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1 Introduction

These are notes on Perelman’s paper ‘The entropy formula for the Ricci flow and its

geometric applications’. The goal of this notes is to give more details to some theorems

and arguments that appear in Perelman’s paper. So far most of the sections 1-11 of [12]

is covered in our notes.

2 The functional F and its monotonicity

On a closed manifold M consider the following functional in a metric g and a smooth

function f on M

F(g, f) =
∫

M

(
R + |∇f |2

)
e−fdV. (1)

We compute its variation

δF(v, h) =
∫

M

[
−〈v,Ric 〉+ δ2v −∆tr v + 2∇f · ∇h− 〈v, df ⊗ df〉+

(
tr v

2
− h

)(
R + |∇f |2

)]
e−fdV.

Integrating by parts gives∫
M

δ2ve−fdV =
∫

M

〈de−f , δv〉dV

=
∫

M

〈D2e−f , v〉dV

=
∫

M

〈−D2f + df ⊗ df, v〉efdV.

Therefore

δF(v, h) =
∫

M

[
−〈v,Ric + D2f〉+

(
tr v

2
− h

)(
2∆f − |∇f |2 + R

)]
e−fdV. (2)

If we fix a measure dm = e−fdV we get a functional Fm(g) as f is determined by g.

Its variation follows from (2) by taking h = tr v/2

δFm(v) =
∫

M

−〈v,Ric + D2f〉dm. (3)
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This leads to the consideration of the gradient flow

∂g

∂t
= −2

(
Ric + D2f

)
. (4)

As ∂f
∂t = tr ∂g

∂t /2, f evolves according to the following backward heat equation

∂f

∂t
= −R−∆f. (5)

Therefore if g and f evolve according to (4) and (5), we have

d

dt
F(g(t), f(t)) = 2

∫
M

|Ric + D2f |2e−fdV. (6)

This flow (4) is equivalent to the Ricci flow. To see this let φt be the flow generated by

the time-dependent vector field ∇f . Let g(t) = φ∗t g(t) and f = f ◦ φt. Then

∂g

∂t
= φ∗t

(
∂g

∂t
+ L∇fg

)
= φ∗t

(
−2Ric (g)− 2D2f + 2D2f

)
= −2Ric (g),

and

∂f

∂t
=

∂f

∂t
◦ φt + 〈∇f, φ̇t〉 ◦ φt

= −R ◦ φt −∆f ◦ φt + |∇f |2 ◦ φt

= −R−∆f + |df |2g,

where R and ∆ are the scalar curvature and Laplacian of g, respectively. On the other

hand F is obviously invariant under diffeomorphisms, so F(g, f) = F(g, f).

In summary, we have proved

Theorem 2.1. If g and f evolve according to the flow

∂g

∂t
= −2Ric (7)

∂f

∂t
= −R−∆f + |∇f |2 (8)

we have the identity

d

dt
F(g(t), f(t)) = 2

∫
M

|Ric + D2f |2e−fdV. (9)

In particular F(g(t), f(t)) is nondecreasing and the monotonicity is strict unless Ric +

D2f = 0.

Remark 1. Under the flow (7) and (8), the integral
∫

M
e−fdV stays constant.
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Define

λ(g) = inf {F(g, f)|
∫

M

e−fdV = 1} (10)

Let u = e−f/2, then we get the equivalent definition

λ(g) = inf {
∫

M

(
4|∇u|2 + Ru2

)
dV |

∫
M

u2dV = 1}. (11)

i. e. λ(g) = λ1(−4∆ + R), the first eigenvalue of the operator −4∆ + R.

It is obvious that there is a unique minimizer f in (10) which satisfies the equation

2∆f − |∇f |2 + R = λ. (12)

Proposition 2.1. λ(g) has the following properties:

1. λ(φ∗g) = λ(g) for any diffeomorphism φ,

2. λ(g(t)) is non-decreasing under the Ricci flow. Moreover the monotonicity is strict

unless Ric + D2f = 0 for f which achieves λ(g).

Proof. The first property is obvious. We prove the second one. For any t0, let f0 be a

minimizer in the definition of λ(g(t0)). We then solve (8) backward with initial value f0

at t0. Then by Theorem (2.1), F(g(t), f(t)) is nondecreasing. Hence we have for t < t0

λ(g(t)) ≤ F(g(t), f(t)) ≤ F(g(t0), f(t0)) = λ(g(t0)).

Let λ(g) = λ(g)V (g)2/n. It has the important property that λ(g) = λ(αφ∗g) for any

constant α > 0 and any diffeomorphism φ.

Proposition 2.2. λ(g) is nondecreasing along the Ricci flow whenever it is nonpositive.

Moreover the monotonicity is strict unless we are on a gradient soliton.

Proof. We compute the derivative (understood in the barrier sense)

dλ(t)
dt

≥ 2V 2/n

∫
M

|Ric + D2f |2dV − 2
n

V (2−n)/nλ

∫
M

RdV,

where f is the minimizer for F .∫
M

RdV

V
= F(log V ) ≥ λ =

∫
M

(
R + |∇f |2

)
e−fdV =

∫
M

(R + ∆f) e−fdV.

Therefore, if λ ≤ 0, we have

dλ(t)
dt

≥ 2V 2/n

[∫
M

|Ric + D2f |2e−fdV − 1
n

(∫
M

(R + ∆f) e−fdV

)2
]

= 2V 2/n

∫
M

|Ric + D2f − 1
n

(R + ∆f) g|2dV

+
2
n

V 2/n

(∫
M

(R + ∆f)2 e−fdV −
(∫

M

(R + ∆f) e−fdV

)2
)

≥ 0.
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Definition 2.1. A solution g(t) to the Ricci flow is called a breather if for some t1 < t2

we have g(t2) = αφ∗g(t1) for some constant α and diffeomorphism φ. The cases α =

1, α > 1 and α < 1 correspond to steady, expanding and shrinking breathers, respectively.

As an application, we can rule out the existence of steady and expanding breathers

other than gradient solitons. The steady case is easy. If g(t2) = φ∗g(t1) then λ(g(t2)) =

λ(g(t1)). By the monotonicity of λ, we have Ric + D2f = 0. Thus a steady breather is

necessarily a steady soliton.

For an expanding breather with g(t2) = αφ∗g(t1), where α > 1, we have λ(g(t2)) =

λ(g(t1)). Since α > 1, V (t2) > V (t1). Hence for some t0 ∈ (t1, t2), V ′(t0) = −
∫

M
RdV >

0. Then λ(g(t0) ≤ V (2−n)/n
∫

M
RdV < 0. By the monotonicity for λ (Proposition 2.2),

it easily follows that λ(g(t)) = constant on [t1, t2]. Then we must have

Ric + D2f − 1
n

(R + ∆f)g = 0 (13)

R + ∆f = C. (14)

Combined with (12), these equations imply that f is a constant and g is Einstein.

The case of shrinking breathers will be addressed in the next section.

3 The functional W

To generalize F consider the functional

W(g, f, τ) =
∫

M

[
τ
(
|∇f |2 + R

)
+ f − n

]
(4πτ)−n/2

e−fdV (15)

= (4πτ)−n/2
τF(g, f) + (4πτ)−n/2

∫
M

(f − n) e−fdV, (16)

where τ > 0 is the scale parameter. It is easy to see that for any positive number C and

any diffeomorphism φ

W(Cφ∗g, φ∗f, Cτ) = W(g, f, τ). (17)

We first fix τ . Using the variation formula for F , it is easy to get the variation of W

δW(v, h) =∫
M

[
−τ〈v,Ric + D2f − 1

2τ
g〉+

(
tr v

2
− h

)(
τ
(
2∆f − |∇f |2 + R

)
+ f − n− 1

)]
(4πτ)−n/2

e−fdV.

(18)

If we fix the measure dm = e−fdV we get a functional in g whose L2−gradient is

Ric + D2f − 1
2τ g. This leads to the following evolution equations

∂g

∂t
= −2

(
Ric + D2f − 1

2τ
g

)
(19)

∂f

∂t
= −R−∆f +

n

2τ
(20)
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let φt be the flow generated by the time-dependent vector field ∇f . Let g(t) = φ∗t g(t)

and f = f ◦ φt. Then by a computation we did before

∂g

∂t
= −2Ric (g) +

1
τ

g,

∂f

∂t
= −R−∆f + |df |2g +

n

2τ
.

Let g̃(s) = C(s)g(t(s)) and f̃(s) = f(t(s)).

∂g̃

∂s
= C ′(s)g + C(s)t′(s)

∂g

∂t

= C ′(s)g + C(s)t′(s)
(
−2Ric (g) +

1
τ

g

)
= −2C(s)t′(s)Ric (g̃) + (C ′(s) + C(s)t′(s)/τ) g.

We want C(s)t′(s) = 1 and C ′(s) = −1/τ . The solutions are C(s) = 1 − s/τ and

t(s) = −τ log (1− s/τ). With such choice we have

∂g̃

∂s
= −2Ric (g̃)

∂f̃

∂s
= −R̃− ∆̃f̃ + |df̃ |2g̃ +

n

2τC(s)
.

Denote τ̃ = τC(s) = τ − s. By (17) we have

W(g(t), f(t), τ) = W(g̃(s), f̃(s), τ̃(s)). (21)

In summary we have proved

Theorem 3.1. If g, f and τ evolve according to the flow

∂g

∂t
= −2Ric (22)

∂f

∂t
= −R−∆f + |∇f |2 +

n

2τ
(23)

τ̇ = −1 (24)

we have the identity

d

dt
W(g(t), f(t), τ(t)) = 2τ

∫
M

|Ric + D2f − 1
2τ

g|2 (4πτ)−n/2
e−fdV. (25)

In particular W(g(t), f(t), τ(t)) is nondecreasing and the monotonicity is strict unless

Ric + D2f − 1
2τ g = 0.

We next consider the following minimization problem

µ(g, τ) = inf {W(g, f, τ)|
∫

M

(4πτ)−n/2
e−fdV = 1}. (26)
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To show the existence of a minimizer, we let u = e−f/2 and minimize

W(u) =
∫

M

[
τ
(
4|∇u|2 + Ru2

)
− u2 log u2 − nu2

]
(4πτ)−n/2

dV (27)

under the constraint ∫
M

u2 (4πτ)−n/2
dV = 1. (28)

We show that this problem has a positive minimizer.

Since log is concave and u2 (4πτ)−n/2
dV is a probability measure, we have by Jensen’s

inequality and Sobelev inequality∫
M

u2 log u2 (4πτ)−n/2
dV =

n− 2
2

∫
M

u2 log u4/(n−2) (4πτ)−n/2
dV

≤ n− 2
2

log
∫

M

u2n/(n−2) (4πτ)−n/2
dV

≤ n− 2
2

log
(

C

∫
M

(
|∇u|2 + u2

)
dV

)(n−2)/n

(4πτ)−n/2

=
n

2
log C

∫
M

τ
(
|∇u|2 + u2

)
(4πτ)−n/2

dV.

This inequality shows that if {ui} is a minimizing sequence for W, then

τ

∫
M

|∇ui|2 (4πτ)−n/2
dV ≤ C. (29)

Being bounded in H1(M), it has a subsequence which converges to some ū weakly in

H1(M) and strongly in L2(M). It then follows that ū satisfies the constraint and achieves

the infimum of W. We can also assume that ū ≥ 0 (otherwise replace it by its absolute

value). It satisfies the Euler-Lagrange equation

τ (−4∆u + Ru)− 2u log u− nu = µ(g, τ)u. (30)

Elliptic Lp theory implies ū ∈ C1,α. To get further regularity and to return to f =

−2 log u it is crucial to prove ū is positive. This is done in Rothaus [13]. So we can

conclude that ū is positive and smooth and achieves infW among all functions u satis-

fying the constraint (28). Therefore µ(g, τ) is well-defined and is achieved by a smooth

minimizer f̄ = −2 log ū. By Theorem 3.1 we have

Proposition 3.1. µ(g(t), τ − t) is nondecreasing along the Ricci flow g(t).

The proof uses the same argument in the proof of Proposition 2.1.

Proposition 3.2. µ(g, τ) is negative for small τ > 0 and tends to zero as τ → 0.

Proof. Assume τ̄ > 0 is so small that the Ricci flow for g exists on [0, τ̄ ]. Let τ0 = τ̄ − ε

with ε > 0 small. Pick p ∈ M . We use normal coordinates about p on (M, g(τ0)) to

define

f1 =


|x|2
4ε d(x, x0) < ρ0,

ρ2
0

4ε elsewhere
(31)
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where ρ0 > 0 is smaller than the injectivity radius. Note dV =
(
1 + O(|x|2

)
near p. We

compute∫
M

(4πε)−n/2
e−f1dV =

∫
|x|≤ρ0

(4πε)−n/2
e−|x|

2/4ε
(
1 + O(|x|2)

)
dx + O(ε−n/2e−ρ2

0/4ε)

=
∫
|y|≤ρ0/

√
ε

(4π)−n/2
e−|y|

2/4
(
1 + O(ε|y|2)

)
dy + O(ε−n/2e−ρ2

0/4ε)

The second term goes to zero as ε → 0 while the first term converges to∫
Rn

(4π)−n/2
e−|y|

2/4dy = 1.

If we write the integral as e−C , then C → 0 as ε → 0. And f = f1 + C then satisfies the

constraint.

We solve the equation (23) backward with initial value f at τ0.

W(g(τ0), f(τ0), τ̄ − τ0)

=
∫
|x|≤ρ0

[
ε

(
|x|2

4ε2
+ R

)
+
|x|2

4ε
+ C − n

]
(4πε)−n/2

e−|x|
2/4ε−C

(
1 + O(|x|2)

)
dx∫

M−B(p,ρ0)

(
ρ2

o

4ε
+ εR + C − n

)
(4πε)−n/2

e−ρ2
0/4ε−C

= I + II,

where I = e−C
∫
|x|≤ρ0

(
|x|2
2ε − n

)
(4πε)−n/2

e−|x|
2/4ε

(
1 + O(|x|2)

)
dx and II contains all

the remaining terms. It is obvious that II → 0 as ε → 0 while

I = e−C

∫
|y|≤ρ0/

√
ε

(
|y|2

2
− n

)
(2π)−n/2

e−|y|
2/4
(
1 + O(ε|y|2)

)
dy

→
∫

Rn

(
|y|2

2
− n

)
(2π)−n/2

e−|y|
2/4dy = 0

Therefore W(g(τ0), f(τ0), τ̄ − τ0) → 0 as τ0 → τ̄ . By the monotonicity (Theorem 3.1),

µ(g(t), τ̄ − t) ≤ W(g(t), f(t), τ̄ − t) ≤ W(g(τ0), f(τ0), τ̄ − τ0) for any t ≤ τ0. Let τ0 → τ̄ ,

we get µ(g(t), τ̄ − t) ≤ 0 for any t ≤ τ̄ .

We next prove by contradiction that limτ→0 µ(g, τ) = 0. Suppose there is a sequence

τk → 0 such that µk = µ(g, τk) ≤ −ε < 0. Let uk > 0 be a minimizer for µ(g, τk) and it

satisfies

τk (−4∆uk + Ruk)− 2uk log uk − nuk = µkuk. (32)

By the maximum principle, max uk ≥ C > 0. Suppose uk achieves it maximum at pk.

We choose normal coordinates {x} about pk and let ρ0 > 0 be smaller than the injectivity

radius. Note in normal coordinates gij(x) = δij + O(|x|2). Define

aij(y) = gij(
√

2τky)

ūk(y) = uk(
√

2τky)
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with y ∈ B(0, ρ0/
√

2τk) ⊂ Rn. By (32), ūk satisfies the following equation on B(0, ρ0/
√

2τk).

− 2√
A

∂

∂yi

(√
Aaij ∂ūk

∂yj

)
− 2ūk log ūk = (µk −Rτk + n)ūk, (33)

where
(
aij
)

= (aij)
−1 and A = det (aij). We need some estimate on the sequence ūk.

1 =
∫

M

u2
k (4πτk)−n/2

dV

≥
∫
|x|≤ρ0

u2
k (4πτk)−n/2

√
det (gij(x))dx

=
∫
|y|≤ρ0/

√
2τk

ū2
k (2π)−n/2

√
det (aij(y))dy

≥ C

∫
B(0,ρ0/

√
2τk)

ū2
kdy.

This shows that the sequence ūk is bounded in L2. By the proof of the existence of a

minimizer and (29), there is a constant B such that

τk

∫
M

|∇uk|2 (4πτk)−n/2
dV ≤ B. (34)

Hence

B ≥τk

∫
B(pk,ρ0)

|∇uk|2 (4πτk)−n/2
dV

=
∫
|y|≤ρ0/

√
2τk

aij ∂ūk

∂yi

∂ūk

∂yj
(2π)−n/2

√
det (aij(y))dy

≥C1

∫
B(0,ρ0/

√
2τk)

|∇ūk|2dy.

Therefore {ūk} is bounded in H1(Rn). By elliptic Lp theory applied to (33), {ūk} is

bounded in C1,α
loc . Therefore we can take a convergent subsequence ūk → ū. The limit ū

satisfies the equation

−2∆ū− 2ū log ū = (µ + n)ū, (35)

where µ = limk→∞ µk is negative by our assumption. As ūk(0) ≥ C > 0, we have

ū(0) > 0 and hence it is not identically zero. Moreover ū ∈ H1(Rn) and∫
Rn

ū2 (2π)−n/2
dy ≤ 1.

From this and (35) one can easily show that∫
Rn

(
2|∇ū|2 − 2ū2 log ū− nū2

)
(2π)−n/2 = µ

∫
Rn

ū2 < 0. (36)

Let ū = φe−|x|
2/4 and dm = e−|x|

2/2 (2π)−n/2
dx (the Gaussian measure on Rn). Then

we have ∫
Rn

φ2dm ≤ 1 (37)
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and, by a little computation from (36)∫
Rn

(
|∇φ|2 − φ2 log φ

)
dm < 0. (38)

This is impossible in view of the Logarithmic Sobolev inequality (see Gross[4])∫
Rn

φ2 log φdm ≤
∫

Rn

|∇φ|2dm +
∫

Rn

φ2dm log
(∫

Rn

φ2dm

)1/2

. (39)

If λ(g) = λ1(−4∆ + R) > 0, then limτ→∞ µ(g, τ) = +∞ and therefore

ν(g) = inf τ>0µ(g, τ). (40)

Moreover by Proposition 3.2 the inf is achieved by some τ̄ > 0. A crucial property of

ν(g), which follows from (17), is that it is invariant under scaling and diffeomorphism.

If g(t) is a solution to the Ricci flow such that λ(g(t)) > 0 then ν(g(t)) is nondecreasing

along the flow. This just follows from the corresponding monotonicity of µ.

We now can rule out the existence of shrinking breathers other than gradient solitons.

Suppose g(t) is a solution to the Ricci flow and there exist t1 < t2 such that g(t2) =

αφ∗g(t1) for some α > 1 and some diffeomorphism φ. If λ1(−4∆ + R) ≤ 0 for some

t0 ∈ [t1, t2], then we can employ the monotonicity of λ in the same way as we handled

the expanding breathers to show that g(t) must be a gradient soliton. So we assume

λ(g(t)) > 0 for all t ∈ [t1, t2]. Then we have ν(g(t)) which is nondecreasing on [t1, t2].

