10

hand side of the inequality above is < %AQ_%. Finally we get that:

9 1
dto (1‘,170) < d(if,i) + EAQia

i.e. we can continue this inequality beyond ty. That implies the condition 55 holds
for all (z,t) satisfying 56.
O

Continuing the proof of the theorem 10.1 and arguing by contradiction, take sequences

€; — 0, §; — 0 and solutions g;(t) violating the statement. Take A; = — 00.

1
100ne;
Construct the sequence of (Z;,;) as in the claim 13 and consider solutions u; = (47 (t; —
t))~ % e~/ of the conjugate heat equation, starting from ¢ - functions at (#;,#;). Consider
the corresponding functions v; = [(£; — t)(2A;f; — |Viti|* + R;)]u;. Prove the following

claim.

Claim 15. Ase; 0; — 0, we can find times t; € [t_i—%anl,t_i], where Q; = [Rm|(Z;, t;),
such that the integral fB, v; stays bounded away from zero, where B; is the ball at time

ti of radius \/t; —t;, centered at T;.

Proof. The argument is by contradiction. We will divide the proof of this claim in several

steps.

Step 15.1. The first thing that we will show is that the statement of the claim 15 is

invariant under scaling by a factor Q;.

Proof. Let §; = Q;9:(t; + Qi) Let s =1¢; + Qi Let u;(s) be the solution to a conjugate
heat equation for g;(s). Then:

d

L fi= —Difi 4 IVifil? = Ri+ 5
ds

2(t; — s)
Let f;(t) = fi(t; + Qi).Now it is straightforward to get that:

k3

d -~ - - -
ZF0) = =D+ [Vl - R+ —

Let @; = e /i (dm(—t))~

N3
—
=
¢}
B

=
=

\

|
>

=
+
=}
=
o
]
o,
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lim [ @ = lim [ (4r(f — $)Q:) 2 FiQ7dV,, =1

t—=0 oy st
We see that u; is the fundamental solution to a conjugate heat equation, starting at
(z;,0) as a 0 function. Therefore, it is enough to prove that fBi v; < —0 for all ¢ and
some uniform constant 3, where 9, are the corresponding functions (defined as v; above),
associated to ;.
O

Our metrics g;(t) are defined for ¢ € [-§,0] and |Rm,|(Z;,0) = 1, |Rm|(z,t) < 4 for
all t € [-2,0] and x € M; = By(Z;, ).

First we will assume that the injectivity radii of g; are uniformly bounded from below.
Now we have that (M;, g;(t), T;) converge to some manifold (N, g (t), Z) as i — oo, where
Joo(t) is a solution of a Ricci flow, by Hamilton’s compactness theorem.

Fundamental solutions of the conjugate heat equations associated to g; converge to
such a solution on a limit manifold. Denote by u the fundamental solution of a conjugate

heat equation on a limit manifold and by v the corresponding function, as above.

Step 15.2. If fB v =0 at time t = =5, then go(t) is a gradient shrinking soliton for
t € [~%,0], where B is a ball in N of radius \/g, centered at T.

Proof. We know that v < 0 on B, for all times. If va =0att= —% then v =0on B

at t = —5. We have the equation for v

vy = —Av — A*v — Rv

Since v < 0 we have that v; < 0 at time t = —% and our equation for v becomes
0> vy = —Av—A*v. Since 0 is a maximal value of v, we have that Av < 0 at the points
where it equals zero and therefore we get that —A*v < 0. On the other hand, we know

that —A*v >0, s0 A*v =0 on N at time t = —5. That is equivalent to:

2
Rij +ViV;f+ a(goo)ij =0 (57)

i.e. goo is a Ricci soliton at time £ = —3. Since g is a Ricci flow, g is a Ricci
soliton for all times t € [-%,0].
O

So far we have proved that if va = 0 at time —%, goo(t) would be a gradient

shrinking soliton for all times ¢ € [~%5,0]. In the next step we will see that it is not

possible, since |Rm|(Z,0) = 1.

Step 15.3. Since |Rm|(Z,0) = 1, goo(t) can not be a Ricci soliton.
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Proof. If goo(t) were a Ricci soliton, from equation 57 we would have that R + Af —

j=0forallt€[-5,0]. u=(—4rt)”2e/ tends to § function as t — 0.

(2t 2

/Ru—l—Afu——Q—t u (58)

We know that lim; . [pu = 1 and that limy_o [ Ru = R(Z,0) = 1. Look at
fA JudVy ). Let gi(s) = %goo (2ts). Since the curvature of g, is uniformly bounded,
{3:(s)} converge to a flat metric when ¢ — 0 and balls B in metric g; converge to a

metric ball of infinite radius, i.e.

[ onnruav, = [ AR©uEv0 = [ AR, =16
B By R™

where %; is a delta function in metric g;(s) and fi(s) is a corresponding function
f. We know that a limit of delta functions is a delta function in a limit metric. Delta
function of our limit metric is denoted by u(s). One can easily show that (since our limit
is a euclidean metric) limy_o I(s) = [, —gte™ % (4n(—s))"2dV = —n. Finally, we get
that fB Afu~ —z; when t — 0. If we put this asymptotic relation together with other
asymptotic relations that we have got above, in equation 58, around ¢t = 0, we get a
contradiction.

O

Now assume that the injectivity radii of the scaled metrics g; tend to zero. Denote
the injectivity radii by I; — 0 as ¢ — oco. In that case we can change the scaling factor
and we can consider the sequence of scaled metrics g;(t) = c% gi(t; + &) We have that
|[Rm;| < 4I; — 0 as i — co. The metrics g;(t) are defined for t € [— 31+0]. Now the
sequence of manifolds {(By(Z;, ﬁ), gi(t), ;) } converge to a flat manifold (N, goo, Z),
with finite injectivity radius. Now we can repeat the above argument for the sequence of
metrics g; and the metric goo, to get a contradiction (we assume that [, v =0 at some
time ¢ = T < 0, where B is the ball as above).