On the other hand, we have ν(g(t2)) = ν(g(t1)) because ν is invariant under scaling and

diffeomorphism. Therefore ν(g(t)) is constant and g(t) is a gradient soliton.

4 non-collapsing theorem I

Definition 4.1. Let g(t) be a solution to the Ricci flow on [0, T ). We say g(t) is

locally collapsing at T if ∃tk → T and Bk = B(pk, rk) at tk such that r2
k/tk is bounded,

|Rm |(g(tk) ≤ Cr−2
k in Bk and r−n

k VolBk → 0.

Theorem 4.1. If M is closed and T < ∞, then g(t) is not locally collapsing at T .

Proof. Suppose it is locally collapsing at T , then we have a sequence tk → T and and

Bk as described in the definition.

We again work with u = e−f/2. It is proved previously that µ(g, τ) is the infimum of

W(u) =
∫

M

[
τ
(
4|∇u|2 + Ru2

)
− u2 log u2 − nu2

]
(4πτ)−n/2

dV (41)

under the constraint ∫
M

u2 (4πτ)−n/2
dV = 1. (42)
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Let τ = r2
k. Define

uk = eCkφ(r−1
k d(x, pk)) (43)

at tk, where φ is a smooth function on R, equal 1 on [0, 1/2], decreasing on [1/2, 1] and

equal 0 on [1,∞). Ck is a constant to make u satisfy the constraint (42) i. e.

(4π)n/2 =e2Ckr−n
k

∫
B(pk,rk)

φ(r−1
k d(x, pk))2dV

≤e2Ckr−n
k VolBk.

Since r−n
k VolBk → 0, this shows that Ck → +∞. We compute

W(uk) = (4π)−n/2
r−n
k e2Ck

∫
B(pk,rk)

(
4|φ′(r−1

k d(x, pk))|2 − 2φ2 log φ
)
dV

+ r2
k

∫
B(pk,rk)

Ru2 (4π)−n/2
r−n
k dV − n− 2Ck

≤ (4π)−n/2
r−n
k e2Ck

∫
B(pk,rk)

(
4|φ′|2 − 2φ2 log φ

)
dV

+ r2
kmax Bk

R− n− 2Ck.

Let V (r) = Vol B(pk, r). As Ric ≥ −(n − 1)C2r−2
k in Bk, we compare with the space

H−C2r−2
k

of constant sectional curvature. Let V̄ (r) be the corresponding volume in

H−Cr−1
k

. It is easy to see that V̄ (rk)/V̄ (rk/2) is bounded above by a constant C ′. By

Bishop comparison theorem, V (rk)/V (rk/2) ≤ V̄ (rk)/V̄ (rk/2) ≤ C ′. Hence V (rk) −
V (rk/2) ≤ C ′V (rk/2). Therefore∫

B(pk,rk)

(
4|φ′|2 − 2φ2 log φ

)
dV ≤C (V (V (rk)− V (rk/2))

≤CV (rk/2)

≤C

∫
Bk

φ2dV.

Plugging into the previous estimate for W and using the constraint (42), we get

W(uk) ≤ C ′′ − 2Ck. (44)

Since Ck → +∞ and µ(g(tk), r2
k) ≤ W(g(tk), uk, r2

k), we conclude that µ(g(tk), r2
k) →

−∞. By the monotonicity µ(g(0), tk + r2
k) ≤ µ(g(tk), r2

k) and hence µ(g(0), tk + r2
k) →

−∞. This is impossible for tk + r2
k is bounded.

Remark 2. In the proof we only use a lower bound for Ric and an upper bound for R

in Bk.

Corollary 4.1. Let g(t), t ∈ [0, T ) be a solution to the Ricci flow on a closed manifold

M,T < ∞. Assume that for some sequence tk → T, pk ∈ M and some constant C

we have Qk = |Rm|(pk, tk) → ∞ and |Rm|(x, t) ≤ CQk, whenever t < tk. Then

(a subsequence of) the scalings of g(tk) at pk with factors Qk converges to a complete

ancient solution to the Ricci flow, which is κ-noncollapsed on all scales for some κ > 0
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Proof. Let g̃k(s) = Qkg(tk + s/Qk). This is a solution to the Ricci flow on (−tkQk, 0]

with bounded curvature.

Let rk = 1/
√

Qk, then |Rm|(g(tk)) ≤ Cr−2
k and r2

k/tk is obviously bounded. By the

non-collapsing theorem, there exists κ > 0 such that (passing to a subsequence)

Vol g̃k(0)(B(pk, 1)) =
Vol g(tk)(B(pk, rk))

rn
k

≥ κ.

As |Rm|(g̃k(0)) ≤ C, we conclude that inj pk
g̃k(0) has a positive lower bound by Cheeger’s

estimate on injectivity radius. The convergence then follows from Hamilton’s compact-

ness theorem.

5 Arguments for section 6

We can interpret the formal expressions arising in the study of a Ricci flow as the natural

geometrric quantities for a certain Riemannian manifold of potentially infinite dimension.

Bishop-Gromov comparison theorem can be interpreted as another monotonicity formula

for the Ricci flow.

Consider the Ricci flow

d

dt
gij = −2Rij

and let

Pijk = DiRjk −DjRik

Mij = ∆Rij −
1
2
DiDjR + 2RijklRkl −RikRjk

Harnack quadratic for g(t) on M , introduced by Richard Hamilton is

Z = (Mab +
1
2t

Rab)WaWb + 2PabcUabWc + RabcdUabUcd

where Uab is any 2 form and Wa is any 1 form. It is found by the fact that it vanishes

identically on a homothetically expanding soliton DaVb +DbVa = 2Rab + 1
t gab, where Va

is a vector field.

Look at the manifold M̃ = M × SN ×R+ with the following metric:

g̃ij = gij

g̃αβ = τgαβ

g̃00 =
N

2τ
+ R

g̃iα = g̃i0 = g̃α0 = 0

11



where i, j are coordinate indices on M , α, β are coordinate indices on SN and τ is a

coordinate indice on R+. We will consider backward Ricci flow (gij)τ = 2Rij .The metric

Gαβ on SN is a metric with constant sectional curvature 1
2N .

Theorem 5.1. Components of the curvature tensor of this metric coincide (mod N−1)

with the components of the matrix Harnack expression.

Proof. Fix a point (p, g, t) ∈ M × SN × R+. Choose normal coordinates around p ∈ M

such that Γk
ij(p) = 0 ∀i j k. The list of the Christoffel symbols of our metric g̃ is:

Γ̃k
αβ = 0

Γ̃k
iβ = 0

Γ̃k
iτ = gksRis

Γ̃τ
αβ = −1

2
gττgαβ

Γ̃k
ατ = 0

Γ̃τ
ij = −gττRij

Γ̃τ
iβ = 0

Γ̃τ
ττ =

1
2
gττ (− N

2τ2
+ Rτ )

Γ̃τ
ατ = 0

Γ̃l
ττ = −1

2
gls ∂R

∂xs

Γ̃τ
iτ =

1
2
gττ ∂R

∂xi

Γ̃γ
ττ = 0

Γ̃γ
ατ =

1
2τ

gγδgαδ

Compute R̃ijkl:

R̃ijkl = g̃ksR̃
s
ijl

R̃s
ijl =

∂

∂xi
Γs

jl −
∂

∂xj
Γs

il + Γ̃s
ipΓ̃

p
jl − Γ̃s

jpΓ̃
p
il

R̃s
ijl = Rs

ijl + Γ̃s
iτ Γ̃τ

jl − Γ̃s
jτ Γ̃τ

il

R̃ijkl = Rijkl − gksg
srRirg

ττRjl + gksg
srRjrg

ττRil

R̃ijkl = Rijkl + O(
1
N

)

since gττ is of order 1
N and we see that R̃ijkl correspond to the third coefficient in the

Harnack quadratic.
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Compute R̃iτ jτ :

R̃iτjτ = g̃jsR̃
s
iττ

R̃s
iττ =

∂

∂xi
Γ̃s

ττ −
∂

∂τ
Γ̃s

iτ + Γ̃s
iτ Γ̃τ

ττ − Γ̃s
τlΓ̃

l
iτ − Γ̃s

ττ Γ̃τ
iτ

R̃s
iττ = −1

2
∂

∂xi
gsr ∂

∂xr
R− 1

2
gsr ∂2

∂xi∂xr
R− gsr(Rir)τ + 2gspgrqRpqRir +

+ gslRil
1
2
gττ (− N

2τ2
+ Rτ )− gsrRlrg

lpRip +
1
2
gsr ∂

∂xr
R

gττ

2
∂

∂xi
R

R̃iτjτ = −1
2
gjs ∂

∂xi
gsr ∂

∂xr
R− 1

2
gjsgsr ∂2

∂xi∂xr
R− ∂

∂τ
Rij + 2grqRjqRir −

1
2τ

Rij − glpRljRip + O(
1
N

)

We have the evolution equation for Rij :

d

dτ
Rij = −∆Rij − 2RipjqRpq + 2RpiRpj

Using that we get the following expression for R̃iτjτ :

R̃iτjτ = (∆Rij −
1
2
DiDjR + 2RipjqRpq −RpiRpj)−

1
2τ

Rij + O(
1
N

)

Finally we get:

R̃iτjτ = Mij −
1
2τ

Rij + O(
1
N

)

.

which correspond to the first coefficient in Harnack quadratic Z.

Compute R̃ijτk:

R̃ijτk = g̃ττ R̃τ
ijk

R̃τ
ijk =

∂

∂xi
Γ̃τ

jk −
∂

∂xj
Γ̃τ

ik + Γ̃τ
iτ Γ̃τ

jk − Γ̃τ
jτ Γ̃τ

ik

R̃ijτk =
∂

∂xj
Rik −

∂

∂xi
Rjk + O(

1
N

)

Finally we get:

R̃ijτk = −Pijk + O(
1
N

)

R̃ijkτ = Pijk + O(
1
N

)

which corresponds to the second coefficient in Harnack quadratic Z.

Theorem 5.2. All components of the Ricci tensor of g̃ are 0 (mod N−1).
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Proof. The proof of the theorem is just routine computation, using the formulas for the

curvature and computed Christoffel symbols. For the convenience of a reader we will

compute R̃ij .

R̃ij = g̃abR̃iajb = gklR̃ijkl + gαβR̃iαjβ + g̃ττ R̃iτjτ

R̃ij = gklRijkl + gαβR̃iαjβ + O(
1
N

)

Easy computation will give us

R̃iαjβ = −1
2
gjsg

srRirgαβgττ

From here we immediatelly see that R̃iαjβ = O( 1
N ) and

g̃αβR̃iαjβ = −1
2
g̃αβgjsg

srRirgαβgττ

= − 1
2τ

gαβgαβRijg
ττ = −N

2τ
Rijg

ττ

= −Rij + O(
1
N

)

Finally, we get:

R̃ij = O(
1
N

)

One more thing that we can notice is that the heat equation and the conjugate heat

equation( conjugate heat operator is �∗ = − ∂
∂t −∆ + R) can be interpreted via Laplace

equations on M̃ .

Theorem 5.3.

(a) If u satisfies the heat equation on M then ũ satisfies ∆̃ũ = 0 (mod N−1), where ũ is

the extension of u to M̃ , constant along the SN fibers.

(b) If u satisfies the conjugate heat equation on M then ũ∗ = τ−
N−1

2 ũ satisfies ∆̃ũ∗ = 0

(mod N−1).

Proof. We will prove only (a), since the proof of (b) is very similar to the proof of (a).

∆̃ũ =
1√
detg̃

∂

∂xa
(g̃ab ∂

∂xb
ũ
√

detg̃)

√
det g̃ =

√
det g

√
N

2τ
+ R

√
det gSN τ

N
2

Since ũ is constant along the SN fibers,we have
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∆̃ũ =
1√

det g̃
(

∂

∂xk
(g̃kl

√
det g̃

∂

∂xl
ũ) +

∂

∂τ
(g̃ττ

√
det g̃

∂

∂τ
ũ))

=
1√

det g̃
[

∂

∂xk
(gkl

√
det gM

∂

∂xl
u)τ

N
2

√
N

2τ
+ R

√
det gN

S +
∂

∂τ
ũg̃ττ N

2
τ

N
2 −1

√
det gM det gS(

N

2τ
+ R) +

+ gkl
√

det gMτ
N
2
√

det gS
∂

∂xl
ũ

∂
∂xk

R

2
√

N
2τ + R

+ g̃ττ
√

det g̃
∂2

∂τ2
ũ +

+
∂

∂τ
ũ
√

det g̃(
− N

2τ2 + Rτ

)
(g̃ττ )2 +

∂

∂τ
ũg̃τττ

N
2

√
det gS(

N

2τ
+ R)

∂

∂τ

√
det gM +

+
∂

∂τ
g̃τττ

N
2
√

det gS det gM

(− N
2τ2 + Rτ )

2
√

N
2τ + R

]

Analyzing term by term we will see that all exepct the first two are mod O( 1
N ), i.e.

∆̃ũ = ∆u +
∂

∂τ
ũ(g̃ττ N

2τ
) + O(

1
N

)

∆̃ũ = ∆u +
∂

∂τ
u + O(N−1)

So if u is a solution of the heat equation, ∆̃ũ = 0 (mod N−1).

6 Interpretation of Bishop-Gromov relative compar-

ison principle

This section is just supposed to be a motivation for another monotonicity formula of

reduced volumes of a Ricci flow and proofs here will not be rigorous. We just want to

give an intuitive picture of what will follow later in a more rigorous setting.

Consider a metric ball in (M̃, g̃) centered at p, where τ = 0. The shortest geodesic

between p and arbitrary q is always orthogonal to SN fibre, since at τ = 0 the metric

of the sphere SN degenerates and it shrinks to a point. Let γ(τ) = (γM (τ), ∗, τ) be a

shortest geodesic between p = (p, s, 0) and q = (q, s1, τ(q)), where s and s1 are points

on the sphere. Length of γ(τ) is:

l(γ(τ)) =
∫ τ(q)

0

√
|γ̇(τ)|2 +

N

2τ
+ Rdτ

where | ˙γM (τ)| is the length of the given vector in the metric g on M . The above

length we can write in the form
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l(γ(τ)) =
∫ τ(q)

0

(1 +
Rτ

N
+
|τ γ̇(τ)|2

N
)

√
N

2τ
dτ + O(N− 3

2 )

l(γ(τ)) =
√

2Nτ(q) +
1√
2N

∫ τ(q)

0

√
τ(R + |γ̇(τ)|2)dτ + O(N− 3

2 )

The shortest geodesic should minimize

L(γ) =
∫ τ(q)

0

√
τ(R + |γ̇M (τ)|2)dτ

Let L(qM ) be the corresponding minimum.

Claim 3. The metric sphere S(
√

2Nτ(q)) ⊂ M̃ , centred at p, in metric g̃ is O(N−1)

close to a hypersurface τ = τ(q).

Proof. Let x ∈ S(
√

2Nτ(q)). The distance between x and p is:

√
2Nτ(q) = d(x, p) =

√
2Nτ(x) +

1√
2N

L(x) + O(N− 3
2 )

From the above equation we get

√
2Nτ(x)−

√
2Nτ(q) +

1√
2N

L(x) + O(N− 3
2 ) = 0

This we can write as

√
τ(x)−

√
τ(q) = − 1

2N
L(x) + O(N−2) = O(N−1)

and then our claim follows immediatelly.

Call the hypersurface from the previous claim H.Let I = Vol(S(
√

2Nτ(q)))

Ṽol(S(
√

2Nτ(q)))
, where Ṽol

is the volume in a simply connected manifild with constant sectional curvature 0, mod

N−1. Let

J(τ) =
∫

M

τ(q)
N
2 e
− 1√

2τ(q)
L(x)

dVM

Claim 4. J(τ) is decreasing in τ modulo N−1.

Proof.

Vol(S(
√

2Nτ(q))) =
∫

H

dVH + O(N−1) =
∫

M×SN

dVgdVh

=
∫

M

τ(x)
N
2 volh(SN )dVM + O(N−1)

= Volh(SN )
∫

M

(
√

τ(q)− 1
2N

L(x) + O(N−2))NdVM

where h is a metric on SN .
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Ṽol(S(
√

2Nτ(q))) = (2Nτ(q))
N+n

2 Vol(SN )

where Vol(SN ) is a volume of a standard sphere.

Volh(SN ) = (2Nτ)
N
2 Vol(SN )

I(τ(q)) = C(Nτ(q))( − n

2
)
∫

M

e
− 1√

2τ(q)
L(x)

dVM + O(N−1)

We have seen in the previous section that (M̃, g̃) is Ricci flat modulo N−1 so we

can apply Bishop-Gromov volume comparison principle to M̃ to conclude that I(τ) and

therefore J(τ) (because of the previous equality) is decreasing in τ , modulo N−1.

7 Arguments for section 7

Let M be a manifold and g(τ) a solution to a Ricci flow (gij(τ))τ = 2Rij . The assumption

is that gij(τ) is complete and have uniformly bounded curvature. Define the L - length

for each curve γ(τ) for 0 < τ1 ≤ τ ≤ τ2:

L =
∫ τ2

τ1

√
τ(R(γ(τ)) + |γ̇(τ)|2)dτ

Let X(τ) = γ̇(τ), Y (τ) be any vector field along γ(τ). We know that [X, Y ] = 0.

Claim 5. L - geodesic satisfies:

∇XX − 1
2
∇R +

1
2τ

X + 2Ric(X, ·) = 0

Proof. The first variation formula is:

δY (L) =
∫ τ2

τ1

√
τ(〈Y,∇R〉) + 2〈∇Y X, X〉)dτ

=
∫ τ2

τ1

√
τ(〈Y,∇R〉) + 2〈∇XY,X〉)dτ

=
∫ τ2

τ1

√
τ(〈Y,∇R〉+ 2

d

dτ
〈Y,X〉 − 2〈Y,∇XX〉 − 2Ric(Y, X))dτ

= 2
√

τ〈Y, X〉|τ2
τ1

+
∫ τ2

τ1

√
τ(〈Y,∇R〉 − 2〈Y,∇XX〉 − 2Ric(Y,X)− 1

τ
〈X, Y 〉)dτ

Now we immediatelly get the claim.

For any p and q and τ2 > τ1 > 0, there is always an L - shortest geodesic γ(τ) for

τ ∈ [τ1, τ2] such that γ(τ1) = p and γ(τ2) = q.

Claim 6. It can be extended to τ1 = 0.
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Proof. Multiply the previous equation for L geodesic by
√

τ . We get:

∇X(
√

τX)−
√

τ

2
∇R + 2

√
τRic(X, ·) = 0

From here we get that
∫ τ2

τ1
|∇(X

√
τ)|2dτ ≤ C(τ2−τ1). Therefore,

√
τX is continuous

and has a limit when τ → 0, and we can extend the definition of L - length to τ = 0.

From now on, we fix p and τ1 = 0.Denote by L(q, τ̄) the L - length of the L -shortest

curve γ(τ) for 0 ≤ τ ≤ τ̄ , connecting p and q.