Anyhow, we get that in either of these cases there exists some time ¢ and some
constant 3, such that va < —( on the limit manifold N. Therefore, if we go from
scalings back to our original sequence of metrics g;(s) we can conclude that there exist
times #; € [f; — 2aQ~',;] such that [, vi < =B at time t; for all 4, where B; are the
balls as in the statement of the claim 15.

O

Our next goal is to construct an appropriate cut-off function. Let h;(y,t) = ¢( %%? )
where Ji(y, t) = d;(y,t) + 200ny/t and ¢ is a smooth function of one variable, equal to
one on (—oo, 1] and decreasing to zero on [1,2]. It is easy to notice that h; vanishes at

t = 0 outside B;(x¢,204;¢;) and that it is equal to one, near (Z,1).
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Compute:

1 100n 1
Oh; = — A;d; + ) —
104;¢; G Vit ¢) (104;¢€;)?
By reducing €; we can assume that |Rm|;(z,t) < at*12€i_2, whenever 0 < t < €2 and

di(w,t) < €. For every t € (0,€?] choose 7o(t) = v/t < ¢, so that

(b//

[Ric| < (n — 1)(at™ +2¢;2)

for (d;)¢(x,z0) < ro(t). We can apply lemma 8.1 from section 8 to our case, to get

(where ¢’ #0):

(@)e-Didi >~ -GS+ HVE+VE )2
1 2 100n

> ——nm-D(:@+2)+1) > ——r

> =D+ sz -

So, (d;); — Ayd; + 100” > 0, when ¢/ # 0. We may also choose ¢ so that ¢ > —10¢,

(¢")? <10¢. ¢ < Olmphes that Oh; < (10A<§7)2 < ey Since (fy, hiwi)e = [y, Ohius,
we have that f M hiug)e < m and therefore mtegratlon from 0 to ¢; will give us:

ti 1
hiuili=o = [ hitiles, = -3 2 1= 55 (59)
M | M = (Ae)? A2

(/M(—hivi)t = /M D(—hi)vi—/M(—hi)A*viS/MD(—hi)vi
= oie . = s T s [ o,

Using claim 15 this will give us:

—/ hivili=o
M

IN

Y

i
-
M

ti 1
> - i) 2 (- )

From now on we will work at ¢t = 0 only. Let u; = h;u; and fz = f; —Inh;. Now we

have:

Bl — %) < —/ hivi = (=28 fi + |Vifil? = R)ti — fi + n)uih;
i M

SO FI2 e - |Vihil®
= (| Vifil* = fi +nlu; + | [ti(——— — Rihs) — hi In hylu,;
M M h;
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Since [, (—Azhiu; + Wul + V,fiVihiu;) = 0 by partial integration. R > —1
by assumption of the theorem 10.1 and hence —fM R;hu; < fM h;u; < 1, for we
are at a point ¢ = 0. This implies —¢; [,, Rihiu; < €. Also, — [}, hilnhju; <
fB(zg,20Aiei)\B(mo,10Ai5i) u;. On the other hand, fB( w; > [y hitiile—o > 1 — Ai%,
where h; = (ZS(Sjjq)' Finally, — [,, hilnhu; < [, ui — fB($0710Ai€i)ui < %. Also,

_ 22 i
T ti%ui < 10€2. Therefore, we get:

Io,lOAiEi)

/[—wiﬁ\?—ﬁm]ai > B(1— )~ — 100 = C > 0 (60)
y .
for big enough .

Step 15.4. The inequality 60 contradicts with the Gaussian logarithmic Sobolev inequal-
ty.

Proof. Scale our metrics g;(t) by the factor 3t;, i.e. let g;(s) = %f;lgi(%s). Now
Rm; < 26(& + %) =2(a+2) = C. Since R; > —1, after scaling it becomes R;(0) =

€

2t;R;(0) > —21; — 0 as i — co. We know the following for the scaled metrics {3:(0)},
Vi

for x € M; = By(xo, \/?) = By(zo, %), after scaling:

e [Rm;| < C
® VolBy(zo, 75) = C(5)"
o diam(M;) < %

The volume estimate is expressed at time ¢ = 0. From the isoperimetric inequality we
get the lower bound on the volume, since it is invariant under scaling. The facts listed
above will give us the uniform lower bound on the injectivity radii of g; at time t = 0.
Call these metrics simply g;. To everything that we have said by now we can apply
Hamilton’s compactness theorem to conclude that there exists a subsequence §;(t), such
that §;(t) converge to some metrics §(t), such that R > 0. From the evolving equation
for ]:2, by maximum principle applied to a heat equation, we get that R(t) > 0 for all
times ¢ in [0,€7]. Also, since §; — 0 as i — oo, we have that for our limit metric g the

following holds:

Vol(99)™ > ¢, Vol ()"} (61)

where ¢, is the euclidean isoperimetric constant.
In general, we have the following asymptotic expansion of the volume B(zg,r) in an

arbitrary manifold (M, g) (as in for example [8]):

R(wo)

Vol(B(xg, 7)) = r"Vol(B¢(1))(1 — 6(n+2)

4 o(r?)
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where B¢(1) is a euclidean ball of radius 1.
Using this asymptotic expansion for our metric g, together with isoperimetric in-
equality 61 we get:

VolB(x, r)
< — 2 = 1B¢(1)(1 — —
ST VelB ({1~ 5055

Since we apply this locally, around each point of our limit manifold, we get that

VolB¢(1) r? 4+ o(r?))

R < 0. Since R > 0 from efore, we get that R = 0. From the evolution equation for R

d -~ . ~
R= AR + 2|Ric|?
we get that Iﬁc(O) = 0. Bishop volume comparison principle tells us that %E(T) .