From the first variation formula we get that ∇L(q, τ̄) = 2
√

τ̄X so, |∇L|2 = 4τ̄ |X|2 =

−4τ̄R + 4τ̄(R + |X|2).

d

dτ
L(γ(τ), τ)|τ=τ̄ = 〈∇L,X〉+ Lτ (γ(τ̄), τ̄)

d

dτ
L(γ(τ), τ)|τ=τ̄ =

d

dτ

∫ τ

0

√
τ ′(R + |X|2)dτ ′|τ=τ̄ =

√
τ̄(R(τ̄) + |X|2)

From the above equations we get

Lτ (q, τ̄) =
√

τ̄(R + |X|2)− 〈X,∇L〉 = 2
√

τ̄R−
√

τ̄(R + |X|2)

Now compute:

d

dτ
(R(γ(τ), τ) + |X|2) = Rτ + 〈∇R,X〉+ 2〈∇XX, X〉+ 2Ric(X, X)

= Rτ + 2〈∇R,X〉 − 1
τ
|X|2 − 2Ric(X, X)

= −H(X)− 1
τ

(R + |X|2)

where H(X) = −Rτ − 1
τ R− 2〈∇R,X〉+ 2Ric(X, X).

d

dτ
(τ

3
2 (R + |X|2))|τ=τ̄ =

1
2
√

τ̄(R + |X|2)− τ̄
3
2 H

=
1
2

d

dτ
(L(γ(τ), τ))|τ=τ̄ − τ̄

3
2 H

Denote by K(γ, τ̄) =
∫ τ̄

0
τ

3
2 Hdτ . Then we have:

τ̄
3
2 (R + |X|2) =

1
2
L(q, τ̄)−K

Now we get:

Lτ (q, τ̄) = 2
√

τ̄R +
1
τ̄

K − 1
2τ̄

L

|∇L|2 = −4τ̄R− 4√
τ̄

K +
2√
τ̄

L
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2
√

τ̄Lτ + |∇L|2 = − 2√
τ̄

K +
1√
τ̄

L

Next we will compute the second variation:

δ2
Y (L) =

∫ τ2

τ1

√
τ(R · Y · Y + 2〈∇Y∇Y X, X〉+ 2|∇Y X|2)dτ

d

dτ
〈∇Y Y,X〉 =

d

dτ
(gij(Y k ∂

∂xk
Y i + Γi

klY
kY l)Xj)

= 2RijY
k ∂Y i

∂xk
Xj + gij

∂Γi
kl

∂τ
Y kY lXj + 〈∇Y Y,∇XX〉+ 〈∇X∇Y Y, X〉

= 2RijY
k ∂Y i

∂xk
Xj + (Rkj,l + Rlj,k −Rkl,j)Y kY lXj + 〈∇Y Y,∇XX〉+ 〈∇X∇Y Y,X〉

= 2RijY
k ∂Y i

∂xk
Xj + 2

∂Rkj

∂xl
Y kY lXj − ∂Rkl

∂xj
Y kY lXj + 〈∇Y Y,∇XX〉+ 〈∇X∇Y Y, X〉

= 2
∂

∂xk
(RijY

iXj)Y k − 2RijY
kY i ∂Xj

∂xk
−Xj ∂

∂xj
(RklY

kY l) +

+ 2RklX
j ∂Y k

∂xj
Y l +

+ 〈∇Y Y,∇XX〉+ 〈∇X∇Y Y,X〉

= 〈∇Y Y,∇XX〉+ 〈∇X∇Y Y,X〉+ 2Y · Ric(X, Y )−X · Ric(Y, Y )

If Y (0) = 0 the formula for the second variation becomes:

δ2
Y (L) =

∫ τ̄

0

√
τ̄(Y · Y ·R + 2

d

dτ
〈∇Y Y, X〉+ 2〈R(Y, X)Y, X〉 − 2〈∇Y Y,∇XX〉 − 4Y · Ric(X, Y ) +

+ 2X · Ric(Y, Y ) + 2|∇Y X|2)dτ

=
∫ τ̄

0

√
τ̄(Y · Y ·R + 2

d

dτ
〈∇Y Y, X〉+ 2〈R(Y, X)Y, X〉 − 2〈∇Y Y,

1
2
∇R− 1

2τ
X − 2Ric(X, ·)〉 −

− 4Y · Ric(X, Y ) + 2X · Ric(Y, Y ) + 2|∇Y X|2dτ

=
∫ τ̄

0

√
τ̄(∇Y∇Y R + 2

d

dτ
〈∇Y Y,X〉+ 2〈R(Y,X)Y, X〉 − 4∇Y Ric(X, Y )− 4Ric(∇Y X, Y )−

− 4Ric(X,∇Y Y ) + 2∇XRic(Y, Y ) + 4Ric(∇Y X, Y ) + 2|∇Y X|2 +
1
τ
〈∇Y Y, X〉+ 4Ric(X,∇Y Y ))dτ

=
∫ τ̄

0

√
τ̄ [2

d

dτ
(
√

τ〈∇Y Y,X〉) +
√

τ(∇Y∇Y R +

+ 2〈R(Y, X)Y, X〉 − 4∇Y Ric(X, Y ) + 2∇XRic(Y, Y ) + 2|∇Y X|2)]dτ

= 2
√

τ̄〈∇Y Y, X〉(τ̄) +
∫ τ̄

0

√
τ(∇Y∇Y R + 2〈R(Y, X)Y, X〉 − 4∇Y Ric(X, Y ) +

+ 2∇XRic(Y, Y ) + 2|∇Y X|2)dτ

Fix Y at τ = τ̄ , assuming |Y (τ̄)| = 1 and construct Y by solving the following ODE

on [0, τ̄ ]:
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∇XY = −Ric(Y, ·) +
1
2τ

Y

Then:

d

dτ
〈Y, Y 〉 = 2Ric(Y, Y ) + 2〈∇XY, Y 〉 =

1
τ
〈Y, Y 〉

It follows that |Y (τ)|2 = τ
τ̄ and Y (0) = 0.

Claim 7.

HessL(Y, Y ) ≤ 1√
τ̄
− 2

√
τ̄Ric(Y, Y )−

∫ τ̄

0

√
τH(X, Y )dτ

where H(X, Y ) = −∇Y∇Y R − 2〈R(Y,X)Y,X〉 − 4(∇XRic(Y, Y )−∇Y Ric(Y,X))−
2Ricτ (Y, Y ) + 2|Ric(Y, ·)|2 − 1

τ Ric(Y, Y ).

Proof. Remember that L(q, τ̄) = 2
√

τ̄X. Then 〈∇Y Y,∇L〉 = 2
√

τ̄〈∇Y Y, X〉. We also

have that ∇XY = −Ric(Y, ·) + 1
2τ Y and |Y (τ)|2 = τ

τ̄ .

HessL(Y, Y ) ≤ Y · Y (L)(τ̄)−∇Y Y (L)(τ̄)

≤ δ2
Y L −∇Y Y (L)

≤
∫ τ̄

0

√
τ(∇Y∇Y R + 2〈R(Y, X)Y, X〉 − 4∇Y Ric(X, Y ) + 2∇XRic(Y, Y ) +

+ 2|Ric(Y, ·)|2 +
1

2τ τ̄
− 2

τ
Ric(Y, Y )

In the equations above we have the inequality sign, for the following reason: if L(q, τ̄)

is not smooth at (q, τ̄), we can take a barrier function L̃(x, τ) = L(x, τ − ε) + δ where

for each ε small, we choose δ such that L(q, τ̄) = L̃(q, τ̄). It is easy to show that

HessL(q, τ̄) ≤ HessL̃(q, τ̄).

To simply further, we compute

d

dτ
Ric(Y (τ), Y (τ)) = Ricτ (Y, Y ) + 2Ric(∇XY, Y ) +∇XRic(Y, Y )

= Ricτ (Y, Y ) +∇XRic(Y, Y ) +
1
τ

Ric(Y, Y )− 2|Ric(Y, ·)|2

Finally we have:

HessL(Y, Y ) ≤ 1√
τ̄
− 2

√
τ̄Ric(Y, Y )−

∫ τ̄

0

√
τH(X, Y )dτ

Lemma 7.1.

∆L|τ̄ ≤
n√
τ̄
− 2

√
τ̄R− 1

τ̄
K
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Proof. At a given time τ̄ choose an orthonormal basis {Yα} such that

〈Yα, Yβ〉 =

1 α = β

0 α 6= β
.

Solve for vector fields Yα(τ) denoted by Yα again, such that

∇XYα = −Ric(Yα, ·) +
1
2τ

Yα

〈Yα, Yβ〉(τ) = τ
τ̄ δαβ since:

d

dτ
〈Yα, Yβ〉 = 〈∇XYα, Yβ〉+ 〈∇XYβ , Yα〉+ 2Ric(Yα, Yβ) =

1
τ
〈Yα, Yβ〉

It follows that {
√

τ̄
τ Yα(τ)} form an orthonormal basis at τ . Consider H(X, Y ).

∑
α

H(X, Yα)(τ) = −τ

τ̄
∆R + 2Ric(X, X)− 4(Rij,kY i

αY j
αXk −Rij,kY i

αXjY k
α )− 2Ricτ (Yα, Yα) +

+
2τ

τ̄
|Ric|2 − 1

τ̄
R

=
τ

τ̄
(−∆R + 2Ric(X, X)− 2

τ̄

τ
Ricτ (Yα, Yα) + 2|Ric|2 − 1

τ
R)−

− 4((RijY
i
αY j

α )kXk − 2RijY
i
α,kY j

αXk −Rij,kY i
αXjY k

α )

=
τ

τ̄
(−∆R + 2Ric(X, X)−X(R) + 2|Ric|2 − 1

τ
R)− 2

τ

τ̄
gijRicτij − 8|Ric|2 τ

τ̄

=
τ

τ̄
(−∆R + 2Ric(X, X)− 2X(R) + 2|Ric|2 − 1

τ
R− 8|Ric|2 − 2Rτ + 4|Ric|2)

=
τ

τ̄
(−∆R + 2Ric(X, X)− 2X(R)− 2|Ric|2 1

τ
R− 2Rτ )

=
τ

τ̄
(−Rτ + 2Ric(X, X)− 1

τ
R− 2X(R))

=
τ

τ̄
H(X)

Writing down the inequalities that have been proved above

HessL(Y, Y ) ≤ 1
τ
− 2

√
τRic(Y, Y )−

∫ τ

0

√
τ̃H(X, Y )dτ̃

for every Yα and summing them over α, using that
∑

α H(X, Yα) = τ
τ̄ H(X) we get

that

∆L ≤ n√
τ̄
− 2

√
τ̄R− 1

τ̄
K

Definition 7.1. A field Y (τ) along L - geodesic γ(τ) is called L-Jacobi field if it is a

derivative of a variation of γ along L-geodesics.
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If Y is a L - Jacobi field with |Y (τ̄)| = 1, we have:

Let γ(q, τ, s) be a variation of L - geodesic γ. Then Y = ∂γ
∂s . L(q, τ) is L - length of

γ(q, τ, s). Then:

〈∇L, Y 〉 = 2
√

τ〈X, Y 〉

∂

∂s
〈∇L, Y 〉 = 2

√
τ〈∇Y X, Y 〉+ 2

√
τ〈∇Y Y,X〉

2
√

τ̄〈∇Y X, Y 〉 = Y · Y · L−∇Y Y · L = HessL(Y, Y )

d

dτ
|Y |2 = 2Ric(Y, Y ) + 2〈∇XY, Y 〉

= 2Ric(Y, Y ) + 2〈∇Y X, Y 〉

= 2Ric(Y, Y ) +
1√
τ̄

HessL(Y, Y )

≤ 1
τ̄
− 1√

τ̄

∫ τ̄

0

τ
1
2 H(X, Ỹ )dτ

where Ỹ is obtained by solving ∇XY = −Ric(Y, ·) + 1
2τ Y with initial data Ỹ (τ̃) =

Y (τ̄). If the last inequality is the equality, then Ỹ has to be a L - Jacobi field. Then

Ỹ = Y and |Y |2 = |Ỹ |2 = τ
τ̄ . It implies that:

d

dτ
|Y |2 =

1
τ̄

= 2Ric(Y, Y ) +
1√
τ̄

HessL(Y, Y )

Definition 7.2. The L - exponential map L exp : TpM ×R+ → M is defined as follows:

∀ X ∈ TpM let:

L expX(τ̄) = γ(τ̄)

where γ(τ) is the L - geodesic, starting at p and having X as the limit of
√

τ γ̇(τ as

τ → 0.

Denote by J (τ) the Jacobian of L exp(τ) : TpM → M . As usual Y := dL−exp(τ̄)(Y0)

is a L - Jacobi field. Using the estimates on Jacobi fields and choosing the coordinates

such that Yi := dL − exp(τ̄)( ∂
∂xi

) are orthogonal to each other at γ(τ̄), we get:

d

dτ
lnJ (τ)|τ=τ̄ =

1
2

d

dτ

∑
|Yi|2

≤ n

2τ̄
− 1

2
√

τ̄

∑
i

∫ τ̄

0

√
τH(X, Ỹi)dτ

=
n

2τ̄
− 1

2
τ̄−

3
2 K

with equality iff 2Ric + 1
2
√

τ̄
HessL = 1

τ̄ g.
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Definition 7.3. l(q, τ) = 1
2τ L(q, τ) is called the reduced distance. Ṽ (τ) =

∫
M

τ−
n
2 e−ldVM

is the reduced volume.

d

dτ
l(τ) = − 1

2τ̄
l +

1
2
(R + |X|2) = −1

2
τ̄−

3
2 K

So τ−
n
2 exp(−l(τ))J (τ) is nonincreasing in τ and monotonicity is strict unless we are

on a gradient shrinking soliton.

Finally, we have that Ṽ (τ) =
∫

U⊂TpM
τ−

n
2 exp(−l(τ))J (τ)dX. Let τ(x) = sup{τ |γ(τ)

is a minimizing geodesic }. Then U = Uτ = {x ∈ M |τ ≤ τ(x)}. This family Uτ is de-

creasing in τ . Therefore, we have the theorem:

Theorem 7.1. The reduced volume Ṽ (τ) =
∫

M
τ−

n
2 exp(−l(q, τ))dq is nonincreasing

along the backward Ricci flow.

We have showed that:

Lτ = 2
√

τR− 1
2τ

L +
1
τ

K

|∇L|2 = −4τR +
2√
τ

L− 4√
τ

K

In terms of l these two equations can be written as

lτ = R− l

τ
+

K

2τ3/2

|∇l|2 = −R +
l

τ
− K

τ3/2

Therefore

lτ + |∇l|2 = − K

2τ3/2

By Lemma (7.1) we have

∆l ≤ −R +
n

2τ
− K

τ3/2
.

From the above two inequalities we have :

lτ −∆l + |∇l|2 −R +
n

2τ
≥ 0

Let φ = τ−
n
2 exp(−l). Then

φτ =
(
− n

2τ
− lτ

)
φ

≤ (−∆l + |∇l|2 −R)φ

= ∆φ−Rφ

i.e. we have proved the following inequality

φτ −∆φ + Rφ ≤ 0. (45)
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Finally:

d

dτ
Ṽ (τ) =

∫
M

(φτ + Rφ)dq ≤
∫

M

∆φdq = 0

It follows again that Ṽ (τ) is nonincreasing and equality holds iff g is a Ricci soliton.

7.1 The applications of reduced volume monotonicity formula

In this section we will prove the weakened version of no local collapsing theorem that is

the application of the comparison inequalities proved in the previous section.

First we will get the upper bound on the minimum of l(·, τ) for every τ .

Lemma 7.2. minM l(·, τ) ≤ n
2 for every τ .

Proof. First recall a few inequalities that have appeared in our discussion in the previous

section.

1. Lτ = 2
√

τR− 1
2τ L + 1

τ K

2. ∆L ≤ n√
τ
− 2

√
τR− 1

τ K

3. |∇L|2 = −4τR + 2√
τ
L− 4√

τ
K

1 + 2 + 3 gives us

lτ −∆l + |∇l|2 −R +
n

2τ
≥ 0

2 + 3 gives us

2∆l − |∇l|2 + R +
l − n

τ
≤ 0

Let L̄ = 2
√

τL. 1 + 2 gives us

L̄τ + ∆L̄ ≤ 2n

(L̄− 2nτ)τ + ∆(L̄− 2nτ) ≤ 0

i.e. min(L̄−2nτ) is nonincreasing and therefore minq∈M l(·, τ) ≤ n
2 , what we wanted

to prove.

Lemma 7.3. If we have a Ricci flow (gij)τ = 2Rij, then R(·, τ) ≥ − n
2(τ0−τ) whenever

the flow exists for τ ∈ [0, τ0].
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Proof. The evolution equation for a scalar curvature is Rτ = −∆R − 2|Ric|2. Look

at the corresponding ODE, Rτ = −2|Ric|2. Since R = tr(Ric), |Ric|2 ≥ 1
nR2 and

therefore, −2|Ric|2 ≤ −2|R|2
n , i.e. Rτ ≤ −2|R|2

n . By solving this equation we get that

the set R(·, τ) ≥ − n
2(τ0−τ) is preserved by the ODE and therefore it is preserved by the

corresponding PDE (the evolution equation for R).

Lemma 7.4. If the metrics gij(τ) have nonnegative curvature operator and if the flow

exists for τ ∈ [0, τ0], then

|∇l|2 + R ≤ Cl

τ

for some constant C, whenever τ is bounded away from τ0, say τ ≤ (1− c)τ0, where

c > 0.

Proof.

H(X, Y ) = −∇Y∇Y R− 2〈R(Y, X)Y, X〉 − 4(∇XRic(Y, Y )−∇Y Ric(Y, X))− 2Ricτ (Y, Y ) +

+ 2|Ric(Y, ·)|2 +
1

τ0 − τ
Ric(Y, Y )− (

1
τ0 − τ

Ric(Y, Y ) +
1
τ

Ric(Y, Y ))

≥ −(
1
τ

+
1

τ0 − τ
)Ric(Y, Y )

≥ −R(
1
τ

+
1

τ0 − τ
)|Y |2 (46)

We know that if we choose an orthonormal basis {Yα} at time τ̄ and if we solve

equations ∇XY = −Ric(Y, ·) + 1
2τ Y for Yα(τ) then {

√
τ̄
τ Yα(τ)} will be the orthonormal

basis at τ . We also know that
∑

α H(X, Yα)(τ) = τ
τ̄ H(X) and therefore if we write

inequlities 46 for all Yα and sum them up over α we will get

H(X) ≥ −R(
1
τ

+
1

τ0 − τ
)

From |∇L|2 = −4τR + 2√
τ
L− 4√

τ
K we get that

|∇l|2 + R =
l

τ
− 1

τ
√

τ
K

−τ−
3
2

∫ τ

0

τ ′
3
2 H(X)dτ ′ ≤ 2τ−1(

1
2
√

τ

∫ τ

0

R
√

τ ′(1 +
τ ′

cτ0
)dτ ′)

≤ Cτ−1(
1

2
√

τ

∫ τ

0

√
τ ′(R + |γ̇|2)dτ ′) =

C

τ
l

Finally, we have that

|∇l|2 + R ≤ Cl

τ
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for some constant C.

Now we will state the important application of the monotonicity formula, so called

noncollapsing theorem.

Theorem 7.2. Let |Rm|(x, t) ≤ r−2
k for x ∈ Btk

(xk, rk) = Bk and tk − r2
k ≤ t ≤ tk.

Then r−n
k Vol(Bk) ≥ κ > 0 for some κ > 0.

We will prove it by contradiction. Let τk(t) = tk−t, p = pk and εk = r−1
k Vol(Bk)

1
n . In

a discussion that follows, we will have a sequence of reduced distances lk and a sequence

of reduced volumes Ṽk, defined with respect to points pk. We will refer to them as Ṽ

and l, omitting the subscript k. We will apply the same to other quantities that appear

in study of reduced volume (as L - length, L − exp map, etc). First we will prove the

following lemma:

Proposition 7.1. Ṽk(εkr2
k) < 3ε

n
2
k

Proof. Using the L - exponential map, we can integrate over TpM rather than M . For

any X ∈ TpM we find a L - geodesic γ(τ), starting at p, with limτ→0
√

τ γ̇(τ) = X.

From the fact that γ(τ) is an L - geodesic we have that:

∇γ̇(τ)γ̇(τ)− 1
2
∇R +

1
2τ

γ̇ + 2Ric(γ̇(τ), ·) = 0

d

dτ
(
√

τ γ̇(τ))− 1
2
√

τ∇R + 2
√

τRic(γ̇(τ), ·) = 0

Using this we can get the following equation:

d

dτ
〈
√

τ γ̇(τ),
√

τ γ̇(τ)〉 = 2〈∇γ̇(τ)

√
τ γ̇(τ),

√
τ γ̇(τ)〉+ 2Ric(

√
τ γ̇(τ),

√
τ γ̇(τ)) (47)

= 〈
√

τ∇R,
√

τ γ̇(τ)〉 − 2Ric(
√

τ γ̇,
√

τ γ̇)

In the lemma that follows we will see more precisely how
√

τγ′(τ) behaves when

τ ≤ εkr2
k, for k big enough.

Lemma 7.5. With the above notation we have:

||
√

τγ′(τ)| − |X|| ≤ Cεk(|X|+ 1)

for εk sufficiently small and τ ≤ εkr2
k, if γ(τ̃) ∈ Bk for τ̃ < τ .

Proof. Let γ̃(t) = γ(t2),where τ = t2.Then γ̃′(t) = 2
√

τγ′(τ)
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||
√

τγ′(τ)| − |X|| =
1
2
||γ̃′(t)| − |γ̃′(0)||

=
1
2

∫ √
τ

0

d

ds
|γ̃′(s)|ds =

∫ τ

0

d

dτ̃
|
√

τ̃ γ′(τ̃)|dτ̃

From the equation 47 we have

d

dτ
|τγ′(τ)| = 2〈

√
τ∇R,

√
τγ′(τ)

|
√

τγ′(τ)|
〉 − 2Ric(

√
τγ′(τ),

√
τγ′(τ)

|
√

τγ′(τ)|
)

Since R ≤ 1
r2

k
, we have also bound on |∇R| of order 1

r2
k

and we get

||
√

τγ′(τ)| − |X|| ≤ C

r2
k

∫ τ

0

(
√

τ + |
√

τγ′(τ)|) ≤ Cεk(|X|+ 1)

Lemma 7.6. If γ(τ̃) ∈ Bk for τ̃ < τ and |X| ≤ 1
4ε
− 1

2
k , then γ(τ) ∈ Bk = B(pk, rk),

where τ ≤ εkr2
k.

Proof. By lemma 7.5 we have that for small εk, |
√

τγ′(τ)| ≤ 1
2ε
− 1

2
k . Therefore:

|γ(τ)− pk| ≤
∫ τ

0

|γ′(τ̃)|dτ̃ ≤ 1
2
ε
− 1

2
k

∫ τ

0

dτ̃√
τ̃

= ε
− 1

2
k

√
τ ≤ rk

So γ(τ) ∈ Bk.

Lemmas 7.5 and 7.6 give us that γ(τ) ∈ Bk for all τ ≤ εkr2
k. We will prove one more

lemma before we finish the proof of proposition 7.1.

Lemma 7.7. τ−
n
2 J (τ) → 1 as τ → 0, where J is the Jacobian of L - exponential map

L exp : TpM ×R+ → M .

Proof.

L(γ) =
∫ τ

0

√
τ̃(R + |γ′|2)dτ̃

Let γ̃(t) = γ(τ̃) = γ(τ̃2), where τ̃ = t2. This gives us that γ̃′(t) = 2
√

τ̃ γ′(τ̃).

If we change the variable in the formula for the L - length of curve γ we get

L(γ) =
∫ √

τ

0

(2t2R +
|γ̃(t)|2

2
)dt

L(γ) =
1
2
E(γ̃) + o(

√
τ)

since
∫√τ

0
t2Rdt ≤ 1

r2
k

∫√τ

0
t2dt = 1

3r2
k

√
ττ ≤ εk

3

√
τ , where E(γ̃) =

∫ τ

0
|γ̃′|2ds. There-

fore, we have that LX exp(τ) = exp
√

τX
2 + o(

√
τ).
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J (L exp(τ)) = J0(τ)τ
n
2 + o(τ

n
2 )

J (L exp(τ))τ−
n
2 = J0(τ) + o(1)

where J0 is a usual Jacobian of the exponential map and o(1) depends on εk. When

εk → 0, τ → 0 as well and therefore J (L exp(τ))τ−
n
2 → 1 as τ → 0.

Another way to see that τ−
n
2 J (τ) has a limit and is bounded as τ → 0 is explained

in the following remark. We will consider only set {|X| ≥ 1
4ε
− 1

2
k } ⊂ TpM , since we will

use the estimate on τ−
n
2 J only when we integrate over that set, for small values of τ .

Remark 8.
d

dτ
lnJ (τ) ≤ n

2τ
− 1

2
τ−

3
2 K

where K =
∫ τ

0
τ ′

3
2 H(X)dτ ′. The above inequality is equvivalent to

d

dτ
τ−

n
2 J (τ) ≤ −1

2
τ−

3
2 K

Choose τ̃ = ( rk

4|X| )
2, where |

√
τγ′(τ)| ∼ |X| as τ → 0 (if γ(τ) ∈ Bk). This is justified

below, when we discuss the case |X| ≥ 1
4ε
− 1

2
k . Let τ ≤ τ̃ .

Since we have our curvature bound, we can estimate H(X) as follows

|H(X)| ≤ Cr−2
k (1 +

1
τ ′

+ 2|X|+ |X|2)

at time t = τ ′. We can write this as |H(X)| ≤ Cr−2
k (1 + 1

τ ′ + 3 r2
k

4τ̃ ). Therefore,

K(X) ≤ Cr−2
k ((1 + 3r2

k

4τ̃ )τ
5
2 + 2

3τ
3
2 ) which gives us

d

dτ
ln(τ−

n
2 J (τ)) ≤ Cr−2

k (1 +
3r2

k

4τ̃
τ +

2
3
τ

3
2 )

Let τ1 and τ2 be ≤ τ̃ ≤ εkr2
k. Then:

|τ
n
2

1 J (τ1)− τ
n
2

2 J (τ2)| ≤ |τ1 − τ2|
C

r2
k

(τ̃ + 3r2
k +

2
3
)

|τ
n
2

1 J (τ1)− τ
n
2

2 J (τ2)| ≤ Cεk(τ̃ + 3r2
k +

2
3
) ≤ C̃εk

It follows that there exists a limit limτ→0 τ−
n
2 J (τ) and therefore τ−

n
2 J (τ) ≤ C for

small τ .

To finish the proof of the proposition 7.1 we will consider two cases.
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1. |X| ≤ 1
4ε
− 1

2
k

By lemma 7.6 we have that in this case q = L expX(εkr2
k) ∈ Bk = B(pk, rk). We

want to estimate:

I =
∫
|X|≤ 1

4 ε
− 1

2
k

(εkr2
k)−

n
2 exp(− 1

√
εkrk

L(q, εkr2
k)J (εkr2

k))dq ≤
∫

Bk

(εkr2
k)−

n
2 e−ldq

where we have used lemma 7.6.

L(q, εkr2
k) we can estimate as follows:

L(q, εkr2
k) =

∫ εkr2
k

0

√
τ̃(R + |γ′|2)dτ̃ ≥ −Cr−2

k (εkr2
k)

3
2 = −Cε

3
2
k rk

Therefore we have:

I ≤ 2ε
−n

2
k r−n

k eCεkVol(Bk) ≤ 2ε
n
2
k

2. |X| ≥ 1
4ε
− 1

2
k

We will try to estimate:

I ′(τ̄) =
∫
|X|≥ 1

4 ε
− 1

2
k

(εkr2
k)−

n
2 exp(−l)J (τ̄)dX

where τ̄ = εkr2
k. We have that |

√
τγ′(τ)| ∼ |X| if γ(τ) ∈ Bk for τ ≤ τ̄ . Choose

τ̃ = ( rk

2|X| )
2. This is justified, since ( rk

2|X| )
2 ≤ r2

kεk = τ̄ .For this choice of τ̃ , for

every τ ≤ τ̃ : if for all τ ′ < τ , γ(τ ′) ∈ Bk, then γ(τ) ∈ Bk, since

d(γ(τ), pk) ≤
∫ τ

0

|γ′| ∼ 2|X|
√

τ ≤ 2|X|
√

τ̃ ≤ rk

By monotonicity, we know that τ̄−
n
2 exp(−l)J (τ̄) ≤ τ̃−

n
2 exp(−l)J (τ̃) for τ̃ ≤ τ̄

and therefore it is enough to estimate I ′(τ̃). We have proved that for small τ ,

J τ−
n
2 ≤ C, where C is a universal constant that does not depend on k.

l(q, τ̃) =
1

2
√

τ̃

∫ τ̃

0

√
τ(R + |γ′|2)dτ ≥ 1

2
√

τ̃
(− 2

3r2
k

τ̃
3
2 +

∫ τ̃

0

(
√

τ |γ′|)2√
τ

dτ)

∼ − 1
3r2

k

τ̃ + |X|2 ≥ −Cεk +
|X|2

2

Now,

I ′(τ̃) ≤ CeCεk

∫
|X|≥ 1

4 ε−
1
2

e−
|X|2

2 d|X|dSn−1 ≤ 2e−
1
8 ε−1

k
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Anyhow, we get that Ṽk(εkr2
k) ≤ ε

n
2
k for k big enough.

Now we can give the proof of theorem 7.2 using the proposition 7.1 as follows.

Proof. On one hand we have that Ṽk(tk) ≤ Ṽk(εkr2
k), by monotonicity of Ṽ . By propo-

sition 7.1 we get that

Ṽk(tk) ≤ 3ε
n
2
k (48)

On the other hand we want to show the following claim.

Claim 9. There exists some C > 0 such that L(q, tk) ≤ C on M for all k.

Proof. By lemma 7.2 we have that the minimum of l(·, τ) does not exceed n
2 for each

τ > 0. Our sequence tk → T as k → ∞ and choose qk such that the minimum of

l(·, tk−T
2 ) is attained at qk. We want to obtain the upper bound on lk(·, tk) by considering

only curves γ with γ(tk− T
2 ) = qk. All geometric quantities in gij are uniformly bounded

when t ∈ [0, T
2 ] and the claim follows.

Since tk ∼ T when k is big enough, by the above claim we get that Ṽk(tk) ≥ C > 0.

This contradicts 48.

8 Arguments for section 8

Definition 8.1. A solution to (gij)t = −2Rij is said to be κ - collapsed at (x0, t0) on

the scale r > 0 if |Rm| ≤ 1
r2 for all (x, t) satisfying dt0(x, x0) ≤ r, t0 − r2 < t ≤ t0 and

Volt0B(x0, r) ≤ κrn.

The main theorem that we will prove in theis section is:

Theorem 8.1. For any A > 0 there exists κ > 0 with the following property: if g(t) is a

solution for 0 ≤ t ≤ r2
0, such that |Rm|(x, t) ≤ r−2

0 for d0(x, x0) < r0 and VolB(x0, r0) ≥
A−1rn

0 at time zero, then g(t) can not be κ - collapsed on the scales r < r0 at a point

(x, r2
0) with distr2

0
(x, x0) ≤ Ar0.

Lemma 8.1. Suppose we have a solution to the Ricci flow (gij)t = −2Rij.

1. Suppose Ric(x, t0) ≤ (n− 1)K when distt0(x, x0) < r0. Then the distance function

d(x, t) = distt(x, x0) satisfies at t = t0, outside B(x0, r0), the differential inequality:

dt −∆d ≥ −(n− 1)(
2
3
Kr0 + r−1

0 )

where dt = d
dtdistt.
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2. Suppose Ric(x, t0) ≤ (n− 1)K when distt0(x, x0) < r0 or distt0(x, x1) < r0. Then:

d

dt
distt(x0, x1) ≥ −2(n− 1)(

2
3
Kr0 + r−1

0 )

at t = t0.

Proof. We will give a proof only of the first statement, since the proof of the second one

is similar.

We will assume that x and x0 are not conjugate in metrics g(t0), because otherwise

the inequality that we want to prove can be understood in a barrier sense. Let γ(s) =

expx sX ,for s ∈ [0, L], where X = γ̇(0), be a minimal geodesic between x and x0, such

that γ(0) = x0 and γ(L) = x. Let (X, e1, . . . en−1) be the orthonormal basis of Tx0M .Let

Ei (with 1 ≤ i ≤ n − 1) be the parallel vector fields along γ(s) such that Ei(0) = ei.

Let Xi(s) be the Jacobi fields along γ(s), such that, Xi(L) = Ei(L) and Xi(0) = 0

(they exist, since we assumed x and x0 are not conjugate points). The formula for the

laplacian of the distance function (can be found in the book [8]) is:

∆dist(x, x0) =
n−1∑
i=1

s′′Xi
(γ)

where s′′Xi
(γ) is the second variation along Xi of the length of γ, where Xi(t) are

Jacobi fields constructed above.

s′′Xk
(γ) =

∫ L

0

(|X ′
k(s)|2 −R(γ̇, Xk, γ̇, Xk))ds

what is again proved in the book [8]. The RHS of the equality above is usually

denoted by I(Xk, Xk).

Define the vector fields Yk as follows:

Yk =

 s
r0

Ek(s) if s ∈ [0, r0]

Ek(s) if s ∈ [r0, L]

We can notice that the vector fields Yk have the same values at the ends of γ as

a Jacobi field Xk and it is the known fact that I(Xk, Xk) ≤ I(Yk, Yk). Now we can

compute:

∆dist(x, x0) ≤
n−1∑
i=1

I(Yi, Yi)

≤
n−1∑
i=1

(
∫ r0

0

1
r2
0

− s2

r2
0

R(X, Ek, X,Ek) +
∫ dist(x,x0)

r0

(−R(X, Ek, X,EK)))

=
∫

γ

(−Ric(X, X)) +
∫ r0

0

Ric(X, X)(1− s2

r2
0

) +
n− 1

r0

≤ dt + (n− 1)(
2
3
Kr0 + r−1

0 )
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where we have used the fact that:

dt(x, x0) =
d

dt
dist(x, x0)|t=t0 =

d

dt

∫ L

0

|γ̇t(s)|g(t)|t=t0 = −
∫ L

0

Ric(X, X)ds

where X is the unit tangent vector to the path γt in metric g(t).

We will now prove theorem 8.1. By scaling we may assume that r0 = 1.We will prove

the theorem by contradiction.

Assume that there exists A > 0 such that for every εk → 0 as k → ∞, there exists

pk ∈ M and 1 > rk > 0, such that dist1(pk, x0) ≤ A and gij is εk - collapsed at (pk, 1)

on the scale less than rk. That means:

• |Rm|(x, t) ≤ r−2
k for all (x, t) satisfying distt(x, pk) ≤ rk and 1− r2

k ≤ t ≤ 1

• VolB(pk, r2
k) ≤ εkrn

k at time t = 1

Let τ(t) = 1 − t. Arguing as in the section on the applications of a comparison

geometry approach to the Ricci flow we can get that Ṽk(εkr2
k) must be very small as

k →∞.Ṽk is the reduced volume defined with respect to point xk By the monotonicity

of the reduced volume, we get that Ṽk(1) ≤ Ṽk(εkr2
k) → 0 as k →∞. We have that:

Ṽk(1) =
∫

M

exp(−lk)dq ≥
∫

Bt=0(x0,1)

exp(−lk)dq

where lk is the reduced distance defined with respect to point pk. From the above

equality we can see that it would be enough to show that lk(x, 1) ≤ C for x ∈ B0(x0, 1),

since then we would have:

Ṽk(1) ≥ e−CVol0B0(x0, 1) ≥ e−CA = C̃

and we would get a contradiction. So, our goal is to find an upper uniform bound on

lk(x, 1) ≤ C for x ∈ B0(x0, 1).

Claim 10. There exists a uniform constant C, such that minB 1
2
(x0, 1

10 ) lk(x, 1
2 ) ≤ C for

all k.

Proof. Define hk(y, t) = φ(d(y, t) − A(2t − 1))(L̄k(y, 1 − t) + 2n + 1) where d(y, t) =

distt(y, x0) and φ is a function of one variable, equal to 1 on (−∞ 1
20 ) and rapidly in-

creasing to infinity on ( 1
20 , 1

10 ), in such a way that:

2
(φ′)2

φ
− φ′′ ≥ (2A + 100n)φ′ − C(A)φ (49)
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for some constant C(A) < ∞. Fom the lower bound on the scalar curvature proved

in the previous section we have that for t ≥ 1
2 , R(·, 1 − t) ≥ − n

2τ . L̄(τ) = 2
√

τL, so for

τ = 1− t ≤ 1
2 we have that

L̄(τ) = 2
√

τ

∫ τ

0

√
u(R + |γ̇|2)du ≥ − n√

τ

∫ τ

0

√
udu = −2

3
nτ ≥ −1

3
n ≥ −2n

We get that L̄k ≥ −2n for t ≥ 1
2 and therefore L̄k +2n+1 ≥ 1. Keeping this in mind,

since φ ≥ 1 tending to infinity when the argument is close to 1
10 , we have the following:

min
y∈M

hk(y,
1
2
) ≥ min

B 1
2
(x0, 1

10 )
L̄k(y,

1
2
)

since minhk(y, 1
2 ) is achieved for some y satisfying d(y, 1

2 ) < 1
10 . We also have that

minM hk(y, 1) ≤ hk(pk, 1) = 2n + 1, since L̄(pk, 0) = 0. Now we compute:

�(h) = (L̄ + 2n + 1)(−φ′′ + (dt −∆d− 2A)φ′)− 2〈∇φ,∇L̄〉+ (L̄t −∆L̄)φ (50)

∇h = (L̄ + 2n + 1)∇φ + φ∇L̄

At a minimum point of h we have ∇h = 0 so the equation 50 becomes:

�h = (L̄ + 2n + 1)(−φ′′ + (dt −∆d− 2A)φ′ + 2
(φ′)2

φ
) + (L̄t −∆L̄)φ

Now since d(y, t) ≥ 1
20 whenever φ′ 6= 0 and since Ric ≤ n− 1 in B 1

2
(x0,

1
20 ) we can

apply the first part of lemma 8.1 to get dt −∆d ≥ −100(n− 1) on the set where φ′ 6= 0.

We also know that L̄τ + ∆L̄ ≤ 2n. Using this and equation 49, we get, at the

minimum point of h:

�h ≥ −(L̄ + 2n + 1)C(A)φ− 2nφ ≥ −(2n + C(A))h = −C̃h

Let mk(t) = infy∈M hk(y, t) for t ≥ 1
2 . At the minimum point of hk, �hk ≤ h′k(t)

and therefore we have m′
k(t) ≥ −Cmk(t), i.e. mk( 1

2 ) ≤ e
C
2 mk(1). Since mk(1) ≤ 2n + 1

we have the claim.