VolB(r)

Clearly, lim,_.o —=— = w, where w, is the volume of the unit ball in R". Therefore

VolB(r) < wy. On the other hand, our § satisfies the isoperimetric inequality with

T’IL
Vol B(r Vol B(r
,rn( ) > W (r)

rn

euclidean constant ¢,, and therefore, Finally, = w, for all r. This
is possible only if our limit manifold is isometric to R".

We have that our limit metric § is a flat euclidean metric. After scaling the metrics
g; by factors %f;l and after passing to a limit when ¢ — oo, the inequality 60 will give

us:

| E5I9IP = fenluz 0 >0

for some function f, such that fR" udr = 1, where u = (27r)~2e~f. This contradicts
the Gaussian logarithmic Sobolev inequality due to L. Gross. To pass to its standard
2
form, take f = % — 21n ¢ and integrate by parts.
O

This finishes the proof of the theorem 10.1.
O

Now we will state a theorem with slightly different conditions from the conditions of
theorem 10.1, but which proof is essentially the same as the proof that we have given

above.

Theorem 10.2. There exist € > 0 and § > 0 with the following property. Suppose g;;(t)
is a smooth solution to the Ricci flow on [0, (erg)?] and assume that at t = 0 we have
Rm|(x) < ry? in B(xo,m0) and VolB(zg,70) > (1 — §)wnry, where w, is the volume of
the unit ball in R™. Then the estimate |Rm|(x,t) < (erg)? holds whenever 0 <t < (erg)?

and dist,(x, zg) < erg.

Proof. 1t is useful to point out that the proof of this theorem will be almost the same as
the proof of theorem 10.1. One possible simplification in the proof might be at the point
when in step 15.4 we try to prove that the limit metric g(¢) at the point ¢t = 0 is flat,
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since now we have the condition that |Rm;|(x) < 1 (after scaling we may assume that
ro = 1). When we rescale our metrics g; by factors %t} to get metrics g;, we get that
|RAmZ\ < 2t; — 0 as i — oco. To get the lower bound on the injectivity radii of §; at time
t = 0 we proceed as above, since for that we do not need the isoperimetric inequality,
but the lower bound on the volume that is given as a condition in our theorem. From
what we have just said, when we pass to a limit of metrics g;, we immediatelly get that
§(0) is flat. That is the metric we want to continue to deal with and we proceed as in the
proof of the theorem 10.1 to get a contradiction with the Gaussian logarithmic Sobolev
inequality.

O

Corollary 10.1. Under the assumptions of theorem 10.1, we also have at time t where
0 <t < (erg)? an estimate VolB(z,/t) > C(v/t)" for x € B(wxo,erg), where C = C(n)

1s a universal constant.

Proof. Fix o > 0. Assume ryg = 1. Choose € and § as in the theorem 10.1. The proof of
this corollary is by contradiction. Assume that the statement is not true, i.e.that there

exists a sequence (Z;,1;), with Z; € B(zg, €)x and ¢; € [0, €], such that

VolB(z;, V&) (VE) ™ — 0 (62)

as ¢ — 0o. We have (by theorem 10.1):

_ 1 1
R (2, ) < = + 5 < ——— (63)
ti € ( t; )2
a+1
for x € Bg, (g, €). Since r; = aiil < ¢, the curvature bounds 63 hold in the balls
Bs, (z9,7;) as well. %’2 = 7 is bounded for all 7. Since #; — to € [0,€°] as i — oo, by

noncollapsing theorem in section 4, metric g is not locally collapsed at ty. Therefore,

there exists some constant C, such that

t t
>
) C( a—+1

VolB(Z;, >
olB(Z ]

)TL

VolB(Z;,t;) > VolB(z;, Of—ﬂ) and therefore we get that VolB(Z;,t;) > C(vV&)"
which contradicts our assumption 62.
O

Remark 16. [t is interesting to point out the different proof of the step 15.4, by using
the spherical symmetric function. This proof will not work in the case of theorem 10.2,

since in that case we do not have the isoperimetric inequality.
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Proof. We will adopt the notation from the proof of the pseudolocality theorem 10.1. As
in the step 15.4 we get a sequence of metrics (solutions to a Ricci flow), §;(¢) with uni-
formly bounded curvatures and the uniform lower bound on the injectivity radii at time
t = 0. By Hamilton’s compactness theorem, we can extract a convergent subsequence
that converges to a metric §(t). We will consider metric § = §(0). As before, we have
functions u and f as the limit functions of u; and fi, respectively, where the function

u = (27) "2 e~ 7 is compactly supported, and f]\?[ w = 1, where M is a limit manifold. We

also have:
1 2
[=5IVfF=f+nju=C>0
2
Let F = e %. The previous inequality implies:
1
/7 5|VF|2—1172'1nF2+1ﬂg—ﬂ<o (64)
M

Construct a nonnegative spherical symmetric function G on R", such that:

p({F = a}) = p({G = a})

for every a > 0, where we denote by the same symbol p(-) a volume of a set in R™
and a volume of a set in M. Since F has compact support, we can assume that G has a
compact support as well, that is a ball B(0, R).

By co-area formula we have:

dVol(F > O) / 1
dcC ~ Jp_c |VF|

dVol(G > C) / 1
dc o—c VG

Since the right hand sides of the above equalities are equal, we get that

/ |VF|—1dV01=/ |VG|~*dVol
Ma Na

where M, and N, are the level sets of F' and G respectively. Also:

/ F? :/ Vol(F? > C)dC = / Vol(G? > C)dC = G?
M 0 0 R™

Similarly we can show that the above equality is true when we replace functions F2
and G2 by F?2In F? and G?1n G? respectively.
Isoperimetric inequality for M will give us:

n—1 n—1

[Ma] := Vol(Mq) = cn(u({F = C})) 7 = en(p({G = C})) =

= |Na|

We will be done once we prove the following claim:
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Claim 17. For any p > 1, [, |[VF[P < [, [VG/".