Let qk be such that lk(qk, 1
2 ) = infB 1

2
(x0, 1

10 ) lk(x, 1
2 ). Take x ∈ B0(x0, 1) and connect

it to qk with a geodesic γ, such that γ( 1
2 ) = qk. We have actually chosen radius 1

10 such

that for all shortest geodesics γ(s) connecting x ∈ B0(x0, 1) and q ∈ B 1
2
(x0,

1
10 ), so that

γ( 1
2 ) = q, (s, γ(s)) remains in the region {(x, t)|0 ≤ t ≤ 1;x ∈ Bt(x0, 1)} where we have

uniform bound on the curvature.
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Let γk be a shortest L - geodesic connecting xk and qk such that γk( 1
2 ) = qk. Then

Lk(x, 1), for x ∈ B0(x0, 1) can be bounded from above in terms of Lk(qk, 1
2 ) and the

uniform bound on the curvature in above mentioned region for (x, t). lk(qk, 1
2 ) and

therefore Lk(qk, 1
2 ) has already been bounded from above by a uniform constant. Now

our claim follows.

Remark 11. To justify the choice of φ, we can put u = φ′

φ . Then the condition for φ is

equivalent to:

3u2 − u′ −Bu ≥ −C(A)

for some constants B and C(A). This we can solve for u.

9 Arguments for section 9

Proposition 9.1. Let gij(t) be a solution to the Ricci flow (gij)t = −2Rij, 0 ≤ t ≤ T ,

and let u = (4π(T − t))−
n
2 e−f satisfy the conjugate heat equation �∗u = −ut−∆u+Ru.

Then v = [(T − t)(2∆f − |∇f |2 + R) + f − n]u satisfies

�∗v = −2(T − t)|Rij +∇i∇jf −
1

2(T − t)
gij |2

Proof. Let v = Hu. Then

d

dt
v =

d

dt
Hu + H

d

dt
u

∆v = ∆Hu + 2∇H∇u + H∆u

Using the equation for u gives us

�∗v = (− d

dt
H −∆H)u− 2∇H∇u

d

dt
H = −(2∆f − |∇f |2 + R) + ft + (T − t)(2

d

dt
(gij(

∂2f

∂xi∂xj
+

+
∂f

∂xk
Γk

ij))− 2Rij∇if∇jf − 2gij ∂ft

∂xj

∂f

∂xi
+ Rt)

We have that

ft = −∆f + |∇f |2 −R +
n

2(T − t)

Rt = ∆R + 2|Ric|2
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Γk
ij =

1
2
gkl(

∂gli

∂xj
+

∂glj

∂xi
− ∂gij

∂xl
)

We can assume that we chose a normal coordinates around a point at which we are

computing �∗v, so that we have

gij d

dt
Γk

ij = gklgij(−Rli,j −Rlj,i + Rij,l) = 0

Using this equation in the expression for d
dtH we get

d

dt
H = −2∆f + |∇f |2 −R + ft + (T − t)(4Rij∇i∇jf + 2∆ft − 2Rij∇if∇jf − 2∇ift∇if + Rt)

∆H = ∆f + (T − t)(2∆2f −∆|∇f |2 + ∆R)

= ∆f + (T − t)(2∆2f − 2|∇∇f | − 2∇i∇i∇jf∇jf + ∆R)

d

dt
H + ∆H = (−∆f + |∇f |2 + ft −R) + (T − t)(4Rij∇i∇jf + 2∆ft + 2∆2f −

− 2Rij∇if∇jf − 2|∇∇f |2 − 2∇i∇i∇jf∇jf − 2∇ift∇if + 2∆R + 2|Ric|2

= (−∆f + |∇f |2 + ft −R) + (T − t)(4Rij∇i∇jf +

+ 2∆(|∇f |2 −R)−∆(|∇f |2)− 2Rij∇if∇jf − 2∇ift∇if + 2|Ric|2

= (−∆f + |∇f |2 + ft −R) + (T − t)(4Rij∇i∇jf + ∆|∇f |2 − 2Rij∇if∇jf + 2|Ric|2 +

+ 2∇i(∆f)∇if − 2∇i|∇f |2∇if + 2∇iR∇if)

2∇u∇H

u
= −2∇f∇H = −2|∇f |2 − 2(T − t)∇if∇i(2∆f − |∇f |2 + R) =

= −2|∇f |2 − 2(T − t)(2∇f∇(∆f)−∇f∇|∇f |2 +∇f∇R)

∂H

∂t
+ ∆H +

2∇u∇H

u
= −∆f − |∇f |2 + ft −R + (T − t)(4Rij∇i∇jf + ∆|∇f |2 −

− 2Rij∇if∇jf + 2|Ric|2 − 2∇f∇(∆f))

∆|∇f |2 = 2∇i∇i∇jf∇jf = 2∇i∇i∇jf∇jf + 2|∇∇f |2 =

= 2∇i(∆f)∇if + 2Rij∇if∇jf + 2|∇∇f |2

This gives us
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∂H

∂t
+ ∆H +

2∇u∇H

u
= −2∆f − 2R +

n

2(T − t)
+ (T − t)(4Rij∇i∇jf + 2|Ric|2 + 2|∇∇f |2)

= 2(T − t)[2Rij∇i∇jf + |Ric|2 + |∇∇f |2 − ∆f

T − t
− R

T − t
+

n

4(T − t)2
]

= 2T − t)|Rij∇i∇jf −
1

2(T − t)
gij |2

This implies �∗v = −2(T − t)|Rij∇i∇jf − 1
2(T−t)gij |2u.

Corollary 9.1. The proposition 9.1 implies the monotonicity formula for our functional

W (g, f, τ).

Proof. By partial integration we get

∫
M

v =
∫

M

[(T − t)(|∇f |2 + R) + f − n]e−f (4π(T − t))−
n
2 dV = W (g(t), f(t), τ(t))

d

dt
W =

d

dt

∫
M

vdVt =
∫

M

vtDVt −
∫

M

−RvdVt

=
∫

M

(−�∗v −∆v)dVt = −
∫

M

�∗v ≥ 0

by proposition 9.1.

Corollary 9.2. Under the same assumptions, on a closed manifold M , or whenever the

application of the maximum principle can be justified, maxM
v
u is nondecreasing in t.

Proof. After choosing the normal coordinates around the maximum point of v
u , we have

that ∇ivu−∇iuv = 0 at the maximum point and :

∆
v

u
=

1
u4

[(∆vu−∆uv)u2 − 2u∇iu(∇ivu−∇iv) ≤ 0

This implies ∆uv −∆vu ≥ 0 at the point where v
u attains maximum.

d

dt

v

u
= −�∗v

u
+

∆uv −∆vu

u2

Since �∗v ≤ 0, we have that dm
dt ≥ 0, where m = maxM

v
u .

Corollary 9.3. Under the same assumptions, if u tends to a δ function as t → T , then

v ≤ 0 for all t < T .
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Proof. Let h ≥ 0 satisfies the heat equation ∆h = ht. Then

d

dt

∫
M

hu =
∫

M

∆hu−
∫

h

ut −
∫

M

Ruh = 0

by partial integration and by the fact that ut = −∆u + Ru. Similarly,

d

dt

∫
M

hv = −
∫

M

�∗vh ≥ 0

Assume for a moment that we have proved limt→T

∫
M

hv ≤ 0. Since
∫

M
hv increases

in t, we have that
∫

M
hv ≤ 0 for all times t < T and all h ≥ 0 such that ∆h = ht.

We want to prove that v ≤ 0 for all t < T . Assume there exists t0 < T , x0 ∈ M ,

such that v(x0, t0) > 0. In that case there would exist a ball B(x0, δ + η) such that

v(x, t0) ≥ b > 0. Choose t0 to be our initial point and choose hε, where ε < η, such that

∆hε = (hε)t

hε(x, t0) = kε(x)

where

kε(x) =

 1
b x ∈ B(x0, δ)

0 outside B(x0, δ + ε)

for t ∈ [t0, T ]. We choose kε such that it is a nonnegative function on M .From

what we have assumed above for a moment, that will be proved in the claim 12 below,

kεv(x, t0) ≤ 0. On the other hand kεv(x, t0) is positive on M (strictly positive on

B(x0, δ)) and we get a contradiction. Therefore, v ≤ 0 for all t < T on M .

To complete the proof of the corollary we have to show the following claim.

Claim 12. limt→T

∫
M

hv = 0.

Proof. Let I = limt→T

∫
M

hv.∫
M

hv =
∫

M

[2∆f − |∇f |2 + R)(T − t) + f − n]hu

Let τ = T − t. Let f ′(τ) = f(T − τ), u′(τ) = u(T − τ) and h′(τ) = h(T − τ). Then

I = lim
τ→0

∫
M

[τ(2∆f ′ − |∇f ′|2) + f ′ − n]h′u′

since limτ→0

∫
M

R(q, T−τ)h′u′dq = limτ→0 τR(p, T )h′(p, T ) = 0. Let τi = sri, where

ri → 0 and s ∈ [0, T ]. Let ḡi(s) = 1
ri

g(T − sri), ūi(s) = u′(ris), f̄i(s) = f ′(ris) and

h̄i(s) = h′(ris). After scaling metric by factor r−1
i we have

(ūi)s = ∆iūi(s)−Ri(s)ūi(s)
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where ūi(s) tend to δ function as s → 0.

(h̄i)s = −∆ih̄i(s)

Since our function h(x, t) is smooth, we have that limi→∞ h′(ris) = h′(0) in C∞

norm.|Rmi(s)| = ri|Rm(g(T − ris)| → 0 as i → ∞, i.e. the limit metric is a flat

metric ( we can choose ri small, such that the injectivity radii of ḡi tend to infinity).

Denote the limit manifold by (M̄, p̄, ḡ) ( we are considering pointed Gromov-Hausdorff

convergence). We also know that ūi → ū, where ū(s) is the fundamental solution of

the conjugate heat equation on the limit flat manifold, where our flow is now stationary.

That means ū is the solution of (ū)s = ∆ū − Rū, where the metric is now fixed. Let

Fi = ūih̄i[(T − s)(2∆if̄i − |nablaif̄i|2) + f̄i − n] and let (Uj , µj) be a partition of unity

of M̄ . We will look at lims→0

∫
M̄

νjFdVḡ, where F = limi→∞ Fi. Let

Qj(s) =
∫

M̄

νj |(s(2∆f̄ − |f̄ |2) + f̄ − n|h̄ūdVḡ

Since we are in the case when metric is stationary along a Ricci flow, we can ap-

proximate ū in C3 norm by a heat kernel up to order sk, where k is an arbitrary in-

teger. In other words (see [7]) we have that there exists N such that if kN
s (x, y) =

e−
dist(x,y)2

4s

∑N
i=0 tiφi(x, y), where φi(x, x) = 1 we have that

|kN
s (x, p)− ū(x, s)|C3 = O(sN−n

2−
3
2 )

Denote by r(x) a distance from p̄ to x ∈ M̄ . Let lNs = r2

4s − ln
∑N

i=0 siφi. Then

s

∫
M̄

νj h̄ū|∇f̄ |2 = s

∫
M̄

νj h̄|∇lNs |2 + O(s)

= s

∫
M̄

νj(
r2

4s
+ s

|
∑N

i=1 si∇φi|2

(1 +
∑N

i=1 siφi)2
+ (51)

+
∑

j

r

2s

∂r

∂xj

∑N
i=1 si∇jφi

1 +
∑N

i=1 siφi

)(4πs)−
n
2 e−

r2
4s

N∑
i=0

siφi + O(s)

= s

∫
M̄

νj(4πs)−
n
2 e−

r2
4s h̄

r2

4s
dV ḡ + O(s) (52)

Similarly, we have that

s

∫
M̄

νj h̄ū∆f̄ =
∫

M̄

νj h̄∆lNs kN
s + O(s)

= s

∫
M̄

νj(
n

2s
−

(
∑N

i=1 si∆φi)
∑N

i=0 siφi − |∇
∑N

i=1 siφi|2

(
∑N

i=0 siφi)2
(4πs)−

n
2 e−

r2
4s

N∑
i=0

siφi)

=
∫

M̄

νjne−
r2
4s dVḡ + O(s)
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and also

∫
M̄

νj h̄f̄ ū =
∫

M̄

νj(4π)−
n
2 h̄

r2

4s
e−

−r2
4s + O(s)

Qj(s) =
∫

M̄

νj(4πs)−
n
2 e−

r2
4s |n− r2

4s
+

r2

4s
− n|dx + O(s) = O(s)

Since
∫

M̄
|F (s)|dVḡ =

∑
j

∫
M̄

νj |F (s)|dVḡ, by Lebesgue monotone convergence the-

orem (if we pass to a sequence sk → 0 as k → ∞, we get that
∫

M̄
|F (sk)|dVḡ → 0 as

k →∞. This implies
∫

M̄
F (sk) → 0 as k →∞.

Now we can conclude that
∫

M
hv → 0 over some sequence ti → T as i → ∞. Since∫

M
hv ↗ in t, there exists limt→T

∫
M

hv and from the previous discussion we conclude

that limt→T

∫
M

hv = 0.

Corollary 9.4. Under the assumptions of the previous corollary, for any smooth curve

γ(t) in M holds:

− d

dt
f(γ(t), t) ≤ 1

2
(R(γ(t), t) + |γ̇(t)|2)− 1

2(T − t)
f(γ(t), t)

Proof. Previous corollary gives us that v ≤ 0, i.e. (T − t)(2∆f −|∇f |2 +R)+ f −n ≤ 0.

The equation for f is ft = −∆f + |∇f |2R + n
2(T−t) . From these we get

ft +
1
2
R− 1

2
|∇f |2 − f

2(T − t)
≥ 0 (53)

On the other hand − d
dtf(γ(t), t) = −ft−〈∇f, γ̇(t)〉 ≤ −ft+ 1

2 |∇f |2+ 1
2 |γ̇|

2. Summing

this inequality with inequality 53 we get

− d

dt
f(γ(t), t) ≤ 1

2
(R(γ(t), t) + |γ(t)|2)− 1

2(T − t)
f(γ(t), t)

Corollary 9.5. If under the assumptions of the previous corollary, p is the point where

the limit δ function is concentrated, then f(q, t) ≤ l(q, T − t), where l is the reduced

distance, defined in section 7, using p and τ(t) = T − t.

Proof. From the previous corollary we have that

− d

dt
(f(γ(t), t)

√
T − t) ≤ 1

2

√
T − t(R(γ(t), t) + |γ̇(t)|2)
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√
T − tf(q, t) ≤ lim

s→T

√
T − sf(γ(s), s) +

1
2

∫ T

t

√
T − s(R(γ(s), s) + |γ̇|2)ds

Take infimum over all curves γ(s) for s ∈ [t, T ], such that γ(t) = q and γ(T ) = p.

√
T − tf(q, t) ≤ lim

s→T
(
√

T − tf(γ(s), s)) +
1
2
L(q, T − t)

Since u = (4π(T − t))−
n
2 e−f and since u(p, T ) = ∞, we have that

lim
s→T

√
T − sf(γ(s), s) = lim

s→T
(−
√

T − t lnu− n

2

√
T − s ln(4π(T − s))) ≤ 0

Therefore, f(q, t) ≤ 1
2
√

T−t
L(q, T − t) = l(q, T − t), i.e. f(q, t) ≤ l(q, T − t).

10 Arguments for section 10

The main theorem in this section is the following:

Theorem 10.1. For every α > 0 there exists δ > 0, ε > 0 with the following property.

Suppose we have a smooth solution to the Ricci flow (gij)t = −2Rij for 0 ≤ t ≤ (εr0)2

and assume that at t = 0 we have R(x) ≥ −r−2
0 and Vol(∂Ω)n ≥ (1 − δ)cnVol(Ω)n−1

for any x and Ω ⊂ B(x0, r0), where cn is the euclidean isoperimetric constant. Then

we have an estimate |Rm|(x, t) ≤ αt−1 + (εr0)−2, whenever 0 < t ≤ (εr0)−2, d(x, t) =

distt(x, x0) ≤ εr0.

This theorem gives us that under the Ricci flow, the almost singular regions (where

curvature is large) can not instantly significantly influence the almost euclidean regions.

Proof. The argument is by contradiction.By scaling assume that r0 = 1. We may also

assume that α is small, say α < 1
100n .From now on fix α and denote by Mα the set of

pairs (x, t), such that |Rm|(x, t) ≥ αt−1.

We will prove our theorem by proving the sequence of claims.

Claim 13. For any A > 0, if gij(t) solves the Ricci flow equation on 0 ≤ t ≤ ε2,

Aε < 1
100n and |Rm|(x, t) > αt−1 + ε2 for some (x, t), satisfying 0 ≤ t ≤ ε2, d(x, t) < ε,

then one can find (x̄, t̄) ∈ Mα, with 0 < t̄ ≤ ε2, d(x̄, t̄) < (2A + 1)ε, such that

|Rm|(x, t) ≤ 4|Rm|(x̄, t̄) (54)

whenever

(x, t) ∈ Mα 0 < t ≤ t̄ d(x, t) ≤ d(x̄, t̄) + A|Rm|− 1
2 (x̄, t̄) (55)
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Proof. We will construct (x̄, t̄) as a limit of a finite sequnce of points. Take an arbitrary

(x1, t1), such that 0 < t1 ≤ ε2 and d(x1, t1) < ε. Assume we have already constructed

(xk, tk). If we can not take it for (x̄, t̄), there exists some (x, t), such that |Rm|x, t) ≥
4|Rm|(xk, tk) and (x, t) ∈ Mα, 0 < t ≤ tk and d(x, t) ≤ d(xk, tk) + A|Rm|− 1

2 (xk, tk).

Take (x, t) for (xk+1, tk+1). Then:

• |Rm|(xk, tk) ≥ 4k−1|Rm|(x1, t1) ≥ 4k−1ε−2

• d(xk, tk) ≤ d(x1, t1) +
∑k

i=1 A|Rm|− 1
2 (xi, ti)

i.e.

d(xk, tk) ≤ ε + Aε
∑k

i=1 2i−1 ≤ (2A + 1)ε

Since the solution is smooth, the sequence is finite and its last element fits.

Claim 14. For (x̄, t̄) constructed above 54holds whenever

t̄− 1
2
αQ−1 ≤ t ≤ t̄ distt̄(x, x̄) ≤ 1

10
AQ− 1

2 (56)

for big enough A.

Proof. We only need to show that if (x, t) satisfies 56 then it must satisfy 54 or 55. Since

(x̄, t̄) ∈ Mα, we have Q ≥ αt̄−1, so t̄ − 1
2αQ−1 ≥ 1

2 t̄ and therefore |Rm|(x, t) ≥ 4Q ≥
4αt̄−1 ≥ 2α

t , i.e. (x, t) ∈ Mα.

We want to apply lemma 8.1 from section 8.Let (x, t) be a point satisfying the relations

56. Choose r0 = 1
10AQ− 1

2 and fix points x and x0. Consider two cases:

1. dt(x′, x0) ≤ r0

In this case dt(x′, x0) ≤ d(x̄, t̄) + AQ− 1
2 and therefore, by claim 13 we get that

|Rm|(x, t) ≤ 4Q.

2. dt(x, x′) ≤ r0

In this case dt(x′, x0) ≤ dt(x′, x) + dt(x0, x), i.e. dt(x′, x0) ≤ 1
10AQ− 1

2 + dt(x0, x).

We have, by triangle inequality that for every x ∈ B̄ = B̄t̄(x̄, 1
10AQ− 1

2 ):

dt̄(x, x0) ≤ d(t̄, x̄) + dt̄(x̄, x) ≤ d(t̄, x̄) +
1
10

AQ− 1
2 < d(t̄, x̄) +

8
10

AQ− 1
2

Choose t0 such that dt(x0, x) ≤ d(t̄, x̄) + 9
10AQ− 1

2 for all x ∈ B̄ and all t̄ ≥ t ≥ t0.

This is possible, since B̄ is compact, the distance function is a continuous function

and since dt̄(x, x0) ≤ d(t̄, x̄) + 9
10AQ− 1

2 for all x ∈ B̄. This will give us that

dt(x′, x0) ≤ d(t̄, x̄) + AQ− 1
2 , so again by claim 13 we get that |Rm|(x′, t) ≤ 4Q for

all t ∈ [t0, t̄].
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After applying lemma 8.1 from section 8, we get:

dt0(x, x0) ≤ dt̄(x, x0) +
∫ t̄

t

(
8
3

AQ
1
2

10
+

10Q
1
2

A
)ds

Since t̄− t ≤ 1
2αQ−1 we get that

dt0(x, x0) ≤ dt̄(x, x̄) + d(x̄, t̄) +
1
2
α(

8
30

AQ− 1
2 + 10

Q− 1
2

A
)

Since α is small we can choose A big enough, such that the last term on the right

hand side of the inequality above is ≤ 8
10AQ− 1

2 . Finally we get that:

dt0(x, x0) < d(x̄, t̄) +
9
10

AQ− 1
2

i.e. we can continue this inequality beyond t0. That implies the condition 55 holds

for all (x, t) satisfying 56.

Continuing the proof of the theorem 10.1 and arguing by contradiction, take sequences

εi → 0, δi → 0 and solutions gi(t) violating the statement. Take Ai = 1
100nεi

→ ∞.

Construct the sequence of (x̄i, t̄i) as in the claim 13 and consider solutions ui = (4π(t̄i−
t))−

n
2 e−fi of the conjugate heat equation, starting from δ - functions at (x̄i, t̄i). Consider

the corresponding functions vi = [(t̄i − t)(2∆ifi − |∇iti|2 + Ri)]ui. Prove the following

claim.

Claim 15. As εi δi → 0, we can find times t̃i ∈ [t̄i− 1
2αQ−1

i , t̄i], where Qi = |Rm|(x̄i, t̄i),

such that the integral
∫

Bi
vi stays bounded away from zero, where Bi is the ball at time

t̃i of radius
√

t̄i − t̃i, centered at x̄i.

Proof. The argument is by contradiction. We will divide the proof of this claim in several

steps.

Step 15.1. The first thing that we will show is that the statement of the claim 15 is

invariant under scaling by a factor Qi.

Proof. Let g̃i = Qigi(t̄i + t
Qi

). Let s = t̄i + t
Qi

. Let ui(s) be the solution to a conjugate

heat equation for gi(s). Then:

d

ds
fi = −∆ifi + |∇ifi|2 −Ri +

n

2(t̄i − s)

Let f̃i(t) = fi(t̄i + t
Qi

).Now it is straightforward to get that:

d

dt
f̃i(t) = −∆̃if̃i + |∇̃if̃ i|2 − R̃i +

n

(−2t)

Let ũi = e−f̃i(4π(−t))−
n
2 . Then (ũi)t = −∆̃iũi + R̃iũi and
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lim
t→0

∫
M

ũi = lim
s→t̄i

∫
(4π(t̄i − s)Qi)−

n
2 e−fiQ

n
2
i dVgi = 1

We see that ũi is the fundamental solution to a conjugate heat equation, starting at

(x̄i, 0) as a δ function. Therefore, it is enough to prove that
∫

Bi
ṽi ≤ −β for all i and

some uniform constant β, where ṽi are the corresponding functions (defined as vi above),

associated to ũi.

Our metrics g̃i(t) are defined for t ∈ [−α
2 , 0] and |R̃mi|(x̄i, 0) = 1, |R̃m|(x, t) ≤ 4 for

all t ∈ [−α
2 , 0] and x ∈ Mi = B0(x̄i,

Ai

10 ).

First we will assume that the injectivity radii of g̃i are uniformly bounded from below.

Now we have that (Mi, g̃i(t), x̄i) converge to some manifold (N, g∞(t), x̄) as i →∞, where

g∞(t) is a solution of a Ricci flow, by Hamilton’s compactness theorem.

Fundamental solutions of the conjugate heat equations associated to g̃i converge to

such a solution on a limit manifold. Denote by u the fundamental solution of a conjugate

heat equation on a limit manifold and by v the corresponding function, as above.

Step 15.2. If
∫

B
v = 0 at time t = −α

2 , then g∞(t) is a gradient shrinking soliton for

t ∈ [−α
2 , 0], where B is a ball in N of radius

√
α
2 , centered at x̄.

Proof. We know that v ≤ 0 on B, for all times. If
∫

B
v = 0 at t = −α

2 then v ≡ 0 on B

at t = −α
2 . We have the equation for v

vt = −∆v −∆∗v −Rv

Since v ≤ 0 we have that vt ≤ 0 at time t = −α
2 and our equation for v becomes

0 ≥ vt = −∆v−∆∗v. Since 0 is a maximal value of v, we have that ∆v ≤ 0 at the points

where it equals zero and therefore we get that −∆∗v ≤ 0. On the other hand, we know

that −∆∗v ≥ 0, so ∆∗v ≡ 0 on N at time t = −α
2 . That is equivalent to:

Rij +∇i∇jf +
2
α

(g∞)ij = 0 (57)

i.e. g∞ is a Ricci soliton at time t = −α
2 . Since g∞ is a Ricci flow, g∞ is a Ricci

soliton for all times t ∈ [−α
2 , 0].

So far we have proved that if
∫

B
v = 0 at time −α

2 , g∞(t) would be a gradient

shrinking soliton for all times t ∈ [−α
2 , 0]. In the next step we will see that it is not

possible, since |Rm|(x̄, 0) = 1.

Step 15.3. Since |Rm|(x̄, 0) = 1, g∞(t) can not be a Ricci soliton.
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Proof. If g∞(t) were a Ricci soliton, from equation 57 we would have that R + ∆f −
n

(−2t) = 0 for all t ∈ [−α
2 , 0]. u = (−4πt)−

n
2 e−f tends to δ function as t → 0.∫

B

Ru + ∆fu = − n

2t

∫
B

u (58)

We know that limt→0

∫
B

u = 1 and that limt→0

∫
B

Ru = R(x̄, 0) = 1. Look at∫
∆

fudVg∞(ts). Let ḡt(s) = 1
2tg∞(2ts). Since the curvature of g∞ is uniformly bounded,

{ḡt(s)} converge to a flat metric when t → 0 and balls B in metric ḡt converge to a

metric ball of infinite radius, i.e.

∫
B

(−2t)∆fudVg∞(ts) =
∫

Bt

∆f̄t(s)ūt(s)dVḡt(s)
t→0−→

∫
Rn

∆f̄(s)ū(s)dVḡ = I(s)

where ūt is a delta function in metric ḡt(s) and f̄t(s) is a corresponding function

f . We know that a limit of delta functions is a delta function in a limit metric. Delta

function of our limit metric is denoted by ū(s). One can easily show that (since our limit

is a euclidean metric) lims→0 I(s) =
∫

Rn − n
2se−

r2
4s (4π(−s))−

n
2 dV = −n. Finally, we get

that
∫

B
∆fu ∼ − n

2t when t → 0. If we put this asymptotic relation together with other

asymptotic relations that we have got above, in equation 58, around t = 0, we get a

contradiction.

Now assume that the injectivity radii of the scaled metrics g̃i tend to zero. Denote

the injectivity radii by Ii → 0 as i → ∞. In that case we can change the scaling factor

and we can consider the sequence of scaled metrics ḡi(t) = Qi

Ii
gi(t̄i + tIi

Qi
). We have that

|R̄mi| ≤ 4Ii → 0 as i → ∞. The metrics ḡi(t) are defined for t ∈ [− α
2Ii

, 0]. Now the

sequence of manifolds {(B0(x̄i,
Ai

10
√

Ii
), ḡi(t), x̄i)} converge to a flat manifold (N, g∞, x̄),

with finite injectivity radius. Now we can repeat the above argument for the sequence of

metrics ḡi and the metric g∞, to get a contradiction (we assume that
∫

B
v = 0 at some

time t = T < 0, where B is the ball as above).

Anyhow, we get that in either of these cases there exists some time t̃ and some

constant β, such that
∫

B
v ≤ −β on the limit manifold N . Therefore, if we go from

scalings back to our original sequence of metrics gi(s) we can conclude that there exist

times t̃i ∈ [t̄i − 1
2αQ−1, t̄i] such that

∫
Bi

vi ≤ −β at time t̃i for all i, where Bi are the

balls as in the statement of the claim 15.

Our next goal is to construct an appropriate cut-off function. Let hi(y, t) = φ( d̃i(y,t)
10Aiεi

),

where d̃i(y, t) = di(y, t) + 200n
√

t and φ is a smooth function of one variable, equal to

one on (−∞, 1] and decreasing to zero on [1, 2]. It is easy to notice that hi vanishes at

t = 0 outside Bi(x0, 20Aiεi) and that it is equal to one, near (x̄, t̄).
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Compute:

�hi =
1

10Aiεi
((di)t −∆idi +

100n√
t

φ′)− 1
(10Aiεi)2

φ′′

By reducing εi we can assume that |Rm|i(x, t) ≤ αt−12ε−2
i , whenever 0 ≤ t ≤ ε2i and

di(x, t) ≤ εi. For every t ∈ (0, ε2i ] choose r0(t) =
√

t ≤ εi, so that

|Ric| ≤ (n− 1)(αt−1 + 2ε−2
i )

for (di)t(x, x0) ≤ r0(t). We can apply lemma 8.1 from section 8 to our case, to get

(where φ′ 6= 0):

(di)t −∆idi ≥ −(n− 1)(
2
3
(
α

t
+

2
ε2

)
√

t +
√

t
−1

) ≥

≥ − 1√
t
(n− 1)(

2
3
(α + 2) + 1) ≥ −100n√

t

So, (di)t −∆idi + 100n√
t
≥ 0, when φ′ 6= 0. We may also choose φ so that φ′′ ≥ −10φ,

(φ′)2 ≤ 10φ. φ′ ≤ 0 implies that �hi ≤ 10φ
(10Aiεi)2

≤ 1
(Aiεi)2

. Since (
∫

M
hiui)t =

∫
M

�hiui,

we have that (
∫

M
hiui)t ≤ 1

(Aiεi)2
and therefore integration from 0 to t̄i will give us:∫

M

hiui|t=0 ≥
∫

M

hiui|t=t̄i
− t̄i

(Aiεi)2
≥ 1− 1

A2
i

(59)

(
∫

M

(−hivi)t =
∫

M

�(−hi)vi −
∫

M

(−hi)∆∗vi ≤
∫

M

�(−hi)vi

=
1

10Aiεi

∫
M

−((di)t −∆di +
100n√

t
)φ′vi +

1
(10Aiεi)2

∫
M

φ′′vi

≤ 1
(Aiεi)2

∫
M

(−hi)vi

Using claim 15 this will give us:

−
∫

M

hivi|t=0 ≥
∫

M

(−hivi)|t̃i
e
− t̃i

(Aiεi)
2

≥ β(1− t̄i
(Aiεi)2

) ≥ (1− 1
A2

i

)β

From now on we will work at t = 0 only. Let ũi = hiui and f̃i = fi − lnhi. Now we

have:

β(1− 1
A2

i

) ≤ −
∫

M

hivi = ((−2∆ifi + |∇ifi|2 −Ri)t̄i − fi + n)uihi

=
∫

M

[−t̄i|∇if̃i|2 − f̃i + n]ũi +
∫

M

[t̄i(
|∇ihi|2

hi
−Rihi)− hi lnhi]ui
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Since
∫

M
(−∆ihiui + |∇ihi|2

hi
ui + ∇if̃i∇ihiui) = 0 by partial integration. R ≥ −1

by assumption of the theorem 10.1 and hence −
∫

M
Rihiui ≤

∫
M

hiui ≤ 1, for we

are at a point t = 0. This implies −t̄i
∫

M
Rihiui ≤ ε2i . Also, −

∫
M

hi lnhiui ≤∫
B(x0,20Aiεi)\B(x0,10Aiεi)

ui. On the other hand,
∫

B(x0,10Aiεi)
ui ≥

∫
M

h̄iui|t=0 ≥ 1− 1
A2

i
,

where h̄i = φ( d̃i

5Aiεi
). Finally, −

∫
M

hi lnhiui ≤
∫

M
ui −

∫
B(x0,10Aiεi)

ui ≤ 1
A2

i
. Also,∫

M
t̄i
|∇ihi|2

hi
ui ≤ 10ε2i . Therefore, we get:∫

M

[−t̄i|∇if̃i|2 − f̃i + n]ũi ≥ β(1− 1
A2

i

)− 1
A2

i

− 100ε2i = C > 0 (60)

for big enough i.

Step 15.4. The inequality 60 contradicts with the Gaussian logarithmic Sobolev inequal-

ity.

Proof. Scale our metrics gi(t) by the factor 1
2 t̄i, i.e. let ĝi(s) = 1

2 t̄−1
i gi(2t̄is). Now

R̂mi ≤ 2t̄i( α
t̄i

+ 2
ε2i

) = 2(α + 2) = C̃. Since Ri ≥ −1, after scaling it becomes R̂i(0) =

2t̄iRi(0) ≥ −2t̄i → 0 as i → ∞. We know the following for the scaled metrics {ĝi(0)},
for x ∈ Mi = B0(x0,

√
t̄i√
2t̄i

) = B0(x0,
1√
2
), after scaling:

• |R̂mi| ≤ C

• VolB0(x0,
1√
2
) ≥ C( 1√

2
)n

• diam(Mi) ≤ 1√
2

The volume estimate is expressed at time t = 0. From the isoperimetric inequality we

get the lower bound on the volume, since it is invariant under scaling. The facts listed

above will give us the uniform lower bound on the injectivity radii of ĝi at time t = 0.

Call these metrics simply ĝi. To everything that we have said by now we can apply

Hamilton’s compactness theorem to conclude that there exists a subsequence ĝi(t), such

that ĝi(t) converge to some metrics ĝ(t), such that R̂ ≥ 0. From the evolving equation

for R̂, by maximum principle applied to a heat equation, we get that R̂(t) ≥ 0 for all

times t in [0, ε2i ]. Also, since δi → 0 as i → ∞, we have that for our limit metric ĝ the

following holds:

Vol(∂Ω)n ≥ cnVol(Ω)n−1 (61)

where cn is the euclidean isoperimetric constant.

In general, we have the following asymptotic expansion of the volume B(x0, r) in an

arbitrary manifold (M, g) (as in for example [8]):

Vol(B(x0, r)) = rnVol(Be(1))(1− R(x0)
6(n + 2)

r2 + o(r2))
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where Be(1) is a euclidean ball of radius 1.

Using this asymptotic expansion for our metric ĝ, together with isoperimetric in-

equality 61 we get:

VolBe(1) ≤ VolB(x, r)
rn

= VolBe(1)(1− R̂

6(n + 2)
r2 + o(r2))

Since we apply this locally, around each point of our limit manifold, we get that

R̂ ≤ 0. Since R̂ ≥ 0 from efore, we get that R̂ ≡ 0. From the evolution equation for R̂

d

dt
R̂ = ∆R̂ + 2|R̂ic|2

we get that R̂ic(0) ≡ 0. Bishop volume comparison principle tells us that VolB(r)
rn ↓.

Clearly, limr→0
VolB(r)

rn = wn where wn is the volume of the unit ball in Rn. Therefore
VolB(r)

rn ≤ wn. On the other hand, our ĝ satisfies the isoperimetric inequality with

euclidean constant cn and therefore, VolB(r)
rn ≥ wn. Finally, VolB(r)

rn = wn for all r. This

is possible only if our limit manifold is isometric to Rn.

We have that our limit metric ĝ is a flat euclidean metric. After scaling the metrics

gi by factors 1
2 t̄−1

i and after passing to a limit when i → ∞, the inequality 60 will give

us: ∫
Rn

[−1
2
|∇f |2 − f + n]u ≥ C > 0

for some function f , such that
∫

Rn udx = 1, where u = (2π)−
n
2 e−f . This contradicts

the Gaussian logarithmic Sobolev inequality due to L. Gross. To pass to its standard

form, take f = |x|2
2 − 2 ln φ and integrate by parts.

This finishes the proof of the theorem 10.1.

Now we will state a theorem with slightly different conditions from the conditions of

theorem 10.1, but which proof is essentially the same as the proof that we have given

above.

Theorem 10.2. There exist ε > 0 and δ > 0 with the following property. Suppose gij(t)

is a smooth solution to the Ricci flow on [0, (εr0)2] and assume that at t = 0 we have

|Rm|(x) ≤ r−2
0 in B(x0, r0) and VolB(x0, r0) ≥ (1− δ)wnrn

0 , where wn is the volume of

the unit ball in Rn. Then the estimate |Rm|(x, t) ≤ (εr0)2 holds whenever 0 ≤ t ≤ (εr0)2

and distt(x, x0) ≤ εr0.

Proof. It is useful to point out that the proof of this theorem will be almost the same as

the proof of theorem 10.1. One possible simplification in the proof might be at the point

when in step 15.4 we try to prove that the limit metric ĝ(t) at the point t = 0 is flat,
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since now we have the condition that |Rmi|(x) ≤ 1 (after scaling we may assume that

r0 = 1). When we rescale our metrics gi by factors 1
2 t̄i to get metrics ĝi, we get that

|R̂mi| ≤ 2t̄i → 0 as i →∞. To get the lower bound on the injectivity radii of ĝi at time

t = 0 we proceed as above, since for that we do not need the isoperimetric inequality,

but the lower bound on the volume that is given as a condition in our theorem. From

what we have just said, when we pass to a limit of metrics ĝi, we immediatelly get that

ĝ(0) is flat. That is the metric we want to continue to deal with and we proceed as in the

proof of the theorem 10.1 to get a contradiction with the Gaussian logarithmic Sobolev

inequality.

Corollary 10.1. Under the assumptions of theorem 10.1, we also have at time t where

0 < t ≤ (εr0)2 an estimate VolB(x,
√

t) ≥ C(
√

t)n for x ∈ B(x0, εr0), where C = C(n)

is a universal constant.