Proof. Let p > 1, ¢ > 1 and b be such that bp = p and bg = 1. We choose b = ﬁ to

satisfy the requirements. Using the Holder inequality we get:

|M,| = / 1:/ |VF|°|VF|~°
M, M,

a

which is equivalent to:

ptl 1.1 —
M < vep [ e
M, Na

Since V(G is constant along N, we have that

p+1 1 _
N, |5 :</ |va|p>p/ e
N, N,

From the previous, since |M,| > |N,|, it follows:

[ ivars< [ wrp
N, M

a

From equation 64 we get that

1
/ §|VG|2 ~GPInG*+G?*< <0

where G is a function with compact support on R" and with [, R G*= | uF 2 =

/ iz v = 1. Therefore, we get a contradiction with the Gaussian logarithmic Sobolev

inequality.

O
11 Argument for section 11
In this section we will consider smooth solutions to the Ricci flow (g;;): = —2R;; for

—oo < t < 0, such that for each ¢ the metric g;;(¢) is a complete non-flat metric of
bouded curvature and nonnegative curvature operator. Hamilton discovered a remark-

able differential inequality for such solutions; we need only its trace version

Ry + 2(X,VR) + 2Ric(, X) > 0 (65)
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Its corollary is that R; > 0.In particular, the scalar curvature at some time ¢y controls
the curvatures for all ¢ < tg.

We impose one more requirement on the solutions; namely, we fix some x > 0 and
require that g;;(t) be x - noncollapsed on all scales.

Pick an arbitrary point (p,to) and define V(7), I(¢,7) for 7(t) = to — t. Recall from
section 7 that for each 7 > 0 we can find ¢ = ¢(7), such that i(¢,7) < 3.

1

Proposition 11.1. The scalings of gi;(to — 7) at q(7) with factors T—' converge along

a subsequence of T — oo to a non-flat gradient shrinking soliton.

Proof.

Claim 18. Ve > 0, there exists § > 0, such that l(q,7) and TR(q,to — T) do not exceed

51, whenever %7" <7 <7 and disty,—7(q,q(7)) < T for some 7 > 0.

Proof. Fix € > 0. Let t; and to be such that tg —¢; = 7 and tg — t2 = 7. Let y(s) be a
geodesic between ¢ and ¢(7), such that s € [t2,t1] and (t1) = ¢, Y(t2) = ¢(7). Consider
U(v(t), to — 1)

T10(0). 0 — 1) = (V15) ~ Lr1), to 1)

Integrate the above equation over ¢, from t; to t¢;.
t1

l(q,T):l(q(?),?)—f—/l(Vlﬁ)dt—/ l,dt

to to

/ 1 L(y(t), to — t)dt P =" — /T L (y(to — u),u)du

to
We know that I (y(to — u),u) = —%u‘g Iy H(X)72d7, where X(7) = #(7) and
H(X) is just a trace of Harnack differential expression for our flow (g;;); = —2R;;. Since

the curvature operator is positive, H(X) > 0. Therefore, I, < 0. Therefore:

n tU —T
)<+ [ (Vigds
From section 7 we also have that

l
iP < (vt + R< & (66)

Since the curvature is nonnegative, the norms of vectors are ninincreasing in ¢, so

[%]s < |¥]to—=. Therefore:
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to—T
I = / (V1,4)ds
t

0o—T

to—T
< / IVils|Yleo—r
to—T
" Vi(w)
< S
> C/T \/a |7|t077

< C\/l(q,f)\/?distto—T(qu(T)) < C\/l(q,T)\/f

where we have used the fact that I, < 0 and that disty,—7(q,¢(7)) <

Cauchy-Schwartz inequality gives us:

Using

o _

l(g,7) < g +C +nl(q,7)

for some 7 < 1 Finally we get that [(¢,7) < 6! for some & depending on e.

e If 7 > X then ty — 7 < 7 and since R is nondecreasing, R(ty — 7) < R(7). This
implies TR(ty — 7) < Cl(1) < &.

o If 7 < % then tg — 7 > 7 and R(to — 7)7 < (to — T)R(to — 7) < Cl(tg — 1) <

>|Q

In any case, we get that TR(tg — 7) < C§~! for some & > 0.
O

We have our original flow g;;(¢). If we make translation by to, i.e. if 7 = 7(t) = to —t,
we get the flow g;;(7) that satisfies (g;;)- = 2R;;. Let g;;(s) = 2g;;(to — s7), where
€ [3,1]. Also, for all s € [§,1] and all ¢ such that dist> (g, (7)) < 2

Pl

we have that

R(s) = TR(to — s7) < 6~ ! by the claim 18. By s noncollapsing assumption:

il

VOlg(t)B(Q(%)v \/f) > ( ;)n

After scaling metrics by factors 7—! we get that

|3

Vol; B(¢(7), e_%) >e

This volume estimate, together with the curvature estimate give us the uniform lower
bound on the injectivity radii at ¢(7). Take a sequence 7; — oco. Consider the sequence
of manifolds {Bg(l)(q(ﬂ),e_%),g(s),q(ﬂ)}, for s € [1,1]. By Hamilton’s compactness
theorem there exists a subsequence 7;, such that the corresponding sequence of manifolds
converge to a manifold (N, g(s), ), where g(s) is a Ricci flow on N. Functions I; tend to
a function I, that is locally Lipshitz function (this will be justified below). I; is a reduced
distance for a metric g;.

We know that [; satisfy the following inequalities:
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(0i) —Al}+|Vl}|2—R(§i)+2ﬁ >0 (67)

T

2Al; — |V

Claim 19. [ satisfies the inequalities 67 and 68 in the sense of distributions.

Proof. It is easy to see that ;(g, s) = l(q, 7;s), for s € [1,1]. After rescaling the metrics
we also have that |V;l;|2 4+ R; < Cl;. The uniform estimates on [(¢,7) and 7R(q,to — T)
in claim 18 will give us that there exists some constant C, such that [Vili|* < C, and
I < C‘, for all i. That means that functions [; tend to a function [ that is a Lipshitz
function.