Proof. Fix α > 0. Assume r0 = 1. Choose ε and δ as in the theorem 10.1. The proof of

this corollary is by contradiction. Assume that the statement is not true, i.e.that there

exists a sequence (x̄i, t̄i), with x̄i ∈ B(x0, ε)x and t̄i ∈ [0, ε2], such that

VolB(x̄i,
√

t̄i)(
√

t̄i)−n → 0 (62)

as i →∞. We have (by theorem 10.1):

|Rm|(x, t̄i) ≤
α

t̄i
+

1
ε2
≤ 1

(
√

t̄i

α+1 )2
(63)

for x ∈ Bt̄i
(x0, ε). Since ri =

√
t̄i

α+1 ≤ ε, the curvature bounds 63 hold in the balls

Bt̄i
(x0, ri) as well. r2

i

t̄i
= 1

α+1 is bounded for all i. Since t̄i → t0 ∈ [0, ε2] as i → ∞, by

noncollapsing theorem in section 4, metric g is not locally collapsed at t0. Therefore,

there exists some constant C, such that

VolB(x̄i,

√
t̄i

α + 1
) ≥ C(

√
t̄i

α + 1
)n

VolB(x̄i, t̄i) ≥ VolB(x̄i,
√

t̄i

α+1 ) and therefore we get that VolB(x̄i, t̄i) ≥ C̃(
√

t̄i)n

which contradicts our assumption 62.

Remark 16. It is interesting to point out the different proof of the step 15.4, by using

the spherical symmetric function. This proof will not work in the case of theorem 10.2,

since in that case we do not have the isoperimetric inequality.
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Proof. We will adopt the notation from the proof of the pseudolocality theorem 10.1. As

in the step 15.4 we get a sequence of metrics (solutions to a Ricci flow), ĝi(t) with uni-

formly bounded curvatures and the uniform lower bound on the injectivity radii at time

t = 0. By Hamilton’s compactness theorem, we can extract a convergent subsequence

that converges to a metric ĝ(t). We will consider metric ĝ = ĝ(0). As before, we have

functions u and f as the limit functions of ũi and f̃i, respectively, where the function

u = (2π)−
n
2 e−f is compactly supported, and

∫
M̄

u = 1, where M̄ is a limit manifold. We

also have: ∫
M̄

[−1
2
|∇f |2 − f + n]u ≥ C > 0

Let F = e−
f
2 . The previous inequality implies:∫

M̄

1
2
|∇F |2 − F 2 lnF 2 + F 2 ≤ −β < 0 (64)

Construct a nonnegative spherical symmetric function G on Rn, such that:

µ({F ≥ a}) = µ({G ≥ a})

for every a ≥ 0, where we denote by the same symbol µ(·) a volume of a set in Rn

and a volume of a set in M̄ . Since F has compact support, we can assume that G has a

compact support as well, that is a ball B(0, R).

By co-area formula we have:

dVol(F ≥ C)
dC

=
∫

F=C

1
|∇F |

dVol(G ≥ C)
dC

=
∫

G=C

1
|∇G|

Since the right hand sides of the above equalities are equal, we get that∫
Ma

|∇F |−1dVol =
∫

Na

|∇G|−1dVol

where Ma and Na are the level sets of F and G respectively. Also:∫
M̄

F 2 =
∫ ∞

0

Vol(F 2 ≥ C)dC =
∫ ∞

0

Vol(G2 ≥ C)dC =
∫

Rn

G2

Similarly we can show that the above equality is true when we replace functions F 2

and G2 by F 2 lnF 2 and G2 lnG2 respectively.

Isoperimetric inequality for M̄ will give us:

|Ma| := Vol(Ma) ≥ cn(µ({F ≥ C}))
n−1

n = cn(µ({G ≥ C}))
n−1

n = |Na|

We will be done once we prove the following claim:
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Claim 17. For any p > 1,
∫

Ma
|∇F |p ≤

∫
Na
|∇G|p.

Proof. Let p̄ > 1, q̄ > 1 and b be such that bp̄ = p and bq̄ = 1. We choose b = p
p+1 to

satisfy the requirements. Using the Holder inequality we get:

|Ma| =
∫

Ma

1 =
∫

Ma

|∇F |b|∇F |−b

≤ (
∫

Ma

|∇F |bp̄)
1
p̄ (
∫

Ma

|∇F |−bq̄)
1
q̄

= (
∫

Ma

|∇F |p)p̄−1
(
∫

Na

|∇G|−1)q̄−1

which is equivalent to:

|Ma|
p+1

p ≤ (
∫

Ma

|∇F |
1
p )

1
p

∫
Na

|∇F |−1

Since ∇G is constant along Na we have that

|Na|
p+1

p = (
∫

Na

|∇G|p)
1
p

∫
Na

|∇G|−1

From the previous, since |Ma| ≥ |Na|, it follows:∫
Na

|∇G|p ≤
∫

Ma

|∇F |p

From equation 64 we get that∫
Rn

1
2
|∇G|2 −G2 lnG2 + G2 ≤ −β < 0

where G is a function with compact support on Rn and with
∫

Rn G2 =
∫

M̄
F 2 =∫

M̄
u = 1. Therefore, we get a contradiction with the Gaussian logarithmic Sobolev

inequality.

11 Argument for section 11

In this section we will consider smooth solutions to the Ricci flow (gij)t = −2Rij for

−∞ < t ≤ 0, such that for each t the metric gij(t) is a complete non-flat metric of

bouded curvature and nonnegative curvature operator. Hamilton discovered a remark-

able differential inequality for such solutions; we need only its trace version

Rt + 2〈X,∇R〉+ 2Ric(, X) ≥ 0 (65)
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Its corollary is that Rt ≥ 0.In particular, the scalar curvature at some time t0 controls

the curvatures for all t ≤ t0.

We impose one more requirement on the solutions; namely, we fix some κ > 0 and

require that gij(t) be κ - noncollapsed on all scales.

Pick an arbitrary point (p, t0) and define Ṽ (τ), l(q, τ) for τ(t) = t0 − t. Recall from

section 7 that for each τ > 0 we can find q = q(τ), such that l(q, τ) ≤ n
2 .

Proposition 11.1. The scalings of gij(t0 − τ) at q(τ) with factors τ−1 converge along

a subsequence of τ →∞ to a non-flat gradient shrinking soliton.

Proof.

Claim 18. ∀ε > 0, there exists δ > 0, such that l(q, τ) and τR(q, t0 − τ) do not exceed

δ−1, whenever 1
2 τ̄ ≤ τ ≤ τ̄ and distt0−τ̄ (q, q(τ)) ≤ τ̄

ε for some τ̄ > 0.

Proof. Fix ε > 0. Let t1 and t2 be such that t0 − t1 = τ and t0 − t2 = τ̄ . Let γ(s) be a

geodesic between q and q(τ̄), such that s ∈ [t2, t1] and γ(t1) = q, γ(t2) = q(τ̄). Consider

l(γ(t), t0 − t).

d

dt
l(γ(t), t0 − t) = 〈∇l, γ̇〉 − lt(γ(t), t0 − t)

Integrate the above equation over t, from t2 to t1.

l(q, τ) = l(q(τ̄), τ̄) +
∫ t1

t2

〈∇l, γ̇〉dt−
∫ t1

t2

ltdt

∫ t1

t2

lt(γ(t), t0 − t)dt
t0−t=u= −

∫ τ̄

τ

lτ (γ(t0 − u), u)du

We know that lτ (γ(t0 − u), u) = − 1
2u−

3
2
∫ u

0
H(X)τ̃

3
2 dτ̃ , where X(τ) = γ̇(τ) and

H(X) is just a trace of Harnack differential expression for our flow (gij)t = −2Rij . Since

the curvature operator is positive, H(X) ≥ 0. Therefore, lτ ≤ 0. Therefore:

l(q, τ) ≤ n

2
+
∫ t0−τ

t0−τ̄

〈∇l, γ̇〉ds

From section 7 we also have that

|∇l|2 ≤ |∇l|2 + R ≤ Cl

τ
(66)

Since the curvature is nonnegative, the norms of vectors are ninincreasing in t, so

|γ̇|s ≤ |γ̇|t0−τ̄ . Therefore:
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I =
∫ t0−τ

t0−τ̄

〈∇l, γ̇〉ds

≤
∫ t0−τ

t0−τ̄

|∇l|s|γ̇|t0−τ̄

≤ C

∫ τ̄

τ

√
l(u)√
u
|γ̇|t0−τ̄

≤ C
√

l(q, τ)

√
2
τ

distt0−τ̄ (q, q(τ̄)) ≤ C
√

l(q, τ)

√
2
ε

where we have used the fact that lτ ≤ 0 and that distt0−τ̄ (q, q(τ̄)) ≤ τ̄
ε . Using

Cauchy-Schwartz inequality gives us:

l(q, τ) ≤ n

2
+ C̃ + ηl(q, τ)

for some η < 1 Finally we get that l(q, τ) ≤ δ−1 for some δ depending on ε.

• If τ ≥ t0
2 then t0 − τ ≤ τ and since R is nondecreasing, R(t0 − τ) ≤ R(τ). This

implies τR(t0 − τ) ≤ Cl(τ) ≤ C
δ .

• If τ ≤ t0
2 then t0 − τ ≥ τ and R(t0 − τ)τ ≤ (t0 − τ)R(t0 − τ) ≤ Cl(t0 − τ) ≤ C

δ .

In any case, we get that τR(t0 − τ) ≤ Cδ−1 for some δ > 0.

We have our original flow gij(t). If we make translation by t0, i.e. if τ = τ(t) = t0− t,

we get the flow gij(τ) that satisfies (gij)τ = 2Rij . Let ḡij(s) = 1
τ̄ gij(t0 − sτ̄), where

s ∈ [ 12 , 1]. Also, for all s ∈ [ 12 , 1] and all q such that dist2ḡ(1)(q, q(τ̄)) ≤ 1
ε , we have that

R̄(s) = τ̄R(t0 − sτ̄) ≤ δ−1 by the claim 18. By κ noncollapsing assumption:

Volg(t)B(q(τ̄),

√
τ̄

ε
) ≥ (

√
τ̄

ε
)n

After scaling metrics by factors τ̄−1 we get that

VolḡB(q(τ̄), ε−
1
2 ) ≥ ε−

n
2

This volume estimate, together with the curvature estimate give us the uniform lower

bound on the injectivity radii at q(τ̄). Take a sequence τ̄i →∞. Consider the sequence

of manifolds {Bḡ(1)(q(τ̄i), ε−
1
2 ), ḡ(s), q(τ̄i)}, for s ∈ [ 12 , 1]. By Hamilton’s compactness

theorem there exists a subsequence τ̄i, such that the corresponding sequence of manifolds

converge to a manifold (N, ḡ(s), q̄), where ḡ(s) is a Ricci flow on N . Functions l̄i tend to

a function l̄, that is locally Lipshitz function (this will be justified below). l̄i is a reduced

distance for a metric ḡi.

We know that l̄i satisfy the following inequalities:
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(l̄i)τ −∆l̄i + |∇l̄i|2 −R(ḡi) +
n

2τ
≥ 0 (67)

2∆l̄i − |∇l̄i|2 + R +
l̄i − n

τ
≤ 0 (68)

Claim 19. l̄ satisfies the inequalities 67 and 68 in the sense of distributions.

Proof. It is easy to see that l̄i(q, s) = l(q, τ̄is), for s ∈ [ 12 , 1]. After rescaling the metrics

we also have that |∇i l̄i|2 + Ri ≤ Cl̄i. The uniform estimates on l(q, τ) and τR(q, t0 − τ)

in claim 18 will give us that there exists some constant C̃, such that |∇i l̄i|2 ≤ C̃, and

l̄i ≤ C̃, for all i. That means that functions l̄i tend to a function l̄ that is a Lipshitz

function.

We will check that l̄ satisfies the inequality 68 in the sense of distributions. Let φ be

a positive test function with a compact support. Since l̄i ≤ C and |∇l̄i|2 ≤ C for all i,

we have that l̄i → l in C0,α norm. It is easy to check that

lim
i→∞

∫
φ(2∆l̄i + Ri +

l̄i − n

τ
) =

∫
φ(2∆l̄ + R +

l̄ − n

τ
)

Therefore it is enough to check that

lim
i→∞

∫
φ(|∇l̄i|2 − |∇l̄|2) = 0

Fatou’s lemma gives us that the left hand side of the above equality is greater or

equal to zero. Choose εi → 0 such that l̄ − l̄i − εi ≥ 0 for all i. Then:

0 ≤ lim
i→∞

∫
φ(|∇l̄i|2 − |∇l̄|2) (69)

= lim
i→∞

∫
∇(l̄i − l̄)φ∇l̄ + lim

i→∞
∇(l̄i − l̄)φ∇l̄i

= lim
i→∞

∫
∇(l̄i − l̄ + εi)φ∇l̄i

= lim
i→∞

∫
(l̄ − l̄i − εi)∇φ∇l̄i + lim

→∞

∫
(l̄ − l̄i − ε)φ∆l̄i

The first limit in 69 is zero, since |∇l̄i| is uniformly bounded and l̄i converge uniformly

to l̄ as i →∞. Since ∆l̄i ≤ 1
2 (|∇l̄i|2 −Ri − l̄i−n

τ , we have

0 ≤ lim
i→∞

∫
φ(|∇l̄i|2 − |∇l̄|2) ≤ lim

i→∞

1
2

∫
(l̄ − l̄i − εi)φ(|∇l̄i|2 −Ri −

l̄i − n

τ
) = 0

Claim 19 gives us that V̄ (s) =
∫

M
s−

n
2 e−ldVs ↓ in s. Define h(s) = g(t0 − s), for

s ∈ [ τ̄
2 , τ̄ ]. h(s) satisfies d

dshjk = 2Rjk.

53



Claim 20. Ṽi(s) = Ṽ (τ̄is), where the first quantity is the reduced volume for ḡi and the

second one is the reduced volume for flow h.

Proof.

Ṽi(s) =
∫

Mi

s−
n
2 e−li(s)dVḡi(s) =

∫
Mi

(τ̄is)−
n
2 e−li(s)dVh(τ̄is)

Since

1
2
√

s

∫ s

0

√
u(R̄i(γ(u), u) + |γ̇|2i )du =

1
2
√

s

∫ s

0

√
u(τ̄iRh(τ̄is) + |γ̇|2h(τ̄is)

τ̄i)du

τ̄iu=v=
1

2
√

τ̄is

∫ τ̄is

0

√
v(Rh( ¯τis) + |γ̇|2)dv

we get that li(q, s) = l(q, τ̄is) where the second term is the reduced distance for h.

Now our claim follows.

Since Ṽ (u) is decreasing in u (this quantity is realted to h), there exists limu→∞ Ṽ (u).

For s ∈ [ 12 , 1], τ̄is ↗ ∞ for every s and therefore, by claim 20 we get that there exists

limi→∞ Ṽi(s) = C for every s ∈ [ 12 , 1]. Since limi→∞ Ṽi(s) = V̄ (s), where V̄ (s) =∫
s−

n
2 e−l̄dVs, we can conclude that V̄ (s) = V̄ for all s ∈ [ 12 , 1].

The discussion in section 7 gives us that V̄ (s) is constant in s only if

2∆l̄ − |∇l|2 + R +
l − n

s
= 0 (70)

The previous implies that l̄ is actually smooth. Now we can conclude (from section 7)

that V̄ (s) = const can happen only if ḡ is the gradient Ricci soliton, i.e. more precisely:

R̄ij + ∇̄i∇̄j l̄ −
1
2τ

= 0 (71)

Since the scaled metrics ḡi are noncollapsed, with uniformly bounded geometries,

there exists a uniform constant C, such that li(s) ≤ C for all i. This will give us that

V̄ ≥ c > 0.

Claim 21. V̄ < (4π)
n
2

Proof. Compute lims→0 Ṽ (s), where Ṽ (s) is a reduced volume for h. Using the L -

exponential map, when we compute Ṽ (s), we can integrate over Tp (remeber that we

choose (p, t0) at the beginning as a reference point for defining Ṽ and l), i.e.

Ṽ (s) =
∫

U⊂TpM

s−
n
2 e−lJ (s)dX

We have that for small s, |
√

sγ̇(s)| ∼ |X| and therefore 1
2
√

s

∫ s

0

√
u|γ̇|2du ∼ |X|2.

Now we have, since the curvature is positive and since from section 7 we know that

lims→0 s−
n
2 J (s) = 1:

54



lim
s→0

Ṽ (s) ≤ lim
s→0

∫
Rn

s−
n
2 J (s)e−|X|

2
dX =

∫
Rn

e−|X|
2
dX = (4π)

n
2

From the monotonicity of Ṽ (s) we get that Ṽ (s) ≤ (4π)−
n
2 . It is not dificult to show

that for every s, Ṽ (s) < (4π)−
n
2 . Ṽ (s) is nonincreasing and limi→∞ Ṽ (τ̄is) = V̄ so we

get that 0 < V̄ < (4π)
n
2 .

Claim 22. For every s,Ṽ (s) < (4π)−
n
2 .

Proof. If for some s > 0, Ṽ (s) = (4π)−
n
2 , by monotonicity of Ṽ (t), it would have to

be (4π)−
n
2 for all t ∈ [0, s]. By similar reasoning as above h(t) would have to be a

gradient shrinking Ricci soliton with ∆l = n
2t − R < n

2t , since the curvature is positive.

The function F = r2

4t satifies the equation ∆F = n
2t , F (0) = l(p, t) (p corresponds to

the origin after applying the mathcalL - exponential map), l is uniformly bounded (by

claim 18 applied to a sequence of reduced distances converging to l), so by the maximum

principle applied to a subharmonic map F − l we get that l ≤ r2

4t . On the other hand,

by our assumption

(4π)
n
2 =

∫
Rn

t−
n
2 e−

r2
4t dx =

∫
TpM

t−
n
2 e−ldX = (4π)

n
2

Keeping in mind the fact that l ≤ r2

4t , this is possible only if l = r2

4t . In that case

R = 0, which is not possible since gij(t) is not a flat metric for any t.

We have that ḡ is a Ricci soliton, satisfying the equation 71. That implies ∆l̄ =
n
2τ −R.From equation 70 we get that |∇l̄|2 = l̄

τ −R. If this soliton were flat, l̄ would be

uniquely determined by |∇l̄|2 = l̄
τ . We are now in a euclidean case and r2

4τ would satisfy

this equation (r is a distance from the origin). In this case V̄ = (4π)
n
2 which was ruled

out before. Therefore, gradient shrinking soliton ḡ is not flat.

Corollary 11.1. There is only one oriented two-dimensional solution, satisfying the

assumptions at the beginning of this section, the round sphere.

Proof. Hamilton proved that round sphere is the only non-flat oriented nonnegatively

curved gradient shrinking soliton in dimension two. Thus the scalings of our ancientso-

lution must converge to a round sphere.Hamilton has also showed that an almost round

sphere is getting more round under the Ricci flow, therefore our ancient solution must

be flat.

For any non-compact complete Riemannian manifold M of nonnegative Ricci curva-

ture and a point p ∈ M , the function F (r) = VolB(p, r)r−n is nondecreasing in r > 0.
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Definition 11.1. The asymptotic volume ratio is ν = limr→∞ = VolB(p, r)r−n.

Proposition 11.2. Under the assumtions at the beginning of this section, ν = 0 for

each t.