We will check that [ satisfies the inequality 68 in the sense of distributions. Let ¢ be
a positive test function with a compact support. Since I; < C and |VI;|? < C for all i,

we have that [; — [ in C%® norm. It is easy to check that

lim [ ¢(

1—00

/¢> 2AZ+R+I—)

Therefore it is enough to check that

lim [ 6(191? - V) =0
1— 00
Fatou’s lemma gives us that the left hand side of the above equality is greater or

equal to zero. Choose €; — 0 such that [ —I; —¢; > 0 for all i. Then:

0 < Jim [ oV~ |VIP) (69)
= lim V(L—z’)wnilggov@—i)qsvz’i
= Jim [ V(i —1+e)oVi
— Jim [ 5 ) VeVt [T - geal,

The first limit in 69 is zero, since |V[ ;| is uniformly bounded and I; converge uniformly

to [ as i — oo. Since Al; < 2(|VL;|? — R; — Ti;", we have

_ ; 1 [ - _ I —

0 < lim /¢(|vzi|2 —|[VI]?) < lim 5/(17114 —&)o(IVL|* — R; — —)=0
O
Claim 19 gives us that V(s) = [, s 2e"'dV; | in s. Define h(s) = g(to — s), for

se [577}, h(s) satisfies %hjk = ZRjk'
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Claim 20. V;(s) = V(%;s), where the first quantity is the reduced volume for g; and the

second one is the reduced volume for flow h.

Ve = [

Proof.
sT2e AV () = / (Tis) " 2eT AV,

Since

1 S _ .12 1 s _ .12 _
— i ) i)d = it (7 ris)Ti)d
577 | ViRow.w + i 575 | ViR + 3l 7
u- 1 T;iS o
= 2\/773/0 ﬁ(Rh(TEs) +[]%)dv

we get that [;(q,s) = l(q,7;s) where the second term is the reduced distance for h.
Now our claim follows.
O

Since V (u) is decreasing in u (this quantity is realted to h), there exists lim,_ o V ().
For s € [%, 1], 7is /" oo for every s and therefore, by claim 20 we get that there exists
lim;_,o V;(s) = C for every s € [3,1]. Since lim;_o V;(s) = V(s), where V(s) =
J s~ 2e LdV,, we can conclude that V(s) =V for all s € [2,1].

The discussion in section 7 gives us that V(s) is constant in s only if

2Nl — |v1|2+R+Z_T” =0 (70)

The previous implies that I is actually smooth. Now we can conclude (from section 7)

that V(s) = const can happen only if g is the gradient Ricci soliton, i.e. more precisely:

_ - = - 1
Ry +V,V,l— — =0 71
J + J 217 ( )
Since the scaled metrics g; are noncollapsed, with uniformly bounded geometries,
there exists a uniform constant C, such that /;(s) < C for all ¢. This will give us that

V>e>0.
Claim 21. V < (47)%

Proof. Compute lim,_o V(s), where V(s) is a reduced volume for h. Using the £ -
exponential map, when we compute f/(s), we can integrate over T, (remeber that we

choose (p, o) at the beginning as a reference point for defining V and 1), i.e.

V(s) = / s"ze T (s)dX
UCT,M

We have that for small s, |\/s%(s)| ~ |X| and therefore 2\1/5 Jo Vauly[Pdu ~ | X2
Now we have, since the curvature is positive and since from section 7 we know that

lim, .95~ 3 J(s) = 1:
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Hm V(s) <lim [ s 27(s)e X ax = [ e ax = (4r)3
s—0 s—0 Rn R"

From the monotonicity of V(s) we get that V(s) < (47)~%. It is not dificult to show

that for every s, V(s) < (4m)~%. V(s) is nonincreasing and lim; ., V(7is) = V so we
get that 0 < V < (47)%.

Claim 22. For every s,V (s) < (47)”%.

Proof. If for some s > 0, V(s) = (47)~%, by monotonicity of V(t), it would have to
be (47)~% for all t € [0,s]. By similar reasoning as above h(t) would have to be a

gradient shrinking Ricci soliton with Al = 52 — R < 4,

The function F' = g satifies the equation AF = 5, F(0) = I(p,t) (p corresponds to

the origin after applying the mathcalL - exponential map), ! is uniformly bounded (by

since the curvature is positive.

claim 18 applied to a sequence of reduced distances converging to [), so by the maximum
principle applied to a subharmonic map F' — [ we get that [ < %. On the other hand,

by our assumption

(4m)% :/ t_%e_%dm:/ t~%e ldX = (47)%
n T, M

Keeping in mind the fact that [ < g, this is possible only if [ = Z—i. In that case
R =0, which is not possible since g;;(t) is not a flat metric for any t.
O

O

We have that g is a Ricci soliton, satisfying the equation 71. That implies Al =

2 — R.From equation 70 we get that |VI|? = % — R. If this soliton were flat, [ would be

uniquely determined by |VI|? = g We are now in a euclidean case and % would satisfy

this equation (r is a distance from the origin). In this case V = (47)% which was ruled
out before. Therefore, gradient shrinking soliton g is not flat.

O

Corollary 11.1. There is only one oriented two-dimensional solution, satisfying the

assumptions at the beginning of this section, the round sphere.

Proof. Hamilton proved that round sphere is the only non-flat oriented nonnegatively
curved gradient shrinking soliton in dimension two. Thus the scalings of our ancientso-
lution must converge to a round sphere.Hamilton has also showed that an almost round
sphere is getting more round under the Ricci flow, therefore our ancient solution must
be flat. O

For any non-compact complete Riemannian manifold M of nonnegative Ricci curva-

ture and a point p € M, the function F(r) = VolB(p,r)r~™ is nondecreasing in r > 0.
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Definition 11.1. The asymptotic volume ratio is v = lim,_, = VolB(p,r)r ™.

Proposition 11.2. Under the assumtions at the beginning of this section, v = 0 for

each t.

Proof. We will prove the proposition by the induction on dimension. In dimension
two the statement is vacuous, as it follows from corollary 11.1. Let n > 3. Sup-
pose that v > 0 for some t = t3. Consider the asymptotic scalar curvature ratio
R = Hmsupy(,)_, R(,t0)d*(x). d(z) denotes the distance at time o, from  to some

fixed point xy. We will consider two cases:

1. R=

In the case the asymptotic scalar curvature ratio is infinite and therefore by stan-
dard argument we can find a sequence of points x; and radii 7, > 0, such that
ﬁ — 0, R(zg)r? — oo and R(z) < 2R(x)) whenever x € B(xy,ri). Let g
be a fixed point. Following Gromov’s argument, by taking a subsequence, we may
assume that the angle between geodesics zoxy and xgxg1 at xg is very small for
every k (that it tends to zero as k — o0) and that d(xg, k1) > d(zg, 21). We
have the triangles Ay in M with vertices xg, x and z;4+1. Topogonov’s comparison
theorem gives us the existence of triangles A, C R™ (since Rm > 0), whose sides
have the same lengths as the lengths of the sides of corresponding triangles A\.
Denote the corresponding vertices of triangles Ay by 2o, 2k, zk41. Topogonov’s
comparison theorem tells us that the angle at zg, between geodesics zpzx and zpzg+1
is smaller than the corresponding angle of the triangle Ay at vertex xg. The cosine
theorem applied to a triangle A, C R™ gives us that the angle at z; tends to =
as k — oo. Applying Topogonov’s theorem once again to triangles A, and A; we
get (since the corresponding angle of Ay at xj, is bigger than the angle of Ay at
2z ) that the angle of A\ at x; tends to m as k — oo. That is how we get a line in
a limiting process, when we take a blow-up limit of g;;(t) at (xx,to) with factors
R(zy). Since as a limit we get a smooth non-flat ancient solution, satisfying the
assumptions at the beginning of this section, which splits off a line, we can do a

dimension reduction as in Hamilton’s survey paper [1].

2. R< o

In this case R(z) < ﬁ7 for some constant c. Again by a standard argument
we can get a sequence of points x;y € M and sequence of radii g, such that
R(z) < 2R(z — k) whenever x € B(xy, 1)), at time t = to . Let dj, = disty, (2o, x)-
Consider gi(t) = ég(tdi). We have that R(z) < 2R(z;) = d(z)?R(xr) < ¢
for all k. Tt follows from Gromov’s compactness theorem [2] that the sequence of
pointed rescaled manifolds (B(zy, 2—2, Tk, gk ), has a subsequence that converges in

the pointed Gromov-Hausdorff topology to a length space, (M, Z, goo)-
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Claim 23. M, is a metric cone.

Proof. Take a ball B(Z,r) C M. We work at time t = t. Then:

VolB(z, ) — lim Vol, B(x, 1)
rn k—o0 rn
. Vol,B(zy,rdy)
= lim —¢ TR
R K

We get that VolB(z,r) = v(g)r™ for all r, with the curvature operator nonnegative.
Cheeger and Colding proved in [3] that this fact implies M, is a metric cone with
metric dr? +r2h. Metric cone is a warped product with function f(r) = r, so from
the formulas for the curvature of warped product we can get that the sectional
curvature will be zero in any plane containing the radial direction. Furthermore,
Hamilton showed in [5] that we can write the evolution equation of a curvature

operator in the following form

d
=AM
d +Q

where @ = Q(M) is a quadratic term which has the property that Q(M) > 0 for
all M > 0. In the plane where M vanishes ( in the case of a metric cone such a
plane always exists), 0 = AM + Q. Since M > 0, Q > 0 and AM > 0 where it
vanishes, we get that AM = 0 and @ = 0. In [5] Hamilton proved that the null
space of M is invariant under parallel translation, so we get that AM =0 on M.
Therefore M = 0, i.e. our metric cone would be a flat one which is ruled out by

our assumption of non-flat solutions.

O

O

Corollary 11.2. For every € > 0 there exists A < oo with the following property. Sup-
pose we have a sequence of (not necessarily complete) solutions (gx):;(t) with nonnegative
curvature operator, defined on My, X [tx, 0], such that for each k, the ball B(xy,ry) at time
t = 0 is compactly contained in My, s R(z,t) < R(zy,0) = Qy, for all (z,t), tx Qi — —o0,

r2Qk — 00 as k — oo. Then VolB(zy, ﬁ) < e(ﬁ)” at t =0, if k is large enough.

Proof. The argument is by contradiction. Assume there exists some ¢ > 0, such that for

all A, — oo there exist ) such that at time ¢t = 0

A
VQk

Ay

Vol B(z, )>e€

)n

57



Take g = ngk(thzl). We have that Ry, < 2 for = € My, ie. the curva-
tures of rescaled metrics are uniformly bounded. The previous inequality becomes
Volg, B(zk, Ax) > €A, This, together with the curvature estimates give us the uniform
lower bound on the injectivity radii of gi at xy, at ¢ = 0. Take a limit of (M, zk, gr)
to get (N,Z,g), by Hamilton’s compactness argument in [6]. § is a non-flat, ancient

solution with nonnegative curvature operator, such that

VolB(z, A
ie. v5(0) > e. It is easy to see that § satisfies k - noncollapsing assumption. If this
assumption were violated for each x > 0, then v(¢) would not be bounded away from
zero as t — —oo, i.e. we could find a sequence t; — —oo such that vg(t;) < % On the

other hand we have that v5(0) > e. This is not possible becuase of the following claim:

Claim 24. v(t) is nonincreasing in t.