Proof. We will prove the proposition by the induction on dimension. In dimension

two the statement is vacuous, as it follows from corollary 11.1. Let n ≥ 3. Sup-

pose that ν > 0 for some t = t0. Consider the asymptotic scalar curvature ratio

R = lim supd(x)→∞R(x, t0)d2(x). d(x) denotes the distance at time t0, from x to some

fixed point x0. We will consider two cases:

1. R = ∞

In the case the asymptotic scalar curvature ratio is infinite and therefore by stan-

dard argument we can find a sequence of points xk and radii rk > 0, such that
rk

d(xk) → 0, R(xk)r2
k → ∞ and R(x) ≤ 2R(xk) whenever x ∈ B(xk, rk). Let x0

be a fixed point. Following Gromov’s argument, by taking a subsequence, we may

assume that the angle between geodesics x0xk and x0xk+1 at x0 is very small for

every k (that it tends to zero as k → ∞) and that d(x0, xk+1) � d(x0, xk). We

have the triangles4k in M with vertices x0, xk and xk+1. Topogonov’s comparison

theorem gives us the existence of triangles 4̄k ⊂ Rn (since Rm ≥ 0), whose sides

have the same lengths as the lengths of the sides of corresponding triangles 4k.

Denote the corresponding vertices of triangles 4̄k by z0, zk, zk+1. Topogonov’s

comparison theorem tells us that the angle at z0, between geodesics z0zk and z0zk+1

is smaller than the corresponding angle of the triangle 4k at vertex x0. The cosine

theorem applied to a triangle 4̄k ⊂ Rn gives us that the angle at zk tends to π

as k →∞. Applying Topogonov’s theorem once again to triangles 4k and 4̄k we

get (since the corresponding angle of 4k at xk is bigger than the angle of 4̄k at

zk) that the angle of 4k at xk tends to π as k →∞. That is how we get a line in

a limiting process, when we take a blow-up limit of gij(t) at (xk, t0) with factors

R(xk). Since as a limit we get a smooth non-flat ancient solution, satisfying the

assumptions at the beginning of this section, which splits off a line, we can do a

dimension reduction as in Hamilton’s survey paper [1].

2. R < ∞

In this case R(x) ≤ c
d(x)2 , for some constant c. Again by a standard argument

we can get a sequence of points xk ∈ M and sequence of radii rk, such that

R(x) ≤ 2R(x− k) whenever x ∈ B(xk, rk), at time t = t0 . Let dk = distt0(x0, xk).

Consider g̃k(t) = 1
d2

k
g(td2

k). We have that R̃(x) ≤ 2R̃(xk) = d(xk)2R(xk) ≤ c

for all k. It follows from Gromov’s compactness theorem [2] that the sequence of

pointed rescaled manifolds (B(xk, rk

dk
, xk, g̃k), has a subsequence that converges in

the pointed Gromov-Hausdorff topology to a length space, (M∞, x̄, g∞).
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Claim 23. M∞ is a metric cone.

Proof. Take a ball B(x̄, r) ⊂ M∞. We work at time t = t0. Then:

VolB(x̄, r)
rn

= lim
k→∞

Volg̃k
B(xk, r)
rn

= lim
k→∞

VolgB(xk, rdk)
(dkr)n

= ν(g)

We get that VolB(x̄, r) = ν(g)rn for all r, with the curvature operator nonnegative.

Cheeger and Colding proved in [3] that this fact implies M∞ is a metric cone with

metric dr2 + r2h. Metric cone is a warped product with function f(r) = r, so from

the formulas for the curvature of warped product we can get that the sectional

curvature will be zero in any plane containing the radial direction. Furthermore,

Hamilton showed in [5] that we can write the evolution equation of a curvature

operator in the following form

d

dt
M = ∆M + Q

where Q = Q(M) is a quadratic term which has the property that Q(M) ≥ 0 for

all M ≥ 0. In the plane where M vanishes ( in the case of a metric cone such a

plane always exists), 0 = ∆M + Q. Since M ≥ 0, Q ≥ 0 and ∆M ≥ 0 where it

vanishes, we get that ∆M = 0 and Q = 0. In [5] Hamilton proved that the null

space of M is invariant under parallel translation, so we get that ∆M ≡ 0 on M∞.

Therefore M ≡ 0, i.e. our metric cone would be a flat one which is ruled out by

our assumption of non-flat solutions.

Corollary 11.2. For every ε > 0 there exists A < ∞ with the following property. Sup-

pose we have a sequence of (not necessarily complete) solutions (gk)ij(t) with nonnegative

curvature operator, defined on Mk×[tk, 0], such that for each k, the ball B(xk, rk) at time

t = 0 is compactly contained in Mk, 1
2R(x, t) ≤ R(xk, 0) = Qk for all (x, t), tkQk → −∞,

r2
kQk →∞ as k →∞. Then VolB(xk, A√

Qk
) ≤ ε( A√

Qk
)n at t = 0, if k is large enough.

Proof. The argument is by contradiction. Assume there exists some ε > 0, such that for

all Ak →∞ there exist xk such that at time t = 0

VolB(xk,
Ak√
Qk

) ≥ ε(
Ak√
Qk

)n
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Take g̃k = Qkgk(tQ−1
k ). We have that R̃k ≤ 2 for x ∈ Mk, i.e. the curva-

tures of rescaled metrics are uniformly bounded. The previous inequality becomes

Volg̃k
B(xk, Ak) ≥ εAn

k . This, together with the curvature estimates give us the uniform

lower bound on the injectivity radii of g̃k at xk, at t = 0. Take a limit of (Mk, xk, g̃k)

to get (N, x̄, g̃), by Hamilton’s compactness argument in [6]. g̃ is a non-flat, ancient

solution with nonnegative curvature operator, such that

lim
k→∞

VolB(x̄, Ak)
An

k

≥ ε

i.e. νg̃(0) ≥ ε. It is easy to see that g̃ satisfies κ - noncollapsing assumption. If this

assumption were violated for each κ > 0, then ν(t) would not be bounded away from

zero as t → −∞, i.e. we could find a sequence ti → −∞ such that νg̃(ti) ≤ 1
i . On the

other hand we have that νg̃(0) ≥ ε. This is not possible becuase of the following claim:

Claim 24. ν(t) is nonincreasing in t.

Proof. Denote by K the bound on the curvature of g̃(t). If t ≥ s, we have that dt(p, q)−
ds(p, q) ≥ C

√
K(t − s). This implies that Bt(p, r) ⊂ Bs(r − C

√
K(t − s)). Since the

curvature is nonnegative and since d
dt lnVolt = −R, we have that Volt ≤ Vols and

therefore

VoltB(p, r)
rn

≤ VolsBs(r − C
√

K(t− s))
(r − C

√
K(t− s))n

· (r − C
√

K(t− s))n

rn

Let r →∞ in the above inequality. As a result we get that ν(t) ≤ ν(s).

Corollary 11.3. For every ω > 0 there exists B = B(ω) < ∞, C = C(ω) < ∞,τ0 =

τ0(ω), with the following properties.

1. Suppose we have a (not necessarily complete) solution gij(t) to the Ricci flow,

defined on M × [t0, 0], so that at time t = 0 the metric ball B(x0, r0) is compactly

contained in M . Suppoes that at each time t, t0 ≤ t ≤ 0, the metric gij(t) has

nonnegative curvature operator and VolB(x0, r0) ≥ ωrn
0 . Then we have an estimate

R(x, t) ≤ Cr−2
0 + B(t− t0)−1 whenever distt(x, x0) ≤ 1

4r0.

2. If, rather than assuming a lower bound on volume for all t, we assume it only

for t = 0, then the same conclusion holds with −τ0r
2
0 in place of t0, provided that

−t0 ≥ τ0r
2
0.

Proof. 1. By scaling assume that r0 = 1. Argue by contradiction. Assume that there

exist sequences Bi, Ci tending to infinity, metrics gi(t) and points (xi, ti), such that
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distti
(xi, x0) ≤ 1

4 and R(xi, ti) > Ci + Bi

ti−t0
. Arguing as in the proof of pseudolo-

cality theorem in section 10, we can find points (x̄i, t̄i) satisfying distt̄i
(x̄i, x0) < 1

3 ,

Qi = R(x̄i, t̄i) > Ci+ Bi

t̄i−t0
, such that R(x′, t′) ≤ 2Qi whenever t̄i−AiQ

−1
i ≤ t′ ≤ t̄i,

distt̄i
(x′, x̄i) < AiQ

− 1
2

i , where Ai tends to infinity, as ito∞.

Fix ε > 0. Find A as in the corollary 11.2. We want to apply this corollary

to the sequence of solutions gk(t) on Mk × [t̄k − AkQ−1
k , t̄k], at points (x̄i, t̄i).

Mk = Bt̄k
(x̄k, AkQ

− 1
2

k ) are closed balls. Let rk = min{ 1
3 , AkQ

− 1
2

k }. In order to

apply corollary 11.2 we will check few things.

• −AkQ−1
k Qk = −Ak → −∞ as i →∞

• Bt̄i
(x̄i, ri) ⊂ Bt̄i

(x0, 1), since distt̄i
(x0, x̄i) < 1

3 . Since the curvature is non-

negative, the distances shrink and therefore Bt̄i
(x0, 1) ⊂ B0(x0, 1). The last

ball is compactly contained in M , so the balls Bt̄i
(x̄i, ri) are compactly con-

tained in Mi, since Mi are closed sets in M .

• r2
kQk →∞ as k →∞.

Now we have that VolB(x̄k, A√
Qk

) ≤ ε( A√
Qk

)n at time tk. Choose k big enough

such that A
Qk

< 1
3 + 1. Bishop comparison principle will give us

VolB(x̄k, 1
3 + 1)

(1 + 1
3 )n

≤
VolB(x̄k, A√

Qk
)

( A√
Qk

)n
≤ ε

distt̄k
(x0, x̄k) < 1

3 implies that B(x0, 1) ⊂ B(x̄k, 1
3 + 1) at time t̄k and therefore

Volt̄k
B(x0, 1) ≤ ε( 4

3 )n. On the other hand, by the assumption of the corollary

ω ≤ Volt̄k
B(x0, 1), so we get ω ≤ Cε. We can choose arbitrary small ε at the

beginning to get a contradiction.

2. Let B(ω) and C(ω) be good for the first part of the corollary. We will show that

B = B(5−nω), C = C(5−nω) are good for the second part of the corollary, for an

appropriate τ0(ω) > 0.

Let [τ, 0] be the maximal time interval where the assumption of the first part of

the corollary still holds with 5−nω in place of ω and with −τ in place of t0. Then

VolB(x0, 1) ≤ 5−nω at time t = −τ . The first part of the corollary gives us that

R(x, t) ≤ C + B
τ+t whenever distt(x, x0) ≤ 1

4 .

Let r0(t) =
√

t+τ
4
√

τ
. For all t ∈ (−τ, 0], r0(t) ≤ 1

4 , so we have our curvature bound

whenever distt(x, x0) ≤ r0(t). Lemma 8.1 from section 8, after intgeration over

t ∈ (−τ, 0] will give us the following estimate
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dist−τ (x, x0) ≤ dist0(x, x0) + 2(n− 1)
∫ 0

−τ

(
2
3

√
t + τ

4
√

τ
(C +

B

t + τ
) +

√
t + τ

4
√

τ
)dt

= dist0(x, x0) + 2(n− 1)(
Cτ

4
+

Bτ

3
+ 8τ)

If dist0(x, x0) ≤ 1
4 − 10(n − 1)τ(C + B + 8) then dist−τ (x, x0) ≤ 1

4 , i.e. the ball

B(x0,
1
4 ) at time t = −τ contains the ball B(x0,

1
4 − 10(n − 1)τ(C + B + 8)) at

time t = 0 and the volume of the former is at least as large as the volume of the

latter.Choose τ0 = τ0(ω) in such a way that the radius of the latter ball is > 1
5 . It

will follow that

Vol−τ0B(x0, 1) ≥ Vol−τ0B(x0,
1
4
) > Vol0B(x0,

1
5
) ≥ 5−nω

where the last inequality follows from Bishop comparison principle and the assum-

tion that Vol0B(x0, 1) ≥ ω. As a result, we get that Vol−τ0 > 5−nω, i.e. our

curvature estimate with coeficients B(5−nω) and C(5−nω) will continue to hold at

time t = τ0 as well.

From now on we restrict our attention to oriented manifolds of dimension three.

Theorem 11.1. The set of non-compact ancient solutions, satisfying the assumptions

at the beginning of this section is compact modulo scaling. That is, from any sequence of

such solutions and points (xk, 0) with R(xk, 0) = 1, we can extract a smoothly converging

subsequence and the limit satisfies the same conditions.

Proof. To ensure a converging subsequence, it is enough to show that whenever R(yk, 0) →
∞, the distances at t = 0 between xk and yk go to infinity as well. We will argue by a

contradiction.

Define a sequence zk by the requirement that zk is the closest point to xk at t = 0,

satisfying R(zk, 0)dist20(xk, zk) = 1. Denote by Qk = R(zk, 0).

Step 24.1. R(z,0)
R(zk,0) is uniformly bounded for z ∈ B(zk, 2R(zk, 0)−

1
2 ).

Proof. We work at time t = 0. Assume the contraray. Let rk = R(zk, 0)−
1
2 and

let Fk(z) = R(z, 0)(4rk − dist0(z, zk). Since supB(zk,4rk) Fk(z) ≥ supB(zk,2rk) Fk(z) ≥
supB(zk,2rk)

2R(z,0)
rk

and since the last term tends to ∞ by our assumption, we get that

lim sup
B(zk,4rk)

R(z, 0)(4rk − dist0(z, zk))2 = ∞

By standard argument that can be found for example in [1] we get the sequence of

points z′k, such that R(z′k, 0)(4rk−dist(z′k, zk))2 →∞ as k →∞ and R(z, 0) ≤ 4R(z′k, 0).
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Let 4r′k = 4rk − d(z′k, zk). Then r′k ≤ rk. Since r′2k Qk → ∞, we can apply corollary

11.2 to points z′k to conclude that for every ε there exists A such that VolB(z′k, A√
Q′

k

) ≤

ε( A√
Q′

k

)n, for big enough k, where Q′
k = R(z′k, 0). Q′

kr′2k →∞, r′k ≤ rk and Qkr2
k = 1 ⇒

limk→∞
Q′

k

Qk
= ∞. Since dist(zk, z′k) ≤ Q

1
2
k , first by Bishop comparison theorem we have

VolB(z′k, Q
1
2
k + A√

Q′
k

)

(Q
1
2
k + A√

Q′
k

)n
≤ ε

We know that B(zk, A√
Q′

k

) ⊂ B(z′k, Q
1
2
k + A√

Q′
k

). Since Qk

Qk
→ ∞, for big enough k

A√
Q′

k

≤ Q
1
2
k , so Bishop comparison principle, now applied to balls centered at zk will give

us

VolB(zk, Q
1
2
k ) ≤ CεQ

n
2
k

for big enough k. Therefore, if we choose εk → 0, we will be able to find zk ( that is

actually a subsequence of our original sequence {zk} that we will call by the same name),

such that

VolB(zk, Q
1
2
k ) ≤ CεkQ

n
2
k

That means the balls B(zk, Q
1
2
k ) are collapsing on the scale of their radii, but this is

not possible by our κ noncollapsing assumption at the beginning of this section.

Step 24.2. R(zk, 0) is bounded.

Proof. We have differential Harnack inequality in the following form

ln
R(xk, η)

R(zk,−cQ−1
k )

≥ ln
−cQ−1

k

η
−

dist(xk, zk,−cQ−1
k )

2(η + cQ−1
k )

(72)

for −cQ−1
k < η < 0. For each fixed k let η → 0. We have that ln −cQ−1

k

η → ∞ as

η → 0. By step 24.1 we have a curvature bound in terms of Qk and therefore

d(xk, zk, 0) ≥ d(xk, zk,−cQ−1
k )− Cc

√
QkQ−1

k

Since d(xk, zk, 0) ≤ Q
− 1

2
k , this will give us that −d2(xk, zk,−cQ−1

k ) ≥ −C̃Q−1
k . From

equation 72 we get

R(xk, 0) ≥ C1R(zk,−cQ−1
k ) (73)

Furthermore,
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R(zk,−cQ−1
k ) = R(zk, 0)−RtcQ

−1
k

Rt can be bounded of order R(z,0)2, due to X. Shi (see [1]) so that we have R(zk,−cQ−1
k ) ≥

R(zk, 0) − cCR(zk, 0). By choosing c small we can assume that 1 − cC < 1, so that we

have

R(zk,−cQ−1
k ) ≥ C̃R(zk, 0) (74)

From equations 73 and 74 we have that 1 = R(xk, 0) ≥ C̄R(zk, 0). So, R(zk, 0) are

uniformly bounded.

Step 24.3. If yk is a sequence such that R(yk, 0) → ∞, then dist0(xk, yk) → ∞ as

k →∞.

Proof. Assume the contrarary, that R(yk, 0) → ∞, but that dist0(xk, yk) ≤ r for all

k. If yk ∈ B(zk, 2Q
− 1

2
k ), by steps 24.1 and 24.2 we would have that R(yk, 0) ≤ C

which contradicts our assumption that R(yk, 0) is unbounded. Therefore d(yk, zk) ≥
2Q

− 1
2

k , which implies that d(xk, yk) ≥ Q
− 1

2
k ≥ C, again by step 24.2. That means

R(yk, 0)d2(xk, yk) →∞ as k →∞. By a standard argument, we can now find a sequence

of points y′k and a sequence of radii r′k, such that R(y′k, 0)r′2k →∞ and R(y, 0) ≤ 2R(y′k, 0)

in the ball B(y′k, r′k), where y′k are still at the bounded distance from xk. We can now

apply corollary 11.2 to our sequencey′k and similarly as in the proof of step 24.1, using

Bishop comparison principle, we can get that the balls B(xk, c) are collapsing and that

is a contradiction.

To finish the proof of the theorem 11.1 we have to show that the limit has bounded

curvature at t = 0. If this were not the case, then we could find a sequence yi going

to infinity, such that R(yi, 0) → ∞ and R(y, 0) ≤ 2R(yi, 0) for y ∈ B(yi, AiR(yi, 0)−
1
2 ),

where Ai → ∞. Then the limit of scalings at (yi, 0) with factors R(yi, 0) satisfies the

assumptions at the beginning of this section and splits off a line (by a similar argument

as in proposition 11.2). Thus, it must be a round infinite cylinder.

Let Ri = R(yi, 0)−
1
2 . We have that Ri → 0 as i → ∞. We want to rule out the

existence of long cylinder-like annuli Ai = BRi+100(yi)\BRi−100(yi). Let γi be a geodesic

ray from yi to infinity that goes through Ai. Let Bi(x) = limt→∞(t − d(x, γi(t)). This

is a Lipschitz function with |∇Bi| ≤ 1 and ∆Bi ≥ 0. Let φi be a cut-off function such

that φi(t) = 1 for x ∈ [R1 + 1, Ri] and φi(t) = 0 for t outside [R1, Ri + 1]. Now

0 ≤
∫

φi(Bi)∆Bi = −
∫

φ′i(Bi)|∇Bi|2 (75)

≤ Vol(BRi+1(yi)\BRi
(yi)−Vol(BR1+1(yi)\BR1(yi)) (76)

62



where we used the fact that φ′i = −1 whenever t ∈ (R1, R1 +1) or t ∈ (Ri, Ri +1) and

the fact that |∇Bi|2 = 1 almost everywhere. κ noncollapsing assumption and Bishop-

Gromov volume comparison principle give us that Vol(BR1+1(yi)\BR1(yi)) ≥ C(R1),

where C(R1) is a constant depending on R1. If Ri → 0 as i → ∞, the inequality 75

becomes impossible when we let i →∞.
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