Proof. Denote by K the bound on the curvature of g(t). If t > s, we have that d;(p, q) —
ds(p,q) > CVK(t — s). This implies that By(p,r) C Bs(r — CVK(t — s)). Since the
curvature is nonnegative and since %m\/olt = —R, we have that Vol; < Vol and

therefore

Vol; B(p, r) < Vol,Bs(r — CVEK(t — s)) (r= CVEK(t —s))"
rr T (r=CVEK(t—s)" rn

Let r — oo in the above inequality. As a result we get that v(t) < v(s).

O
O

Corollary 11.3. For every w > 0 there exists B = B(w) < 00, C' = C(w) < 00,19 =

70(w), with the following properties.

1. Suppose we have a (not necessarily complete) solution g;;(t) to the Ricci flow,
defined on M X [to,0], so that at time t =0 the metric ball B(xg,70) is compactly
contained in M. Suppoes that at each time t, to < t < 0, the metric g;;(t) has
nonnegative curvature operator and VolB(zg,ro) > wry. Then we have an estimate

R(z,t) < Crg” + B(t — to) ™! whenever disty(z,z0) < 2ro.

2. If, rather than assuming a lower bound on wvolume for all t, we assume it only
fort =0, then the same conclusion holds with —7or3 in place of to, provided that

2
—to > T0T( -

Proof. 1. By scaling assume that rg = 1. Argue by contradiction. Assume that there

exist sequences B;, C; tending to infinity, metrics g;(¢) and points (z;, t;), such that
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diStti (.ﬁi,xo) < i and R(Jﬁi,ti) > Ci +

tfit Arguing as in the proof of pseudolo-
cality theorem in section 10, we can find points (Z;, ;) satisfying distz, (Z;, zg) < %,
Q; = R(z;,t;) > CﬂrtfiBfitO, such that R(z’,t") < 2Q; whenever fz—fAiQi_l <t <t

_1
dist, (', %) < A;Q, 2, where A; tends to infinity, as itocc.

0"

Fix ¢ > 0. Find A as in the corollary 11.2. We want to apply this corollary
to the sequence of solutions gx(t) on My x [t — Alezlfk], at points (7;,;).
M, = By, (i‘k,AkQ;%) are closed balls. Let r;, = min{%,AkQ;%}. In order to
apply corollary 11.2 we will check few things.

° —Angle =—A;, — —ocoast— o0

e Bz, (Z;,7:) C By, (2o, 1), since distg, (zo, Z;) < % Since the curvature is non-
negative, the distances shrink and therefore By, (x,1) C Bo(zo,1). The last
ball is compactly contained in M, so the balls By, (Z;,r;) are compactly con-

tained in M;, since M; are closed sets in M.

e 12Q) — o0 as k — oo.

Now we have that VolB(Zy, ﬁ) < e(ﬁ)" at time ¢;. Choose k big enough

such that & < % + 1. Bishop comparison principle will give us

VolB(zy, § +1) _ VolB(a, 75

A+ = (g

<e

distz, (20, Zx) < % implies that B(zg,1) C B(Z, 5 + 1) at time & and therefore

<
Volg, B(xzg,1) < e(%)”. On the other hand, by the assumption of the corollary
w < Volg, B(zo,1), so we get w < Ce. We can choose arbitrary small € at the

beginning to get a contradiction.

. Let B(w) and C(w) be good for the first part of the corollary. We will show that
B = B(57"w), C = C(5 "w) are good for the second part of the corollary, for an
appropriate m(w) > 0.

Let [7,0] be the maximal time interval where the assumption of the first part of
the corollary still holds with 57w in place of w and with —7 in place of ty. Then
VolB(zg,1) < 57 "w at time ¢ = —7. The first part of the corollary gives us that
R(z,t) <C+ % whenever dist;(z,z9) < 1.

Let ro(t) = Y5 For all t € (—7,0], ro(t) < 1,
whenever dist:(x,z9) < ro(t). Lemma 8.1 from section 8, after intgeration over

so we have our curvature bound

t € (—7,0] will give us the following estimate
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0
: . 2ViTT B 5T
dist_,(z,z9) < dlsto(:c,:co)+2(n—1)/ (g NG (O+t+7)+\/4;
Cr Bt

= disto(x, o) + 2(n — 1)(T + = + 87)

)dt

If disto(x,z9) < § — 10(n — 1)7(C' + B + 8) then dist_,(z,x0) < 1, i.e. the ball
B(zg, 1) at time ¢t = —7 contains the ball B(zo, + — 10(n — 1)7(C + B + 8)) at
time ¢ = 0 and the volume of the former is at least as large as the volume of the
latter.Choose 79 = 79(w) in such a way that the radius of the latter ball is > % It

will follow that

1 1
Vol_,, B(zg,1) > Vol_,, B(xo, i) > Voly B(zo, 5) >5""w

where the last inequality follows from Bishop comparison principle and the assum-
tion that VolgB(xg,1) > w. As a result, we get that Vol_,, > 5 "w, i.e. our
curvature estimate with coeficients B(5 "w) and C'(5 "w) will continue to hold at
time t = 7 as well.

O

From now on we restrict our attention to oriented manifolds of dimension three.

Theorem 11.1. The set of non-compact ancient solutions, satisfying the assumptions
at the beginning of this section is compact modulo scaling. That is, from any sequence of
such solutions and points (xy,0) with R(xy,0) = 1, we can extract a smoothly converging

subsequence and the limit satisfies the same conditions.

Proof. To ensure a converging subsequence, it is enough to show that whenever R(yy,0) —
00, the distances at ¢ = 0 between zj, and y; go to infinity as well. We will argue by a
contradiction.

Define a sequence zj by the requirement that z; is the closest point to xy at ¢t = 0,
satisfying R(z, 0)distd(zy, zx) = 1. Denote by Qr = R(z,0).

Step 24.1. If‘((iog) is uniformly bounded for z € B(zy, 2R(z,0)"2).

Proof. We work at time ¢t = 0. Assume the contraray. Let rp, = R(zk,O)_% and

let Fiy(z) = R(z,0)(4ry — disto(z, 2x). Since supp(., ar,) Fi(2) = supp(, o) Fi(z) >

SUPB (2 ,2rk) 23‘5?0) and since the last term tends to oo by our assumption, we get that

lim sup R(z,0)(4ry — distg(z, zk))2 =00
B(Zk747"k)

By standard argument that can be found for example in [1] we get the sequence of
points z},, such that R(z},0)(4ry, —dist(z}, 21))* — oo as k — oo and R(z,0) < 4R(z},,0).
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Let 47, = 4r — d(z}, zr). Then 7, < r. Since 72Q) — 0o, we can apply corollary
V@i T
e(—A)", for big enough k, where Q}, = R(z},0). Q1 — oo, 7, <) and Qpri =1 =

V@i

1
limyg_ oo oF = 00. Since dist(z, 2;,) < @, first by Bishop comparison theorem we have

11.2 to points z;, to conclude that for every e there exists A such that VolB(z;,

VolB(z,, Q7 + —4)
a

<e

N

3 A
@ + 7

We know that B(z, —=) C B(z,’c,Qé + —A). Since Qr _, 0, for big enough k

Vv Q% \/ Qs Qr
1
4_ < &, so Bishop comparison principle, now applied to balls centered at z; will give

Q%

3

VolB(z1,, Q7 ) < CeQf

for big enough k. Therefore, if we choose €, — 0, we will be able to find z; ( that is
actually a subsequence of our original sequence {z;} that we will call by the same name),
such that

VOIB(ZkaQé) < CekQ;?

1
That means the balls B(zx, Q] ) are collapsing on the scale of their radii, but this is

not possible by our s noncollapsing assumption at the beginning of this section.

O
Step 24.2. R(z,0) is bounded.
Proof. We have differential Harnack inequality in the following form
1 . -1
— dist —
In R($k,n)_1 Z In CQk _ 1S (xkazka _lek ) (72)
R(zka _CQk ) n 2(77 + CQ}c )

for chlzl < mn < 0. For each fixed k let n — 0. We have that ln% — 00 as

1n — 0. By step 24.1 we have a curvature bound in terms of @} and therefore

d(w, 21, 0) > d(xk, 21, —cQy ") — Ce/QrQy

Since d(xg, zk,0) < Q;%, this will give us that —d?(xy, 2y, chk_,l) > fC'lel. From

equation 72 we get

R(zy,0) > C1 R(zp, —cQy ") (73)

Furthermore,
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R(Zka _Clel) = R(Zka O) - thlel

R, can be bounded of order R(z,0)2, due to X. Shi (see [1]) so that we have R(zj, —cQ; ") >

R(zx,0) — cCR(z,0). By choosing ¢ small we can assume that 1 —cC' < 1, so that we

have

R(zk, —cQ; ") > CR(2,0) (74)
From equations 73 and 74 we have that 1 = R(z,0) > CR(21,0). So, R(zy,0) are

uniformly bounded.
O

Step 24.3. If yx is a sequence such that R(yx,0) — oo, then disto(xg,yr) — o0 as

k — oo.

Proof. Assume the contrarary, that R(yg,0) — oo, but that disto(zg,yr) < r for all
k. If y, € B(zk,2Q;%), by steps 24.1 and 24.2 we would have that R(yx,0) < C
which contradicts our assumption that R(yx,0) is unbounded. Therefore d(yx,zx) >
2Q;%, which implies that d(zk,yr) > Q;% > C, again by step 24.2. That means
R(yg,0)d?(xy, yr) — oo as k — oo. By a standard argument, we can now find a sequence
of points y}, and a sequence of radii 7, such that R(y},,0)rj> — oo and R(y,0) < 2R(y},,0)
in the ball B(y,,,r},), where yj are still at the bounded distance from zj,. We can now
apply corollary 11.2 to our sequencey; and similarly as in the proof of step 24.1, using
Bishop comparison principle, we can get that the balls B(xy,¢) are collapsing and that
is a contradiction.

O

To finish the proof of the theorem 11.1 we have to show that the limit has bounded
curvature at ¢ = 0. If this were not the case, then we could find a sequence y; going
to infinity, such that R(y;,0) — oo and R(y,0) < 2R(y;,0) for y € B(y;, A;R(y;,0)2),
where A; — oco. Then the limit of scalings at (y;,0) with factors R(y;,0) satisfies the
assumptions at the beginning of this section and splits off a line (by a similar argument
as in proposition 11.2). Thus, it must be a round infinite cylinder.

Let R; = R(yi,())*%. We have that R, — 0 as i — oco. We want to rule out the
existence of long cylinder-like annuli A; = By, +100(yi)\Bgr,-100(y:). Let 7; be a geodesic
ray from y; to infinity that goes through A;. Let B;(x) = lim;—, oo (t — d(z,v;(t)). This
is a Lipschitz function with [VB;| < 1 and AB; > 0. Let ¢; be a cut-off function such
that ¢;(t) = 1 for x € [Ry + 1, R;] and ¢;(t) = 0 for ¢ outside [Ry, R; + 1]. Now

o
IN

/ 6:(B;)AB; = — / 6(B) |V Bil? (75)
Vol(Br,+1(yi)\Br, (yi) — Vol(Br, +1(y:)\Br, (v:)) (76)

IN
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where we used the fact that ¢; = —1 whenever t € (R, R1+1) ort € (R;, R;+1) and
the fact that |[VB;|? = 1 almost everywhere. & noncollapsing assumption and Bishop-
Gromov volume comparison principle give us that Vol(Bgr,+1(v:)\Br, (¥:)) > C(R1),
where C(R;) is a constant depending on Ry. If R; — 0 as ¢ — oo, the inequality 75

becomes impossible when we let i — oo.
O
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